
Algebra i analiz St. Petersburg Math. J.
Tom 24 (2012), � 5 Vol. 24 (2013), No. 5, Pages 811–821

S 1061-0022(2013)01267-2
Article electronically published on July 24, 2013

QUASIISOMETRIC EMBEDDING OF THE FUNDAMENTAL GROUP

OF AN ORTHOGONAL GRAPH-MANIFOLD INTO A PRODUCT OF

METRIC TREES

A. SMIRNOV

Abstract. In every dimension n ≥ 3, a class of orthogonal graph-manifolds is in-
troduced. It is proved that the fundamental group of any orthogonal graph-manifold
embeds quasiisometrically into a product of n trees. As a consequence, it is shown
that the asymptotic dimension and the linearly-controlled asymptotic dimensions of
such a group are equal to n.

§1. Introduction

We introduce a class O of orthogonally glued higher-dimensional graph-manifolds
(called orthogonal graph-manifolds throughout this paper; see Subsection 2.2 for the
definition). Using the ideas of the paper [7], we generalize the results of that paper to
the case of the class O.

Theorem 1. For every n-dimensional orthogonal graph-manifold, its fundamental group
supplied with an arbitrary word metric admits a quasiisometric embedding into a product
of n metric trees. As a consequence, the asymptotic and the linearly-controlled asymptotic
dimension of such a group is equal to n.

In the paper [7], this result was obtained in the 3-dimensional case for every graph-
manifold in the sense of the definition given in Subsection 2.1. In fact, in accordance with
the paper [8], the fundamental group of any 3-dimensional graph-manifold is quasiiso-
metric to the fundamental group of some flip-manifold, which is precisely an orthogonal
graph-manifold in dimension 3. Also note that the inequality asdimπ1(M) ≤ n for the
fundamental group of an orthogonal graph-manifold M follows from the result obtained
in [3].

§2. Preliminaries

2.1. Graph-manifolds.

Definition. A higher-dimensional graph-manifold is a closed, n-dimensional with n ≥ 3,
orientable manifold M that is glued from finitely many blocks Mv, M =

⋃
v∈V Mv, that

satisfy the following conditions (1)–(3).

(1) Each block Mv is a trivial Tn−2-bundle over a compact, orientable surface Φv

with boundary (this surface should be different from the disk and the annulus),
where Tn−2 is the (n− 2)-dimensional torus.

(2) The manifold M is glued from blocks Mv, v ∈ V , by diffeomorphisms between
boundary components (the case of gluing boundary components of one and the
same block is not excluded).
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812 A. SMIRNOV

(3) The gluing diffeomorphisms do not identify the homotopy classes of the fiber
tori.

For brevity, we use the term “graph-manifold” instead of the term “higher-dimensional
graph-manifold”.

Let G be a graph dual to the decomposition of M into blocks. The set of blocks of
the graph-manifold coincides with the vertex set V = V(G) of the graph G. The set of
(nonoriented) edges E = E(G) of G consists of pairs of glued components of blocks. We
denote the set of the oriented edges of G by W .

For more information about graph-manifolds, see [4].

2.2. Orthogonal graph-manifolds. In this subsection we define a class of graph-
manifolds that admit an orthogonally glued metric of a special form. For brevity, we
shall call them orthogonal graph-manifolds.

For a fixed graph G and each vertex v ∈ V(G), consider a surface Φv of nonnegative
Euler characteristic with |∂v| boundary components, where ∂v is the set of all edges
adjacent to the vertex v. Moreover, we assume that there is a bijection between the set of
boundary components of the surface Φv and the set of all oriented edges adjacent to v. For
the block Mv corresponding to a vertex v, we fix a trivialization Mv = Φv×S1×· · ·×S1,
where Φv is the base surface, i.e., we fix simultaneously a trivialization Mv = Φv ×Tn−2

of Mv and a trivialization Tn−2 = S1 × · · · × S1 of the fiber torus. For each block Mv,
we fix a coordinate system (x, x1, . . . , xn−2) compatible with this decomposition, where
x ∈ Φv and xi ∈ [0, 1) for each 1 ≤ i ≤ n − 2. For each oriented edge w adjacent
to the vertex v, we define a coordinate system (x0), x0 ∈ [0, 1), on the corresponding
component of the boundary ∂Φv of the surface Φv. This gives rise to the coordinate
system (x0, . . . , xn−2) on the boundary torus Tw of the block Mv. Similarly, for the
edge −w inverse to the edge w on the boundary torus T−w, we define a coordinate
system (x′

0, . . . , x
′
n−2). For each oriented edge w, we consider a permutation sw of a

well-ordered (n − 1)-element set (x0, . . . , xn−2) such that sw(x0) �= x0. Furthermore,
we assume that for mutually inverse edges w and −w the permutations sw and s−w

are inverse to each other (s−w ◦ sw = id). We define the gluing map ηw : Tw → T−w

by ηw((x0, . . . , xn−2)) = (sw(x0), . . . , sw(xn−2)). Note that this map is a well-defined
gluing, because the permutations sw and s−w are selected to be mutually inverse. Also,
the map ηw does not identify the homotopy classes of fiber tori.

Definition. The graph-manifold described above is called an orthogonal graph-manifold.

Remark 1. As was mentioned above, for n = 3 the class of all orthogonal graph-manifolds
coincides with that of all flip graph-manifolds considered in [8].

2.3. Metric trees. A tripod in a geodesic metric space X is a union of three geodesic
segments xt ∪ yt ∪ zt that have only one common point t. A geodesic metric space X is
called a metric tree if each triangle in it is a tripod (possibly degenerate).

2.4. Finitely generated groups. Let G be a finitely generated group and S ⊂ G a
finite symmetric generating set for G (S−1 = S). Recall that a word metric on the group
G (with respect to S) is the left-invariant metric determined by the norm ‖ · ‖S , where
for each g ∈ G its norm ‖g‖S is the smallest number of elements of S whose product is g.
It is known that all such metrics for the group G are bi-Lipschitz equivalent (see [2]). In
this paper we shall consider only finitely generated groups with a word metric.

2.5. Quasiisometric maps. A map f : X → Y is said to be quasiisometric if there
exist λ ≥ 1, C ≥ 0 such that

1

λ
|xy| − C ≤ |f(x)f(y)| ≤ λ|xy|+ C
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for each x, y ∈ X. Two metric spaces X and Y are quasiisometric if there is a quasi-
isometric map f : X → Y such that f(X) is a net in Y . In this case, f is called a
quasiisometry.

2.6. Metric on the universal cover. We recall the famous Milnor–Švarc lemma.

Lemma 1. Let Y be a compact length space, and let X be the universal cover of X with
the metric lifted from Y . Then X is quasiisometric to the fundamental group π1(Y ) of
Y with an arbitrary word metric.

From this lemma it follows that to prove Theorem 1 it suffices to construct a quasi-
isometric embedding of the universal cover into a product of n trees.

2.6.1. Metrics of nonpositive curvature. We define a metric on the orthogonal graph-
manifold M as follows: for each edge e ∈ E(G), on its corresponding torus Te we take
a flat metric such that any base circle of the coordinate system described above has
length 1 and any two of these circles are perpendicular.

In particular, for each vertex v ∈ V(G), there is a metric on the boundary surface
Φv in which every boundary component has length 1. This metric extends to a metric
of nonpositive curvature on the surface Φv so that its boundary is geodesic. Therefore,
from the boundary tori, the metric extends to a metric on the block Mv that is locally
a product metric (in general, a metric on the block may fail to be a product metric, and
it can have nontrivial holonomy along some loops on the base Φv).

In what follows we only consider such metrics on orthogonal graph-manifolds. If we lift

the above metric to the universal cover ĂM , then the Reshetnyak gluing theorem (see [2])
shows that the resulting metric space is a nonpositively curved (or Hadamard) space.

We fix an orthogonal graph-manifold M with the metric described above.

2.6.2. The standard hyperbolic surface H0 with boundary. Consider the hyperbolic plane
H

2
κ having a curvature −κ (κ > 0) such that the side of a rectangular equilateral hexagon

θ in the plane H
2
κ has length 1. Let ρ be the distance between the middle points of sides

that have a common adjacent side, and let δ be the diameter of θ. We mark each second
side of θ (so, three sides will be marked) and consider a set H0 defined as follows. Take
the subgroup Gθ of the isometry group of H

2
κ generated by reflections in the (three)

marked sides of θ, and let H0 be the orbit of θ with respect to Gθ. Then H0 is a convex
subset in H

2
κ split into hexagons that are isometric to θ. Furthermore, the boundary of

H0 has infinitely many connected components each of which is a geodesic H2
κ. The graph

Tbin dual to the decomposition of H0 into hexagons is the standard binary tree whose
vertices all have degree three. Any metric space isometric to H0 will be called a θ-tree.
Given a vertex p of Tbin, we denote by θp the respective hexagon in H0.

Remark 2. In what follows, we view Tbin as a metric space with a metric such that the
length of each edge is equal to 2ρ. Then these metric spaces are metric trees. We denote
the set of vertices in Tbin by V(Tbin).

2.6.3. Standard metrics and bi-Lipschitz homeomorphisms between bases. Consider a
simplicial tree with each vertex of degree 3, and with each edge of length 1. We re-
place each edge by the rectangle 1× 1/3100 and each vertex by the equilateral Euclidean
triangle with each side equal to 1/3100. Then we glue them in a natural way.

Definition. The resulting metric space is called a fattened tree or a standard surface
and is denoted by X0.

Remark 3. Note that the standard surface X0 is bi-Lipschitz homeomorphic to the θ-tree
H0. So, we fix an arbitrary bi-Lipschitz homeomorphism h0 : H0 → X0.
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Definition. The standard block is defined to be a metric product of the θ-tree H0 and
n− 2 copies of the Euclidean line R, B = H0 × R× · · · × R.

The partition of the θ-tree into hexagons induces a partition of each boundary com-
ponent of the θ-tree into unit segments. For each boundary component such a partition
is called a grid on this component. For each Euclidean factor R of the standard block,
an arbitrary partition by unit segments is called a grid on this factor. Finally, for each
boundary hyperplane σ of the standard block a partition into unit cubes induced by grids
on each factor is called a grid on this hyperplane.

Recall the following theorem.

Theorem 2 ([1, Theorem 1.2]). Let X0 be as above, with a chosen boundary component
∂0X0. Then there exists K > 0 and a function ψ : R → R such that for any K0 > 0 and
any K0-bi-Lipschitz homeomorphism P0 from ∂0X0 to a boundary component ∂1X0, P0

extends to a ψ(K0)-bi-Lipschitz homeomorphism P : X0 → X0 that is K-bi-Lipschitz on
every other boundary component.

Corollary 1. Let rΦv be the universal cover of the surface Φv supplied with the metric

described in Subsection 2.6.1, with a fixed boundary component ∂0rΦv. Then there exists
K > 0 and a function ψ : R → R such that for any K0 > 0 and any K0-bi-Lipschitz

homeomorphism P0 from ∂0rΦv to a boundary component ∂0H0, P0 extends to a ψ(K0)-bi-

Lipschitz homeomorphism P : rΦv → H0 that is K-bi-Lipschitz on every other boundary
component.

Proof. Rename the K0, K, and ψ from Theorem 2 to sK0, sK, and sψ respectively. Note

that there is a bi-Lipschitz homeomorphism ψv : X0 → rΦv.

X0 −−−−→ X0

ψv

⏐⏐�
�⏐⏐h0

rΦv −−−−→ H0

Let ψv be M1-bi-Lipschitz and h0 M2-bi-Lipschitz. We set M := max{M1,M2}.
Consider P0 : ∂0rΦv → ∂0H0 and denote the boundary component h0(∂0H0) by ∂1X0.

Then, if ∂0X0 = ψ−1
v (∂0rΦv), the map

h0 ◦ P0 ◦ ψv : ∂0X0 → ∂1X0

is an M2 ·K0-bi-Lipschitz homeomorphism. By Theorem 2, it extends to a sψ(M2 ·K0)-
bi-Lipschitz homeomorphism that is sK-bi-Lipschitz on each remaining boundary com-
ponent of the space X0. Therefore, the homeomorphism P = h−1

0 ◦ sP ◦ ψ−1
v is ψ(K0) =

M2
sψ(M2 · K0)-bi-Lipschitz. Moreover, on every other boundary component it is K =

M2 · sK-bi-Lipschitz. Therefore, taking ψ(x) = sψ(M2 · x), x ∈ R, and K = M2 · sK, we
prove Corollary 1. �

Remark 4. Since the graph G is finite, we may assume that the number K and the
function ψ are independent of v ∈ V(G).

2.6.4. The special metric on the universal cover. In this subsection, for each orthogonal
graph-manifold M , we inductively construct a special metric on its universal covering
ĂM so that ĂM with this metric is quasiisometric to the fundamental group π1(M) of the
graph-manifold M . After that it will suffice to construct a quasiisometric embedding of
ĂM into a product of n trees.

The decomposition of M into blocks lifts to a decomposition of ĂM into universal cover
blocks, see [4]. We denote the tree dual to this decomposition by T0. Note that the
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degree of every vertex of T0 is infinite. On T0, we consider an intrinsic metric with edges
of length 1. Choose a vertex o ∈ V(T0) in the tree T0 and call it the root. For each vertex
v ∈ V(T0), we define its rank r(v) as the distance to o. In particular, r(o) = 0. For each

vertex v ∈ V(T0), we denote by ĂMv the corresponding block of the space ĂM . This block

is isometric to the product rΦv × R
n−2. Recall that on each boundary hyperplane of the

block ĂMv we have fixed a coordinate system. We call the axes of this system the selected
axes.

By induction on the rank of vertices of the tree T0, on the space ĂM we construct a
metric of special type that is bi-Lipschitz homeomorphic to the metric lifted from the
graph-manifold M .

Base of induction. Let ψo : rΦo → H0 be a bi-Lipschitz homeomorphism. Consider

an isometric copy of the standard block Bo and the map ψ′
o : ĂMo → Bo that is a direct

product of the map ψo : rΦo → H0 and the identity map id : R
n−2 → R

n−2.
Inductive step. Suppose that for all vertices v ∈ V(T0) such that r(v) ≤ m we have

built a bi-Lipschitz homeomorphism ψ′
v : ĂMv → Bv, where Bv is an isometric copy of

the standard block. Let a vertex u ∈ V(T0) be such that r(u) = m + 1. There is a

unique vertex v ∈ V(T0) adjacent to it such that r(v) = m. Consider the blocks ĂMv

and ĂMu of the universal cover ĂM and denote the covering map by pr : ĂM → M . Recall

that the gluing of the blocks pr(ĂMv) and pr(ĂMu) is obtained by a permutation s of
the coordinate system on the torus Te. Consider an isometric copy Bu of the standard
block and glue it to the block Bv by the permutation s−1 of the coordinates along the
corresponding hyperplanes, thus matching the grid on them. By induction, the map

ψ′
v : ĂMv → Bv is the direct product of the map rΦv → H0 and n − 1 maps R → R.

Moreover, the restriction of each of these maps to the intersection with the common

boundary hyperplane of the blocks ĂMv and ĂMu is a K-bi-Lipschitz homeomorphism onto
its image. From the orthogonality of the gluing it follows that these restrictions induce

a K-bi-Lipschitz homeomorphism ∂1ψu : ∂0rΦu → ∂0H0 from the boundary component

∂0 rψu of the surface rΦu adjacent to the block ĂMv to the boundary component ∂0H0

of the θ-tree adjacent to the block Bv. Also, these restrictions induce a collection of
K-bi-Lipschitz homeomorphisms ∂i : R → R, each of which maps the corresponding

R-factor of the decomposition ĂMu = rΦu × R× · · · × R to the corresponding R-factor of
the decomposition Bu = H0 × R× · · · × R.

By Corollary 1, the homeomorphism ∂1ψu extends to a ψ(K)-bi-Lipschitz homeomor-

phism ψu : rΦu → H0 that is K-bi-Lipschitz on every other boundary component. We
define the homeomorphism ψ′

u as the direct product of the homeomorphism ψu and n−3
homeomorphisms ∂i (i = 2, . . . , n− 2).

Now we construct a map ψM : ĂM → X, where X is a metric space obtained by gluing

the blocks described above. Namely, if the point x lies in the block ĂMv for some vertex
v ∈ V(T0), we define ψM (x) := ψ′

v(x). The map ψM is well defined, because the maps
ψ′
v are compatible with each other.

Proposition 1. The map constructed above is a bi-Lipschitz homeomorphism.

Proof. Let C = max{K,ψ(K)}. From the construction it follows that the map ψ′
u is

C-bi-Lipschitz for each vertex u ∈ V(T0). Suppose that x ∈ ĂMv for some vertex v ∈ V(T )

and y ∈ ĂMu for some vertex u ∈ V(T ). Denote x′ := ψM (x) and y′ := ψM (y).
Let γ be a geodesic between the vertices v and u in the tree T . Denote its consecutive

edges by e1, . . . , ek. Note that a geodesic xy ⊂ ĂM consecutively intersects the hyperplanes

σ1, . . . , σk in the space ĂM that correspond to these edges. Similarly, a geodesic x′y′ ⊂ X
consecutively intersects hyperplanes σ′

1, . . . , σ
′
k in the space X. Moreover, σ′

i = ψM (σi).
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Let zi be an intersection point of the geodesic xy and the hyperplane σi. (We assume
that z0 = x, zk+1 = y.)

Let z′i = ψM (zi). Since for each vertex v the restriction of the map ψM to the block ĂMv

is C-bi-Lipschitz and the points zi and zi+1 (i = 0, . . . , k) lie in the same block, we have

|z′iz′i+1| ≤ C|zizi+1|. Combining all these inequalities, we see that
∑k

i=0 |z′iz′i+1| ≤ C|xy|.
On the other hand, by the triangle inequality we have |x′y′| ≤

∑k
i=0 |z′iz′i+1|. This implies

that |x′y′| ≤ C|xy|. Similarly, |xy| ≤ C|x′y′|. �

Thus, a special type metric can be defined on the universal cover of the orthogonal
graph-manifold. Such a metric has nonpositive curvature in the sense of Alexandrov.

Moreover, for every vertex v ∈ V(T0) the corresponding block ĂMv is isometric to the
direct product of the θ-tree H0 and n− 2 factors R.

We introduce some technical notation that will be required later. For each vertex v

and the corresponding block of ĂMv, we denote by Xv a copy of the corresponding θ-tree.
Moreover, denote by Tv a copy of the tree Tbin naturally (isometrically) embedded in
the surface Xv and considered with the metric described above. Let G′

θ be the isometry
group of the θ-tree. Note that for each vertex v there exists a 2δ-Lipschitz retraction
rv : Xv → Tv equivariant under the action of G′

θ.

Recall that the block ĂMv is a product Xv × R × · · · × R. Denote the projections to
the corresponding factors by p1v, . . . , p

n−1
v .

For each point x ∈ ĂMv, consider the map given by

πx(y) := (y, p2v(x), . . . , p
n−1
v (x)) for every point y ∈ Xv.

We call an orthogonal graph-manifold irreducible if its universal cover ĂM is not a
product of a Euclidean space and the universal cover of a orthogonal graph-manifold of
lower dimension. It suffices to prove Theorem 1 for the irreducible case.

§3. Trees Tc and maps to them

3.1. Construction of trees. Let γ = w1 . . . wk be an oriented path in the tree T0.
Denote by sγ the permutation swk

◦ · · · ◦ sw1
of a well-ordered (n− 1)-element set.

Suppose that vertices u, v ∈ T0 are connected by two oriented paths γ1 and γ2. Note
that sγ1

= sγ2
; therefore, we can define the permutation suv as the permutation sγ along

any path γ between u and v. Furthermore, sv1v3 = sv2v3 ◦ sv1v2 and suv = s−1
vu .

We define a relation ∼ on the set of vertices of T0 as follows: u ∼ v if and only if the
permutation suv fixes the smallest element. It is easy to check that the relation ∼ is an
equivalence relation.

We prove that the relation ∼ splits the set V(T0) into at most n−1 equivalence classes.
Indeed, if this fails, then we can choose n pairwise nonequivalent vertices v1, . . . , vn.
Then, for some different 2 ≤ i, j ≤ n, we have sv1vi(x0) = sv1vj (x0), where x0 is the
smallest element. Then, since svivj (x0) = sv1vj ◦ sviv1(x0) = x0, we have vi ∼ vj , a
contradiction.

Fix a vertex u in the tree T0. Since the manifold M is irreducible, the set of permu-
tations {svu | u, v ∈ V(T0)} is transitive. That is, for each element x of a well-ordered
(n − 1)-element set, there is a vertex v ∈ V(T0) such that svu(x0) = x. It follows that
there are at least n − 1 different equivalence classes. Hence, there are exactly n − 1 of
them.

Denote by C the set of all these classes. We have shown that |C| = n− 1. Given c ∈ C,
note that if u, v ∈ c, then for any vertex v′ ∈ V(T0) we have suv′(x0) = svv′(x0).
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Fix a vertex v ∈ V(T0) and an equivalence class c ∈ C. We construct a tree Tv,c as
follows. If v belongs to c, then we set Tv,c := Tv, see the end of §2. Otherwise, we set
Tv,c := R.

Also, for each vertex v ∈ V(T0) we construct a map rv,c : ĂMv → Tv,c. If v belongs
to c, then we set rv,c := rv ◦ p1v. Otherwise, if v belongs to some class c′ �= c, then we set
rv,c = pkv , where k = suv(x0), u ∈ c, and x0 is the smallest element.

For each class c ∈ C, we construct a tree of Tc as follows. For each pair of adjacent
vertices u, v ∈ V(T0), we say that a point x ∈ Tu,c and a point y ∈ Tv,c are ∼c-equivalent

if there exists a point z ∈ ĂMu ∩ ĂMv such that x = ru,c(z) = rv,c(z) = y.
This relation is well defined. Indeed, for every point x ∈ Tu,c, the preimage r−1

u,c(x) ∩
ĂMu ∩ ĂMv is an (n − 2)-dimensional subspace orthogonal to the coordinate sv′u(x0),
where the vertex v′ belongs to c. Similarly, for each point y ∈ Tv,c, the preimage

r−1
v,c(x) ∩ ĂMu ∩ ĂMv is an (n − 2)-dimensional subspace orthogonal to the coordinate
sv′v(x0). But by the definition of the coordinates sv′u(x0) and sv′v(x0), any two such
subspaces either are disjoint or coincide. This implies the following lemma.

Lemma 2. Let u, v ∈ V(T0) be a pair of adjacent vertices, and let c ∈ C be an equivalence
class. If the points x, x′ ∈ Tu,c and y ∈ Tv,c are such that x ∼c y and x′ ∼c y, then
x = x′.

Extend the relation ∼c by transitivity. This means that we set x ∼c y if and only
if there exists a chain x = x0, . . . , xl = y such that xi ∼c xi+1 and xi ∈ Tvi,c for each
0 ≤ i ≤ l − 1, and the vertices vi and vi+1 are adjacent in the tree T0. From Lemma 2,
it follows that the relation ∼c is an equivalence relation.

Lemma 3. Let c ∈ C be an equivalence class. Fix any pair of vertices u, v ∈ c and
consider points x, y ∈ Tu,c and points x′, y′ ∈ Tv,c such that x ∼c x′ and y ∼c y′. Then
|xy| = |x′y′|.

Proof. Indeed, let u = v0, . . . , vl = v be consecutive vertices of the geodesic between two
vertices u and v in the tree T0. Note that it suffices to consider the case where the vertices
v1, . . . , vl−1 are not in the class c. For each 0 ≤ i ≤ l − 1, denote by σi the common

hyperplane of the blocks ĂMvi and ĂMvi+1
. Let ∂Xu be the boundary component of the

θ-tree Xu corresponding to the hyperplane σ0, and let ∂Xv be the boundary component
of the θ-tree Xv corresponding to the hyperplane σl−1. By the construction of the metric

on the universal cover ĂM , for each interval I0 of the grid on the boundary component
∂Xu, there are segments I1, . . . , Il−2 of the grids on the corresponding R-factors and the
segment Il−1 of the grid on the boundary component ∂Xv such that for each 1 ≤ i ≤ l−1
we have pjvi(Ii−1) = pjvi(Ii), where j = suvi(x0). Note that it suffices to prove the lemma
for arbitrary points x, y ∈ ru,c(I0) ⊂ Tu,c. But for such points we have x′, y′ ∈ rv,c(Il−1);
hence, by the equivariance of the retractions ru and rv, the required identity |xy| = |x′y′|
is satisfied. �

Fix c ∈ C. Define the space Tc as the factor {
⊔
Tv,c | v ∈ V (T0)}/ ∼c. From Lemma 3,

it follows that the resulting space is a metric tree. Moreover, for each vertex v ∈ c the
natural embedding projv,c : Tv,c → Tc is isometric.

Thus, for each c ∈ C we have constructed a tree Tc, which is naturally divided into
blocks Tv,c.

3.2. Maps to trees. In the remaining part of this paper, we regard the product of
|C|+ 1 = n constructed trees T0 ×

∏
c∈C Tc as a metric space with the sum metric. This

means that the distance between two points x, y ∈ T0 ×
∏

c∈C Tc is defined as the sum of
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the distances between their projections to the trees T0, Tc, for each c ∈ C:
|xy| = |x0y0|T0

+
∑
c∈C

|xcyc|Tc
.

We define a map φc : ĂM → Tc by the formula

φc(x) := (projv,c ◦ rv,c)(x),

where x ∈ ĂMv and projv,c is the natural embedding of the tree Tv,c in the tree Tc. The
definition of the maps rv,c and the construction of the tree Tc show that the map φc is

well defined on the intersection ĂMu ∩ ĂMv of each pair of adjacent blocks ĂMu and ĂMv.
The definition of the map rv,c implies that φc is 2δ-Lipschitz. To prove this, it suffices

to show that
|φc(x)φc(y)| ≤ 2δ|xy|,

where x and y belong to the same block ĂMv. This fact follows from the definition of φc.

Define a map φ0 : ĂM → T0 as follows. If x ∈ ĂMv and x /∈ ĂMu for any other vertex

u ∈ V(T0), then we set φ0(x) = v. Otherwise, if x ∈ ĂMu ∩ ĂMv and r(u) < r(v), we set
φ0(x) = u. It is clear that |φ0(x)φ0(y)| ≤ |xy|+ 1.

Let a map φ : ĂM → T0 ×
∏

c∈C Tc be defined by φ := φ0 ×
∏

c∈C φc.
Then

|φ(x)φ(y)| = |φ0(x)φ0(y)|+
∑
c∈C

|φc(x)φc(y)| ≤ (2δ(n− 1) + 1)|xy|+ 1.

§4. Special curves

For a curve γ in a metric space X we denote its length by |γ|. We need the following
lemma.

Lemma 4. Let x, y ∈ ĂM be a pair of points. Then there exists a curve γ ⊂ ĂM between
them such that |γ| ≤ (2δ + 1)|φ(x)φ(y)|+ 2δ.

Proof. Consider vertices u, v ∈ V(T0) such that x ∈ ĂMv, y ∈ ĂMu. We prove the lemma
by induction on the length of the path |uv|T0

.

Base of induction. There exists a vertex v ∈ V(T0) such that x, y ∈ ĂMv. In this case,
the geodesic xy does the job. Indeed,

|xy| =
√
|pv1(x)pv1(y)|2 + · · ·+ |pvn−1(x)p

v
n−1(y)|2,

which does not exceed

2δ +
∑
c∈C

|φc(x)φc(y)| ≤ (2δ + 1)|φ(x)φ(y)|+ 2δ.

Inductive step. Fix vertices u, v ∈ V(T0). Let η0 be a geodesic between u and v in
the tree T0. Choose vertices u′, v′ ∈ η0 such that the vertices u and u′ as well as the
vertices v and v′ are adjacent. Note that either r(u) > r(u′) or r(v) > r(v′). Without
loss of generality, assume that r(v) > r(v′). We may also assume that the point x does

not belong to the block ĂMv′ . In this case φ0(x) = v, and for any point x′ ∈ ĂMv ∩ ĂMv′

we have φ0(x
′) = v′. It follows that |φ0(x)φ0(x

′)| = 1.
Assume that the vertex v belongs to a class c ∈ C. Consider a geodesic η between

φ(x) and φ(y) and denote by ηc its projection to the tree. Note that the curve ηc is a
geodesic between φc(x) and φc(y). We divide the curve ηc into two parts η1c = ηc ∩ Tv,c

and η2c = ηc \ η1c . Let z be the end of the curve η1c different from φc(x).

Recall that πx : Xv → ĂMv is a horizontal embedding such that the image contains
the point x. Next, we assume that the tree Tv,c is naturally embedded in the θ-tree Xv.
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Define a map π′
x as the composition of this embedding and the map πx. Let γc denote the

image of the curve η1c under the map π′
x. We set x0 := π′

x(φc(x)) and x1 := π′
x(z). Then

|xx0| < δ, and there exists a point x2 ∈ ĂMv ∩ ĂMv′ such that x2 ∈ πx(Xv), φc(x2) = z,
and for any c �= c′ ∈ C we have φc′(x2) = φc′(x). Note that |x1x2| < δ and

|φc′(x)φc′(x2)|+ |φc′(x2)φc′(y)| = |φc′(x)φc′(y)|.

On the other hand, since φc(x2) = z, we have

|φc(x)φc(x2)|+ |φc(x2)φc(y)| = |φc(x)z|+ |zφc(y)| = |φc(x)φc(y)|.

Finally, we note that the point φ0(x2) belongs to the geodesic between φ0(x) and φ0(y)
in the tree T0. It follows that

|φ0(x)φ0(x2)|+ |φ0(x2)φ0(y)| = |φ0(x)φ0(y)|.

This means that

|φ(x)φ(x2)|+ |φ(x2)φ(y)| = |φ(x)φ(y)|,

and x2 ∈ ĂMv′ . By induction, there exists a curve γ′ between x2 and y with

|γ′| ≤ (2δ + 1)|φ(x2)φ(y)|+ 2δ.

Consider the curve γ that is the union of the geodesic xx0, the curve γc, the geodesic
x1x2, and the curve γ′. We have

|γ| = |xx0|+ |γc|+ |x1x2|+ |γ′| ≤ 2δ + |γc|+ |γ′| ≤ 2δ + |φc(x)φc(x2)|+ |γ′|,

which by induction does not exceed

2δ + |φ(x)φ(x2)|+ (2δ + 1)|φ(x2)φ(y)|+ 2δ.

We have shown that |φ0(x)φ0(x2)| = 1; therefore,

2δ + |φ(x)φ(x2)| = 2δ|φ0(x)φ0(x2)|+ |φ(x)φ(x2)| ≤ (2δ + 1)|φ(x)φ(x2)|.

So,

|γ| ≤ 2δ + |φ(x)φ(x2)|+ (2δ + 1)|φ(x2)φ(y)|+ 2δ

≤ (2δ + 1)(|φ(x)φ(x2)|+ |φ(x2)φ(y)|) + 2δ,

whence |γ| ≤ (2δ + 1)(|φ(x)φ(y)|) + 2δ. �

Corollary 2. For any points x, y ∈ ĂM we have |xy| ≤ (2δ + 1)|φ(x)φ(y)|+ 2δ.

Applying the above inequalities, we obtain

|xy|/(2δ + 1)− 2δ/(2δ + 1) ≤ |φ(x)φ(y)| ≤ (2δ(n− 1) + 1)|xy|+ 1,

which yields

1/C|xy| − 1 ≤ |φ(x)φ(y)| ≤ C|xy|+ 1

with C = max{2δ + 1, 2δ(n− 1) + 1}. This completes the proof of Theorem 1.
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§5. Asymptotic dimensions

5.1. Definitions. We recall some basic definitions and notation. Let X be a metric
space. We denote by |xy| the distance between x, y ∈ X, and

d(U, V ) := inf{|uv| | u ∈ U, v ∈ V }
is the distance between U, V ⊂ X.

We say that a family U of subsets of X is a covering if for each point x ∈ X there is a
subset U ∈ U such that x ∈ U . A family U of sets is disjoint if each two sets U, V ∈ U are
disjoint. The union U =

⋃
{Uα | α ∈ A} of disjoint families Uα is said to be n-colored,

where n = |A| is the cardinality of A.
Also, recall that a family U is D-bounded if the diameter of every U ∈ U does not

exceed D, diamU ≤ D. An n-colored family of sets U is r-disjoint if for every color
α ∈ A and each two sets U, V ∈ Uα we have d(U, V ) ≥ r.

The linearly-controlled asymptotic dimension is a version of the Gromov asymptotic
dimension asdim.

Definition (Gromov [6]). The asymptotic dimension asdimX of a metric space X is the
smallest integer n such that for each sufficiently large real R there exists an (n+1)-colored,
R-disjoint, D-bounded covering of the space X, where the number D > 0 is independent
of R.

Definition (Roe [9]). The linearly-controlled asymptotic dimension �-asdimX of a met-
ric space X is the smallest integer n such that for each sufficiently large real R there
exists an (n + 1)-colored, R-disjoint, CR-bounded covering of the space X, where the
number C > 0 is independent of R.

From the definition it follows that asdimX ≤ �-asdimX for any metric space X.
Now we show that the fundamental group of an orthogonal graph-manifold satisfies

n ≤ asdim π1(M) ≤ �-asdim π1(M) ≤ n.

5.2. Upper and lower bounds. Recall some properties of the above dimensions.
Let X and Y be metric spaces. If X is quasiisometric to Y , then asdimX = asdimY

and �-asdimX = �-asdimY . If X ⊂ Y , then �-asdimX ≤ �-asdimY . Also, �-asdimX ×
Y ≤ �-asdimX + �-asdimY . Let T be a metric tree; then �-asdimT ≤ 1. The above
properties show that

asdim π1(M) = asdim ĂM ≤ �-asdim ĂM ≤ �-asdim(T0 ×
∏
c∈C

Tc) ≤ n.

On the other hand, since the space ĂM is a Hadamard manifold, we have asdim ĂM ≥ n,
see [5, Theorem 10.1.1].
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