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SCHURITY OF S-RINGS OVER A CYCLIC GROUP AND

GENERALIZED WREATH PRODUCT

OF PERMUTATION GROUPS

S. A. EVDOKIMOV AND I. N. PONOMARENKO

Abstract. With the help of the generalized wreath product of permutation groups
introduced in the paper, the automorphism group of an S-ring over a finite cyclic
group G is studied. Criteria for the generalized wreath product of two such S-rings
to be Schurian or non-Schurian are proved. As a byproduct, it is shown that the group
G is a Schur one (i.e., any S-ring over it is Schurian) whenever the total number Ω(n)
of prime factors of the integer n = |G| does not exceed 3. Moreover, the structure of
a non-Schurian S-ring over G is described in the case where Ω(n) = 4. In particular,
the last result implies that if n = p3q, where p and q are primes, then G is a Schur
group.

§1. Introduction

A central problem in the theory of S-rings over a finite group goes back to H. Wielandt
and consists in identifying the Schurian S-rings, i.e., those arising from suitable permu-
tation groups (for the background concerning S-rings, see Subsection 2.2). At present
this problem is still open even for S-rings over a cyclic group, which are said to be cir-
culant below. In [9, 2] it was proved that any circulant S-ring can be constructed from
S-rings of rank 2 and normal S-rings via two operations: tensor product and generalized
wreath product. It should be noted that the S-rings of rank 2 and the normal S-rings
are Schurian, and the tensor product of Schurian S-rings is Schurian. However, the gen-
eralized wreath product of Schurian S-rings is not always Schurian: the first examples of
non-Schurian generalized wreath products were constructed in [1]. Among these exam-
ples, there are non-Schurian S-rings over a cyclic group of order n with Ω(n) = 4. On
the other hand, in [10, 8] it was proved that any cyclic group of order n with Ω(n) ≤ 2
is a Schur group, i.e., any S-ring over it is Schurian.

Our main goal in this paper is to lay the foundation of a complete characterization of
Schur cyclic groups. As an easy byproduct of the theory developed here, we obtain the
following result (which is a reformulation of Theorem 11.1).

Theorem 1.1. Any cyclic group of order n with Ω(n) ≤ 3 is a Schur group.

The identification problem for Schurian S-rings leads naturally to studying the auto-
morphism group of an S-ring A over a group G. By definition, Aut(A) is the automor-
phism group of the Cayley scheme corresponding to A; this group always contains the
subgroup Gright consisting of all permutations induced by right multiplications. If the
group G is cyclic, then the above arguments show that all we need to do is to study the
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group Aut(A) when A is a generalized wreath product:

(1) A = AU �U/L AG/L,

where U and L are A-subgroups of G such that L ≤ U and AU (respectively, AG/L) is
the restriction of A to U (respectively, to G/L); this is equivalent to the fact that any
basic set of A contained in G \ U is a union of cosets modulo L. With these notation,
the group Aut(A) coincides with the largest group Γ ≤ Sym(G) such that

ΓU ≤ Aut(AU ) and ΓG/L ≤ Aut(AG/L)

where ΓU (respectively, ΓG/L) is the permutation group induced by the action on U of
the setwise stabilizer of U in Γ (respectively, by the action of Γ on G/L). This suggests
the following construction, which is central for our paper.

Let V be a finite set and E0, E1 equivalence relations on V such that E0 ⊂ E1.
Suppose we are given two permutation groups ΔU ≤ Sym(U), where U ∈ V/E1 and
Δ0 ≤ Sym(V/E0) such that

(ΔU )
U/E0 = (Δ0)

U/E0 ,

where U/E0 is the set of E0-classes contained in U . Then it is easily seen that all maximal
groups Γ ≤ Sym(V ) that leave the relations E0 and E1 fixed and satisfy

ΓU = ΔU and ΓV/E0 = Δ0,

are permutationally isomorphic. In fact, any such group is uniquely determined by
choosing a family of bijections that identify the classes of V/E1 with the set U . We call
it the generalized wreath product of the groups ΔU and Δ0 (with respect to this family).
Obviously, our construction coincides with the usual wreath product whenever E0 = E1.

An important special case arises when V = G is a group and the classes of the
equivalence relations E0 and E1 are (respectively) the cosets modulo a normal subgroup
L of G and the left cosets modulo a subgroup U ≤ G that contains L. Then the classes
of V/E1 can be identified with U via permutations from Gright, and the generalized
wreath product of ΔU and Δ0 does not depend on choosing bijections of this type.
The permutation group on G obtained in this way is called the canonical generalized
wreath product of the groups ΔU and Δ0 over G, and is denoted by ΔU �U/L Δ0 (see
Subsection 5.2). It always contains Gright as a subgroup.

In the early 1950’s, D. K. Faddeev introduced the generalized wreath product of two
abstract groups (see [7, p.46]). It can be checked that the generalized wreath product of
permutation groups defined in the above paragraph is isomorphic (as an abstract group)
to the group obtained by the Faddeev construction. Curiously, the authors came to the
generalized wreath product of S-rings independently and only after that got aware of
Faddeev′s work. It should be noted that the concept of the generalized wreath product
of permutation groups proposed in [4] differs from ours.

A motivation to define the generalized wreath product of permutation groups is the
following theorem, which immediately follows from Corollaries 5.5 and 5.7. In particular,
this gives a necessary and sufficient condition for a generalized wreath product of two
S-rings to be Schurian in terms of groups that are 2-equivalent to their automorphism
groups (concerning the concept of 2-equivalence we refer to Wielandt’s book [12], see also
Notation below).

Theorem 1.2. Let an S-ring A over an Abelian group G be the generalized wreath
product (1). Then Aut(A) = ΔU �U/L Δ0 for some groups ΔU and Δ0 such that

Uright ≤ ΔU ≤ Aut(AU ) and (G/L)right ≤ Δ0 ≤ Aut(AG/L).
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Moreover, the S-ring A is Schurian if and only if so are the S-rings AU and AG/L and
the groups ΔU and Δ0 can be chosen to be 2-equivalent to the groups Aut(AU ) and
Aut(AG/L), respectively.

To a large extent, the proof of Theorem 1.2 is based on the characterization of the au-
tomorphisms of the generalized wreath products of S-rings, as given in [3]. However, the
theory of generalized wreath products of circulant S-rings initiated in [3] and developed
in the present paper (§§ 3–8), especially the part of it concerning singularities and their
resolutions, enables us to reveal a special case of Theorem 1.2 in which the property of
an S-ring to be Schurian is checked easily. In fact, this special case, formulated in the
theorem below, is the key ingredient in the proofs of Theorem 1.1 and the other results
of this paper.

Theorem 1.3. Let A be an S-ring over a cyclic group G that is the generalized wreath
product (1). Suppose that the S-ring AU/L is the tensor product of a normal S-ring and
S-rings of rank 2. Then the S-ring A is Schurian if and only if so are the S-rings AU

and AG/L.

By Theorem 4.1 of this paper, first proved in [2], any circulant S-ring with trivial
radical1 is the tensor product of a normal S-ring and S-rings of rank 2. Thus, the
following statement is a special case of Theorem 1.3.

Corollary 1.4. Let A be an S-ring over a cyclic group G that is the generalized wreath
product (1). Suppose that AU/L is an S-ring with trivial radical. Then the S-ring A is
Schurian if and only if so are the S-rings AU and AG/L.

With the exception of the Burnside–Schur theorem, not so much is known on the
structure of a permutation group containing a regular cyclic subgroup. In fact, only the
primitive case was studied in detail, but the main results are based on the classification of
finite simple groups. On the other hand, as a byproduct of the theory developed below
to prove Theorem 1.3, we can get some information on a 2-closed permutation group
containing a regular cyclic subgroup (such a group is none other than the automorphism
group of a circulant S-ring). Namely, in §9 we prove the following result.

Theorem 1.5. Let Γ be the automorphism group of an S-ring over a cyclic group G.
Then:

(1) every non-Abelian composition factor of Γ is an alternating group;
(2) the group Γ is 2-equivalent to a solvable group containing Gright if and only if

every alternating composition factor of Γ is of prime degree.

By Theorem 1.1, non-Schurian S-rings over a cyclic group of order n can exist only
if Ω(n) ≥ 4. In §11 we study the structure of a non-Schurian S-ring A with Ω(n) = 4.
On the basis of Theorem 1.3, we prove that A is the generalized wreath product of two
circulant S-rings such that either the two are generalized wreath products, or exactly
one of them is normal. We note that the non-Schurian circulant S-rings constructed
in [1] are of the former type. In §12, non-Schurian circulant S-rings of the latter type are
presented. The following result is a consequence of Theorem 11.3 and statement (1) of
Theorem 11.4.

Theorem 1.6. Any cyclic group of order p3q, where p and q are primes, is a Schur
group.

1The notion of the radical of a circulant S-ring is different from that generally accepted in the ring
theory; see §4.
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Concerning permutation groups we refer to [11] and [12]. For the reader’s convenience,
we collect the basic facts on S-rings and Cayley schemes over an Abelian group in §2. The
theory of S-rings over a cyclic group, developed by the authors in [1, 2, 3], is presented
in §4.

Notation. As usual, Z denotes the ring of integers.
For a positive integer n, we denote by Ω(n) the total number of prime factors of n.
The set of all equivalence relations on a set V is denoted by E(V ).
For X ⊂ V and E ∈ E(V ), we set X/E = X/EX , where EX = X2 ∩ E. If the classes

of EX are singletons, we identify X/E with X.
If R ⊂ V 2, X ⊂ V , and E ∈ E(V ), we set

RX/E = {(Y, Z) ∈ (X/E)2 : RY,Z �= ∅},

where RY,Z = R ∩ (Y × Z).
The set of all bijections from V onto V ′ is denoted by Bij(V, V ′).
If B ⊂ Bij(V, V ′), X ⊂ V , X ′ ⊂ V ′, E ∈ E(V ), and E′ ∈ E(V ′), we set

BX/E,X′/E′
= {fX/E : f ∈ B, Xf = X ′, Ef = E′},

BX/E = BX/E,X/E ,

where fX/E is the bijection from X/E onto X ′/E′ induced by f .
The group of all permutations of V is denoted by Sym(V ).
The set of orbits of a group Γ ≤ Sym(V ) is denoted by Orb(Γ) = Orb(Γ, V ).
The setwise stabilizer of a set U ⊂ V in the group Γ is denoted by Γ{U}.
For an equivalence relation E ∈ E(V ), we set ΓE =

⋂
X∈V/E Γ{X}.

We write Γ ≈
2
Γ′ if groups Γ,Γ′ ≤ Sym(V ) are 2-equivalent, i.e., have the same orbits

in the coordinatewise action on V 2.
The permutation group defined by the right multiplications of a group G on itself is

denoted by Gright.
The holomorph Hol(G) is identified with the permutation group on the set G generated

by Gright and Aut(G).
The natural epimorphism from G onto G/H is denoted by πG/H .
For sections S = L1/L0 and T = U1/U0 of G, we write S ≤ T if U0 ≤ L0 and L1 ≤ U1.

§2. Schemes and S-rings

2.1. Schemes. Concerning the background on scheme theory presented here, see [5]
and the references therein. Let V be a finite set and R a partition of V 2. Denote by R∗

the set of all unions of the elements of R.
A pair C = (V,R) is called a coherent configuration or a scheme on V if the following

conditions are satisfied:

• the diagonal of V 2 belongs to R∗;
• the set R is closed with respect to transposition;
• given R,S, T ∈ R, the number |{v ∈ V : (u, v) ∈ R, (v, w) ∈ S}| does not
depend on the choice of (u,w) ∈ T .

The elements of V , R = R(C), R∗ = R∗(C) and the number occurring in the third
condition are called (respectively) the points, the basis relations, the relations, and the
intersection number (associated with R,S, T ) of the scheme C. The numbers |V | and |R|
are called the degree and rank of it. If the diagonal of V 2 belongs to R, the scheme C is
said to be homogeneous.
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Two schemes are isomorphic if there exists a bijection between their point sets pre-
serving the basis relations. Any such bijection is called an isomorphism of these schemes.
The group of all isomorphisms of a scheme C contains the normal subgroup

Aut(C) = {f ∈ Sym(V ) : Rf = R, R ∈ R}

called the automorphism group of this scheme. If V coincides with a group G and
Gright ≤ Aut(C), then C is called a Cayley scheme over G. By definition, such a scheme
is normal if the group Gright is normal in the group Aut(C).

Given a permutation group Γ ≤ Sym(V ), set Orb2(Γ) = Orb(Γ, V 2) to be the set of
orbits in the coordinatewise action of Γ on the set V 2. Then the pair

Inv(Γ) = (V,Orb2(Γ))

is a scheme; we call it the scheme of the group Γ. Any scheme of this type is called
Schurian. It is easily seen that Γ ≤ Aut(C), where C = Inv(Γ).

Suppose C is a homogeneous scheme and E(C) = R∗(C) ∩ E(V ). Take a class X of
an equivalence relation belonging to E(C). Then for any E ∈ E(C), the pair CX/E =
(X/E,RX/E), where RX/E = {RX/E : R ∈ R, RX/E �= ∅}, is a scheme on X/E. It
can be checked that

Aut(C)X/E ≤ Aut(CX/E).

Moreover, if the scheme C is Schurian, then these two groups are 2-equivalent. When C
is a Cayley scheme over a group G and V/E = G/L for a normal subgroup L in G, we
set CX/L = CX/E .

Two schemes C and C′ are said to be similar if there exists a bijection

ϕ : R → R′,

called a similarity from C to C′, such that the intersection number associated with
R,S, T ∈ R is equal to the intersection number associated with Rϕ, Sϕ, Tϕ ∈ R′. The
set of all isomorphisms from C to C′ inducing a similarity ϕ is denoted by Iso(C, C′, ϕ).

Let C be a homogeneous scheme, and let E ∈ E(C). Then for any X,X ′ ∈ V/E there
exists a unique bijection

(2) ϕX,X′ : RX → RX′ , RX �→ RX′ .

Moreover, this bijection determines a similarity from CX to CX′ .

2.2. Schur rings and Cayley schemes. Let G be a finite group. A subring A of
the group ring ZG is called a Schur ring (S-ring, for short) over G if it has a (uniquely
determined) Z-basis consisting of elements of the form

∑
x∈X x, where X runs over the

classes of a partition S = S(A) of G such that

{1} ∈ S and X ∈ S ⇒ X−1 ∈ S.

Let A′ be an S-ring over a group G′. A group isomorphism f : G → G′ is called a Cayley
isomorphism from A to A′ if S(A)f = S(A′).

The elements of the set S and the number rk(A) = |S| are called (respectively) the
basic sets and the rank of the S-ring A. Any union of basic sets is called an A-subset
of G or an A-set; the set of all of them is denoted by S∗(A). It is easily seen that the
latter set is closed with respect to taking inverse and product. Given X ∈ S∗(A), set

S(A)X = {Y ∈ S(A) : Y ⊂ X}.

The Z-submodule of A spanned by this set is denoted by AX . If A′ is an S-ring over G
such that S∗(A) ⊂ S∗(A′), then we write A ≤ A′.
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Any subgroup of G that is an A-set is called an A-subgroup of G or an A-group; the
set of all of them is denoted by G(A). The S-ring A is said to be dense if every subgroup
of G is an A-group, and primitive if the only A-subgroups are 1 and G.

If A1 and A2 are S-rings over groups G1 and G2 (respectively), then the subring
A = A1 ⊗ A2 of the ring ZG1 ⊗ ZG2 = ZG, where G = G1 × G2, is an S-ring over the
group G with

S(A) = {X1 ×X2 : X1 ∈ S(A1), X2 ∈ S(A2)}.
It is called the tensor product of A1 and A2. The following statement was proved in [6].

Lemma 2.1. Let A be an S-ring over the group G = G1 × G2, where G1, G2 ∈ G(A).
Then πi(X) ∈ S(A) for all X ∈ S(A), where πi is the projection of G on Gi, i = 1, 2.
In particular, A ≥ AG1

⊗AG2
.

For any group G, there is a one-to-one correspondence between the S-rings over G and
the Cayley schemes over G that preserves the natural partial orders on these sets: any
basis relation of the scheme C corresponding to an S-ring A is of the form

{(g, xg) : g ∈ G, x ∈ X}, X ∈ S(A).

It is easily seen that, given a group H ≤ G, we have H ∈ G(A) if and only if EH ∈ E(C),
where EH is the equivalence relation on the set G for which

G/EH = {Hg : g ∈ G}.
The group Aut(A) := Aut(C) is called the automorphism group of the S-ring A. An
S-ring is Schurian (respectively, normal) if so is the corresponding Cayley scheme.

§3. Sections in groups and S-rings

3.1. Sections of a group. Let G be a group. Denote by F(G) the set of all its sections,
i.e., the quotients of subgroups of G. A section U1/U0 is called a multiple of a section
L1/L0 if

L0 = U0 ∩ L1 and U1 = U0L1.

An equivalence relation on the set F(G) can be defined as the transitive closure of
the relation “to be a multiple”. The set of all equivalence classes is denoted by P(G).
Any two sections belonging to one and the same equivalence class are called projectively
equivalent. The trivial G-sections, i.e., sections of order 1, are obviously projectively
equivalent.

Let S = L1/L0 and T = U1/U0 be projectively equivalent G-sections. If T is a multiple
of S, then, obviously, the groups S = L1/U0∩L1 and T = U0L1/U0 are isomorphic under
the natural isomorphism

(3) fS,T : S → T, gL0 �→ gU0.

Generally, the sections S and T remain isomorphic, and an isomorphism can be de-
fined by a suitable composition of the above isomorphisms and their inverses. Any such
isomorphism will be called a projective isomorphism from S onto T .

Let Γ ≤ Sym(G) be a group containing Gright. We say that a section U/L ∈ F(G) is
Γ-invariant if the equivalence relations EU and EL are Γ-invariant. In this case we write
ΓU/L instead of ΓU/EL , and γU/L instead of γU/EL , γ ∈ Γ. The following easy lemma is
very useful.

Lemma 3.1. Suppose G is a group and Gright ≤ Γ ≤ Sym(G). Then for any projectively
equivalent Γ-invariant G-sections S and T , any projective isomorphism f : S → T
induces a permutation isomorphism from ΓS onto ΓT . Moreover,

(Sright)
f = Tright
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and (γS)f = γT for all γ ∈ Γ leaving the point 1G fixed.

Proof. Without loss of generality we may assume that the section T = U1/U0 is a multiple
of the section S = L1/L0 and f = fS,T , where fS,T is the bijection defined in (3). Then
for any permutation γ ∈ Γ{L1} and g ∈ L1, the block (gL0)

γ contains the element gγ . It
follows that (gL0)

γ = gγL0, whence by the definition of f we have

((gL0)
γ)f = (gγL0)

f = gγU0.

Thus, (ΓS)f ≤ ΓT and Sf
right = Tright. Moreover, this also proves the last statement of

the lemma. Conversely, let γ ∈ Γ{U1}. By the above, it suffices to find a permutation

γ′ ∈ Γ{U1} such that (γ′)T = γT and γ′ ∈ Γ{L1}. However, since the equivalence relation
EL1

is Γ-invariant, there exists g ∈ U1 for which Lγ
1 = L1g . Since U1 = L1U0, we may

assume that g ∈ U0. Set γ′ = γγ1, where γ1 is a permutation of G taking x to xg−1.
Then

(L1)
γ′

= L1, (γ′)T = γT .

Obviously, γ′ ∈ Γ{U1}, and we are done. �

3.2. Sections of an S-ring. Let A be an S-ring over a group G. Denote by F(A) the
set of all A-sections, i.e., the G-sections S = U/L for which both U and L are A-groups.
Given such an A-section and a set X ∈ S(A)U , we put XS = πU/L(X). Then the
Z-module

AS = span{XS : X ∈ S(A)U}
is an S-ring over the group S the basic sets of which are exactly the sets XS occurring on
the right-hand side of the formula. We say that the section S is of rank 2 (respectively,
normal, primitive) if so is the S-ring AS.

Denote by P(A) the set of nonempty sets C ∩ F(A), where C ∈ P(G). Then P(A)
forms a partition of the set F(A) into classes of projectively equivalent A-sections. It
should be noted that if A′ ≥ A, then F(A′) ⊃ F(A), and each class of projectively
equivalent A-sections is contained in a unique class of projectively equivalent A′-sections.

Theorem 3.2. Let A be an S-ring over a group G. Then for any two projectively
equivalent A-sections S = L1/L0 and T = U1/U0, any projective isomorphism f : S → T
is a Cayley isomorphism from AS onto AT . Moreover, if T is a multiple of S, then

(XS)
f = XT , X ∈ S(A)L1

.

Proof. It suffices to verify the second statement. However, it follows obviously from
(3). �

Obviously, any two sections of a class C ∈ P(G) have the same order; we call it the
order of this class. If, in addition, C ∈ P(A), then from Theorem 3.2 it follows that
all sections in C have the same rank r, and also if C contains a primitive (respectively,
normal) section, then all sections in C are primitive (respectively, normal). In these cases
we say that the class C is a class of rank r, and is a primitive (respectively, normal) class.

Corollary 3.3. Let A be an S-ring over a group G, and C a class of projectively equiv-
alent A-sections. Suppose that there exists a section S ∈ C such that

(4) Aut(A)S ≤ Hol(S).

Then this inclusion is valid also for all sections belonging to C.

Proof. Let T ∈ C. By Lemma 3.1, for Γ = Aut(A) there exists a permutation isomor-
phism of the group Aut(A)S onto the group Aut(A)T . This isomorphism takes Sright to
Tright, and hence Hol(S) to Hol(T ). Thus, Aut(A)T ≤ Hol(T ). �
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3.3. Generalized wreath product. Let S = U/L be a section of an S-ring A over a
group G. As in [2], we say that A satisfies the S-condition if the group L is normal in G
and

LX = XL = X, X ∈ S(A)G\U .

If, moreover, L �= 1 and U �= G, we say that A satisfies the S-condition nontrivially. The
following theorem is a specialization of [1, Theorem 3.1].

Theorem 3.4. Let S = U/L be a section of an Abelian group G, and let A1 and A2 be
S-rings over groups U and G/L, respectively. Suppose that

S ∈ F(A1) ∩ F(A2) and (A1)S = (A2)S.

Then there is a unique S-ring A over the group G that satisfies the S-condition and such
that AU = A1 and AG/L = A2.

The S-ring A as in Theorem 3.4 is called the S-wreath product of the S-rings A1 and
A2; we denote it by A1 �SA2 and omit S when |S| = 1. Thus, an S-ring A over G satisfies
the S-condition if and only if A = AU �S AG/L. We say that A is a nontrivial or proper
S-wreath product if it satisfies the S-condition nontrivially. When the explicit indication
of the section S is not important, we use the term generalized wreath product.

§4. S-rings over a cyclic group

4.1. General theory. Let A be an S-ring over a cyclic group G. It is easily seen that
for any X ⊂ G the set

rad(X) = {g ∈ G : gX = Xg = X}
is an A-group whenever X ∈ S∗(A). The well-known Schur theorem on multipliers [11,
Theorem 23.9] implies that the group rad(X) does not depend on the choice of X ∈ S(A)
such that X contains a generator of G. We call this group the radical of A and denote
it by rad(A).

Theorem 4.1. Let A be a circulant S-ring. Then:

(1) rad(A) �= 1 if and only if A is a proper generalized wreath product;
(2) rad(A) = 1 if and only if A is the tensor product of a normal S-ring with trivial

radical and S-rings of rank 2.

Proof. This follows from Corollaries 5.5 and 6.4 in [2]. �

The S-ring A is said to be cyclotomic2 if S(A) = Orb(K,G) for a group K ≤ Aut(G);
in this case we write A = Cyc(K,G).

Theorem 4.2. Let A be a normal S-ring over a cyclic group G. Then:

(1) A is cyclotomic, and in particular, A is dense and Schurian;
(2) | rad(A)| is equal to 1 or 2;
(3) if rad(A) �= 1, then A = AU �U/L AG/L, where |G/U | = |L| = 2 and AU and

AG/L are normal S-rings with trivial radicals.

Proof. This follows from Theorems 6.1 and 5.7 in [2]. �

Corollary 4.3. Any circulant S-ring with trivial radical is Schurian.

Proof. By statement (2) of Theorem 4.1, it suffices to verify that any normal circulant
ring is Schurian. However, this is true by statement (1) of Theorem 4.2. �

2In [2], such an S-ring was called an orbit one.
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It is well known that

(5) Aut(G) =
∏
p∈P

Aut(Gp),

where P is the set of primes dividing |G| and Gp is the Sylow p-subgroup of G. For
any odd prime p ∈ P, the group Aut(Gp) is a cyclic group of order (p − 1)|Gp|/p. In
this case it is easily seen that if X is an orbit of a group K ≤ Aut(Gp) containing a
generator of Gp, then rad(X) �= 1 if and only if p divides |K|. Thus, the cyclotomic
S-ring Cyc(K,Gp) has trivial radical if and only if |K| is coprime to p.

Corollary 4.4. Suppose A is a normal S-ring over a cyclic p-group, S is an A-section,
p is odd, and |S| ≥ p2. Then the S-ring AS is normal.

Proof. Since p > 2, statements (1) and (2) of Theorem 4.2 imply that A = Cyc(K,G)
where K ≤ Aut(G), and rad(A) = 1. In particular, p does not divide |K|. Therefore,
AS = Cyc(KS, G) and rad(AS) = 1. Since rk(AS) > 2, statement (2) of Theorem 4.1
shows that the S-ring AS is normal. �

4.2. Singularities. As in [3], we say that an A-section S is the smallest (respectively,
greatest) if every section projectively equivalent to S is a multiple of it (respectively, if
it is a multiple of every section projectively equivalent to it). The following result was
proved in Lemma 5.2 of [3].

Theorem 4.5. Let A be a circulant S-ring. Then any class of projectively equivalent
A-sections contains smallest and greatest elements.

We say that a class of projectively equivalent A-sections of rank 2 is singular if its
order is greater than 2 and it contains two sections S = L1/L0 and T = U1/U0 such that
T is a multiple of S and the following conditions are satisfied:

(S1) A = AU0
�U0/L0

AG/L0
= AU1

�U1/L1
AG/L1

,
(S2) AU1/L0

= AL1/L0
⊗AU0/L0

.

Theorem 4.6. Let A be an S-ring over a cyclic group G. For any primitive class
C ∈ P(A), one of the following statements holds true:

(1) C is singular, and then Aut(A)S = Sym(S) for all S ∈ C;
(2) C is of prime order and Aut(A)S ≤ Hol(S) for all S ∈ C.

Proof. First, suppose that the class C contains a subnormal section S; by definition,
this means that S is a section of a normal A-section. Then Aut(A)S ≤ Hol(S). By

Corollary 3.3, this implies that Aut(A)S
′ ≤ Hol(S′) for all S′ ∈ C. Moreover, by

statement (1) of Theorem 4.2, the S-ring over the above normal A-section is dense.
Therefore, the S-ring AS is dense. Since the assumptions of the theorem show that it is
also primitive, the number |S| is prime. Thus, in this case statement (2) is true.

To complete the proof, suppose that C contains no subnormal sections (subnormal
flags in the sense of [3]). Then, by Proposition 5.3 of [3], the Cayley scheme C associated
with A has singularity of degree at least 4 in the pair (S, T ), where S and T are the
smallest and greatest sections of the class C. In our terms, this means that C is a singular
class and |S| = |T | ≥ 4. Then from [3, Lemma 4.3] it follows that Aut(C)S = Sym(S)
for all S ∈ C.3 Thus, since Aut(A) = Aut(C), statement (1) holds true in this case. �

3This result is a special case of statement (1) of Theorem 6.9 proved below.
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§5. Generalized wreath product

5.1. Definition. Let E0 and E1 be equivalence relations on a set V , and let E0 ⊂ E1.
Suppose we are given

(a) a group Δ0 ≤ Sym(V/E0) such that the equivalence relation (E1)V/E0
is Δ0-inva-

riant;
(b) for each X ∈ V/E1, a group ΔX ≤ Sym(X) such that the equivalence relation

(E0)X is ΔX -invariant;
(c) for each X,X ′ ∈ V/E1, a bijection fX,X′ : X → X ′ taking ΔX to ΔX′ and

X/E0 to X ′/E0 such that

(ΔX)fX,X′fX′,X′′ = ΔX′′ , X,X ′, X ′′ ∈ V/E1.

The condition in (c) implies that

ΔXfX,X′ = fX,X′ΔX′ =: ΔX,X′ ,

whence ΔX = ΔX,X and fX,X′ ∈ ΔX,X′ for all X,X ′. Thus, the data in (b) and (c) can
be recovered by the sets ΔX,X′ . Moreover, instead of the families {ΔX} and {fX,X′},
we could equivalently be given

(b-c) for each X,X ′ ∈ V/E1, a nonempty set ΔX,X′ ⊂ Bij(X,X ′) taking (E0)X to
(E0)X′ and such that

ΔX,X′ΔX′,X′′ = ΔX,X′′ , X,X ′, X ′′ ∈ V/E1.

Indeed, set ΔX = ΔX,X . Then from the above identity it follows that ΔXΔX = ΔX ,
whence by the finiteness of V we conclude that ΔX is a group. Moreover, the same
identity shows that ΔXf = ΔX,X′ = fΔX′ for any f ∈ ΔX,X′ .

Set

(6) Γ = {γ ∈ Aut(E0, E1) : γV/E0 ∈ Δ0 and γX ∈ ΔX,Xγ , X ∈ V/E1},
where Aut(E0, E1) is the subgroup of Sym(V ) leaving the relations E0 and E1 fixed. It
is easily seen that Γ is a group; if E0 = E1, then for any X ∈ V/E1 it is permutationally
isomorphic to the wreath product ΔX �Δ0 (in imprimitive action). It is also clear that

(7) ΓE0
=

∏
X∈V/E1

ΔX,E0
,

where ΔX,E0
= (ΔX)(E0)X .

Lemma 5.1. The equivalence relations E0 and E1 are Γ-invariant. Moreover, if

(8) (ΔX,X′)X/E0,X
′/E0 = (Δ0)

X/E0,X
′/E0 , X,X ′ ∈ V/E1,

then ΓV/E0 = Δ0, and ΓX,X′
= ΔX,X′ for all X,X ′. In particular, the group ΓV/E1 is

transitive.

Proof. The first statement and the inclusions ΓV/E0 ≤ Δ0, Γ
X,X′ ⊂ ΔX,X′ follow from

the definition of the group Γ. To prove the reverse inclusions, let X0 ∈ V/E1. We claim:
given permutations δ0 ∈ Δ0 and δX0

∈ ΔX0,X
′
0
, where the class X ′

0 ∈ V/E1 is defined by

the condition X ′/E0 = (X/E0)
δ0 , such that

(9) (δX0
)X0/E0 = (δ0)

X0/E0 ,

we can find a permutation δ ∈ Γ such that δX0 = δX0
and δV/E0 = δ0. Then ΓV/E0 ≥ Δ0

because by (8) for any δ0 ∈ Δ0 there exists δX0
∈ ΔX0,X

′
0
satisfying (9), whereas the

inclusion ΓX,X′ ⊃ ΔX,X′ follows from the above claim for X0 = X, because, by (8), for
any δX ∈ ΔX,X′ there exists δ0 ∈ Δ0 satisfying (9).
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To prove the claim we observe that, by (8), for each X ∈ V/E1 other than X0, there
exists δX ∈ ΔX,X′ with

(10) (δX)X/E0 = (δ0)
X/E0 ,

where the class X ′ ∈ V/E1 is determined by the condition X ′/E0 = (X/E0)
δ0 . Denote

by δ the permutation of V such that δX = δX for all X ∈ V/E1. Then (9) and (10)
imply that δV/E0 = δ0. Thus, δ ∈ Γ. �

Definition 5.2. If condition (8) is satisfied, the group Γ defined by formula (6) is called
the generalized wreath product of the family of bijections {ΔX,X′} by the group Δ0; it
will be denoted by {ΔX,X′} �Δ0.

From the arguments at the beginning of this section, it follows that for a fixed X ∈
V/E1 the family {ΔX,X′} is uniquely determined by the group ΔX and the family of
bijections fX,X′ : X → X ′, X ′ ∈ V/E1. Therefore, we can also say that the group Γ
is the generalized wreath product of the groups ΔX and Δ0 with respect to the above
family of bijections.

5.2. Canonical generalized wreath product. An important special case arises when
V = G is a group and the classes of the equivalence relations E0 and E1 are the left
cosets of G modulo subgroups L and U (respectively), where L is a normal subgroup
of G contained in U . Suppose that we are also given groups Δ0 ≤ Sym(G/L) and
ΔU ≤ Sym(U) such that

(11) (G/L)right ≤ Δ0, Uright ≤ ΔU , (ΔU )
S = (Δ0)

S,

where S = U/L. Given X,X ′ ∈ V/E1, we set

(12) ΔX,X′ = (Gright)
X,U ΔU (Gright)

U,X′
.

Then ΔX,X′ ⊃ (Gright)
X,X′

and all conditions in (a) and (b-c) are satisfied: the equiva-
lence relation (E1)V/E0

is Δ0-invariant, ΔX,X′ takes (E0)X to (E0)X′ , and the identity
occurring in (b-c) is true. Moreover, from (11) it follows that

(ΔX,X′)X/E0,X
′/E0 = (Gright)

X/E0,U/E0 (ΔU )
U/L (Gright)

U/E0,X
′/E0

= ((G/L)right)
X/E0,U/E0 (Δ0)

U/L ((G/L)right)
U/E0,X

′/E0

= (Δ0)
X/E0,X

′/E0 .

Therefore, relation (8) in Lemma 5.1 is satisfied, and we can form the generalized wreath
product Γ = {ΔX,X′} �Δ0.

Definition 5.3. The group Γ is called the canonical generalized wreath product of the
group ΔU by the group Δ0 over G; it is denoted by ΔU �S Δ0.

It is easily seen that any canonical generalized wreath product over G contains the
group Gright.

5.3. Automorphism groups. Let C = (V,R) be a homogeneous scheme and let
E0, E1 ∈ E(C) be such that E0 ⊂ E1. Suppose that RX,Y = X × Y for all R ∈ R
contained in V 2 \ E1 and all X,Y ∈ V/E0 for which RX,Y �= ∅. Then we say that
the scheme C satisfies the E1/E0-condition (this definition is obviously equivalent to the
definition given in [3]).

Theorem 5.4. Let C be a homogeneous scheme on V , and let f ∈ Sym(V ). Suppose
that C satisfies the E1/E0-condition. Then f ∈ Aut(C) if and only if

fV/E0 ∈ Aut(CV/E0
) and fX ∈ Iso(CX , CX′ , ϕX,X′)
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for all X ∈ V/E1, where X ′ = Xf and ϕX,X′ is the similarity defined in (2).

Proof. In the sense of [3], the family {fX} together with the permutation fV/E0 forms an
admissible E1/E0-pair compatible with C. Thus, the required statement is a consequence
of Theorem 2.5 in [3]. �
Corollary 5.5. Let C be a homogeneous scheme on V satisfying the E1/E0-condition.
Suppose that the group Γ = Aut(C) is transitive on V/E1 (this is always true when C is

a Cayley scheme). Then Γ = {ΓX,X′} � ΓV/E0 .

Proof. Set Δ0 = ΓV/E0 and ΔX,X′ = ΓX,X′
, X,X ′ ∈ V/E1. Then, obviously, the condi-

tion in (a) and relation (8) in Lemma 5.1 are satisfied. Moreover, from the transitivity of
Γ on V/E1 it follows that the condition in (b-c) is also satisfied. Thus, we can form the
generalized wreath product Γ′ = {ΔX,X′} � Δ0. Clearly, Γ′ ≥ Γ. The reverse inclusion
follows from Theorem 5.4. �

We consider an example illustrating Corollary 5.5. Let C = (V,R) be a homogeneous
scheme satisfying the E1/E0-condition. Set

Δ0 = Aut(CV/E0
), ΔX,X′ = Iso(CX , CX′ , ϕX,X′), X,X ′ ∈ V/E1.

In general, we cannot form the generalized wreath product of {ΔX,X′} by Δ0, because
the condition in (b-c) or identity (8) is not necessarily satisfied. Now suppose that the
scheme CV/E0

and all schemes CX are regular (i.e., are schemes of regular permutation
groups). Then both the condition and the identity follow from the fact that any similarity
from a regular scheme to another scheme is induced by an isomorphism. Thus, in this
case the above generalized wreath product can be constructed. But then Theorem 5.4
shows that

Aut(C) = {ΔX,X′} �Δ0.

5.4. Schurian and non-Schurian generalized wreath products. In the rest of the
section, we are going to get a necessary and sufficient condition for the generalized wreath
product of S-rings to be Schurian. This condition and a criterion for being non-Schurian
will be deduced from the following result.

Theorem 5.6. Let C be a homogeneous scheme on V satisfying the E1/E0-condition,
and let Γ = {ΔX,X′} �Δ0 be a generalized wreath product such that

Δ0 ≤ Aut(CV/E0
) and ΔX,X′ ⊂ Iso(CX , CX′ , ϕX,X′)

for all X,X ′ ∈ V/E1. Suppose that

(13) Orb(ΔX,E0
) = X/E0, X ∈ V/E1.

Then C = Inv(Γ) if and only if CV/E0
= Inv(Δ0) and CX = Inv(ΔX) for all X ∈ V/E1.

Proof. The “only if” part follows from Lemma 5.1 because

Inv(Γ)V/E0 = Inv(ΓV/E0) and Inv(Γ)X = Inv(ΓX)

for all X ∈ V/E1. To prove the “if” part, we check that each relation R ∈ R(C) is
an orbit of the group Γ. We note that, since ΓV/E0 = Δ0 (Lemma 5.1) and CV/E0

=

Inv(Δ0), the group ΓV/E0 acts transitively on RV/E0
. On the other hand, since ΔX,X′ ⊂

Iso(CX , CX′ , ϕX,X′) and the scheme C satisfies the E1/E0-condition, the group Γ acts on
the nonempty sets RX,X′ , X,X ′ ∈ V/E1. Thus, Γ acts on R. To prove that this action
is transitive, first we suppose that R ⊂ E1. Then the relation R is a disjoint union of the
relations RX , X ∈ V/E1. Since the group ΓV/E1 is transitive (Lemma 5.1), it suffices
to verify that the group ΓX acts transitively on each RX . However, this is true because
ΓX = ΔX (Lemma 5.1) and CX = Inv(ΔX).
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Now, let R ⊂ V 2 \ E1. Then, given Y, Y ′ ∈ V/E0, we have either RY ,Y ′ = ∅ or
RY ,Y ′ = Y × Y ′. So it suffices to verify that in the latter case the group ΓY ,Y ′ =
Γ{Y } ∩ Γ{Y ′} acts transitively on the set RY ,Y ′ . However, by (7),

ΔX,E0
×ΔX′,E0

× {idV \(X∪X′)} ≤ ΓE0
≤ ΓY ,Y ′ ,

where X and X ′ are the classes of the equivalence relation E1 that contain Y and Y ′,
respectively. Thus, the required statement follows from (13). �

Corollary 5.7. Let A be an S-ring over an Abelian group G. Suppose A = AU �S AG/L

for some A-section S = U/L. Then A is Schurian if and only if so are the S-rings AG/L

and AU and there exist groups Δ0 ≤ Sym(G/L) and ΔU ≤ Sym(U) satisfying (11) and
such that

(14) Δ0 ≈
2
Aut(AG/L) and ΔU ≈

2
Aut(AU ).

Moreover, in this case Aut(A) ≈
2
ΔU �S Δ0.

Proof. It is easily seen that the S-ring A satisfies the U/L-condition if and only if the
Cayley scheme C associated with A satisfies the E1/E0-condition, where E0 = EL and
E1 = EU . Thus, the “only if” part follows immediately for Δ0 = Aut(A)G/L and
ΔU = Aut(A)U ; the second part of the statement is a consequence of Corollary 5.5.

To prove the “if” part, suppose we are given groups Δ0 ≤ Sym(G/L) and ΔU ≤
Sym(U) satisfying (11) and (14). Setting Γ = ΔU �S Δ0 to be the canonical generalized
wreath product, we verify that the assumptions of Theorem 5.6 are satisfied. Indeed, the
inclusion Δ0 ≤ Aut(CG/L) is clear, and the inclusion ΔX,X′ ⊂ Iso(CX , CX′ , ϕX,X′), where

X,X ′ ∈ V/E1, is true by (12), because (Gright)
Y,Y ′ ⊂ Iso(CY , CY ′ , ϕY,Y ′) for all Y, Y ′ ∈

V/E1. Moreover, from the definition of the set ΔX,X′ it follows that ΔX = (ΔU )
f , where

f ∈ (Gright)
U,X . Therefore, by the second inclusion in (11), this implies that

Orb(ΔX,E0
) = Orb((ΔU,E0

)f ) = Orb(ΔU,E0
)f = (U/L)f = X/E0.

So, condition (13) of Theorem 5.6 is also satisfied. Using that theorem, we conclude that
C = Inv(Γ), whence it follows that the S-ring A is Schurian. �

The following statement gives a criterion for an S-ring over an Abelian group to be
non-Schurian.

Corollary 5.8. Let A be an S-ring over an Abelian group G. Suppose A = AU �S AG/L

for some A-section S = U/L. Then the S-ring A is non-Schurian whenever

(15) Aut(AU )
S ∩ Aut(AG/L)

S �≈
2
Aut(AS).

Proof. Suppose, to the contrary, that the S-ring A is Schurian. Then by Corollary 5.7,
the S-rings AG/L and AU are Schurian and there exist groups Δ0 ≤ Sym(G/L) and
ΔU ≤ Sym(U) satisfying conditions (11) and (14). Therefore,

(Δ0)
S ≈

2
Aut(AG/L)

S ≈
2
Aut(AS).

Thus, the intersection on the left-hand side of (15) contains the subgroup (ΔU )
S = (Δ0)

S ,
which is 2-equivalent to the group Aut(AS), a contradiction. �
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§6. Isolated classes

6.1. Isolated pairs. Let S = L1/L0 and T = U1/U0 be nontrivial sections of an
S-ring A over an Abelian group G.

Definition 6.1. We say that S and T form an isolated pair in A if T is a multiple of S
and conditions (S1) and (S2) are satisfied.

This definition shows immediately that U0, U1 \ U0, and G \ U1 are A-subsets of the
group G. Moreover, the set S = S(A) is uniquely determined by the sets SU0

= S(AU0
),

SL1/L0
= S(AL1/L0

), and SG/L1
= S(AG/L1

) as follows:

(16) S = SU0
∪ (π−1

0 (SL1/L0
))L1\L0

SU0
∪ (π−1

1 (SG/L1
))G\U1

,

where π0 = πL1/L0
and π1 = πG/L1

are natural epimorphisms. Moreover, the three sets
on the right-hand side are pairwise disjoint and are equal to S(A)U0

, S(A)U1\U0
, and

S(A)G\U1
respectively.

Obviously, the A-sections forming an isolated pair are projectively equivalent. The
projective equivalence class containing them will be called isolated; we also say that it
contains this pair.

Lemma 6.2. Let A be a circulant S-ring. Then any isolated class C ∈ P(A) contains
exactly one isolated pair. This pair consists of the smallest and the largest elements of C.

Proof. By Theorem 4.5, the class C has the smallest and greatest sections; we denote
them by L1/L0 and U1/U0. Clearly, π(L1) and π(U0) are Aπ(U1)-subgroups with π =
πU1/L0

. Moreover, since U1/U0 is a multiple of L1/L0, we also have

(17) π(U1) = π(L1)× π(U0).

Let L′
1/L

′
0 and U ′

1/U
′
0 be sections in C forming an isolated pair in A. Then it suffices to

verify that U ′
1 = U1 and L′

0 = L0 (then, obviously, U ′
0 = U0 and L′

1 = L1). For this, we
observe that, by the definition of the smallest and largest sections, we have

(18) L1 ≤ L′
1 ≤ U ′

1 ≤ U1 and L0 ≤ L′
0 ≤ U ′

0 ≤ U0.

First, suppose that U ′
1 �= U1. Then there existsX ∈ S(A)U1\U ′

1
. From the second identity

in (S1) with U1 = U ′
1 and L1 = L′

1 it follows that L′
1X = X; hence, by the left-hand side

of (18), we also have L1X = X. This implies that

(19) π(L1)π(X) = π(X).

On the other hand, by (17), Lemma 2.1 implies that prπ(L1)(π(X)) is a basic set of the S-

ring Aπ(L1). However, (19) shows that this set coincides with π(L1), which is impossible
because π(L1) = L1/L0 �= 1. Thus, U ′

1 = U1.
To complete the proof, suppose that L0 �= L′

0. Then there exists X ′ ∈ S(A)L′
0\L0

.

By (18), we have X ′ ⊂ U0, whence π(X ′) ⊂ π(U0). Due to (17) and the inequality
L1 �= L0, the full π-preimage of π(X ′) does not coincide with X ′. Therefore, we can find
(in this preimage) a basic set X ∈ S(A)U1\U0

such that prπ(U0)(π(X)) = π(X ′). On the

other hand, from the first identity in (S1) with U0 = U ′
0 and L0 = L′

0 it follows that
L′
0X = X. This implies that π(L′

0) = prπ(U0)(π(X)) = π(X ′) is a basic set of the S-ring

Aπ(U0). However, this is impossible because π(X ′) �= {1}. Thus, L′
0 = L0. �

In what follows, for a circulant S-ring A the smallest and the largest elements of
a class C ∈ P(A) (the existence of which follows from Theorem 4.5) are denoted by
Smin(C) = L1(C)/L0(C) and Smax(C) = U1(C)/U0(C), respectively.
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Corollary 6.3. Let C ∈ P(A) be a primitive isolated class of a circulant S-ring A.
Suppose that an A-section S = U/L has no subsection belonging to this class. Then
either L ≥ L1 or U ≤ U0, where L1 = L1(C) and U0 = U0(C).

Proof. By Lemma 6.2, the sections Smin = L1/L0 and Smax = U1/U0, where L0 = L0(C)
and U1 = U1(C), form an isolated pair in A. Suppose that the section S is such that
L �≥ L1 and U �≤ U0. Then

(20) U ≥ L1 and L ≤ U0.

Indeed, since the S-ring A satisfies the U1/L1-condition, it follows that either U ≥ L1

or U ≤ U1. In the latter case the first relation in (20) is obvious, whereas the second
follows from the assumption U �≤ U0, the primitivity of the class C, and the relation
L1 ∩ U0 = L0. The former case is proved in a similar way.

Now, the first relation in (20) yields

S = U/L ≥ U ∩ U1/LL0 ≥ LL1/LL0.

Furthermore, the latter section is projectively equivalent to Smin because the second
relation in (20) shows that L1 ∩LL0 = L0 and L1 LL0 = LL1. Thus, S has a subsection
from C, a contradiction. �
6.2. Extension. Let A be an S-ring over a cyclic group G and C ∈ P(A) an isolated
class. By Definition 6.1 and Lemma 6.2, the S-ring A satisfies the Ui/Li-condition, where
Ui = Ui(C) and Li = Li(C), i = 0, 1, and AU1/L0

= AL1/L0
⊗AU0/L0

.
Suppose we are additionally given an S-ring B over the group S = L1/L0 such that

B ≥ AS . Then by Theorem 3.4, there are uniquely determined S-rings

(21) A1 = AU0
�U0/L0

(B ⊗AU0/L0
) and A2 = (B ⊗ AU0/L0

) �U1/L1
AG/L1

over the groups U1 and G/L0, respectively. Obviously, the restrictions of these S-rings
to U1/L0 coincide with B⊗AU0/L0

. Therefore, by Theorem 3.4, there is a unique S-ring

(22) ExtC(A,B) = A1 �U1/L0
A2

over the group G.

Definition 6.4. The S-ring ExtC(A,B) is called the extension of the S-ring A by means
of the S-ring B with respect to the class C.

The following statement is straightforward.

Lemma 6.5. In the above notation, set A′ = ExtC(A,B). Then:

(1) A′ ≥ A; moreover, A = A′ if and only if B = AS;
(2) A′ is both a U0/L0- and a U1/L1-wreath product;
(3) A′

U0
= AU0

, A′
G\L1

= AG\L1
, and A′

U1/L0
= B ⊗AU0/L0

.

From statements (2) and (3) of Lemma 6.5 it follows that the A′-sections Smin(C)
and Smax(C) form an isolated pair in the S-ring A′. Therefore, Lemma 6.2 implies the
following statement.

Theorem 6.6. Let C ∈ P(A) be an isolated class of a circulant S-ring A, and let A′ =
ExtC(A,B) as above. Then the class C ′ ∈ P(A′) containing the sections S = Smin(C)
and T = Smax(C) is isolated in A′, and Smin(C

′) = S, Smax(C
′) = T .

The following statement gives a necessary and sufficient condition for the exten-
sion (22) to be Schurian.

Theorem 6.7. Let C ∈ P(A) be an isolated class of a Schurian circulant S-ring A.
Then the S-ring A′ = ExtC(A,B) is Schurian if and only if the S-ring B is Schurian.
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Proof. The only “if”part is obvious. To prove the “if” part, suppose that the S-ring B is
Schurian. Then, since A is Schurian, the S-rings B ⊗AU0/L0

and AU0
are also Schurian.

Therefore, by Corollary 5.7 applied to the S-ring A1 defined by formula (21) and to
the groups U = U0, Δ0 = Aut(B) × Aut(A)U0/L0 and ΔU = Aut(A)U0 , this S-ring is
Schurian and

(23) Aut(A1)
U1/L0 = Aut(B)×Aut(A)U0/L0 .

Similarly, the S-ring A2 defined by formula (21) is Schurian and

(24) Aut(A2)
U1/L0 = Aut(B)×Aut(A)U0/L0 .

Thus, the S-ring A′ is the generalized wreath product of two Schurian S-rings A1 and
A2 (see (22)). Therefore, by (23), (24), and Corollary 5.7 with Δ0 = Aut(A2) and
ΔU = Aut(A1), we conclude that A′ is Schurian. �

6.3. Automorphisms. Let S = L1/L0 and T = U1/U0 be sections of the group G such
that T is a multiple of S. For a transitive group M ≤ Sym(S) and cosets X,X ′ ∈ T , put

(25) Δ0 = M × {idU0/L0
} and ΔX,X′ = (((U1)right)EL1

)X,X′
.

Then, obviously, the equivalence relation (E1)U1/E0
, where E1 = EU0

and E0 = EL0
, is

Δ0-invariant. Moreover, all conditions in (a) and (b-c) in Subsection 5.1 are satisfied for
V = U1. Finally, for any X,X ′ ∈ U1/E1 there exist a, a′ ∈ L1 such that X = aU0 and
X ′ = a′U0 (we note that a and a′ are determined uniquely modulo L0). Then from the
transitivity of M and the definition of Δ0 it follows that

(ΔX,X′)X/E0,X
′/E0 = {γa,a′} = (Δ0)

X/E0,X
′/E0 ,

where γa,a′ is the bijection from X/E0 onto X ′/E0 taking axL0 to a′xL0, x ∈ U0. Thus,
condition (8) of Lemma 5.1 is also satisfied and we can consider the generalized wreath
product {ΔX,X′} �Δ0.

Definition 6.8. We define a permutation group Δ ≤ Sym(G) as follows:

ΔG\U1 = {idG\U1
} and ΔU1 = {ΔX,X′} �Δ0.

Below we denote this group by Gwr(S, T,M).

It is easily seen that, given a group H ≤ G such that (L1 ∩L0H)/L0 is a block of M ,
we have

Gwr(S, T,M)π(G) = Gwr(π(S), π(T ),Mπ(S))

where π = πG/H .
If A is a circulant S-ring, C ∈ P(A), and S = Smin(C), T = Smax(C), then we set

GwrA(C,M) = Gwr(S, T,M). The first statement of the following theorem general-
izes [3, Lemma 4.3].

Theorem 6.9. Let A be a circulant S-ring, C ∈ P(A) an isolated class, and Δ =
GwrA(C,M), where M = Aut(AS) with S = Smin(C). Then:

(1) Δ ≤ Aut(A),

(2) ΔS′
= Aut(AS′) for all S′ ∈ C,

(3) ΔS′ ≤ (S′)right whenever C is primitive and a section S′ ∈ F(A) \ C is either
primitive or of order coprime to |S|.

Proof. To prove statement (1), let f ∈ Δ. Then fG/U1 = idG/U1
and fX = idX for all

cosets X ∈ G/U1 other than U1 (we keep the notation of Subsection 6.1). Since A is the
U1/L1-wreath product, Theorem 5.4 for the Cayley scheme C associated with A shows
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that it suffices to verify that g := fU1 is an automorphism of the S-ring AU1
. However,

the definition of the group Δ implies that

gX ∈ ((U1)right)
X,X′ ⊂ Iso(CX , CX′ , ϕX,X′)

for all X ∈ U1/U0, where X ′ = Xg, and

gU1/L0 ∈ Δ0 = M × idU0/L0
≤ Aut(CU1/L0

)

because AU1/L0
= AL1/L0

⊗AU0/L0
. Since the S-ring AU1

satisfies the U0/L0-condition,
Theorem 5.4 shows that g ∈ Aut(AU1

).
To prove statement (2), let S′ ∈ C. Denote by Δ′ the subgroup of Sym(U1) generated

by ΔU1 and (U1)right. Then by statement (1) we have

(26) Δ′ ≤ Aut(A)U1 .

So, (Δ′)S
′ ≤ Aut(A)S

′
. Moreover, by Lemma 3.1, the groups (Δ′)S

′
and (Δ′)S are

isomorphic. On the other hand, since (U1)right normalizes the group ΔU1 and ΔS ≥ Sright,

we have (Δ′)S = ΔS = Aut(AS). Thus, (Δ
′)S

′
= Aut(AS′) by Theorem 3.2.

To prove statement (3), let S′ = U ′/L′ be either a primitive section not in C, or
a section of order coprime to |S|. Obviously, this section has no subsection from C.
By Corollary 6.3 with S = S′, we have either L′ ≥ L1 or U ′ ≤ U0. To complete the
proof, it suffices to note that in the former case ΔS′

= idS′ , whereas in the latter case
ΔS′

= (S′)right. �

§7. Extension of a singular S-ring

Any singular class is obviously isolated (see Subsection 4.2). The following result
shows how the set Psgl(A) of all singular classes in the S-ring A varies when we pass to
the special case of extension of the form (22).

Theorem 7.1. Let A be a circulant S-ring, C ∈ Psgl(A) a singular class of prime order,
and A′ = ExtC(A,ZS), where S = Smin(C). Then:

(1) G(A) = G(A′), and in particular, F(A) = F(A′) and P(A) = P(A′);
(2) Psgl(A′) = Psgl(A) \ {C}.

Proof. We keep the notation of Subsection 6.1. To prove statement (1), it suffices to
verify that any A′-subgroup H belongs to the set G(A). However, if H �⊂ U1, then H
is generated by an element in G \ U1. Denote by X the basic set of A′

H containing this
element. Then H = 〈X〉. On the other hand, X ∈ S(A) by statements (2) and (3) of
Lemma 6.5. Thus, H ∈ G(A). Let H ⊂ U1. By statement (3) of the same lemma, we
have G(AU0

) = G(A′
U0
). So, we may assume that H �⊂ U0. Then H contains a subset

belonging to the set S(A′)U1\U0
. Since by statement (2) of the same lemma the S-ring A′

is a U0/L0-wreath product, the group generated by this set contains L0. Thus, H ≥ L0.
Since H �⊂ U0 and the group π(U1), where π = πG/L0

, is the direct product of the group
L1/L0 of prime order and the group π(U0), it follows that H = L1H

′, where H ′ is the
full π-preimage of the group π(H) ∩ π(U0). Since L1 and H ′ are A-subgroups, we are
done.

To prove statement (2), we observe that rk(A′
S) > 2 because the order of the class C

is at least 3. Therefore, the class C is not singular in A′. In the remaining part of the
proof we shall need the following auxiliary lemma. We set p = |S|.
Lemma 7.2. Let X ∈ S(A) and X ′ ∈ S(A′) be such that X ′ ⊂ X. Then rad(X) =
rad(X ′). Moreover, if X ⊂ U1 \ U0, then

(27) X =
⋃

σ∈Tp

(X ′)σ and |X| = (p− 1)|X ′|,
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where Tp is the subgroup of Aut(G) of order p − 1 that acts trivially on each Sylow
q-subgroup of G, q �= p.

Proof. If X ⊂ U0 or X ⊂ G \ U1, then the required statement immediately follows from
statement (3) of Lemma 6.5. Suppose that X ⊂ U1 \ U0. Then, by (16), there exists
Y ∈ S(A)U0

and x′ ∈ L1 \ L0 such that

(28) X = (L1 \ L0)Y, X ′ = (x′L0)Y.

Since Y ⊂ U0 and U0 ∩ L1 = L0, we have

rad(X) = rad(L1 \ L0) rad(Y ) = L0 rad(Y ).

On the other hand, obviously, rad(X ′) = L0 rad(Y ). Thus, rad(X) = rad(X ′). Since
π(U1) = π(L1) × π(U0), where π = πG/L0

, the group Tp leaves the set L0Y fixed.
Therefore, (27) follows from (28). �

Let C̃ �= C be a class belonging to the set P(A) = P(A′). We prove that it is singular
in the S-ring A if and only if it is singular in the S-ring A′. Set

L̃i = Li(C̃) and Ũi = Ui(C̃), i = 0, 1

(see Subsection 6.1). By Theorem 6.2, it suffices to verify that conditions (S1) and (S2)

for Li = L̃i and Ui = Ũi are satisfied or are not satisfied in A and A′ simultaneously,

and that rk(AH1
) = 2 if and only if rk(A′

H1
) = 2, where H1 = L̃1/L̃0 and H2 = Ũ0/L̃0.

However, from the first statement of Lemma 7.2 it follows that the S-rings A and A′ are or

are not the Ũ0/L̃0-wreath products (as well as Ũ1/L̃1-wreath products) simultaneously.
Thus, it suffices to verify that

AH = AH1
⊗AH2

, rk(AH1
) = 2 ⇔ A′

H = A′
H1

⊗A′
H2

, rk(A′
H1

) = 2

where H = Ũ1/L̃0. For this, we note that H = H1×H2, and Hi is both an AH - and A′
H-

subgroup, i = 1, 2. By Lemma 2.1, this implies that for any X ∈ S(A) (respectively, X ′ ∈
S(A′)) the set X̃i = prHi

π̃(X) (respectively, X̃ ′
i = prHi

π̃(X ′)) is an A-set (respectively,
A′-set), where π̃ = π

˜U1/˜L0
. Thus, the required statement is a consequence of the following

lemma.

Lemma 7.3. Suppose that rk(AH1
) = 2. If X ∈ S(A) and X ′ ∈ S(A′) are such that

X ′ ⊂ X ⊂ Ũ1, then

(29) X̃ = X̃1 × X̃2 ⇔ X̃ ′ = X̃ ′
1 × X̃ ′

2,

where X̃ = π̃(X) and X̃ ′ = π̃(X ′). Moreover, X̃1 = X̃ ′
1.

Proof. Without loss of generality we may assume that X̃ �= X̃ ′. Then, obviously, X �=
X ′, whence X ⊂ U1 \ U0 by statement (3) of Lemma 6.5. By (28), this implies that

L1 ⊂ 〈X〉 ⊂ Ũ1. We claim that

(30) π̃(L1) ⊂ H2.

Suppose, to the contrary, that this is not true. Denote by Mi (respectively, Ni) the
projection of the group π̃(Li) to H1 (respectively, to H2), i = 0, 1. Then

π̃(Li) = Mi ×Ni.

Moreover, since π̃(Li) is an A-group, Lemma 2.1 shows that Mi and Ni are A-groups.
Since also rk(AH1

) = 2, the group Mi equals 1 or H1; consequently, either M1 = M0, or
N1 = N0. Moreover, our supposition implies that M1 = H1.
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Next, the S-ring A is the U0/L0-wreath product and rk(AL1/L0
) = 2. Therefore,

L1 \ L0 ∈ S(A), and hence the set Z̃ = π̃(L1 \ L0) is basic. Also,

(31) Z̃ =

{
π̃(L1) if π̃(L1) = π̃(L0),

π̃(L1) \ π̃(L0) otherwise.

(Indeed, in the first case this is true because the group π̃(L1) is the union of the sets

π̃(xL0) = π̃(x)π̃(L0), x ∈ L1; in the second case the basic set Z̃ obviously contains

the A-set π̃(L1) \ π̃(L0) and hence coincides with it.) Now, the relation Z̃ = π̃(L1) is

impossible because otherwise the set H1 = prH1
(Z̃) is basic, which is possible only if

H1 = 1. Thus, by (31) we have

Z̃ = π̃(L1) \ π̃(L0)

and so either prH1
(Z̃) = H1 or prH2

(Z̃) = N1. As before, the former case is impossible

because Z̃ is a basic set, and the latter case is possible only if N1 = 1. Therefore,

π̃(L0) = 1 and π̃(L1) = H1.

It follows that L̃1 = L1L̃0 and L̃0 ≥ L0, whence L0 ≤ L1 ∩ L̃0 < L1. Since the number

|L1/L0| is prime, this implies that L0 = L1 ∩ L̃0. Thus, the section L̃1/L̃0 /∈ C is a
multiple of the section L1/L0 ∈ C, a contradiction. This proves (30).

Now we complete the proof of (29). First, since X ⊂ U1 \U0 (see the beginning of the

proof), from (28) it follows that X̃ = π̃(L1 \ L0)Ỹ and X̃ ′ = π̃(x′L0)Ỹ , where x′ ∈ X ′

and Ỹ = π̃(Y ). By (30), this implies

(32) X̃1 = X̃ ′
1 = Ỹ1,

where Ỹ1 = prH1
Ỹ . Next, since the radicals of the sets X̃ and X̃ ′ contain the group

π̃(L0), without loss of generality we may assume that this group is trivial. Therefore, by
Lemma 7.2 we have

(33) X̃2 =
⋃

σ∈Tp

π̃(x′)σỸ2, X̃ ′
2 = π̃(x′)Ỹ2.

If the group A = π̃(L1) is trivial, then X̃2 = X̃ ′
2 = Ỹ2 and the required statement

immediately follows from (32). Suppose that A is nontrivial. Then it is an A-group of
order p and the set A \ {1} is the orbit of the group Tp that contains the element π̃(x′).

Moreover, by condition (S2) we have A〈Ỹ 〉 = A × 〈Ỹ 〉. Therefore, the union in (33) is
a disjoint one. Now, to complete the proof of the equivalence (29), it suffices to observe

that, by (32) and (33), any of the relations X̃ = X̃1×X̃2 and X̃ ′ = X̃ ′
1×X̃ ′

2 is equivalent

to Ỹ = Ỹ1 × Ỹ2. �

Thus, statements (1) and (2) of Theorem 7.1 are completely proved. �

§8. Resolving singularities

Let A be a circulant S-ring, C ∈ Psgl(A) a singular class, and S = Smin(C). Set

(34) GwrA(C) =

{
GwrA(C, Sym(S)) if C is of composite order,

GwrA(C,Hol(S)) otherwise

(see Subsection 6.3). Statement (1) of Theorem 8.1 below implies that this group is
contained in Aut(A).
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Theorem 8.1. Let A be a Schurian S-ring over a cyclic group G. Then the group
Aut(A) contains a subgroup Γ ≥ Gright 2-equivalent to Aut(A) and such that for any
class C ∈ Psgl(A) the following statements hold true:

(1) GwrA(C) ≤ Γ;
(2) for any S ∈ C we have ΓS = Hol(S) if |S| is prime, and ΓS = Sym(S) otherwise.

Proof. We use induction on the number m = m(A) of singular classes of prime order. If
m = 0, then we are done with Γ = Aut(A) by statements (1) and (2) of Theorem 6.9.

Suppose m > 0 and C is a singular class of A of prime order. Set

(35) A′ = ExtC(A,ZS),

where S = Smin(C). Then m(A′) = m(A)− 1 by statement (2) of Theorem 7.1. So, by
the inductive hypothesis applied to the S-ring A′, the group Aut(A′) is 2-equivalent to a
group Γ′ ≥ Gright such that for any C ′ ∈ Psgl(A′) statements (1) and (2) are valid with
A and C replaced by A′ and C ′, respectively. Set

(36) Γ = 〈Γ′,Δ〉,
where Δ = GwrA(C) is the group defined in (34). Obviously, Gright ≤ Γ. To com-
plete the proof, it suffices to verify that the groups Γ and Aut(A) are 2-equivalent and
statements (1) and (2) are true. Below we set Li = Li(C) and Ui = Ui(C), i = 0, 1.

To prove the above 2-equivalence, it suffices to verify that the group Γu with u = 1G
acts transitively on each set X ∈ S(A). But the S-ring A′ is Schurian by Theorem
6.7. Therefore, by statement (3) of Lemma 6.5, transitivity occurs when X ⊂ U0 or
X ⊂ G \ U1, because in these cases X ∈ S(A′), so that X ∈ Orb(Γ′

u). Suppose that
X ⊂ U1 \ U0. Since rk(AS) = 2 and A′

S = ZS, statements (2) and (3) of Lemma 6.5
imply that there exists a set Y ∈ S(A)U0

such that

X = (L1 \ L0)Y =
⋃
x

xL0Y,

where x runs over a full set of representatives of L0-cosets in L1 other than L0. Moreover,
the set xL0Y is basic in A′ for all x. Therefore, the group Γ′

u acts transitively on each
of such sets. On the other hand, the group Δu acts on S as Hol(S)u = Aut(S), whence
it is transitive on the set S \ {1}. Thus, the group Γu acts transitively on X and we are
done.

To prove statements (1) and (2), we take C̃ ∈ Psgl(A). If C̃ = C, then statement (1)

is obvious because GwrA(C̃) = Δ ≤ Γ. If C̃ �= C, then C̃ ∈ Psgl(A′) by statement (2) of

Theorem 7.1. However, for the group Γ′ statement (1) holds true, whence GwrA′(C̃) ≤ Γ′.

Since GwrA′(C̃) = GwrA(C̃) and Γ′ ≤ Γ, statement (1) is proved.

Now we prove statement (2). First, suppose that the class C̃ is of composite order.

Then C̃ �= C. By Theorem 7.1, this implies that C̃ ∈ Psgl(A′). Since for the group Γ′

statement (2) holds true, for any section S̃ ∈ C̃ we have

Γ
˜S ≥ (Γ′)

˜S = Sym(S̃),

and we are done. Now suppose that the class C̃ is of prime order. Since the groups Γ′

and Aut(A′) are 2-equivalent by the inductive hypothesis, so are the groups (Γ′)
˜S and

Aut(A′)
˜S, where S̃ ∈ C̃. On the other hand, if C̃ = C, then, by the definition of A′ and

Theorem 3.2, the latter group coincides with S̃right. Since statement (2) is true for Γ′,
we conclude that

(37) (Γ′)
˜S =

{
S̃right if C̃ = C,

Hol(S̃) if C̃ �= C.
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By Lemma 3.1, there is no loss of generality in assuming that S̃ = Ũ1/Ũ0, where

Ũi = Ui(C̃), i = 0, 1. Also, we may assume that Ũ0 = 1, because the natural epimorphism

Γ → ΓG/˜U0 induces an isomorphism from the group Γ
˜S onto the group (ΓG/˜U0)

˜S. Thus,

S̃ = Ũ1 is a cyclic group of prime order and C̃ = {S̃}.
To formulate the next auxiliary lemma, we need some notation. It is easily seen that,

for any Ũ1-coset X̃, the group Hol(Ũ1)
γ ≤ Sym(X̃) does not depend on the choice of

γ ∈ (Gright)
˜U1, ˜X . We denote this group by K(X̃). Clearly, K(Ũ1) = Hol(Ũ1).

Lemma 8.2. Let K ≤ Sym(G) be the intransitive direct product of the groups K(X̃) ≤
Sym(X̃), where X̃ runs over the set G/Ũ1. Then the group Δ normalizes the group K.

Proof. Since Ũ1 is a block of the group Γ ≥ Δ, it suffices to verify that for any permu-
tation γ ∈ Δ we have

(38) K(X̃)γ
˜X

= K(X̃γ)

for all X̃ ∈ G/Ũ1. For this, first we suppose that X̃ �⊂ U1. Then, since X̃ and U1 are

blocks of the group Γ, and the number |X̃| is prime, it follows that |X̃∩U1| ≤ 1. However,
the group Δ = GwrA(C) acts trivially outside the set U1. Therefore, the permutation

γ fixes all but possibly one point, and hence all points of X̃. Thus, in this case (38) is
obvious.

Let X̃ ⊂ U1. Then, obviously, Ũ1 ⊂ U1. First, suppose that Ũ1 ⊂ U0. Then

X̃ is contained in some set X ∈ U1/U0. By the definition of the group GwrA(C),

this implies that γU1 ∈ ((U1)right)
X,X′

, where X ′ = Xγ (see (25)). This implies that

γ
˜X ∈ (Gright)

˜X, ˜X′
, where X̃ ′ = X̃γ , whence (38) follows. Finally, let Ũ1 �⊂ U0. Since the

index of the subgroup U0 in the group U1 is prime, this implies that Ũ1U0 = U1. On the

other hand, since the number |Ũ1| is prime, we have Ũ1 ∩ U0 = {1}. Thus, the section

S = U1/U0 is a multiple of the section Ũ1/1 = S̃, so that C̃ = C. This implies that

U0 = L0 = 1, whence X̃ = U1 = L1. Thus,

K(X̃) = Hol(U1) = Hol(L1) = GwrA(C)U1 = ΔU1

and (38) is proved because, obviously, (ΔU1)γ
U1

= ΔU1 . �

To complete the proof of the theorem, we observe that the Ũ1-cosets form an imprim-
itivity system for the group Γ′ ≥ Gright. From (37) it follows that Γ′ normalizes K.
Therefore, by Lemma 8.2 and formula (36), the group Γ, and hence the group Γ{˜S},

normalizes K. Consequently, Γ
˜S normalizes K

˜S in Sym(S̃). Recalling (37) and the fact

that Δ
˜S = Hol(S̃) for C̃ = C, we have

(39) Hol(S̃) ≤ Γ
˜S ≤ N(K

˜S) = N(Hol(S̃)),

where N(·) denotes the normalizer in Sym(S̃). However, since S̃ is a cyclic group of
prime order, it is a characteristic subgroup of its holomorph. It follows that the group

on the right-hand side of (39) coincides with N(S̃right) = Hol(S̃). Thus, Γ
˜S = Hol(S̃),

and we are done. �

§9. Proof of Theorem 1.5

In what follows, under a section of a transitive group

Γ ≤ Sym(V )
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we mean a permutation group ΓX/E , where X is a block of Γ and E is a Γ-invariant equiv-
alence relation. It is easily seen that this section is transitive; it is primitive whenever
each block of Γ properly contained in X is contained in a class of E.

Now, let Γ be as in Theorem 1.5. Then any section of Γ is permutationally isomorphic
to a section ΓS with S ∈ F(G). Therefore, statement (1) immediately follows from
Theorem 4.6 and the next lemma.

Lemma 9.1. Any composition factor of a transitive group is isomorphic to a composition
factor of some of its primitive sections.

Proof. Let Γ ≤ Sym(V ) be a transitive group. We take a minimal Γ-invariant equivalence
relation E. By the Jordan–Hölder theorem, any composition factor of Γ is isomorphic
either to a composition factor of the transitive group ΓV/E , or a composition factor of the
kernel ΓE of the epimorphism from Γ onto ΓV/E . Since any primitive section of ΓV/E is
permutationally isomorphic to a primitive section of Γ, by induction it suffices to verify
that any composition factor of the group ΓE is isomorphic to a composition factor of the
group ΓX with X ∈ V/E. However, the group ΓE is a subdirect product of the groups
(ΓE)

X , X ∈ V/E. Therefore, any composition factor of the group ΓE is isomorphic to
a composition factor of some of the groups (ΓE)

X . Since the latter group is normal in
ΓX , we are done. �

To prove the “if” part in statement (2), suppose that every alternating composition
factor of the group Γ is of prime degree. Denote by A the S-ring over the group G
associated with Γ. Then Γ = Aut(A). We claim that any class C ∈ Psgl(A) of composite
degree is of degree 4. To prove this, let S ∈ C. Then ΓS = Sym(S) by Theorem 4.6.
Moreover, if S = U/L, then the group ΓE with E = EU is obviously normal in Γ.
Therefore, ΓE � ΓS and

(ΓE)
S � Sym(S).

Since Sright ≤ (ΓE)
S , this implies that |S| = 4 or (ΓE)

S ∈ {Alt(S), Sym(S)}. By the
Jordan–Hölder theorem, any composition factor of the group (ΓE)

S is isomorphic to a
composition factor of Γ. Thus, our supposition implies that |S| = 4, and the claim is
proved.

By the claim and Theorem 8.1, in Γ one can find a subgroup Γ′ that is 2-equivalent to
it and satisfies Gright ≤ Γ′ ≤ Sym(G) and (Γ′)S = Hol(S) for any section S belonging to
a singular class C ∈ Psgl(A) of degree other than 4. Since the group Sym(4) is solvable,
Theorem 4.6 shows that any primitive section of Γ′ is solvable. By Lemma 9.1, this
implies that the last group is solvable. This proves the “if” part in statement (2).

To prove the “only if” part of statement (2), suppose that the group Γ is 2-equivalent
to a solvable group Γ′ containing Gright. Let Γ have a composition factor isomorphic to
the group Alt(m), where m is a composite number. Obviously, m > 4. By Lemma 9.1,
there exists a primitive section S ∈ F(A) such that the group ΓS has a composition
factor isomorphic to Alt(m). Since m > 4, the last group is not solvable. Therefore, by
Theorem 4.6 we have

ΓS = Sym(S) and m = |S|.

On the other hand, the groups ΓS and (Γ′)S are 2-equivalent. Therefore, the latter
group is primitive. Since it is also solvable, its degree is a prime power by [11, Theo-
rem 11.5]. Since this group contains the regular cyclic subgroup Sright, we can apply [11,
Theorem 27.3] to conclude that either |S| is prime, or |S| = 4. However, m = |S| is a
composite number greater than 4, a contradiction.
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§10. Proof of Theorem 1.3

We deduce Theorem 1.3 from Theorem 10.2 to be proved below with the help of the
following auxiliary lemma.

Lemma 10.1. Let G =
∏

i∈I Gi and Δ =
∏

i∈I Δi, where Gi is a cyclic group and
(Gi)right ≤ Δi ≤ Hol(Gi), i ∈ I. Then Δ′ = Δ for any subgroup Δ′ of the group Δ that
is 2-equivalent to Δ.

Proof. Let Δ′ be a subgroup of Δ 2-equivalent to Δ. Then the 2-orbits of Δ and Δ′

are the same. On the other hand, denote by Xi the 2-orbit of Δi that contains the pair
(1Gi

, gi), where gi is a generator of the group Gi. Then the group Δi acts regularly on Xi

because Δi ≤ Hol(Gi). Therefore the set X =
∏

i Xi is a regular 2-orbit of the group Δ.
Thus,

|Δ| = |X| ≤ |Δ′|.
Since Δ′ ≤ Δ, this implies that Δ′ = Δ. �

Turning to the proof of Theorem 1.3, we set S = U/L. Then, by assumption, there
exists an integer k ≥ 0 such that

(40) AS =
k⊗

i=0

ASi
,

where S =
∏k

i=0 Si with Si ∈ G(A)S, and the S-ring ASi
is normal for i = 0 and is

primitive of rank 2 and of degree at least 3 for i ≥ 1. Denote by I (respectively, by J)
the set of all i ∈ {1, . . . , k} for which the number |Si| is prime (respectively, composite).

Theorem 10.2. With the above notation, suppose that the S-ring A is Schurian and
Γ ≤ Sym(G) is the group the existence of which was stated in Theorem 8.1. Then

(41) ΓS = Aut(AS0
)×

∏
i∈I

Hol(Si)×
∏
i∈J

Sym(Si).

Proof. Let j ∈ J . By Theorem 4.6, the class Cj of projectively equivalent sections that
contains Sj is singular. Set Δj = GwrA(Cj). Then Δj ≤ Γ by the choice of Γ (see
statement (1) of Theorem 8.1). Moreover,

(Δj)
Sj = Sym(Sj) and (Δj)

Si ≤ (Si)right, i �= j

(the first relation follows from the definition of the group GwrA(Cj) and statement (2)
of Theorem 6.9, whereas the inclusion is a consequence of statement (3) of the same
theorem). Since obviously ΓS ≥ 〈ΔS

j , Sright〉 and Sright is the direct product of the
groups (Si)right over all i, it follows that

ΓS ≥ Sym(Sj)× {idSj′},
where Sj′ is the direct product of the groups Si, i �= j. Thus,

(42) ΓS = ΓSI∗ ×
∏
j∈J

Sym(Sj),

where I∗ = I ∪ {0} and SI∗ is the product of all Si with i ∈ I∗.
By assumption, the groups Γ and Aut(A) are 2-equivalent. Therefore, for any section

S′ ∈ F(A) the groups ΓS′
and Aut(A)S

′
are also 2-equivalent. Since the S-ring A is

Schurian, by (40) it follows that

ΓSI∗ ≈
2
Aut(A)SI∗ ≈

2
Aut(ASI∗ ) =

∏
i∈I∗

Aut(ASi
) ≈

2

∏
i∈I∗

Aut(A)Si ≈
2

∏
i∈I∗

ΓSi .
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Thus, by (42) and Lemma 10.1, to complete the proof of the theorem it suffices to verify
that, given i ∈ I∗, we have

(43) ΓSi =

{
Hol(Si) if i �= 0,

Aut(AS0
) if i = 0.

For this, let i ∈ I∗. First, suppose that i = 0. Since the S-ring AS0
is normal, we see

that

ΓS0 ≤ Aut(A)S0 ≤ Aut(AS0
) ≤ Hol(S0).

On the other hand, we have

ΓS0 ≈
2
Aut(A)S0 ≈

2
Aut(AS0

).

Thus, ΓS0 = Aut(AS0
) by Lemma 10.1 for I = {0} and Δ = Aut(AS0

).
Suppose that i > 0. Then i ∈ I and the number |Si| is prime. Therefore, without

loss of generality we may assume that the section Si is not singular (see statement (2) of
Theorem 8.1). Then by Theorem 4.6 we have

ΓSi ≤ Aut(A)Si ≤ Hol(Si).

On the other hand, since A is Schurian and rk(ASi
) = 2, we obtain

ΓSi ≈
2
Aut(A)Si ≈

2
Aut(ASi

) ≈
2
Hol(Si).

Thus, ΓSi = Hol(Si) by Lemma 10.1 for I = {i} and Δ = Hol(Si). �

We turn to the proof of Theorem 1.3. Since the property to be Schurian is preserved
under taking restrictions and factors, the “only if” part is obvious. To prove the “if”
part, suppose that the S-rings AU and AG/L are Schurian. Denote by Γ0 and ΓU the
groups the existence of which is provided by Theorem 8.1 applied to the S-rings AG/L

and AU , respectively. Then for the groups Δ0 = Γ0 and ΔU = ΓU the first two inclusions
in (11) and condition (14) are fulfilled. By Corollary 5.7, to complete the proof it suffices
to verify that the third relation in (11) is also fulfilled for them. However, this is true by
Theorem 10.2 applied both to the S-ring AG/L with Γ = Δ0 and S = U/L, and to the
S-ring AU with Γ = ΔU and S = U/L.

§11. Circulant S-rings with Ω(n) ≤ 4

Our main goal in the section is to study non-Schurian S-rings over a cyclic group of
order n with Ω(n) ≤ 4.

Theorem 11.1. Any S-ring over a cyclic group of order n with Ω(n) ≤ 3 is Schurian.

Proof. This claim is trivial for n = 1. Let Ω(n) > 0, and let A be an S-ring over a
cyclic group G of order n. If the radical of this S-ring is trivial, then we are done by
Corollary 4.3. Suppose the radical is not trivial. Then by statement (1) of Theorem 4.1,
there exists an A-section S = U/L such that A is a proper S-wreath product. By the
inductive hypothesis, the S-rings AU and AG/L are Schurian. Moreover, since Ω(n) ≤ 3,
we have Ω(|S|) ≤ 1. Therefore, rad(AS) = 1. Thus, A is Schurian by Theorem 1.3. �

The following auxiliary lemma will be used in the analysis of the case of four primes.
We fix a cyclic group G of order pqr, where p, q, and r are primes. The subgroups of G
of orders pq and r are denoted by M and N , respectively. Also, we fix a section S of G
of order pq; obviously, S = M/1 or S = G/N .
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Lemma 11.2. Let A be an S-ring over the group G; suppose A is not a proper wreath
product. Also, suppose that S ∈ F(A), |S| �= 4, and AS = ASp

� AS/Sp
, where Sp is the

AS-group of order p. Then the set of orders of the proper A-subgroups equals {p, r, pq, pr},
and

(1) if S = M/1, then q �= r;
(2) if S = G/N , then p �= r.

Moreover, either the S-ring A is normal and then p = q, or it is an M ′/N ′-wreath
product, where M ′ and N ′ are the subgroups of G of orders pr and p, respectively.

Proof. First, we find the set G(A) and prove that statements (1) and (2) are valid under
the assumption that G = M × N with M,N ∈ G(A). Indeed, in this case obviously
r /∈ {p, q} and the section S is projectively equivalent both to M/1 and to G/N . There-
fore, statements (1) and (2) hold true. Next, since by Theorem 3.2 the S-ring AM is Cay-
ley isomorphic to AS , the assumption of the lemma implies that G(AM ) = {1, N ′,M}.
Moreover, G(A) = G(AM )G(AN) by Lemma 2.1. Thus, G(A) = {1, N,N ′,M ′,M,G},
and we are done.

Suppose that the S-ring A is normal. Then it is dense by statement (1) of Theo-
rem 4.2. This implies that p = q, because otherwise |G(AS)| = 3, which contradicts
the assumptions of the lemma. Thus, if G is not a p-group, then G = M × N with
M,N ∈ G(A), and we are done by the preceding paragraph. However, if G is a p-group,
then p �= 2 because |S| �= 4 by assumption. By Corollary 4.4, this implies that the S-ring
AS is normal, which is impossible; see statement (3) of Theorem 4.2.

Finally, suppose that the S-ring A is not normal. If rad(A) = 1, then statement (2)
of Theorem 4.1 shows that

(44) A = A
˜M

⊗A
˜N

for some A-groups M̃ and Ñ with Ω(|M̃ |) = 2 and Ω(|Ñ |) = 1 (we have used the fact

that rk(A) ≥ 3). However, if |Ñ | ∈ {p, q}, then it is easily seen that the S-ring AS is

a nontrivial tensor product, which is impossible. Thus, M̃ = M and Ñ = N , whence
it follows that the section M/1 is projectively equivalent to S, so that N ′ ∈ G(A) and
AM = AN ′ � AM/N ′ . By (44), the latter relation implies that A is an M ′/N ′-wreath
product; by statement (1) of Theorem 4.1, this contradicts the assumption rad(A) = 1 .

Let rad(A) �= 1. Then statement (1) of Theorem 4.1 shows that there exist A-groups

M̃ and Ñ such that 1 < Ñ ≤ M̃ < G and the S-ring A is an M̃/Ñ -wreath product. Since

this S-ring is not a proper wreath product, we also have M̃ �= Ñ . For the same reason,
both A

˜M
and AG/ ˜N are not proper wreath products (because otherwise A = A

˜N �AG/ ˜N

in the former case, and A = A
˜M

� A
G/˜M

in the latter case).

Assume that S = M/1 (the case where S = G/N can be treated in a similar way).
Obviously, then M is an A-group. Moreover,

(45) Ñ ≤ M.

Indeed, otherwise Ñ ∩M = 1, whence G = M × Ñ . Since AG/ ˜N is Cayley isomorphic

to AM , it is a proper wreath product, which is impossible by the above. Next, since A
˜M

is also not a proper wreath product, we have

(46) M̃ �= M.

Now, since G(AM ) = {1, N ′,M}, from (45) we deduce that Ñ = N ′. Therefore, M̃ ∈
{M,M ′}, and (46) implies M̃ = M ′. Therefore, M ′ �= M , whence q �= r. Finally, to
find the set G(A) we observe that, since the S-ring AM ′ = A

˜M
is of rank at least 3 and

not a proper wreath product, Theorem 4.1 implies that this S-ring is either a normal
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one or a nontrivial tensor product. So, it is dense (in the former case this follows from
statement (1) of Theorem 4.2), and hence G(AM ′) ⊃ {N ′, N}. Therefore, the set G(A)
is as required: if N = N ′, then this is obvious, and if N �= N ′, then G = M ×N and we
can use the statement proved in the first paragraph. �

Theorem 11.3. Let A be a non-Schurian S-ring over a cyclic group G of order n with
Ω(n) = 4. Then A is a proper S-wreath product for some A-section S. Moreover, if in
this case S = U/L, then:

(1) the numbers |L| and |G/U | are prime and |S| �= 4;
(2) the S-ring AS is a proper wreath product;
(3) the S-rings AU and AG/L are not proper wreath products and cannot be normal

simultaneously.

Proof. By Lemma 4.3, the radical of the S-ring A is nontrivial. By statement (1) of
Theorem 4.1, there exists an A-section S = U/L of the group G such that the S-ring
A is a proper S-wreath product. It follows that L �= 1 and U �= G. Therefore, by
Theorem 11.1, the S-rings AU and AG/L are Schurian, and hence, by Theorem 1.3, the
S-ringAS can be neither normal nor of rank 2. In particular, Ω(|S|) = 2. Since, obviously,
any S-ring over a cyclic group of order 4 is of rank 2 or normal, statement (1) follows.
Moreover, by Theorem 4.1, the S-ring AS is a proper generalized wreath product, and
hence a proper wreath product. Statement (2) is proved.

Next, since the S-rings AU and AG/L are Schurian, we see that the groups Aut(AU )
S

and Aut(AG/L)
S are 2-equivalent. If, moreover, these S-rings are normal, then the

above groups are between Sright and Hol(S). Thus, they are equal. By Corollary 5.7,
this implies that the S-ring A is Schurian, a contradiction. This proves the second part
of statement (3). To prove the first, suppose that

AU = AH � AU/H

for some proper A-subgroup H of U (the case where AG/L is a proper wreath product
can be treated in a similar way). Then any A-subgroup of the group U either contains
H or is a subgroup of H. Since |L| is prime, this implies that L ≤ H. However, then the
S-ring A is an H/L-wreath product, which is impossible by statement (1). �

Now we fix a cyclic group G of order n = p1p2p3p4, where the numbers pi are primes.
Then for any divisor m of n there is a unique subgroup of G of order m. Denote by U ,
V , G1, H, G2, K, L subgroups of G such that

|U | = p1p2p3, |V | = p1p3p4,

|G1| = p1p2, |H| = p1p3, |G2| = p3p4,

|K| = p1, |L| = p3.

It is easily seen that if p1 �= p3 and p2 �= p4, then K �= L, U �= V and these subgroups
form a sublattice of the lattice of all subgroups of G, as in Figure 1 (if p2 = p3, then
G1 = H, whereas if p1 = p4, then G2 = H).

Theorem 11.4. Let A be a non-Schurian S-ring over the group G as above. Suppose
that A is a U/L-wreath product. Then |U/L| �= 4 and the following is true:

(1) p1 �= p3, p2 �= p4 and the lattice of A-subgroups of G is as in Figure 1;
(2) AU/L = AH/L � AU/H ;
(3) the S-rings AU and AG/L cannot be normal simultaneously, and moreover, if one

of them is normal, then p1 = p2,
(4) if the S-ring AU is not normal, then AU = AH �H/K AU/K , and if the S-ring

AG/L is not normal, then AG/L = AV/L �V/H AG/H ;
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Figure 1

(5) if each of the S-rings AU and AG/L is not normal, then so are the S-rings AV

and AG/K , and A = AV �V/K AG/K .

Proof. Let S = U/L. Then by Theorem 11.3 we have |S| �= 4, and statement (2) and the
first part of statement (3) hold true. Moreover, by the same theorem the assumptions of
Lemma 11.2 are satisfied for the S-ring AU with (p, q, r) = (p1, p2, p3), and for the S-ring
AG/L with (p, q, r) = (p1, p2, p4). Thus, by that lemma, all the remaining statements
follow except for statement (5). To prove (5), suppose that the S-rings AU and AG/L

are not normal. Then by statement (4) we have

(47) AU = AH �H/K AU/K and AG/L = AV/L �V/H AG/H .

Take X ∈ S(A)G\V . If X ⊂ U \ V , then obviously X ⊂ U \ H. By the first relation
in (47), this implies that K ≤ rad(X). Now, let X ⊂ G \ U . Then L ≤ rad(X) because
by assumption the S-ring A is a U/L-wreath product. However, πL(X) ⊂ πL(G)\πL(V ).
By the second relation in (47), this implies that πL(H) ≤ rad(πL(X)). Therefore, K ≤
H ≤ rad(X) and

A = AV �V/K AG/K .

Next, statement (1) of Theorem 11.3 shows that |V/K| �= 4. Moreover, the S-ring AV is
an H/L-wreath product, because the S-ring A is a U/L-wreath product, and U ∩V = H
due to the relation p2 �= p4 proved above. Therefore, by statement (3) of Theorem 4.2,
the S-ring AV can be normal only if |V/H| = |L| = 2. But this is not the case because
4 �= |V/K| = p3p4 = |L| |V/H|. Thus, the S-ring AV is not normal. The fact that the
S-ring AG/K is not normal is proved in a similar way. �

§12. Example

Throughout this section, Zn is the additive group of integers modulo a positive inte-
ger n.

For any divisor m of n, we denote by im,n : Zm → Zn and πn,m : Zn → Zm

the group homomorphisms taking 1 to n/m and to 1, respectively. Using them, we
identify the groups im,n(Zm) and Zn/ ker(πn,m) with Zm. Thus, every section of the
group Zn of order m is identified with Zm. Moreover, the permutation in Aut(Zn)
afforded by multiplication by an integer induces the permutation in Aut(Zm) afforded
by multiplication by the same integer.

If A is an S-ring over G = Zn and H is the A-group of orderm, then AH and AG/H are

denoted (respectively) by Am and An/m. Finally, let Ai be an S-ring over Zni
(i = 1, 2)

and (A1)
m = (A2)m for some m dividing both n1 and n2. Then a unique S-ring A over

Zn1n2/m defined in Theorem 3.4 is denoted by A1 �m A2. We omit m if m = 1. Given a
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group K ≤ Aut(Zn) and a prime p dividing n, we denote by Kp the p-projection of K
in the sense of the decomposition (5), and write Cyc(K,n) instead of Cyc(K,Zn).

In what follows, we shall construct a family of non-Schurian S-rings over a cyclic group
of order n = p1p2p3p4, where the pi are primes with p1 = p2 = p �= p4, and p divides
p3 − 1. We fix a positive integer d dividing p− 1.

For an arbitrary cyclic group M ≤ Aut(Zp2p3
) of order pd such that |Mp| = pd and

|Mp3
| = p, set A1 = Cyc(M,p2p3). We claim that

(48) (A1)
p2

= Cyc(d, p) � Cyc(d, p),
where Cyc(d, p) = Cyc(K, p) and K is the subgroup of Aut(Zp) of order d. Indeed, it

is easily seen that (A1)
p2

= Cyc(Mp, p
2). On the other hand, since p divides |Mp|, the

group rad((A1)
p2

) is nontrivial. By statement (1) of Theorem 4.1, this implies that the

S-ring (A1)
p2

is a nontrivial generalized wreath product. So, this S-ring is the wreath
product of (A1)

p by (A1)p. Since obviously (A1)
p = (A1)p = Cyc(d, p), the claim is

proved.
Next, suppose in addition that d divides p4 − 1. Given two cyclic groups M1,M2 ≤

Aut(Zpp4
) of order d such that |(Mi)p| = |(Mi)p4

| = d, i = 1, 2, we set

A2 = Cyc(M1, pp4) �p4
Cyc(M2, pp4).

Then rad(A2) contains the subgroup of order p. Moreover, since p �= p4, Lemma 2.1
implies that A2 ≥ (A2)p2 ⊗ (A2)p4

. Thus, the group rad((A2)p2) is nontrivial. By
statement (1) of Theorem 4.1, this implies that (A2)p2 is a nontrivial generalized wreath
product. So, this S-ring is the wreath product of (A2)

p by (A2)p. Since (A2)
p = (A2)p =

Cyc(d, p), we conclude that

(49) (A2)p2 = Cyc(d, p) � Cyc(d, p).

From (48) and (49) it follows that (A1)
p2

= (A2)p2 , and we set

(50) A = A1 �p2 A2.

Observe that A is an S-ring over the group Zn, and the S-rings A1, Cyc(M1, pp4), and
Cyc(M2, pp4) are cyclotomic, and hence dense. The density of the last two S-rings implies
that the S-ring A2 is also dense. Thus, the set G(A) contains the subgroups K, L, G1,
H, G2, U , and V of the group G = Zn of orders p, p3, p

2, pp3, p3p4, p
2p3, and pp3p4,

respectively (see Figure 1).

Theorem 12.1. The S-ring A is non-Schurian whenever M1 �= M2.

Proof. Suppose thatM1 �= M2. It is easily seen that each of the S-ringsA1, Cyc(M1, pp4),
and Cyc(M2, pp4) has trivial radical, and is not a proper tensor product (because other-
wise d = 1 whence M1 = M2). By Theorem 4.1, this implies that all these S-rings are
normal. To prove that the S-ring A is not Schurian, it suffices to find an element

(51) γ ∈ (ΓU/L)u \ (ΔU/L)u,

where Γ = Aut(A1), Δ = Aut(A2), and u = 0 (in the group U/L). Indeed, in this case
the group Γ′ = ΓU/L ∩ΔU/L is a proper subgroup of ΓU/L. Also, since the S-ring A1 is
normal, we have

(52) ΓU/L ≤ Hol(U/L).

Thus, the groups Γ′ and ΓU/L are not 2-equivalent by Lemma 10.1. Since, obviously,
the latter group is 2-equivalent to the group Aut(AU/L), the S-ring A is not Schurian by
Corollary 5.8.
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To prove the existence of an element γ satisfying (51), we note that, by definition, the
group M1 is a subgroup of the group

Aut(V/L) = Aut(H/L)×Aut(G2/L) = Aut(Zp)×Aut(Zp4
).

Moreover, if Q ≤ Aut(Zp) and R ≤ Aut(Zp4
) are groups of order d, then

(53) M1 = {(x, y) ∈ Q×R : ϕ1(x) = y}
where ϕ1 is an isomorphism from Q onto R. Similarly, M2 is a subgroup of the group

Aut(G/H) = Aut(U/H)× Aut(V/H) = Aut(Zp)×Aut(Zp4
),

and

(54) M2 = {(x, y) ∈ Q×R : ϕ2(x) = y},
where ϕ2 is an isomorphism from Q onto R.

To find γ, we take δ ∈ Δu. Then, since the S-rings (A2)U = Cyc(M1, pp4) and
(A2)G/H = Cyc(M2, pp4) are normal (see above), we conclude that (δ)V/L ∈ M1 and

(δ)G/H ∈ M2. By (53) and (54), this implies that

(55) ϕ1(δ
H/L) = δV/H and ϕ2(δ

U/H) = δV/H .

Next, since M1 �= M2, from (53) and (54) it follows that there exist distinct elements
x1, x2 ∈ Q such that

(56) ϕ1(x1) = ϕ2(x2).

Now, the inclusion (52) shows that there exists an element γ in the group Γu = M for
which γH/L = γU/H = x1.

To complete the proof, we need to check that γ satisfies (51). Suppose to the contrary
that γU/L ∈ (Δu)

U/L. Then there exists δ ∈ Δu such that δU/L = γU/L. So, from (55),
(56), and the definition of γ it follows that

ϕ2(δ
U/H) = ϕ1(δ

H/L) = ϕ1(γ
H/L) = ϕ1(x1) = ϕ2(x2).

This implies that x2 = δU/H = γU/H = x1, which is impossible because x1 �= x2. �

Theorem 12.2. Let n = p1p2p3p4, where the pi are odd primes. Suppose that {p1, p2}∩
{p3, p4} = ∅ and that the numbers p1−1 and p4−1 have a common divisor d ≥ 3. Then
a cyclic group of order n is not Schur whenever either d divides both p2 − 1 and p3 − 1,
or p1 = p2 and p1 divides p3 − 1.

Proof. If d divides both p2 − 1 and p3 − 1, then d divides pi − 1 for i = 1, 2, 3, 4. By the
results of [1], this implies that there is a non-Schurian S-ring over the group Zn. Thus,
this group is not Schur. To complete the proof, suppose that p1 = p2 = p and p divides
p3 − 1. Using (5), we set

M = {(x, y) ∈ Aut(Zp2p3
) : ϕ(x) = y}

and, for i = 1, 2,

Mi = {(x, y) ∈ Aut(Zpp4
) : ϕi(x) = y}

where ϕ is an epimorphism from the subgroup of Aut(Zp3
) of order pd to the subgroup

of Aut(Zp2) of order p, and ϕi is an isomorphism from the subgroup of Aut(Zp) of order
d to the subgroup of Aut(Zp4

) of order d. Then, obviously, M is a cyclic group of
order pd such that |Mp| = pd and |Mp3

| = p, and Mi is a cyclic group of order d such
that |(Mi)p| = |(Mi)p4

| = d. Since d ≥ 3, the isomorphisms ϕ1 and ϕ2, and hence the
groups M1 and M2, can be chosen to be distinct. Thus, by Theorem 12.1, the S-ring A
is non-Schurian and we are done. �
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The minimal integer n for which the hypotheses of Theorem 12.2 are satisfied is equal
to 3575 = 5 · 5 · 11 · 13.
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[10] R. Pöschel, Untersuchungen von S-ringen, insbesondere im Gruppenring von p-Gruppen, Math.

Nachr. 60 (1974), 1–27. MR0367032 (51:3274)
[11] H. Wielandt, Finite permutation groups, Acad. Press, New York–London, 1964. MR0183775

(32:1252)
[12] , Permutation groups through invariant relations and invariant functions, Lecture Notes

Dept. Math. Ohio State Univ., Columbus, Ohio, 1969.

St. Petersburg Branch, Steklov Mathematical Institute, Russian Academy of Sciences,

Fontanka 27, Saint Petersburg 191023, Russia

E-mail address: evdokim@pdmi.ras.ru

St. Petersburg Branch, Steklov Mathematical Institute, Russian Academy of Sciences,

Fontanka 27, Saint Petersburg 191023, Russia

E-mail address: inp@pdmi.ras.ru

Received 7/APR/2011

Translated by THE AUTHORS

http://www.ams.org/mathscinet-getitem?mr=1850191
http://www.ams.org/mathscinet-getitem?mr=1850191
http://www.ams.org/mathscinet-getitem?mr=1925880
http://www.ams.org/mathscinet-getitem?mr=1925880
http://www.ams.org/mathscinet-getitem?mr=2044629
http://www.ams.org/mathscinet-getitem?mr=2044629
http://www.ams.org/mathscinet-getitem?mr=698928
http://www.ams.org/mathscinet-getitem?mr=698928
http://www.ams.org/mathscinet-getitem?mr=2535396
http://www.ams.org/mathscinet-getitem?mr=2535396
http://www.ams.org/mathscinet-getitem?mr=1454614
http://www.ams.org/mathscinet-getitem?mr=1454614
http://www.ams.org/mathscinet-getitem?mr=642055
http://www.ams.org/mathscinet-getitem?mr=642055
http://www.ams.org/mathscinet-getitem?mr=1399027
http://www.ams.org/mathscinet-getitem?mr=1399027
http://www.ams.org/mathscinet-getitem?mr=0367032
http://www.ams.org/mathscinet-getitem?mr=0367032
http://www.ams.org/mathscinet-getitem?mr=0183775
http://www.ams.org/mathscinet-getitem?mr=0183775

	1. Introduction
	2. Schemes and 𝑆-rings
	2.1. Schemes
	2.2. Schur rings and Cayley schemes

	3. Sections in groups and 𝑆-rings
	3.1. Sections of a group
	3.2. Sections of an 𝑆-ring
	3.3. Generalized wreath product

	4. 𝑆-rings over a cyclic group
	4.1. General theory
	4.2. Singularities

	5. Generalized wreath product
	5.1. Definition
	5.2. Canonical generalized wreath product
	5.3. Automorphism groups
	5.4. Schurian and non-Schurian generalized wreath products

	6. Isolated classes
	6.1. Isolated pairs
	6.2. Extension
	6.3. Automorphisms

	7. Extension of a singular 𝑆-ring
	8. Resolving singularities
	9. Proof of Theorem 1.5
	10. Proof of Theorem 1.3
	11. Circulant 𝑆-rings with Ω(𝑛)\𝑙𝑒4
	12. Example
	References

