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THE LOGIC-ALGEBRAIC EQUATIONS METHOD

IN SYSTEM DYNAMICS

N. V. NAGUL

Abstract. An algorithm is proposed for constructing conditions that ensure the
preservation of properties of many-sorted algebraic systems. The functions and
relations of such systems are defined on arbitrary steps in the sense of Bourbaki.
Preservation conditions are generated as solutions of logic-algebraic equations. The
coupling mappings between systems have a nature of morphisms and their canoni-
cal expansions to steps. The method is illustrated by the example of analysis of a
dynamical property of a discrete-event system.

Introduction

In mathematical systems theory, the productivity of interdisciplinary research is well
known. In particular, in the context of this paper, we should note studies at the junc-
tion of algebra and logic (A. I. Maltsev, A. Tarski, Yu. L. Ershov, Yu. I. Zhuravlev,
S. S. Goncharov, etc.), and system dynamics and algebra (S. Lee, L. V. Ovsyannikov,
M. A. Arbib, and others). The present paper lies at the intersection of system dynamics,
algebra, and logic, presenting a method of mathematical systems theory that allows one
to algorithmically synthesize criteria for preservation of properties of systems under some
special mappings — morphisms (these and other mappings between two systems under
consideration will be referred to as coupling mappings, and the conditions a priori im-
posed on them as coupling conditions). One of the main applications of the preservation
criteria is the reduction of some complex systems to much simpler ones.

In 1974, to algorithmically form certain criteria for preservation of properties of dy-
namical systems, Matrosov [10] proposed the logic based comparison method, which was
later developed widely in his school (Anapol′sky, Vasil′ev, Kozlov). The comparison
method provides preservation criteria for simple properties (the so-called properties of
degree 1), but for a broad class of dynamical systems and in terms of the coupling map-
pings called comparison vector functions (CVF). In development of this method, Vasil′ev
proposed a more general comparison method in the form of logical equations (LE, [4])
with the structure X &M&F ′ → F , where M, F ′, F are known, F is a property of the
system S, F ′ is a property of the another system S′, M is the coupling condition, and X
is to be found. The LE method is suitable for the study of general properties F (of any
degree), and for various mathematical models. Moreover, in the case of the Matrosov
method the coupling condition M is the requirement of the majorizability of CVF at
solutions of a dynamical system under consideration by the corresponding solutions of
some auxiliary system (less complex comparison system). However, in the case of the LE
method this condition may have another meaning: of a morphism, or of the requirement
of topological equivalence for S, S′, and so on. The method of solving more general
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logical equations of the form X &
(
&{Ci : i = 1, 2, . . . , n}

)
→ F , where n ≥ 1, is known

as the reduction method [3].
It should be noted that the case of morphisms of dynamical systems is especially

useful, for example, when we study stability and other dynamic properties that require a
change of variables, because we must ensure that the property under consideration in old
variables is equivalent to that in new variables, or at least guarantee its unidirectional
preservation [6]. The case where the coupling mappings are morphisms is important
in connection with the problem of stabilization of programmed motions for controlled
systems via converting these systems into equivalent canonical forms [7]. Currently,
morphisms are also used in the qualitative study of dynamical systems, including the
controlled ones, in a number of papers; see [15]. So it makes sense to design algorithms
for obtaining preservation criteria that only involve preservation conditions for operations
and relations (i.e., criteria expressed in the form of traditional morphisms).

The starting point for this study was the method of solving logical equations of the
form X&F ′ → F , where F and F ′ are known properties of single-sorted algebraic systems
(Vasil′ev [5]). Here coupling conditions are not specified a priori, and this fact increases
algorithmizability of the method. To obtain fairly efficient preservation criteria, we
increase the load on the algorithms that form conditions X , by narrowing the diversity of
Skolem functions corresponding to existential quantifiers in X . Applying these algorithms
to specific F helps in the nonalgorithmical generating of preservation criteria for various
classes of single-sorted algebraic systems properties. However, dynamical systems are
specific in the following sense: algebraization of their models usually leads to many-
sorted algebraic systems where the basic sets have the meaning of a state space, a time
scale, etc. Therefore, it was necessary to extend the LE-method to the many-sorted case,
what is done in this paper.

It should also be noted that the greater complexity, compared to traditional algebraic
systems, of the definitions of the mathematical objects that are studied in the system
dynamics requires to consider many-sorted algebraic systems (MASs), with functions and
relations determined not only on the basic sets or their Cartesian products, but also on
arbitrary steps in the sense of Bourbaki, and moreover, on steps with some additional
extensions (in particular, this is needed to include the case of discrete-event systems).
So, in view of the general nature of the MASs under study, additional expressing tools
are included in the logical language, not only to represent schemes and steps (generated
with these schemes) but also to represent canonical expansions of mappings (CEMs)
of the basic sets to the steps. It is up to the class of these functions, CEMs, that
we algorithmically narrow the variety of Skolem functions mentioned above, which are
critical for the efficiency of preservation criteria. To specialize the equations in this
extended (logical-algebraic) language, we call them logical-algebraic equations (LAE)
and consider two types of such equations: X & P → P ′ and X & P ′ → P (the second
equation corresponds to the study of preservation of properties in the direction opposite
to coupling mappings acting from S to S′).

In [11] we used the algorithm presented here to investigate dynamical properties of a
state-machine net and Nemytsky’s general dynamical systems. In the present paper (§4),
we show an application of the LAE-method to the study of properties of discrete-event
systems (DESs), whose main distinctive feature is modeling the system evolution by
considering the occurrence of some events. Development of the DESs theory is driven by
the rapid progress of manufacturing systems and communication networks, transporta-
tion networks and other, primarily man-made systems. At the same time, despite of the
large number of studies devoted to DESs, there is still no general apparatus for studying
them, which eventually could turn into an analog of differential equations in the study
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of dynamical systems with continuous variables. In §4 we explore a property of a DES
as a dynamical system, by using the method of logic-algebraic equations.

§1. A general many-sorted algebraic system of finite type

Let A = {Aλ |λ = 1, . . . , k} be a finite family of sets Aλ. It is well known that the
set theory operations of constructing Cartesian product and Boolean over the sets of A
generate sets that are called steps over the family A; see [1]. More precisely,

(1) each set Aλ is a step;
(2) if sets M1 and M2 are steps then each of the sets M1 ×M2 and 2M1 is a step;
(3) a set is a step if and only if this follows from (1) and (2).

To discuss properties of a larger class of dynamical systems and, in particular, discrete-
event systems whose model includes phase and event trajectories as sequences of states
and events, it is useful to extend the notion of the Bourbaki step to cover the third
operation, namely, that constructing a set of sequences. Suppose B is a nonempty
set. We denote by b (lowercase bold letters) an infinite sequence of elements of B:
b = (b0, b1, b2, . . . ), bi ∈ B, i ∈ N = {0, 1, 2, . . . }. It is obvious that b is a mapping
b : N → B of natural numbers into the set B. BN denotes the set of all sequences of
elements of B, i.e., BN = {b | b : N → B}.

Consider the set of k symbols σa = {aλ | λ = 1, . . . , k} (k > 0) and the signature
σ0 = {� × �,P,N}. We define a step scheme over σa (or simply a scheme for brevity)
as follows:

(1) for all λ = 1, . . . , k, aλ is a scheme;
(2) if S1, S2 are schemes then (S1 × S2) is a scheme;
(3) if S is a scheme then P(S) and N (S) are schemes;
(4) an expression is a scheme if and only if this follows from rules (1)–(3).

St[σa] will denote the set of all step schemes over σa. Given a family of sets A =
{Aλ |λ = 1, . . . , k}, for any step scheme S ∈ St[σa] we can naturally and unambiguously
define the set S[A] — a step over the family A (built using the scheme S). This is done
by induction on the construction of S. Moreover,

(1) the symbols aλ ∈ σa are interpreted as sets Aλ ∈ A (λ = 1, . . . , k);
(2) the binary symbol � × � ∈ σ0 is interpreted as the operation of constructing

Cartesian product, i.e., for any schemes S1, S2 ∈ St[σa] we put (S1 × S2)[A] =
S1[A]× S2[A];

(3) the functional symbol P ∈ σ0 denotes the operation of forming the Boolean, i.e.,
for the scheme P(S) ∈ St[σa] we put P(S)[A] = 2S[A];

(4) the symbol N ∈ σ0 denotes the operation of forming the set of sequences, i.e.,
for the scheme N (S) ∈ St[σa] we put N (S)[A] = (S[A])N.

Hence, the classical concepts of a scheme and a Bourbaki step are extended by intro-
ducing the extra character N in σ0 and the corresponding interpretation of schemes. By
analogy with [1], the set of all steps generated as above is called the generalized scale of
steps (sets) over A and is denoted by St[A].

In the study of many-sorted algebraic systems, the language of the extended first-order
predicate calculus is usually employed. Consider the signature σ = σP ∪σF ∪σE , where:

σF = {Fnβ

β , β = 1, . . . , kF , nβ ∈ {1, 2, . . . }} is the set of functional symbols, and to

each symbol F
nβ

β we assign nβ + 1 schemes S1β, S2β , . . . , Snββ, Snβ+1,β ∈ St[σa], where

the last scheme allows us to fix the range of F
nβ

β interpreted as an nβ-place function,
and the other schemes allow us to fix the ranges of its arguments;

σP = {Pnγ
γ , γ = 1, . . . , kP , nγ ∈ {0, 1, 2, . . . }} is the set of relation symbols, together

with the associated schemes T1γ , . . . , Tnγγ ∈ St[σa], γ = 1, . . . , kP ;
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σE = {Eδ, δ = 1, . . . , kE} is the set of distinguished elements, together with the
associated schemes Uδ ∈ St[σa], δ = 1, . . . , kE .

For each step scheme associated with symbols of the signature σ, we introduce (infin-
itely many) individual variables, and in what follows zα will be used to denote variables
bound by quantifiers, and xμ will be free variables. We also use the logical connectives
(¬, →, &, etc.) with their common meaning, and auxiliary characters (parentheses, com-
mas). In addition, we use symbols “=” (equality) and 〈�,�〉 (an ordered pair). Although
these characters can connect elements of different pairs of steps, we use the same symbols
for any such pair, i.e., we apply the “liberal option” (see [13]) to all characters implying
substitution.

Now, we define the set of the well-formed expressions denoting objects, that are called
terms ; at the same time, we introduce the notion of the sort of a term:

(1) each individual variable s is a term; the sort of this term is the corresponding
step scheme S, this will be denoted by |s| = S; the range of possible values of
the variable s under interpretation (i.e., under choosing basic sets) will be the
step (set) S[A];

(2) each symbol Eδ of a distinguished element is a term, |Eδ| = Uδ;
(3) if t1, t2 are terms of sorts |t1|, |t2|, respectively, then 〈t1, t2〉 is a term of sort

|t1| × |t2|;
(4) if ti is term, |ti| = Siβ, i = 1, . . . , nβ, and t = 〈. . . 〈〈t1, t2〉, t3〉, . . . tnβ

〉, then

F
nβ

β (t) is a term of sort Snβ+1,β , β = 1, . . . , kF (the inner brackets 〈 〉 will be

omitted);
(5) an expression is a term only when this follows from rules (1)–(4).

We also define special expressions called type quantifiers (TQs): pωα
def
= ∀zα : Zα

def
=

∀zα(Zα → �) (universal type quantifier), qωα
def
= ∃zα : Zα

def
= ∃zα(Zα & �) (existential

type quantifier). Here Zα is the so-called type condition.
To formulate statements about objects, we define well-formed expressions that are

called formulas as follows:

(1) if t1, t2 are terms and |t1| = |t2|, then the expression “t1 = t2” is a formula;
(2) if ti is a term, |ti| = Tiγ , i = 1, . . . , nγ , t = 〈. . . 〈〈t1, t2〉, t3〉, . . . tnγ

〉, and P
nγ
γ is

a relation symbol with the associated schemes T1γ , . . . , Tnγγ , then P
nγ
γ (t) is a

formula;
(3) if F1, F2 are formulas, then the expressions ¬(F1), (F1 &F2), (F1 ∨F2), (F1 →

F2) are formulas;
(4) if F and Zα are formulas and zα is an individual variable, then the expressions

pωαF = ∀zα(Zα → F), qωαF = ∃zα(Zα & F) are formulas;
(5) the expression is a formula if and only if this follows from rules (1)–(4).

Formulas built by rules (1) and (2) are said to be atomic. Let L denote the language
of terms and formulas built according to the rules stated. It includes only elements of
σ as functional symbols, predicate symbols, and symbols of distinguished elements, and
the additional symbols “=” and 〈�,�〉.

By a general many-sorted algebraic system of finite type (GMAS) and of signature
σ, we shall mean an object A = 〈A,ΩF ,ΩP ,ΩE〉 that consists of a family of sets A =
{Aλ|λ = 1, . . . , k} and the following sets, corresponding to σF , σP , and σE : a set
of functions ΩF =

{
F

nβ

β |F nβ

β : S1β [A] × S2β[A] × · · · × Snββ [A] → Snβ+1,β [A], β =

1, . . . , kF
}
, a set of relations ΩP =

{
P nγ

γ |P nγ
γ ⊆ T1γ [A]× · · · × Tnγγ [A], γ = 1, . . . , kP

}
,

and a set of distinguished elements ΩE =
{
Eδ|Eδ ∈ Uδ[A], δ = 1, . . . , kE

}
. Note that,

in contrast to [5], [9], [14], elements of the set ΩF ∪ΩP ∪ΩE may be defined on extended
steps over A. The generalization of the concepts of a Bourbaki scheme and a step allows
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us to easily represent various models of dynamical systems and, in particular, DESs, in
the form of a GMAS.

Consider two mappings ψ1 : B1 → B1
′ and ψ2 : B2 → B2

′. The mapping ψ1 ∗ ψ2 :
B1 ×B2 → B1

′ ×B2
′ defined by

(ψ1 ∗ ψ2)(b1, b2) = 〈ψ1(b1), ψ2(b2)〉 (∀b1 ∈ B1, ∀b2 ∈ B2),

is called the canonical extension of the given mappings to the Cartesian product; see [1].

The mapping pψ1 : 2B1 → 2B1
′
defined by

pψ1(B) = {b′ ∈ B1
′ | ∃b ∈ B : ψ1(b) = b′} (∀B ⊆ B1),

is called the canonical extension of ψ1 to the Boolean; see [1].

The mapping ψ1|N : BN
1 → (B′

1)
N
defined by

∀b ∈ BN
1 ψ1|N (b) = b′, where b′i = ψ1(bi) ∀i ∈ N,

is called the canonical extension of ψ1 to the set of sequences.
Let A′ = {A′

λ| λ = 1, . . . , k}. For a step S[A], we denote by S[A′] the step over A′

formed from the sets A′
λ by using the same scheme S that was exployed when we formed

S[A] from the sets A. For any family of mappings

(1.1) ϕ = {ϕλ |ϕλ : Aλ → A′
λ, λ = 1, . . . , k}

and each step S[A] ∈ St[A] we inductively define the canonical extension of mappings

(CEM) (1.1) to S[A] (i.e., 〈ϕ〉S[A]
: S[A] → S[A′]) as follows:

(1) if S[A] = Aλ, then 〈ϕ〉S[A] = ϕλ;

(2) if S[A] = S1[A]× S2[A], then 〈ϕ〉S[A] = 〈ϕ〉S1[A] ∗ 〈ϕ〉S2[A];

(3) if S[A] = 2S1[A], then 〈ϕ〉S[A]
=

{〈ϕ〉S1[A]
;

(4) if S[A] = S1[A]
N
, then 〈ϕ〉S[A]

= 〈ϕ〉S1[A]|N .

§2. Synthesis of criteria for the preservation of properties of GMAS

Let F(sx)
def
= F(x1, . . . , xp) be an arbitrary formula of signature σ in the language L,

where xμ is a free variable, μ = 1, . . . , p, p ≥ 0. Without loss of generality, we may
assume that F is formed of literals (concluding statements, or c-formulas) Fν , that is,
atomic formulas Fν

+ or their negations Fν
−, with the help of the connectives &, ∨ and

the type quantifiers pωα, qωα, α = 1, . . . , n, ν = 1, . . . ,M . Unlike positive formulas used,
for example, in the theory of general algebraic systems [8], such formulas will be referred
to as generalized positive formulas. This notion is similar to the notion of the “negation
normal form” (see, e.g., [13]) except that generalized positive formulas are built with
type quantifiers. The number M is called the degree of a property.

We write J � F to denote subformulas J that arise in the process of building F from
its concluding statements. The formulas Fν and formulas that arise in the process of
building F by adding connectives and type quantifiers are called the main subformulas
of the formula F (for example, a type condition Zα is not a main subformula).

Since only TQs will be used in what follows, they are referred to simply as quantifiers
for short. Assume that all quantifying variables zα are pairwise different. Without loss of
generality, the free variables xμ of the formula F are also assumed to be pairwise distinct
and different from the zα. Moreover, it is assumed that F does not include unessential
quantifiers, that is, those whose scope does not involve the variable of the quantifier.

For the given interpretation (choosing a GMAS A with the family of basic sets A)
each formula of the language L without free variables (a closed formula) represents a
true or false sentence. The formula F(sx) with free variables x1, . . . , xp expresses a
formula predicate FA, i.e., some p-place relation over A that may be satisfied at some
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collections c1 ∈ S1[A], . . . , cp ∈ Sp[A] (of values of the variables x1, . . . , xp) and not
satisfied at the others. Respectively, in the given interpretation the formula F(sx) is said
to be satisfied (not satisfied) at the collection c1, . . . , cp. Unlike the traditional definition
[8], F(sx) is called a property of a GMAS even if p �= 0. The formula F(sx) is said to be
true (false) in the interpretation in question if it is satisfied (respectively, not satisfied)
at each collection c1 ∈ S1[A], . . . , cp ∈ Sp[A], and it is a valid formula (respectively,
contradiction) if it is true (respectively, false) in any interpretation.

Let A,A′ be two GMASs of the same type and of signature σ with basic sets families
A = {Aλ|λ = 1, . . . , k} and A′ = {A′

λ|λ = 1, . . . , k}, respectively. “Same type” means
that the powers of the sets A and A′, ΩF and Ω′

F , and so on coincide pairwise, and the
step S′

1β[A
′](S′

2β [A
′], T ′

γ [A
′], U ′

δ[A
′], respectively) is formed from the sets A′

λ by using

the same scheme as was employed when S1β [A] (S2β[A], Tγ [A], Uδ[A], respectively) was
formed from the sets Aλ.

Consider the p-place formula predicate FA defined by the formula F(sx) on the system
A. Our aim is to find a way of synthesizing conditions ensuring that FA is preserved under
the mappings (1.1). Note that in the general theory of algebraic systems [8], the term
“stability” is often used instead of the term “preservation”, and the term “transferring”
is employed in the Bourbaki theory of structures [1].

In other words, it is necessary to construct an algorithm for finding nontrivial condi-
tions X that guarantee that, whenever F(sx) is satisfied with some fixed values c1, . . . ,
cp of the variables x1, . . . , xp of the system A, it is also satisfied with the corresponding

values 〈ϕ〉S1[A](c1), . . . , 〈ϕ〉Sp[A](cp) of the CEMs (1.1) on A′. Here Sμ is the sort of the
variable xμ, μ = 1, . . . , p.

It is convenient to seek X also as a first-order language formula. To do so, to the
signature σ we add a set σ′ = σ′

a ∪ σ′
P ∪ σ′

F ∪ σ′
E of symbols that duplicate the symbols

of the signature σ, σ′ ∩ σ = ∅. The formula F ′ = F(P ′/P , F ′/F , E′/E, x′
μ/xμ, z

′
α/zα)

will be of signature σ′ and the expression X ′/X means the substitution of the symbol
X ′ for all entries of the symbol X, i.e., each symbol P ∈ σP , F ∈ σF , E ∈ σE , . . . , is
replaced with a new corresponding symbol P ′ ∈ σ′

P , F
′ ∈ σ′

F , E
′ ∈ σ′

E , . . . , μ = 1, . . . , p,
α = 1, . . . , n. It is assumed that the new variables x′

μ, z
′
α are pairwise different and do

not coincide with the variables of F(sx).
Let fλ be new functional symbols, which for all λ = 1, . . . , k are always interpreted

on a set of single-valued functions ϕλ : Aλ → A′
λ total on the basic set Aλ.

Denote σ∗ = σ ∪ σ′ ∪ {fλ}. Let the language L∗ be built on the basis of σ∗ in the
same way as L was built on the basis of σ but with the additional expansions mentioned
above. The list of them is augmented with three functional symbols � • �, B(�), �‖N ,
which will be interpreted as the operations � ∗ �, p�, �|N of constructing CEMs of (1.1)
to the Cartesian product, the Boolean, and sequences sets, respectively. The term fS

is formed from the symbols fλ by using the scheme S of CEM building and these three
operations. It is defined in a natural way.

So, the problem stated above can be formulated as that of finding a nontrivial solution
of the logic-algebraic equation (LAE)

(2.1) X & F(sx) → F ′(Ęf(x))

where F ′(Ęf(x)) = F ′(f |x1|(x1)/x
′
1, . . . , f

|xp|(xp)/x
′
p), and conditions X should be con-

structed in the signature σ∗.
If σF ∪ σE �= ∅, we transform F(sx) into some new formula in such a way that its

concluding statements do not contain entries of symbols of σF ∪σE. The transformation
is defined in the following way: first, in Fν , ν = 1, . . . ,M , we look for a term of the form
either a◦) E1, or b◦) F1(s11, s12, . . . , s1n1

), where F1 ∈ σF , the s1i are variables xμ or
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zα (i.e., the term with the only functional symbol F1), i = 1, . . . , n1, n1 > 0. Denote the
term found by t1 (say). Out of the variables zα in t1, if any, we choose a variable s1α1

that is a quantifying variable of TQ rω1α1
with a minimal scope D1, and then set

Φ1
def
=

{
F
(

pω1α1
∀y1(y1 = t1 → D1(y1/t1))/pω1α1

D1

)
if rω1α1

= pω1α1
;

F
(

qω1α1
∃y1(y1 = t1 &D1(y1/t1))/qω1α1

D1

)
if rω1α1

= qω1α1
.

Here D1(y1/t1) is the result of replacing in D1 of all entries of the term t1 by a variable
y1 not involved in F before.

If there are no variables zα among the s1i (if t1 is E1, this is so indeed), then

Φ1
def
= ∃y1

(
y1 = t1 & F(y1/t1)

)
.

In the process of consecutive transformation of the formula F , the literals Fν are
transformed into expressions that are called the traces of these literals (in contrast to
the added literals, such as y1 = t1).

Consider Φ1. If there are still symbols F ∈ σF in the traces of the literals Fν , then
we choose a term t2 either of the form a◦) E2, or of the form b◦) F2(s21, s22, . . . , s2n2

),
where F2 ∈ σF , the s2i are variables xμ, zα or y1, i = 1, . . . , n2, n2 > 0. Out of the
variables zα in t2, if any, again we choose a variable s2α2

that is a quantifying variable
of TQ rω2α2

with a minimal scope D2, and set

Φ2
def
=

{
Φ1

(
pω2α2

∀y2(y2 = t2 → D2(y2/t2))/pω2α2
D2

)
if rω2α2

= pω2α2
,

Φ1

(
qω2α2

∃y2(y2 = t2 &D2(y2/t2))/qω2α2
D2

)
if rω2α2

= qω2α2
,

where y2 is a new variable.
Continuing this process if necessary, we obtain a formula Ψ(sx) = Ψ(x1, . . . , xp)

without symbols E ∈ σE and F ∈ σF in the traces of the literals Fν , ν = 1, . . . ,M . If
all Fν do not include elements of σF ∪ σE from the outset, then Ψ(sx) = F(sx).

Let yε∗ be the last of the added variables yε, i.e., ε = 1, . . . , ε∗. Denote by pyε (re-
spectively, ryε) the quantifiers ∀yε(yε = tε → �) (respectively, ∃yε(yε = tε &�)). For any
formula Θ, denote by |Θ, e| a word composed of all quantifiers controlling an element e in
the formula Θ, and denote by ‖Θ, e‖ the same word where all existential quantifiers are
replaced by the corresponding universal quantifiers. HΘ denotes the result of deleting
all unessential (in the above sense) quantifiers from Θ .

Also, we introduce the notation

C = &{H‖Ψ, qyε‖∃yε(yε = tε) : ε = 1, . . . , ε∗ & qyε ∈ Ψ},
C′ = &{H‖Ψ′, py′ε‖∃y′ε(y′ε = t′ε) : ε = 1, . . . , ε∗ & py′ε ∈ Ψ′},

where

Ψ′(sx′) = Ψ′(x′
1, . . . , x

′
p) = Ψ(P ′/P, F ′/F, E′/E, z′α/zα, x

′
μ/xμ, y

′
ε/yε),

t′ε = tε(U
′
ε/Uε, z

′
α/zα, y

′
τ/yτ , f

|xμ|(xμ)/xμ) (replacement of all P ∈ σP , F ∈ σF , E ∈ σE ,
α = 1, . . . , n, μ = 1, . . . , p, τ = 1, . . . , ε∗, τ �= ε), Uε = Eε or Uε = Fε in accordance with
cases a◦ and b◦, ε = 1, . . . , ε∗. We agree that if there is no ε with qyε ∈ Ψ (respectively,
py′ε ∈ Ψ′), then we consider C (respectively, C′) as being identically true.

Let

Ψ′(Ęf(x)) = Ψ′(f |x1|(x1)/x
′
1, . . . , f

|xp|(xp)/x
′
p),

F ′(Ęf(x)) = F ′(f |x1|(x1)/x
′
1, . . . , f

|xp|(xp)/x
′
p).

Lemma 1. C & C′ →
((
Ψ(sx) → Ψ′(Ęf(x))

)
→

(
F(sx) → F ′(Ęf(x))

))
.
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Proof. It is easy to show that

C → (F(sx) → Ψ(sx)),

C′ →
(
Ψ′(Ęf(x)) → F ′(Ęf(x))

)
,

and we are done. �
The following notation will be used below. Ψν denotes the trace of the literal Fν in Ψ,

ν = 1, . . . ,M , and qv (respectively, pv) denotes TQ qwα (respectively, pwα) if v is a variable
zα. If v is a variable yε, then qv (respectively, pv) denotes TQ qyε (respectively, pyε). Also,
the symbols Ψν

+, Ψ
ν
−, and qv′, pv′ are employed to denote quantifiers over variables v′ of

the formula Ψ′(sx′).

Let Vj
def
= (f |vj |(vj) = v′j), j = 1, . . . , n∗ (obviously, n∗ = n + ε∗, i.e., the sum of the

number of the variables bounded with quantifiers in the initial formula, and the number
of new variables),

(qvj : Vj)
def
=

{
∃vj(Zα & Vj & �) if vj is a variable zα;

∃yε(yε = tε & Vj & �) if vj is a variable yε.

The expression (qv′j : Vj) is understood in a similar way. Next Ξν
+ (respectively, Ξν

−)
denotes the implication Ψν

+ → (Ψ′)ν+ (respectively, (Ψ′)ν+ → Ψν
+), where (Ψ′)ν+ is the

literal in Ψ′ corresponding to the literal Ψν
+ in Ψ.

We modify the formula Ψ as follows:

(1) consider the maximal length chains of neighbor quantifiers of the same type, i.e.,
maximal chains pv1 . . . pvm or qv1 . . . qvm of neighbor quantifiers not separated in the
structure of Ψ by quantifiers ∃ and ∀, respectively, and by logical connectives &,
∨; replace all these chains with

pv′1 . . . pv′m(qv1 : V1) . . . (qvm : Vm),

pv1 . . . pvm(qv′1 : V1) . . . (qv
′
m : Vm),

respectively;
(2) replace all logical connectives ∨ with &;
(3) replace all literals Ψν

+, ν = 1, . . . ,M , with formulas Ξν
+, and all literals Ψν

− with
formulas Ξν

−;

(4) after the transformation described in (1)–(3), we replace all x′
μ with f |xμ|(xμ)

and denote the result by R1.

Lemma 2. C & C′ → (R1 → (F(sx) → F ′(Ęf(x)))).

Proof. First, we show the validity of the implication

(2.2) R1 → (Ψ(sx) → Ψ′(Ęf(x))),

and then use Lemma 1.
The validity of the implication will be proved by induction on the length of the formula

R1. Note that the algorithm proposed above builds the formulas Ψ′ and R1 over the
formula Ψ in such a way that the structures of the formulas Ψ and Ψ′ are identical, and
the only TQs entering R1 are those that enter Ψ and Ψ′. Also, the quantifiers in R1

follow in the same order as the corresponding quantifiers in Ψ and Ψ′, and the c-formulas
Ξν in R1 correspond to the c-formulas Ψν and (Ψ′)ν (by obvious semantic considerations,
we assume that Ξν are c-formulas of R1). Therefore, some main subformulas Ψ∗, (Ψ′)∗

of Ψ, Ψ′ correspond unambiguously to each main subformula R∗
1 � R1.

Denoting by K the number of TQs and logical connectives in R1 (the induction
parameter), suppose that there exists K∗ ≥ 0 such that for all K ≤ K∗ the implication
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(2.2) holds true:

(2.3) R∗
1 → (Ψ(sx)∗ → (Ψ′(Ęf(x)))∗).

Now we want to show that the role of K∗ can be played, for example, by 0. In fact,
the case where K∗ = 0 means that either R1 = Ξν

+ or R1 = Ξν
−, for some ν = 1, . . . ,M .

Then the formula R1 is put in correspondence to Ψν
+, (Ψ

′)ν+ in the first case and to Ψν
−,

(Ψ′)ν− in the second case, and also Ψν
− = ¬Ψν

+, (Ψ
′)ν− = ¬(Ψ′)ν+. The validity of

(Ψν
+ → (Ψ′)ν+) → (Ψν

+ → (Ψ′)ν+),

((Ψ′)ν+ → Ψν
+) → (¬Ψν

+ → ¬(Ψ′)ν+

is obvious.
The inductive step from R∗

1 to a overformula rR1 with K = rK = K∗ + 1 consists of

consideration of two cases. In virtue of isomorphic embeddings, some subformulas rΨ and
rΨ′ correspond to the formula rR1 in Ψ(sx) and Ψ′(sx).

Case 1. The formula rR1 is built of R∗
1 by adding the logical connective & (by definition,

there are no other logical connectives in R1) connecting the subformulas R∗
1 and R∗∗

1 ,
and for both of them (2.3) holds true, i.e.,

R∗
1 →

(
Ψ(sx)∗ → (Ψ′(Ęf(x)))∗

)
,(2.4)

R∗∗
1 →

(
Ψ(sx)∗∗ → (Ψ′(Ęf(x)))∗∗

)
.(2.5)

It is required to prove that

R∗
1 &R∗∗

1 →
(
Ψ(sx)∗LΨ(sx)∗∗ → (Ψ′(Ęf(x)))∗L(Ψ′(Ęf(x)))∗∗

)
,

where L is either ∨ or &. This easily follows from (2.4) and (2.5).

Case 2. rR1 is built from R∗
1 by adding a vertex vj corresponding to either a TQ variable

yε or a variable zα. Four subcases are possible in this case.

Case 2.1. Let rR1 = pvjR∗
1. Then, by the construction of R1, a subformula qvjΨ(sx)∗ �

Ψ(sx) corresponds to the subformula rR1. We must prove that

pvjR∗
1 →

(
qvjΨ(sx)∗ → (Ψ′(Ęf(x)))∗

)
,

given the inductive hypothesis (2.3). Note that the formula (Ψ′(Ęf(x)))∗ does not depend
on the variable vj . The proof is obvious.

Case 2.2. rR1 = pv′jR∗
1. Then the subformula pv′j(Ψ

′(Ęf(x)))∗ � Ψ′(Ęf(x)) corresponds to
rR1. The validity of

pv′jR∗
1 →

(
Ψ(sx)∗ → pv′j(Ψ

′(Ęf(x)))∗
)

is obvious, because Ψ(sx)∗ does not depend on the variable vj .

Case 2.3. If rR1 = (qvj : Vj)R∗
1, then a subformula pvjΨ(sx)∗ � Ψ(sx) corresponds to rR1.

We must prove that

(qvj : Vj)R∗
1 →

(
pvjΨ(sx)∗ → (Ψ′(Ęf(x)))∗

)
under condition (2.3). Let a be a value of the variable vj such that conditions Vj and R∗

1

are satisfied. Then, by the inductive hypothesis, Ψ(sx)∗ → (Ψ′(Ęf(x)))∗ is true for a. For
TQ-formulas, the validity of the implication qwα(F1 → F2) → ( pwαF1 → F2) is known,
where F2 does not depend on zα. This readily implies the claim.
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Case 2.4. rR1 = (qv′j : Vj)R∗
1. Then the subformula qv′j(Ψ

′(Ęf(x)))∗ � Ψ′(Ęf(x)) corresponds

to rR1 by construction. We must prove that

(qv′j : Vj)R∗
1 →

(
Ψ(sx)∗ → qvj

′(Ψ′(Ęf(x)))∗
)

under condition (2.3). In this case we use the well-known implication qwα(F1 → F2) →
(F1 → qwαF2) with F1 not depending on zα.

Now, from (2.2) and Lemma 1 we immediately obtain C & C′ → (R1 → (F(sx) →
F ′(Ęf(x)))). This finishes the proof of Lemma 2. �

The above method of constructing conditions R1 for a given formula F(sx) determines
an algorithm of synthesis for solutions

X def
= C & C′ &R1

of the LAE (2.1) that guarantee the preservation of the truth values of formula predicates
under mappings of many-sorted algebraic systems to one another. Lemma 2 proves that
this algorithm is consistent.

It is easy to realize that, in a similar way, we can obtain conditions sufficient for
preservation of GMAS properties in the “reverse” direction, i.e., when we pass from
images to preimages. Indeed, suppose, given mappings (1.1), we want to find nontrivial

conditions that guarantee that, whenever the formula F(sx)
def
= F(x1, . . . , xp) on the

system A′ is satisfied at the values of CEMs 〈ϕ〉S1[A]
(c1), . . . , 〈ϕ〉Sp[A]

(cp) corresponding
to some values c1, . . . , cp of the variables x1, . . . , xp on the system A (where Sμ[A] is
the sort of the variable xμ, μ = 1, . . . , p), the formula F(sx) is satisfied on A.

We will seek preservation conditions as the solution of the LAE

(2.6) sX & F ′(f |x1|(x1), . . . , f
|xp|(xp)) → F(x1, . . . , xp).

The algorithm of constructing the formula sX preserves the main features of the al-
gorithm of constructing X . However, on the stage of excluding functional symbols and
symbols of distinguished elements from the c-formulas of F , we choose the following
auxiliary formulas:

sC = &{H‖Ψ, pyε‖ ∃yε(yε = tε) : ε = 1, . . . , ε∗ & pyε ∈ Ψ},
sC′ = &{H‖Ψ′, qy′ε‖ ∃y′ε(y′ε = t′ε) : ε = 1, . . . , ε∗ & qy′ε ∈ Ψ′},

where the entire notation has the same meaning.

Lemma 3. sC & sC′ →
(
(Ψ′(Ęf(x)) → Ψ(sx)) → (F ′(Ęf(x)) → F(sx))

)
.

Proof. It is easy to show that
sC → (Ψ(sx) → F(sx)),

sC′ → (F ′(Ęf(x)) → Ψ′(Ęf(x))),

and the claim follows. �
The formula Ψ will be transformed in the following way:

(1) the maximal length chains of the same type neighbor quantifiers pv1 . . . pvm and
qv1 . . . qvm are replaced with pv1 . . . pvm(qv′1 : V1) . . . (qv

′
m : Vm) and pv′1 . . . pv′m(qv1 : V1)

. . . (qvm : Vm), respectively;
(2) all connectives ∨ are replaced with &;
(3) all literals Ψν

+, ν = 1, . . . ,M , are replaced with the formulas Ξν
−, and all literals

Ψν
− are replaced with the formulas Ξν

+;
(4) after the transformation described in (1)–(3), all variables x′

μ are replaced with

f |xμ|(xμ), and the result is denoted by sR1.
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Lemma 4. sC & sC′ →
(

sR1 → (F ′(Ęf(x)) → F(sx))
)
.

The proof of this lemma is the same as that of Lemma 2 and is omitted for this reason.
Lemma 4 justifies the admissibility of the solution

sX def
= sC & sC′ & sR1

of the LAE (2.6), where sC, sC′, and sR1 are built by using the modified algorithms and
present conditions sufficient for the preservation of GMAS properties when we pass from
images to preimages.

§3. The transformation of conditions into more efficient criteria

The preservation conditions R1 and sR1, obtained by the algorithm described differ
from the morphisms used traditionally in the general algebraic system theory, including
universal algebra and model theory. The stage of excluding functional symbols ensures
that no functional and relation symbols will appear simultaneously in any concluding
(atomic) formula R1. Yet, intense alternation of quantifiers of different types in the
condition R1 hardens its verification compared to conditions imposed on standard mor-
phisms. Therefore, we seek certain conditionsR that ensure R1 and represent more usual
morphism-like conditions or obviously follow from them. For this, we use the algorithm
for obtaining comparison theorems from comparison lemmas [5, 16]. Like the algorithm
in [10], it consists in splitting R1 into simpler formulas that include (in some sense) a
“minimal” number of existential quantifiers. However, this algorithm is formulated in a
more general (in particular, logic but not set theory) form, which deals with formulas
with type conditions and concluding statements taken from some fixed variety in the
language of systems of processes [10] (and then the logic symbolism ∃, ∀ is used merely
to shorten expressions of a natural language).

Moreover, the procedure described below allows us to pass eventually to the con-
junction of conditions that, when fulfilled simultaneously, are sufficient for R1. Each of
them represents a condition of preserving a single symbol of the signature, functional, or
relation, in accordance with the traditional definitions of morphisms of algebraic systems.

Henceforth, the following notation will be used. Let Θ∗ be some subset of conclud-
ing statements of Θ. The expression [Θ,Θ∗] denotes the result of excluding from Θ
all concluding statements Θν such that Θν /∈ Θ∗, and also the quantifiers that became
unessential during this process, and the logical connectives that lose at least one sub-
formula joined by them in Θ. Let (Θ,Θ∗) denote the result of the replacement in Θ
of all concluding statements Θν such that Θν ∈ Θ∗ by an identically true predicate Pt.
A{Θ : Δ} denotes the result of inversion of the sense of all quantifiers qwα in Θ satisfying
the condition Δ. Let W (Θ) denote the set of all occurrences of unessential quantifiers
in the formula Θ.

The first transformation is splitting the formula R1 into parts with respect to its
concluding statements. Let E(R1) be the set of all concluding statements of R1, and let
a collection of pairwise disjoint sets E1, E2, . . . , Eρ, ∅ �= Eδ ⊆ E(R1), δ = 1, . . . , ρ, be
given, with ρ ≥ 0. For each δ, we specify some condition ΔA

δ .
The transformation is defined recursively:

rU0 = R1,

Uδ = A{[ rUδ−1,Σδ] : Δ
A
δ },

r

rUδ = A{(rUδ−1,Σδ) : qwα ∈ Uδ}

(
r

rUδ is the result of replacing of the c-formulas (R1)
ν ∈ Σδ in rUδ−1 by the identically true

predicate Pt, followed by application of the operation A to existential quantifiers that
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occur in Uδ),

rUδ = H
r

rUδ(J /J & Pt)

(in the formula
r

rUδ all subformulas J &Pt are replaced with J , where J denotes any for-
mula differing from Pt, and then all unessential quantifiers are eliminated in the resulting
formula),

Iδ = &{H‖r

rUδ, qwα‖ ∃zαZα : qwα ∈ W (
r

rUδ)}
(Iδ is the conjunction of the formulas corresponding to the existential quantifiers that

were eliminated while constructing conditions rUδ from
r

rUδ).
The following implication holds [5, 16]:

rUρ &

ρ∧
δ=1

Uδ & Iδ → R1.

Next, we form the set U = {U1,U2, . . . ,Uρ, rUρ}. In general, the formulas in U admit
splitting into conjunctions of simpler conditions by means of the transformation below
applied to some universal TQs.

In formula U ∈ U we choose some existential quantifiers qwτ = ∃wτ : Zτ and for each

of them specify a condition Δτ , τ = 1, . . . , η. We put rV0 = U ,

Vτ = Vτ (U) = A{H | rVτ−1, qwτ | ∃wτZτ : Δτ}

(in rVτ−1 we select all elements controlling the quantifier qwτ , then build the formula

|rVτ−1, qwτ |∃wτZτ , eliminate all unessential quantifiers, and then replace with universal
quantifiers only those existential quantifiers that satisfy the condition Δτ ),

rVτ = rVτ (U) = A{rVτ−1 : qw = qwτ ∨ qw ∈ Vτ}

(in the formula rVτ−1 we invert the quantifier qwτ and all universal quantifiers that occur
in Vτ ), and

V = V(U) = &{Vτ : τ = 1, . . . , η}& rVη.

Since V(U) → U for all U ∈ U (see, [5, 16]), we take

R = V(ĂUρ) &

ρ∧
δ=1

Iδ & V(Uδ).

For C, C′, R1 built by the algorithms described in §2, the following theorem is true.

Theorem 1. C & C′ →
(
R → (F(sx) → F ′(Ęf(x)))

)
.

So, we have constructed the required formula

X def
= C & C′ &R,

which is a solution of the LAE (2.1) in question and provides conditions ensuring that,
whenever the formula F(sx) is satisfied at some values of the variables x1, . . . , xp in
the system A, the formula F(sx) is also satisfied at the corresponding values of CEMs

〈ϕ〉|x1|(x1), . . . , 〈ϕ〉|xp|(xp) in A′.
Similar theorem may be stated for preservation of properties “in the opposite direc-

tion”.

Theorem 2. sC & sC′ →
(

sR → (F ′(Ęf(x)) → F(sx))
)
.
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Here the formula sR is built by the same algorithms but on the basis of sR1. So, the
formula

sX def
= sC & sC′ & sR

presents a solution of the LAE (2.3) and provides conditions ensuring that, whenever

the formula F(sx) is satisfied at the values of CEMs 〈ϕ〉|x1|(x1), . . . , 〈ϕ〉|xp|(xp) in A′,
the formula F(sx) is also satisfied at the corresponding values of the variables x1, . . . , xp

in A.

§4. A property of a discrete-event system

A (logical) discrete-event system is a quintuple [15]

G = (X , E , {fe}e∈E , g, Ev).

Here X is the set of states of the system; E is the set of events denoted by the letter e
with some index; g : X → 2E \ {∅} is a so-called enable function: g(x) is the set of all
events enabled at a current state x ∈ X . The definition of a logical DES does not involve
time (in the common sense, like, e.g., systems of differential equations). However, a kind
of analog of the time variable is a counter that shows how many events have passed and,
therefore, how many times states have changed. So, let there be a discrete “time” scale
in the form of a scale of the counter values N = {0, 1, 2, . . . }, and let xk ∈ X present the
state of DES at the time moment k ∈ N (i.e., when the counter is in the state k).

For each e ∈ E , the operator fe : X → X transfers the system from one state to
another whenever an event e occurs. It is natural to require that fe(x) be defined only if
e ∈ g(x). If at this moment an event ek ∈ E occurs (of course, in the case of ek ∈ g(xk)),
then the next state xk+1 is given by application of the operator fek , i.e., xk+1 = fek(xk).

Any sequence x = {x0, x1, x2, . . . } ∈ XN such that xk+1 = fek(xk), where ek ∈ g(xk)
for all k, is called a state trajectory (phase trajectory). Any sequence e = {e0, e1, e2, . . . } ∈
EN such that there exists a state trajectory x ∈ XN (where ek ∈ g(xk) and xk+1 = fek(xk)
for all k) is an event trajectory. Therefore, each initial state x0 and each event trajectory e
determining the order of applying the operators fek , give rise to a unique phase trajectory
provided e0 ∈ g(x0) (the converse is not true in general).

E (E ⊂ EN) denotes the set of all event trajectories. Ev ⊂ E ⊂ EN is the set of all
valid event trajectories, i.e., the trajectories that are physically possible in G. Therefore,
if xk ∈ X and ek ∈ g(xk), an event ek may occur only if it lies on a valid event trajectory.
In some cases it is appropriate to consider a set Ea ⊂ Ev of allowed event trajectories.
It helps to limit the occurrence of events to some required sequence of events.

In the general form, a DES G may be regarded as a triple-based algebraic system
A = 〈A,ΩF , ΩP ,ΩE〉 with A = {X , E ,N}, ΩF = {h}, ΩP = {Ev}, ΩE = ∅, but
representation of a DES as a GMAS may change depending on the formula expressing
a given property. It should be noted that, to formalize phase and event trajectories of
DESs, the step with the operation of forming sets of sequences is used.

We fix a DES G and consider the property of the existence, for any initial state, of a
valid event trajectory such that k∗ is the first moment of attaining the given set X ∗ by
the corresponding phase trajectory, while any other valid event trajectory attains this
set later (the property degree is M = 3):

F(k∗) = ∀x0 : X (x0) ∃e∗ : qEv(x0, e
∗) (X∗(h(x0, e

∗, k∗)) &

(∀k1 : k1 < k∗ ¬X∗(h(x0, e
∗, k1))) &

(∀e : qEv(x0, e) & e �= e∗ ∀k2 : k2 ≤ k∗ ¬X∗(h(x0, e, k2)))).

(4.1)
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In this case G can be regarded as a general triple-based algebraic system of finite type

A = 〈A,ΩF ,ΩP ,ΩE〉, where A = {X , E ,N}, ΩF = {h}, ΩP = {X ,X∗, qEv, <}, ΩE = ∅.
Note that X ∗ ⊂ X , and X∗(x) is true if and only if x ∈ X ∗. Here X is the unary predicate
identically coincident with the state space X , essential to represent the formula in the
constructed type-quantifiers language L. Assume X (x) to be true for all x ∈ X . For the

binary predicate qEv, a pair (x0, e) belongs to qEv if and only if e ∈ Ev(x0), i.e., if e is

a valid trajectory started at the state x0 ( qEv ∈ 2X×EN

). Finally, < is the relation “less
than” on natural numbers.

Let G′ = (X ′, E ′, {f ′
e′}e′∈E′ , g′, E′

v) be another DES, and suppose we are given map-
pings

ϕ1 : X → X ′, ϕ2 : E → E ′, ϕ3 : N → N
′.

It is required to find conditions ensuring that, whenever G has property (4.1), the system
G′ possesses it as well. We are going to use the above-described algorithm of constructing
conditions that preserve GMAS properties.

First, we exclude the functional symbol h out of the c-formulas F , introducing new
variables y1, y2, and y3, and building the formula Ψ by the algorithm described previously.
Then we build the formula R1 taking into account that |k∗| = N. Furthermore,

Ξ1
+ = X∗(y1) → X ′

∗(y
′
1), Ξ2

− = X ′
∗(y

′
2) → X∗(y2), Ξ3

− = X ′
∗(y

′
3) → X∗(y3).

Now, E(R1) = {Ξ1
+, Ξ

2
−, Ξ

3
−}. Let E1 = {Ξ1

+}, E2 = {Ξ2
−}, ΔA

1 = ΔA
2 = Pf :

U1 = ∀x′
0 : X ′(x′

0) ∃x0 : X (x0) & f1(x0) = x′
0 ∀e∗ : qEv(x0, e

∗)

∀y1 = h(x0, e
∗, k∗) ∃(e∗)′ : qE′

v(x
′
0, (e

∗)′) & f2‖N (e∗) = (e∗)′

∃y′1 = h′(x′
0, (e

∗)′, f3(k
∗)) : f1(y1) = y′1 (X∗(y1) → X ′

∗(y
′
1)),

U2 = ∀x′
0 : X ′(x′

0) ∀x0 : X (x0) & f1(x0) = x′
0 ∀e∗ : qEv(x0, e

∗)

∀(e∗)′ : qE′
v(x

′
0, (e

∗)′) & f2‖N (e∗) = (e∗)′

∀k′1 : k′1 < f3(k
∗) ∀y′2 = h′(x′

0, (e
∗)′, k′1) ∃k1 : k1 < k∗ & f3(k1) = k′1

∃y2 = h(x0, e
∗, k1) : f1(y2) = y′2 (X ′

∗(y
′
2) → X∗(y2)),

rU2 = ∀x′
0 : X ′(x′

0) ∀x0 : X (x0) & f1(x0) = x′
0 ∀e∗ : qEv(x0, e

∗)

∀(e∗)′ : qE′
v(x

′
0, (e

∗)′) & f2‖N (e∗) = (e∗)′ ∀e′ : qE′
v(x

′
0, e

′) & e′ �= (e∗)′

∀k′2 : k′2 ≤ f3(k
∗) ∀y′3 = h′(x′

0, e
′, k′2)

∃e : qEv(x0, e) & e �= e∗ & f2‖N (e) = e′

∃k2 : k2 ≤ k∗ & f3(k2) = k′2 ∃y3 = h(x0, e, k2) : f1(y3) = y′3

(X ′
∗(y

′
3) → X∗(y3)).

In this case, U1 & U2 & rU2 → R1 and U = {U1,U2, rU2}. For splitting the formulas from
U , choose Δτ = Pf as the parameters for all existential TQs. Then for U1 we obtain the
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following conditions:

V1(U1) = ∀x′
0 : X ′(x′

0) ∃x0 : X (x0) & f1(x0) = x′
0,

V2(U1) = ∀x′
0 : X ′(x′

0) ∀x0 : X (x0) & f1(x0) = x′
0 ∀e∗ : qEv(x0, e

∗)

∃(e∗)′ : qE′
v(x

′
0, (e

∗)′) & f2‖N (e∗) = (e∗)′,

V3(U1) = ∀x′
0 : X ′(x′

0) ∀x0 : X (x0) & f1(x0) = x′
0 ∀e∗ : qEv(x0, e

∗)

∀y1 = h(x0, e
∗, k∗) ∀(e∗)′ : qE′

v(x
′
0, (e

∗)′) & f2‖N (e∗) = (e∗)′

∃y′1 = h′(x′
0, (e

∗)′, f3(k
∗)) : f1(y1) = y′1,

and the condition rV3(U1) constructed by inverting all existential TQs in U1.

Now consider the case of rV0 = U2:

V1(U2) = ∀k′1 : k′1 < f3(k
∗) ∃k1 : k1 < k∗ & f3(k1) = k′1,

V2(U2) = ∀x′
0 : X ′(x′

0) ∀x0 : X (x0) & f1(x0) = x′
0 ∀e∗ : qEv(x0, e

∗)

∀(e∗)′ : qE′
v(x

′
0, (e

∗)′) & f2‖N (e∗) = (e∗)′ ∀k′1 : k′1 < f3(k
∗)

∀y′2 = h′(x′
0, (e

∗)′, k′1) ∀k1 : k1 < k∗ & f3(k1) = k′1

∃y2 = h(x0, e
∗, k1) : f1(y2) = y′2,

and the formula rV2(U2) contains no existential quantifiers.

In the case of rV0 = rU2:

V1( rU2) = ∀x′
0 : X ′(x′

0) ∀x0 : X (x0) & f1(x0) = x′
0 ∀e∗ : qEv(x0, e

∗)

∀(e∗)′ : qE′
v(x

′
0, (e

∗)′) & f2‖N (e∗) = (e∗)′ ∀e′ : qE′
v(x

′
0, e

′) & e′ �= (e∗)′

∃e : qEv(x0, e) & e �= e∗ & f2‖N (e) = e′,

V2( rU2) = ∀k′2 : k′2 ≤ f3(k
∗) ∃k2 : k2 ≤ k∗ & f3(k2) = k′2,

V3( rU2) = ∀x′
0 : X ′(x′

0) ∀x0 : X (x0) & f1(x0) = x′
0 ∀e∗ : qEv(x0, e

∗)

∀(e∗)′ : qE′
v(x

′
0, (e

∗)′) & f2‖N (e∗) = (e∗)′ ∀e′ : qE′
v(x

′
0, e

′) & e′ �= (e∗)′

∀k′2 : k′2 ≤ f3(k
∗) ∀y′3 = h′(x′

0, e
′, k′2)

∀e : qEv(x0, e) & e �= e∗ & f2‖N (e) = e′

∀k2 : k2 ≤ k∗ & f3(k2) = k′2 ∃y3 = h(x0, e, k2) : f1(y3) = y′3,

So,

V(U2) = V1(U2) & V2(U2) & rV2(U2),

V(U2) → U2,

R = V(U1) & V(U2) & V(rU2).

We interpret the conditions obtained. The first of them, V1(U1), means the require-
ment that the mapping ϕ1 : X → X ′ be a surjection.

The conditions V1(U2) and V2( rU2) impose constrains on the correspondence of time
indices of the trajectories. They can be satisfied automatically by choosing ϕ3 to be an
identity mapping, which seems natural. Therefore, assume ϕ3 = 1.

The condition V3(U1) is a requirement for the system operation to be preserved:

ϕ1(h(x0, e, k)) = h′(ϕ1(x0)ϕ2|N (e), k);

it is satisfied if ϕ is a homomorphism of the GMAS A to A′. Then the similar conditions

V2(U2),V3( rU2) are also satisfied.
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The condition rV3(U1) may be rewritten in the form ϕ1(X∗) ⊆ X ′
∗. On the other hand,

rV2(U2) and rV3(rU2) are equivalent to the requirement X ′
∗ ⊆ ϕ1(X∗).

The conditions V2(U1),V1( rU2) impose requirements on the relationship of event tra-
jectories of the systems under consideration. V2(U1) may be rewritten in the form

{ϕ1 ∗ ϕ2|N (Ev) ⊆ E′
v. The condition V1( rU2) is a little bit more complicated. We rewrite

it in an equivalent form in a less formal language:

∀x0 ∈ X ∀e∗ ∈ Ev(x0) ∀e′ ∈ E′
v(f1(x0)) \ {f2‖N (e∗)}

(f2‖N )−1(e′) ∩Ev(x0) \ {e∗} �= ∅.

It is satisfied if E′
v ⊆ {ϕ1 ∗ ϕ2|N (Ev) or, to be precise, if for all x0 ∈ X we have

E′
v(ϕ1(x0)) ⊆ ϕ2|N |Ev(x0), and moreover, ϕ2|N |Ev(x0) is the injection from Ev(x0) to

E′
v(ϕ1(x0)). Here ϕ2|N |Ev(x0) denotes the function whose domain is the restriction of

the domain of the function ϕ2|N down to the set Ev(x0). Taking the condition V2(U1)
into account, we can change the above to the requirement that ϕ2|N |Ev(x0) be a bijection
from Ev(x0) to E′

v(ϕ1(x0)).
A family of mappings ϕ = {ϕλ|ϕλ : Aλ → A′

λ, λ = 1, . . . , k} is called a homomorphism
of a GMAS A to A′ if:

(1) 〈ϕ〉Snβ+1,β [A](F
nβ

β (z1, . . . , znβ
)) = (F

nβ

β )′
(
〈ϕ〉S1β [A](z1), . . . , 〈ϕ〉Snββ [A](znβ

)
)

(z1 ∈ S1β [A], . . . , znβ
∈ Snββ[A], β = 1, . . . , kF );

(2) 〈ϕ〉T1γ [A]×···×Tnγγ [A]
(P

nγ
γ ) ⊆ (P

nγ
γ )′ (γ = 1, . . . , kP );

(3) 〈ϕ〉Uδ [A](Eδ) = E′
δ (δ = 1, . . . , kE).

Theorem 3. Suppose that G = (X , E , {fe}e∈E , g, Ev) has property (4.1). Suppose G′ =
(X ′, E ′, {f ′

e′}e′∈E′ , g′, E′
v) is another DES and there exists a family of mappings ϕ =

〈ϕ1, ϕ2, ϕ3〉, where ϕ1 : X → X ′, ϕ2 : E → E ′, ϕ3 : N → N
′, and ϕ3 = 1. If ϕ is a

homomorphism of GMASs corresponding to G and G′ and surjective with respect to ϕ1,
X ′

∗ ⊆ ϕ1(X∗), and for any x0 ∈ X the mapping ϕ2|N |Ev(x0) is a bijection from Ev(x0) to
E′

v(ϕ1(x0)), then the system G′ also possesses property (4.1).

The following definition generalizes the well-known definition of a strong homomor-
phism of single-sorted algebraic systems to many-sorted algebraic systems. We call ϕ a
strong homomorphism of GMAS A on A′ if ϕ is a homomorphism of this GMAS and for
all zα1

∈ T1γ [A], . . . , zαnγ
∈ Tnγγ [A] we have

(Pnγ
γ )′

(
〈ϕ〉T1γ [A](zα1

), . . . , 〈ϕ〉Tnγγ [A](zαnγ
)
)
→ Pnγ

γ (zα1
, . . . , zαnγ

), γ = 1, . . . , kP .

In the formulas rV2(U2) and rV3( rU2), let us keep the meaning of the quantifiers of
variables y2 and y3 unchanged, not including them in the sets of quantifiers qwτ for the

formulas U2 and rU2. Then these formulas present a condition of strong homomorphism
for the systems G and G′.

Theorem 4. Suppose G = (X , E , {fe}e∈E , g, Ev) possesses property (4.1). Suppose also
that G′ = (X ′, E ′, {f ′

e′}e′∈E′ , g′, E′
v) is another DES and there exists a family of mappings

ϕ = 〈ϕ1, ϕ2, ϕ3〉, where ϕ1 : X → X ′, ϕ2 : E → E ′, ϕ3 : N → N
′, and ϕ3 = 1. If ϕ

is a strong homomorphism of GMASs corresponding to G and G′ and surjective with
respect to ϕ1, and for all x0 ∈ X the mapping ϕ2|N |Ev(x0) is a bijection from Ev(x0) to
E′

v(ϕ1(x0)), then the system G′ also possesses property (4.1).
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Conclusion

In this paper, a new method is presented for generating conditions sufficient for the
preservation of system properties under its mappings to another (auxiliary) system. This
is done by combining algebraic and logical approaches. A prerequisite for its applicabil-
ity to dynamical systems is the algebraization of their models. After that, criteria for
preservation of properties are generated algorithmically and are formulated in terms of
morphisms. The important stage of the algorithm presented is the choice of parameters
of splitting the formula R1. In forthcoming papers, it will be shown that the simplest
choice of parameters of splitting (called a “standard splitting”) allows us to formulate
preservation criteria merely on the basis of the structure of the formula and without nu-
merous formal manipulations. Classes of properties will be determined that are preserved
under morphisms of similar type. We shall analyze the relationship between the LAE-
method and the representability method [2], which also allows one to generate conditions
for preservations of properties of dynamical systems.

The example of studying the DES property has been given only to illustrate the stages
of the algorithm. In [12], we investigate the DES-model for the public railway trans-
portation network by using the approach described. The interpretation of the generated
conditions made it possible to obtain criteria of nondeterioration for the properties of
the timetable when new railway paths are added to the network.
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