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EXAMPLES OF HAMILTONIAN STRUCTURES

IN THE THEORY OF INTEGRABLE MODELS,

AND THEIR QUANTIZATION

L. D. FADDEEV

To the memory of Vladimir Buslaev

Abstract. A brief survey of certain important examples mentioned in the title and
certain quantization methods.

Volodya Buslaev became my graduate student at the University when I was myself a
Ph.D. student and so could not yet formally be his thesis adviser.

We studied subtle problems of spectral theory for differential operators with continu-
ous spectrum. Shortly afterwards he had found his own way into Mathematics. I believe
he would have liked the topic of this paper. He was always deeply interested in the
quantization problem, and his work on the Maslov canonical operator and generating in-
tegral, see [1], was an important contribution to the study of semiclassical approximation
in quantum mechanics.

The present paper is based on my talks given in autumn 2012, describing several
examples of Hamiltonian structures and their quantization, which arose in the study
of integrable evolution equations in two-dimensional space-time in my joint works with
V. Zakharov, L. Takhtajan, and A. Volkov.

The algebra of observables of classical mechanics is a commutative algebra of functions
f(ξ) on a phase space Γ with local coordinates ξa, equipped with the structure of a Lie
algebra {f, g} satisfying the Leibnitz rule

{f, gh} = {f, g}h+ {f, h}g,
In other words, the Lie bracket is a derivation of the commutative algebra. Such a bracket
is usually called a Poisson bracket or a Poisson structure on the phase space. It is clear
that in local coordinates this bracket is given by

{f, g} = Ωab(ξ)∂af∂bg,

where Ωab(ξ) is an antisymmetric covariant rank 2 tensor constrained by the condition

∂kΩ
abΩkc + ∂kΩ

bcΩka + ∂kΩ
caΩkb = 0,

which ensures the Jacobi identity

{{f, g}, h}+ {{h, f}, g}+ {{g, h}, f} = 0.

The tensor Ωab(ξ) gives the Poisson bracket of coordinate functions,

{ξa, ξb} = Ωab(ξ).
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If the dimension of Γ is even and the matrix Ωab is nonsingular, its inverse Ωab determines
a closed 2-form

Ω = Ωabdξ
a ∧ dξb, dΩ = 0,

and hence Γ becomes a symplectic manifold. The Darboux theorem asserts that an
appropriate local change of variables (ξa) → (pi, qi) reduces this 2-form to

Ω = dpi ∧ dqi.

The variables pi, qi (generalized coordinates and momenta) are called canonical.
Classical dynamics, i. e., time evolution of a classical system is determined by the

equations of motion
df

dt
= {H, f},

where H is a distinguished observable called energy, or Hamiltonian. The triple (Γ,Ω, H)
is called a Hamiltonian structure. Quantization of a Hamiltonian structure, i. e., its non-
commutative deformation, admits no uniform definition and is usually a matter of art.

§1. Examples of Hamiltonian structures

Example 1. Abelian current [2]. The phase space Γ consists of smooth functions p
on the line; the coordinate functions on Γ are evaluation functionals p �→ p(x), −∞ <
x < ∞, with the Poisson bracket

{p(x), p(y)} = δ′(x− y).

The skew symmetry is obvious and the Jacobi identity is trivially true, because the
right-hand side does not depend on p. The functional

Q =

∫ ∞

−∞
p(x) dx

is central with respect to the Poisson bracket.
The simplest Hamiltonian

(1) H1 =
1

2

∫ ∞

−∞
p2(x) dx

leads to the equations of motion

pt(x, t) = −px(x, t),

with the obvious solution
p(x, t) = p(x− t),

so that the evolution amounts to a simple shift of x.
A less trivial Hamiltonian

H2 =
1

2

∫ ∞

−∞

(1
2
p2x + p3

)
dx

leads to the Korteweg–de Vries equation

∂tp = 6ppx + pxxx = 0.

Let us introduce new coordinate functions on Γ via the so-called Miura transform s =
p2 + p′. The Poisson bracket of the evaluation functionals p �→ s(x) is given by

{s(x), s(y)} = 2(s(x) + s(y))δ′(x− y) + δ′′′(x− y).

This Poisson bracket is called the Magri bracket. Gervais [4] noticed that it is a classical
analog of the commutator in the Virasoro algebra, the central extension of the Lie algebra
of vector fields on the line. The term δ′′′(x − y) is associated with the corresponding
2-cocycle.
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Example 2. Liouville model. The phase space Γ consists of pairs of smooth functions
(π, φ) on the line, the canonical coordinates being provided by the evaluation functionals
π �→ π(x), φ �→ φ(x) with the Poisson brackets

{π(x), π(y)} = {φ(x), φ(y)} = 0, {π(x), φ(y)} = δ(x− y).

The Hamiltonian

H =
1

2

∫
(π2 + φ2

x + e2φ) dx

leads to the equations of motion

φtt − φxx + e2φ = 0;

the solutions are parametrized by two arbitrary functions f , g of one variable and are
given by

e2φ = − f ′(x+ t)g′(x− t)(
f(x+ t)− g(x− t)

)2 .
In [5], L. Takhtajan and me computed the Poisson brackets of the associated evaluation
functionals f(x), g(y). For instance, we have

(2) {f(x), f(y)} = ε(x− y)
(
f(x)− f(y)

)2
+ f2(x)− f2(y).

Here ε(x) is the sign function,

ε(x) = 1, x > 0; ε(x) = −1, x < 0.

The skew symmetry is obvious, but the Jacobi identity requires a check; we leave it to
the reader.

The Moebius transformations

f(x) → M(f) =
af(x) + c

bf(x) + d
,

where M =
(
a b
c d

)
is a real unimodular (2 × 2)-matrix, together with the simultaneous

transformation of g, leave the field φ invariant. The Poisson brackets for f(x) given above
are not invariant with respect to these transformations; rather, the action of SL(2,R) is
an example of a Poisson group action: the transformed brackets differ by the contribution
of the Poisson structure on SL(2,R) given by the Sklyanin bracket [6].

We describe a sequence of new variables that are invariant with respect to the sub-
groups generating the projective group SL(2,R), namely, translations, dilations, and
inversions.

We set, respectively,

(1) ξ(x) = f ′(x),

(2) p(x) = − 1
2 (ln ξ)x = − 1

2
ξx
ξ ,

(3) s(x) = p2(x) + p′.

Clearly, ξ is invariant with respect to the translations generated by lower triangular
matrices, while p is invariant with respect both to translations and to scaling transfor-
mations generated by diagonal matrices. Finally, it is easily seen that

s(x) = S(f) =
1

2

(
fxxx
fx

− 3

2

(fxx
fx

)2
)

is the Schwarz derivative of f , which is invariant with respect to all projective transfor-
mations.

The corresponding Poisson brackets have the form

{ξ(x), ξ(y)} = −2ε(x− y)ξ(x)ξ(y),

{p(x), p(y)} = δ′(x− y),
(3)
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and the bracket for s(x) is the Magri bracket, which we already discussed.

§2. Discretization

Quantization of infinite-dimensional algebras of observables is obstructed by numerous
difficulties and requires different regularizations. The case of one-dimensional space, as
in our examples, is not too complicated and is treated usually with the help of “normal
ordering”. However, I prefer the regularization associated with the discretization of the
continuous variable x.

Let Δ be the spacing of a one-dimensional lattice that replaces the real axis. We write
x = nΔ, n ∈ Z, and replace functions ψ(x) with the discrete variables ψn.

We start with a naive discretization of the bracket (2),

{fn, fm} = εmn(fm − fn)
2 + f2

m − f2
n, εmn = 1, m > n; εmn = −1, m < n,

and apply the reduction procedure similar to the steps 1 → 2 → 3 described above. As
it happens, the naive discretization,

ξn = fn+1 − fn,

pn =
ξn − ξn+1

ξn + ξn+1
,

sn = (1 + pn)(pn+1 − 1)

gives satisfactory results. For instance, we get

sn =
(fn+1 − fn)(fn+3 − fn+2)

(fn+2 − fn)(fn+2 − fn−1)
,

which coincides with the cross-ratio of 4 points [fn, fn+1, fn+2, fn+3] and hence is pro-
jective invariant, as expected. A more elegant change of variables at the second step,

wn =
ξn+1

ξn
,

gives

(4) ŝn = (1 + wn)(1 + w−1
n+1) = s−1

n

and leads to a simpler set of Poisson bracket relations,

{wn, wn+1} = −2wnwn+1,

{ŝn, ŝn+1} = ŝnŝn+1 − ŝn − ŝn+1,

{ŝn, ŝn+2} =
ŝnŝn+2

ŝn+1

(5)

(we have listed only nontrivial brackets). As we see, our discretization gives quite self-
consistent formulas.

§3. Quantization

Let us start with the quasilocal brackets (5), which may be regarded as a discrete
version of (3) if we assume that

wn = eΔpn .

Quantization consists in replacing wn by the generators of a noncommutative associative
algebra (which we denote by the same letters) with the commutation relations

(6) wnwn+1 = q2wn+1wn, q = ei�,

where � is the Planck constant. Indeed, as � → 0, formally we have

wnwn+1 = (1 + 2i�)wn+1wn,
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and setting
i[a, b]

�
= {a, b}

we get the Poisson bracket (5). Thus, the commutation relations (6) give a quantization
of (5).

Now we look at the quantum counterpart of the observable H1, which is the Hamil-
tonian of translations. Clearly, its quantum analog K should satisfy

(7) wnK = Kwn−1.

Formally, K must have the form

K = e−iHΔ,

where H is the quantized Hamiltonian, and correspond to an appropriate ordering of
the exponential. Remarkably, our discrete regularization allows us to achieve this goal
exactly. Consider the function θ(w) which satisfies the functional equation

(8)
θ(qw)

θ(q−1w)
=

1

w
,

and put

K =

→∏
θ(wn).

I will not discuss the convergence problem for this product. There are different ways to
do it but here we shall remain on the formal level. To prove (7), we perform the following
obvious calculation. We have

wnθ(wn−1)θ(wn) = θ(q−2wn−1)wnθ(wn)

= θ(wn−1)q
−1wn−1wnθ(wn) = θ(wn−1)qwnwn−1θ(wn)

= θ(wn−1)qwnθ(q
2wn)wn−1 = θ(wn−1)θ(wn)wn−1,

and hence (7) is true.
Note that in passing we have come upon the braid group relations. Namely, put

bn = θ(Wn),

then

bn−1bnbn−1 = bnbn−1bn.

A solution of the functional equation (8) may be found in the form of a power series.
Up to a constant factor, it coincides with the Jacobi theta function

(9) θ(w) =

∞∑
−∞

qk
2

wk.

However, the convergence condition for this series requires that |q| < 1, which contradicts
the fact that the Planck constant is real. We shall discuss a way around this difficulty
in the last section, remaining so far at the formal level.

Now, we discuss the realization of the Miura transform in the quantum case. For this,
we recall that, by a classical Jacobi formula, θ(w) may be written as

θ(w) = r(w)r(w−1),

where r(w) satisfies the functional equation

r(qw)

r(q−1w)
=

1

1 + w
.
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Explicitly, the function r is given by

r(w) =
∏
n

(1 + q2n+1w)

= 1 +

∞∑
n=1

qn(n−1)/2

(q − q−1) . . . (qn − q−n)
wn = exp

∑ (−1)nwn

n(q − q−1)

(10)

and may be regarded as a q-analog of either the exponential or the Γ-function, or the
dilogarithm. Personally, I prefer the third term.

Although the definition of r(w) was probably given even earlier than that of the theta
function, its use in noncommutative analysis is quite recent. Its main property discovered
by Schützenberger [7] can be stated as follows. Let u v be a Weyl pair, i. e.,

uv = q2vu.

Then

(11) r(u)r(v) = r(u+ v).

Schützenberger viewed this formula as a noncommutative analog of binomial identities,
which complies with the interpretation of the Γ-function.

In [2], A. Volkov and me showed that multiplying r(u) and r(v) in the opposite order
yields

r(v)r(u) = r(u+ v + q−1uv).

Using (11) once again, we can transform this formula into the pentagon identity

r(v)r(u) = r(u)r(q−1uv)r(v).

In [8], R. Kashaev and me showed that, in the semiclassical limit, the last formula gives
a well-known 5-term identity for the Euler dilogarithm.

We shall use this relation to define a discrete quantum analog of the Virasoro algebra.
Observe that the factor θ(wn)θ(wn+1) in the definition of K may be written as

θ(wn)θ(wn+1) = r(w−1
n )r(wn)r(w

−1
n+1)r(wn+1)

= r(w−1
n )r(wn + w−1

n+1 + q−1wnw
−1
n+1)r(wn+1).

Hence, K may be written in an equivalent form

K =
→∏

r(sn),

where

sn = wn + w−1
n+1 + q−1wnw

−1
n+1.

Clearly, this formula gives a natural quantization of the classical formula (4). This
definition of the quantum discrete Virasoro algebra was given in [5]. A. Volkov [9] showed
that the generators dn = r(sn) satisfy the following system of relations:

dn+1dn−1dndn+1 = dn−1dn+1dn,

dndn−1dn+1 = dn−1dndn+1dn−1.

Their group theoretical meaning still remains to be clarified.



EXAMPLES OF HAMILTONIAN STRUCTURES 301

§4. Modular double

As has already been noticed, the above arguments have a serious deficiency: formulas
(9) and (10) make sense only for |q| < 1, while the quantum origin of the parameter q
requires rather that |q| = 1. A way out of this impasse can be found by using a different
choice of solutions of these functional equations. The development of this approach has
already a 15-years history, which was started by my papers [10, 11]. We give a brief
description of these results.

We write wn as
wn = epn .

Relations (6) are equivalent to the commutation relations

[pm, pn] = 2ih(δm,n+1 − δm+1,n),

which may be regarded as a quantization of the Poisson bracket relations (2). A new
solution of the functional equations (9) and (10) is given by the following functions:

θ(w) = eip
2/4�,

r(w) = exp−1

4

∮ ∞

−∞

eipt

shπt sh �t

dt

t
.

In the integral above the integration contour passes above the pole at t = 0. A remarkable
property of these formulas consists in their invariance with respect to the transformation

p → p̃ = π/�, h → h̃ = π2/�.

The operators
w̃n = ep̃n

satisfy a set of relations totally similar to (6),

(12) wnwn+1 = q̃2wn+1wn,

but with a different constant q̃ = eπ
2/�; moreover, these operators commute with the

operators wn. At the same time, the operator K built with the help of this new function
θ(w) serves the two sets of generators, because

w̃nK = Kw̃n−1.

I have called the algebra generated by two sets of mutually commuting generators wn

w̃n satisfying relations (6) and (12), respectively, their modular double. The general
properties of the modular double and its role in the explanation of various important
dualities are now getting more and more clear. But this is already another story.
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