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MONODROMIZATION METHOD IN THE THEORY

OF ALMOST-PERIODIC EQUATIONS

A. A. FEDOTOV

Dedicated to the memory of Vladimir Savel’evich Buslaev

Abstract. The basic ideas of the monodromization method, i.e., a renormalization
approach to the study of one-dimensional two-frequency quasiperiodic equations, as
well as the main results obtained with its help, are described.

§1. Introduction

Creation of the monodromization method was stimulated by papers of B. Helffer and
J. Sjöstrand (see, e.g., [31]) devoted to the investigation of the spectrum geometry for
the Harper equation

(1.1)
ψ(x+ h) + ψ(x− h)

2
+ cosxψ(x) = Eψ(x), h > 0, x ∈ R.

This equation appears in the solid state physics in the study of the spectrum of a Bloch
electron in a crystal placed in a magnetic field in the cases where the magnetic field is
weak, where it is strong, where the problem can be studied in the quasiclassical approx-
imation, and so on; see [30] and the references therein. The interest to this equation
increased especially thanks to Hofstadter’s paper [33], where its spectrum was computed
numerically for a series of values of h in the set 2πQ. Hofstadter illustrated his results
by Figure 1, which became famous and is called now Hofstadter Butterfly (we borrowed
this figure from [30]).

In this figure, the ordinates represent the values of h/2π ∈ (0, 1), the abscissas are the
values of the spectral parameter E ∈ [−2, 2], and, along the lines h/2π = const, one sees
the spectra of (1.1). Though, for any rational h/2π, the spectrum has a band structure
usual for differential equations with periodic coefficients, the Hofstadter Butterfly led to
the conjecture that the spectrum must be a Cantor set for h �∈ 2πQ.

Among the papers of the physicists who tried to explain this Cantor structure, Wilkin-
son’s paper [36] stands out. In that paper, for the first time, this structure was explained
very clearly (for mathematicians). Wilkinson used a heuristic renormalization procedure,
which indicated that appropriate pieces of the spectrum, when “looked at under a micro-
scope”, can be described approximately as the spectra of Harper equations with new h.
In their papers, B. Helffer and J. Sjöstrand turned this heuristics into a rigorous analysis
based on the pseudodifferential operator theory techniques. Their renormalization pro-
cedure is asymptotic; it was used in the cases where the number h/2π can be developed
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Figure 1. Hofstadter Butterfly

in an infinite continued fraction,

(1.2)
h

2π
=

1

n1 +
1

n2 +
1

n3 +
1

. . .

, nk ∈ N for all k,

with sufficiently large n1, n2, n3, . . . . Vladimir Buslaev was inspired by talks of Bernard
Helffer and Johanes Siöstrand and offered me to work on Harper’s equation together.
His point of view was that the problem is full of intriguing surprises and, being one-
dimensional, can be analyzed more efficiently without the pseudodifferential operator
theory techniques usual for many-dimensional problems.

Equation (1.1) is invariant with respect to the 2π-translations. Therefore, to investi-
gate it, it seems natural to try to follow the way well-understood in the case of ordinary
differentional equations with periodic coefficients. To study the spectra of ordinary dif-
ferential equations, one constructs solutions having the simplest behavior at infinity. In
the periodic case, these are Bloch solutions, i.e., those invariant up to a constant factor
with respect to the translation by the period of the equation coefficients. To construct
Bloch solutions, one fixes a basis for the space of solutions of the equation in question
and calculates the corresponding monodromy matrix, i.e., the matrix representing the
translation operator. Then, one diagonalizes this matrix (if possible). This diagonaliza-
tion corresponds to a change of the basis; the matrix becomes diagonal when the basis
consists of Bloch solutions. The behavior of the Bloch solutions at infinity (exponential
growth, boundedness) is determined by the absolute value of the trace of the monodromy
matrix. This leads to the well-known band structure of the spectra of ordinary differential
equations with periodic coefficients.

For difference equations on the real axis, the space of solutions is richer than for
differential ones. For (1.1), it is a two-dimensional module over the ring of h-periodic
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functions. As a result, the construction of Bloch solutions cannot be reduced to the
spectral analysis of a constant matrix and leads to an infinite series of difference equations
of the same type as the input one. A dynamical system arises (infinite-dimensional, in
general); it calculates the coefficients of each equation of this series in terms of the
coefficients of the preceding one. One can say that the appearance of such a dynamical
system reflects the Cantor structure of the spectra of difference equations with periodic
coefficients. The leading idea of the monodromization method is to analyze properties
of the input equation by analyzing properties of this dynamical system.

Note that the monodromization method leads to an exact renormalization procedure,
rather than to an asymptotic one.

The monodromization method, which initially was suggested in [13] for a study of
difference equations with periodic coefficients on the real axis, turned out to be an ef-
ficient tool for studying both difference and differential one-dimensional two-frequency
quasiperiodic equations. The first part of the present review is devoted to the case of
difference equations on the real axis. There, at the beginning, we describe the basic
constructions of the method, then we discuss families of equations the analysis of which
leads to finite-dimensional dynamical systems, and finally, we describe application of this
approach to the study of the Harper equation, and in particular, to the proof of the fact
that, in the case treated by Helffer and Sjöstrand, its spectrum is a Cantor set. The
second part of the review is devoted to the extension of the method to the case of differ-
ential two-frequency quasiperiodic equations. Here, we talk also about results obtained
in the adiabatic situation, i.e., in the case where one of the periods of the equation is
much greater than the other one. In the last, third part of the review, we turn to the
case of difference equations on Z.

§2. Difference equations on the real axis

In this section, we discuss equations of the form

(2.1) Ψ (x+ h) = M (x)Ψ (x), x ∈ R,

where M is a given 1-periodic matrix-valued function,

(2.2) M (x+ 1) = M (x), M (x) ∈ SL (2,C),

and h > 0 is a fixed number,

(2.3) 0 < h < 1.

2.1. Space of solutions, monodromy matrices, Bloch solutions, monodromiza-
tion. Here we follow [13, 14] to describe the basic ideas of the monodromization method.

2.1.1. Space of solutions. Obviously, for any matrix solution Ψ of (2.1) we have

(2.4) detΨ(x+ h) = detΨ(x), x ∈ R.

We say that a matrix solution Ψ of (2.1) is fundamental if its determinant is independent
of x and nonzero.

Note that, to construct a fundamental solution, it suffices to define it arbitrarily on a
half-open interval of length h (e.g., on the interval 0 ≤ x < h), and then, to define its
values outside of this interval directly with the help of equation (2.1).

It can be shown that a matrix function Ψ̃ : R → GL(2,C) is a solution of (2.1) if and
only if it can be represented in the form

(2.5) Ψ̃ (x) = Ψ (x) · p (x), x ∈ R,

where p is an h-periodic matrix-valued function, and Ψ is a fundamental solution.
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Remark 2.1. This representation implies that the space of solutions of (2.1) is a module
over the ring of h-periodic functions.

2.1.2. Monodromy matrix. Let Ψ be a fundamental solution of (2.1). Recall that, in this
equation, the matrix M is 1-periodic. Therefore, the function x → Ψ(x+1) is a solution
of (2.1) simultaneously with Ψ, and we can write

Ψ (x+ 1) = Ψ (x) · p (x), p(x+ h) = p(x), x ∈ R.

The matrix
M1(x) = pt(hx),

where t denotes transposition, is called the monodromy matrix corresponding to the
fundamental solution Ψ.

Note that, by construction, the monodromy matrix is 1-periodic, and that its defini-
tion and the definition of a fundamental solution imply that the monodromy matrix is
unimodular,

(2.6) M1(x+ 1) = M1(x), detM1(x) = 1, x ∈ R.

Remark 2.2. In early papers, the h-periodic matrix p(x) was called the monodromy
matrix. It turns out to be more natural to consider 1-periodic monodromy matrices.

2.1.3. Bloch solutions. A fundamental matrix solution χ of (2.1) is called a Bloch solution
if the corresponding monodromy matrix is diagonal,

(2.7) Ψ (x+ 1) = Ψ (x) · Γ(hx), Γ =

(
γ 0
0 1/γ

)
.

The diagonal elements of Γ are called Floquet multipliers. The Floquet multipliers are
1-periodic.

Remark 2.3. The above definitions of a monodromy matrix and of a Bloch solution gener-
alize the standard definitions from the theory of periodic ordinary differential equations:
since now the space of solutions is a module over a ring of periodic functions, all the
constants in the standard definitions are replaced by periodic functions.

We say that a Bloch solution is monotonous if one of its Floquet multipliers satisfies
an inequality of the form

(2.8) |γ(x)| ≥ c > 1, x ∈ R,

with a constant c.
Note that a column of a matrix solution of (2.1) is a vector solution of this equation.

One of the columns of the monotonous Bloch solution increases exponentially as x → +∞
and decreases as x → −∞, and the other one decreases as x → +∞ and increases as
x → −∞.

2.1.4. Monodromization. Let h1 be the Gauss transform of the number h,

(2.9) h1 =

{
1

h

}
,

where {x} denotes the fractional part of x ∈ R. Note that h1 = 0 if and only if h = 1/q,
q ∈ N. In this section, we assume that h1 �= 0.

Together with (2.1), consider the difference equation

(2.10) Ψ1(z + h1) = M1(z)Ψ1(z), x ∈ R,

where M1 is the monodromy matrix corresponding to a fundamental solution Ψ of (2.1).
We say that (2.10) is obtained from (2.1) via monodromization; we call (2.10) a mon-
odromy equation.
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The monodromy equation is similar to the input one: the matrices M and M1 are
both unimodular and 1-periodic. It turns out that there are deep relationships between
these two equations. In particular, to construct a Bloch solution for the input equation,
it suffices to construct a Bloch solution for the monodromy equation. We formulate the
exact statement.

Assume that χ1 is a Bloch solution of the monodromy equation, i.e.,

(2.11) χ1(x+ 1) = χ1(x) · Γ1(x/h1),

where Γ1 is a 1-periodic diagonal matrix. Let ε1 : R → SL(2,C) be a diagonal matrix
such that

(2.12) ε1(x+ 1) = ε1(x) · Γ1(x/h1).

Then, χ1 can be represented in the form

(2.13) χ1(x) = Φ1(x) · ε1(x),
where Φ1 : R → SL(2,C) is a 1-periodic matrix,

(2.14) Φ1(x+ 1) = Φ1(x).

Remark 2.4. The matrices Φ1 and ε1 are defined not uniquely.

The definitions imply the following statement.

Theorem 2.1 ([13]). Let Ψ be a fundamental solution of (2.1), and let χ1 be a Bloch
solution of the corresponding monodromy equation. Represent χ1 in the form (2.13).
Then, the matrix function defined by the formula

(2.15) χ(x) = Ψ(x) · σ · Φ1(x/h), σ =

(
0 −1
1 0

)
,

is a Bloch solution of (2.1), and its monodromy matrix is given by

(2.16) Γ(x) = ε1(x) · ε−1
1 (x+ h1).

Note that (2.12) and (2.16) allows us to relate the Floquet multipliers for the Bloch
solutions of the monodromy equation to those of the input equation.

Corollary 2.1. If the monodromy equation has a monotonous Bloch solution, then there
exists a monotonous Bloch solution of the input equation.

In [13, 14], the authors described other relationships between the input difference
equation and the monodromy equation.

2.1.5. Monodromization procedure for the irrational numbers h. Assume that the number
h is irrational. Then its Gauss transform h1, see (2.9), also is an irrational number in
the interval (0, 1).

As has already been mentioned, the monodromy matrixM1 is unimodular and 1-perio-
dic, like the matrix M in the input equation.

Assume that we have fixed a way to construct fundamental solutions for all the equa-
tions of the form (2.1) with 1-periodic functions M : R → SL(2,C). Then, monodromiza-
tion can be viewed as a map acting in the set of all the couples (h,M), where h ∈ (0, 1)\Q,
and M is an SL(2,C)-valued 1-periodic function.

In the framework of the monodromization method, one studies the dynamical systems
determined by monodromization maps.

Calculation of a trajectory of such a dynamical system is a monodromization proce-
dure.
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For irrational h, a monodromization procedure is related to the infinite sequence of
difference equations

(2.17) Ψk(z + hk) = Mk(z)Ψk(z), x ∈ R, k = 0, 1, 2, 3 . . . ,

where, for k > 0, Mk is a monodromy matrix for the (k− 1)th equation, hk is the Gauss
transform of the number hk−1, and

M0 = M, h0 = h.

Initially, the monodromization method was developed for the study of the spectrum
geometry for the difference Schrödinger equation

(2.18)
ψ(x+ h) + ψ(x− h)

2
+ v(x)ψ(x) = Eψ(x), x ∈ R,

where v is a 1-periodic function (potential) and E is the spectral parameter (energy).
Equation (2.18) is equivalent to (2.1) with the matrix

(2.19) M(x) =

(
2E − 2v(x) −1

1 0

)
,

and so, to study (2.18), one can use the monodromization method. The initial idea of
the method was to prove that the trajectories of the dynamical system defined by a
monodromization map remain bounded if E belongs to the spectrum of (2.18), and that
they go to infinity when E is in the resolvent set. This idea appeared and was employed
successfully in the course of the Harper equation quasiclassical analysis, described in
Subsection 2.3.

To conclude this section, note that the sequence {hk} is related to the continued
fraction representation of the number h0 = h; it can easily be seen that

h =
1

n1 +
1

h1

=
1

n1 +
1

n2 +
1

h2

= . . .
1

n1 +
1

n2 +
1

n3 +
1

. . .

,(2.20)

nk ∈ N for all k.

If h is irrational, the continued fraction is infinite.

2.1.6. The case of rational numbers h. Let h be rational. In this case, like for ordinary
differential equations with periodic coefficients, we can reduce the problem of constructing
Bloch solutions for the input equation to calculation of the eigenvalues and eigenvectors
of a two-by-two matrix. Let us discuss this in more detail.

For a rational h, the continued fraction (2.20) is finite and, when calculating consec-
utively the numbers h1, h2, h3 . . . , we find out that, for an L ∈ N, the number hL equals
zero. Consider the last monodromy matrix ML. Assume that ML(x) is diagonalizable
for all x. The equation for its eigenvalues and eigenvectors can be written in the form

ΦL(x) · ΓL(x) = ML(x) · ΦL(x),

where ΓL(x) is a diagonal unimodular matrix. We may assume that detΦL ≡ 1 and that
the matrix-valued functions ΦL and ΓL are 1-periodic simultaneously with ML. In terms
of ΦL, we can easily construct a Bloch solution of the (L− 1)st monodromy equation,

χL−1(x) = ΨL−1(x) · σ2 · ΦL(x/hL−1).

Having constructed a Bloch solution of the (L− 1)st monodromy equation, it is easy to
construct a Bloch solution of the input equation with the help of Theorem 2.1.
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2.2. The case of finite-dimensional dynamical systems. In the most general case,
a monodromization map leads to an infinite-dimensional dynamical system. In [17], we
showed that if the matrix M is a trigonometric polynomial, then a fundamental solution
of (2.1) can be chosen so that the corresponding monodromy matrix is a trigonometric
polynomial of the same order. We describe briefly this result in a form convenient for
this paper.

2.2.1. Conditions on the coefficients of M . Let f be a 1-periodic trigonometric polyno-
mial, and let

f (z) = f−me−2πimz(1 + o (1)), f−m �= 0, z → +i∞,

f (z) = fle
2πilz(1 + o (1)), fl �= 0, z → −i∞.

Then we write

nu(f) = m, fu = f−m, nd(f) = l, fd = fl.

Denote by τm,l, m, l ∈ N∗, the set of trigonometric polynomials such that nd(f) ≤ l,
nu(f) ≤ m. Fix n ∈ N. Denote by Ω (n) or simply by Ω the set of functions M : C →
SL (2,C) for which

M11 ∈ τn,n, M12 ∈ τn,n−1, M21 ∈ τn−1,n, M22 ∈ τn−1,n−1,

nu(M11) = nd(M11) = n.

We are going to consider (2.1) with M ∈ Ω(n) (some statements of [17] were formulated
for a wider set of matrices).

To find a fundamental solution for which the monodromy matrix is a trigonometric
polynomial, we need to consider solutions of equation (2.1) on the complex plane. To
underline this, we shall denote the variable of the equation by z, z = x + iy, x, y ∈ R.
Equation (2.1) is invariant with respect to multiplication (of its solutions) by e2πmiz/h,
m ∈ Z. Therefore, as y → ±∞, its solutions can grow as quickly as desired. The
monodromy matrix turns out to be a trigonometric polynomial of the same order as the
matrix M in the case where the fundamental solution is an entire function and has the
minimal growth for y → ±∞. We begin with describing such solutions.

2.2.2. Solutions with the simplest behavior as y → ±∞. We define the minimal entire
solutions in terms of the “simplest” solutions existing for large |y|. Theorems 1.1a and
1.1b in [17] imply the following claim.

Theorem 2.2. Let Y > 0 be sufficiently large. Then:
• in the half-plane y ≥ Y , equation (2.1) has two analytic vector solutions U± the first
components of which admit the following asymptotic representations as y → +∞:

U±
1 (z) = e±

πi
hn (n z+φu)

2+πi(n−nu(M12)) z+o (1), φu =
i ln(M11)u

2π
− hnu(M12)

2
;

• in the half-plane y ≤ −Y , equation (2.1) has two analytic vector solutions D± the first
components of which admit the following asymptotic representations as y → −∞:

D±
1 (z) = e±

πi
hn (nz+φd)

2−πi(n−nd(M12)) z+o (1), φd = − i ln(M11)d
2π

− hnd(M12)

2
;

• the matrix solutions U and D built from U± and D±,

U =
(
U+, U−) and D =

(
D+, D−) ,

are fundamental Bloch solutions.
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Remark 2.5. a. The numbers φd and φu are defined modulo 1. Fixing them in different
ways, we arrive at different couples D and U .

b. The second component of a vector solution can be recovered in terms of the first
with the help of (2.1).

The fundamental solutions D and U are said to be canonical.

2.2.3. Minimal entire solutions. For sufficiently large y, an arbitrary entire matrix solu-
tion of (2.1) admits the representation

(2.21) ψ (z) = U(z)Pu(z),

where Pu is an h-periodic analytic matrix-valued function. Similarly, for sufficiently
large −y,

(2.22) ψ (z) = D(z)Pd(z)

with an analytic h-periodic matrix-valued function Pd. The next statement follows from
Theorem 1.2 in [17].

Theorem 2.3. Fix canonical solutions U and D so that

(2.23) φu − φd �= ±(1/2 + h+ 2hl +m), l,m ∈ N∗.

There exists an entire matrix solution ψ of (2.1) such that

(2.24) Pd(z) →
(
ad cd
0 dd

)
, y → −∞, Pu(z) →

(
au cu
bu 0

)
, y → +∞,

where ad, cd, dd and au, bu, cu are complex numbers.

Let us discuss the solution ψ described in this theorem. The theorem implies that
detψ(z) is independent of z, detψ(z) = −bucu detU = addd detD. Thus, if, for example,
bucu �= 0, then the solution ψ is fundamental.

If ψ is fundamental, ad and cu are nonzero. The product ψ

(
1/ad 0
0 −1/cu

)
is yet

another entire fundamental solution. For this new solution we have

(2.25) Pd(z) →
(
1 cd
0 dd

)
, y → −∞, Pu(z) →

(
au −1
bu 0

)
, y → +∞,

with new constants cd, dd, au, and bu. It can easily be proved that there is only one
entire solution of (2.1) for which Pd and Pu satisfy (2.25).

In accordance with Subsection 1.12 in [17], the matrices M ∈ Ω can be parametrized
by the constant coefficients of the trigonometric polynomials M11 and M12. Then, Ω
becomes an analytic manifold, and, for a generic M ∈ Ω, the coefficients au bu, cu and
ad, cd, dd do not vanish.

2.2.4. A matrix family invariant with respect to a monodromization. Now, we are ready
to formulate the main result of Subsection 2.2.

Theorem 2.4. If the solution ψ described in Theorem 2.3 is fundamental, then the
corresponding monodromy matrix belongs to the set Ω(n).

Note that the Fourier coefficients of the monodromy matrix in this theorem can be
calculated in terms of the Fourier coefficients of the matrices Pu and Pd in (2.21)–(2.22)
and the Floquet multipliers of the Bloch solutions U and D.

Since there is no constructive description of the exceptional set of the matrices M ∈
Ω for which the solution ψ fails to be fundamental, additional analysis is required to
apply this theorem to a particular equation. The example of the Harper equation shows
that this theorem can be used as the a base for investigations of difference Schrödinger
equations with trigonometric polynomial potentials.



MONODROMIZATION METHOD IN THE THEORY OF ALMOST-PERIODIC EQUATIONS 311

2.3. Harper equation. In this section, we turn to the Harper equation (1.1). To apply
the constructions described in the preceding sections, we make the change of variables
x := x

2π , h := h
2π and pass to the equivalent equation (2.1). The matrix M in this

equation is described by formula (2.19) with v(x) = cos(2πx), and thus, M ∈ Ω(1). We
call the newly obtained equation the matrix Harper equation.

First, we discuss a family of monodromy matrices arising in the course of a mon-
odromization procedure for the matrix Harper equation; then we describe a relationship
between the spectral properties of the Harper equation and the properties of the dy-
namical system appearing in the course of renormalizations; and finally, we quote the
quasiclassical asymptotics for the coefficients of the monodromy matrices (asymptotics
for the case where all the quotients in the continued fraction (2.20) representing the
number h are large) and explain how these results lead to a constructive description of
the Cantor structure of the spectrum of the Harper equation.

2.3.1. A monodromy matrix for the Harper equation. As was mentioned above, the con-
structions of Subsection 2.2 are conditional: one needs to check that the matrix solution
ψ described in Theorem 2.3 is fundamental. In [15], the case of the matrix Harper
equation was studied, and it was clarified when the corresponding matrix solution ψ
is fundamental (the result was formulated in terms of solutions of the Harper equation
itself). We briefly describe the results of [15].

Denote by Ah the set of functions that are defined on R and admit analytic continu-
ation into the strip | Im y| ≤ h.

In Ah, we consider the problem

(2.26)

{
1
2 (ψ(x+ ih) + ψ(x− ih)) + cosh (2πx)ψ(x) = τψ(x),

ψ(x) → 0 as x → ±∞,

where τ ∈ C is a complex parameter. This problem has solutions only for a discrete set
of τ situated on the half-line τ > 2 and accumulating to +∞. We denote the points of
this set by tn, n = 1, 2, . . . , with tn+1 ≥ tn. Problem (2.26) can be interpreted as the
eigenvalue problem for a selfadjoint operator in L2(R).

Furthermore, in Ah we consider the problem

(2.27)

⎧⎪⎨⎪⎩
1
2 (ψ(x+ ih) + ψ(x− ih))− cosh (2πx)ψ(x) = σψ(x), x ∈ R,

ψ ∼ b e−πx e−iπx2/ h, x → +∞,

ψ ∼ c eπx e−iπx2/ h, x → −∞,

where σ ∈ C is a complex parameter, and b and c are some constants determined by the
unknown function ψ. This problem has solutions only for a discrete set of σ situated
on the imaginary axis in the upper half-plane and accumulating to +i∞. We denote
the points of this set by isn, n = 1, 2, . . . , with sn+1 ≥ sn. Problem (2.27) admits no
natural selfadjoint interpretation.

Problems (2.26) and (2.27) were introduced in [15], and the properties of the numbers
{sn} and {tn} were investigated in detail in [16]. In particular, it was shown that

|sn|, |tn| ∼ eπ
√
nh as n → ∞.

Consider the matrix Harper equation, its canonical fundamental solutions U and D
with φu = φd = −1/2, and the corresponding matrix solution ψ described in Theorem 2.3.
In [15], it was shown that (below we use the terminology of Subsection 2.2)
• if E �∈ C \ ({−tn} ∪ {isn}), then the solution ψ is fundamental;
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• if, moreover, ψ is normalized by the conditions (2.25), then the corresponding mon-
odromy matrix is of the form

(2.28) M (x,w) =

(
1−s2−t2

st − 2 cos(2πx) s+ t e−2πix

−s− te2πix st

)
,

where w = (s, t) ∈ C2 is independent of x.
Some properties of the quantities s and t regarded as functions of the spectral param-

eter E were described in detail in [16]. Here, we only mention that

(2.29) t(E) = i
∏
n≥1

1− E/tn
1 + E/tn

, s(E) = −ieiπ / 2h
∏
n≥1

1− iE/sn
1 + iE/sn

.

Note that the spectrum of the Harper equation is situated on the interval [−2, 2]. The
representations (2.29) imply that, on this interval, |s(E)| = 1 and t(E) ∈ iR+.

2.3.2. The family of matrices appearing as a result of monodromizations of the matrix
Harper equation. In Subsection 7.2 in [17], there is a description of the set of matrices
arising in the course of a monodromization procedure for the matrix Harper equation.
We formulate this result here.

Let H be the subset of Ω (1) consisting of all matrices M that satisfy the additional
condition M21(x) = −M12(−x). We can turn H into a two-dimensional manifold. To
describe the choice of the local coordinates on H, we denote by s and t the Fourier
coefficients of M12, M12(x) = s + te−2πix. For s, t �= 0, as a local coordinate w we
choose the couple (s, t). The corresponding matrix-valued functions fromH are described
by (2.28). Let

(2.30) E(w) = (s− 1/s)(t− 1/t)

2
.

Clearly, the quantity 2E(w) is the zeroth Fourier coefficient of the trace of the matrix
M(x,w). The condition t = 0 defines two curves γ± on H along which s = ±1. In a
neighborhood of each of them, as a local coordinate we choose the pair (E , t).

Note that, along the curves γ±,

(2.31) M(x, w) =

(
2E − 2 cos(2πx) ±1

∓1 0

)
.

We see that the matrix of the matrix Harper equation and the monodromy matrix con-
structed for this equation as described in the previous section both belong to H.

Consider equation (2.1) with M ∈ H, its canonical fundamental solutions D and U
with

φd = −1

2
− h

2
nd(M12), and φu = −1

2
− h

2
nu(M12),

and the corresponding solution ψ described in Theorem 2.3. Theorem 7.4 in [17] implies
the following statement.

Theorem 2.5. Assume that the solution ψ is fundamental and that it satisfies the nor-
malization condition (2.25). Then the corresponding monodromy matrix belongs to H.

Up to determining conditions under which the solution ψ is fundamental, this the-
orem shows that, for the matrix Harper equation, the monodromization map can be
constructed as a map acting in ((0, 1) \Q)×H.
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2.3.3. The spectrum of the Harper equation in the quasiclassical case. Formally, the
Harper equation can be rewritten as(

cos
h

i

d

dx
+ cosx

)
ψ(x) = Eψ(x).

Now, h enters this equation as a factor in front of the derivative d/dx, i.e., as a standard
quasiclassical parameter. In this section, following [13] in essential, we discuss the ge-
ometry of the spectrum of Harper equation in the quasiclassical case, i.e., when all the
numbers hk arising in the course of the monodromization procedure are small.

The locus of the spectrum can be described in terms of the dynamical system deter-
mined by the monodromization map. In the quasiclassical case, properties of this map
can be understood sufficiently well. This makes it possible to arrive at a constructive
description of the geometry of the spectrum.

Theorem 2.5 is the base for the investigations, but the study does not reduce to this
theorem: to simplify the analysis, some symmetry properties should be employed.

2.3.4. Conditions under which the matrix solution constructed in Theorem 2.5 is funda-
mental. Consider equation (2.1) with a matrix M ∈ H:

(2.32) Ψ(x+ h) = M(x,w)Ψ(x), x ∈ R.

Let S be the subset of H consisting of all matrices with

(2.33) w ∈ S = {s ∈ C, |s| = 1, t ∈ iR}.
The matrix of the matrix Harper equation and the monodromy matrix constructed for
it with the help of Theorem 2.5 both belong to S. One can say that this reflects the
self-adjoitness of the input problem.

Consider the function E defined by formula (2.30). Clearly, it takes real values on S.
Theorem 3.1 in [13] can be formulated in the following way.

Theorem 2.6. Fix numbers c1, c2, and c3 so that −2 < c2 < c3, c1 > 0. If h is
sufficiently small, then, under the conditions

(2.34) |t| ≤ c1 and − 2 < c2 ≤ E(w) ≤ c3,

the solution ψ of equation (2.32) constructed as in Theorem 2.5 is fundamental. The
corresponding monodromy matrix M1 belongs to S: M1 = M(· , w1), w1 ∈ S. Moreover,
w1 = f(w, h) smoothly depends on w and h.

Thanks to the symmetry properties of equation (2.32), as described below, condi-
tions (2.34) do not present any obstruction for the analysis.

2.3.5. Conditions under which equation (2.1) has a monotonous Bloch solution. Like
for one-dimensional differential Schrödinger equations, for difference ones we can easily
prove that if, for a given value E of the spectral parameter, the equation has two linearly
independent solutions ψ±, ψ+ decreases exponentially as x → +∞, and ψ− decreases
exponentially as x → −∞, i.e., if |ψ±(x)| ≤ C1e

−C2|x|, ±x > 0, with some positive
constants C1 and C2, then E in question is outside of the spectrum. This reduces the
location of the spectrum (more precisely, of its complement) to constructing monotonous
Bloch solutions. We use the following claim.

Theorem 2.7. Consider equation (2.32) with w ∈ S. Fix c1 > 0 and c3 > 2. If h is
sufficiently small, then, under the conditions

|t| ≤ c1 and 2 < c3 ≤ |E(w)|,
equation (2.32) has a monotonous Bloch solution.
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By the time of writing the paper [13], the definition of a Bloch solution formulated in
Subsection 2.1.3 was not yet worked out. Therefore, the existence of the Bloch solutions
with constant monodromy matrices was studied. This led to some additional conditions
on the number h. Theorem 12.1 in [19] describes conditions guaranteeing the existence of
monotonous Bloch solutions for a wide set of difference equations. This general theorem
implies Theorem 2.7.

As has already been mentioned, to analyze equation (2.32) we use its internal sym-
metries. Define two maps acting in S by the formulas

jh w ≡ jh (s, t) =

(
−eiπh

s
, −1

t

)
, t �= 0,

and

τ w ≡ τ (s, t) = (s, −t) .

Lemmas 3.2–3.3 in [13] immediately imply the next assertion.

Theorem 2.8. Equations (2.32) with the parameters equal to w, jh(w), and τ (w) admit
monotonous Bloch solutions simultaneously.

2.3.6. Symmetries, renormalizations and the spectrum. Put

|w|h =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
w if |t| ≤ 1, E(w) ≥ 0,

jh(w) if |t| > 1, E(jh(w)) ≥ 0,

τ (w) if |t| ≤ 1, E(w) < 0,

τ jh(w) if |t| > 1, E(jh(w)) < 0.

The map w → |w|h sends w ∈ S to the subset of S where |t| ≤ 1, and E(w) ≥ 0.

Theorem 2.9. Fix c > 0. There exists N > 0 such that if all the quotients nk of
the continued fraction (2.20) are greater than N , then the entire spectrum of the Harper
equation is a subset of the set Σ(h) ⊂ [−2, 2] on which

(2.35) E(wl(E)) ≤ 2 + c, l ∈ N,

where

(2.36) wl+1 = |f(wl, hl)|hl+1
, l ≥ 1, w1 = |(s(E), t(E))|h1

,

s(E) and t(E) are the coefficients of the monodromy matrix (for the matrix Harper equa-
tion) described in Subsection 2.3.1, and w → f(w, h) is the map described in Theorem 2.6.

Remark 2.6. a. The conditions on nk single out an uncountable set of numbers h ∈ [0, 1].
Though this set is of zero Lebesgue measure, it contains both irrational numbers “well
approximable” by rational numbers and the “most irrational” algebraic numbers.

b. We discuss the consistency of the definition of {wl}. First, we explain what
determines the choice of the number N in Theorem 2.9. Note that the conditions nk > N ,
k ∈ N, imply that all the numbers hk appearing in the course of the monodromization
procedure are less than 1/N . The number N is chosen so that, for 0 < h < 1/N , the
two Theorems 2.6 and 2.7 can be used with c1 = 1, c2 = 0, and c3 = 2 + c. Turning
back to the sequence {wl}, assume that w1, w2, . . . , wl have already been defined. By
construction, |tl| ≤ 1 and E(wl) ≥ 0. Therefore, if wl satisfies (2.35), then all the
conditions of Theorem 2.6 are satisfied, and so, f(wl, hl) and wl+1 are well defined.

c. The idea of the proof of Theorem 2.9 consists in constructing monotonous Bloch
solutions in the cases where one of conditions (2.35) is not satisfied. The proof of Theo-
rem 2.9 immediately follows from Theorems 2.7 and 2.8 and Corollary 2.1.
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The set Σ(h) in Theorem 2.9 admits the following interpretation. Consider the map
defined in ((0, 1) \Q)× S by the formulas

h →
{
1

h

}
, w → |f(w, h)|{ 1

h} .

Consider the dynamical system defined by this map and its trajectories beginning at the
points (h1, w1(E)) such that w1(E) = |(s(E), t(E))|h1

. These trajectories never leave the

set E(w) ≤ 2 + c if and only if E ∈ Σ(h).
We note that analyzing the asymptotics of f(w, h) as h → 0 leads to the conjecture

that, actually, Σ(h) is the subset of the interval [−2, 2] exactly corresponding to the set
of the trajectories along which the quantity E remains bounded. We believe that the set
Σ(h) coincides with the spectrum.

In the next section, we describe the asymptotics as h → 0 of the coefficients of the
monodromy matrix for equation (2.32). This will allow us to discuss the properties
of Σ(h).

2.3.7. Asymptotics of the monodromy matrices and geometrical properties of the spec-
trum. Asymptotic properties of the map w → f(w, h) as h → 0 were studied with the
help of an original method (see [11]) that was specially developed for investigating the
quasiclassical asymptotics of entire solutions of the Harper equation on the complex
plane. This method can be viewed as an analog of the complex WKB method for the
study of solutions of ordinary differential equations. The next theorem is a consequence
of the results of [9] and [10].

Theorem 2.10. Fix δ > 0. Consider equation (2.32) with w = (s, t) ∈ S. Suppose that
|t| ≤ 1 and δ ≤ E(w) ≤ 2− δ. Then, as h → 0,

E(w1) = e
1
h S(E)

∣∣∣∣cos( 1

h
Φ(E)

)
+O(t, h)

∣∣∣∣, t1 = O
(
e−

1
h S(E)),(2.37)

E = E(w), O(t, h) = O(t) +O(h),(2.38)

where S and Φ are analytic functions; if E ∈ (0, 2), then S(E), Φ(E), and Φ′(E) are
positive. The asymptotic formulas are uniform in w.

In the δ-neighborhood of the “points” E(w) = 0 and E(w) = 2, the asymptotic formulas
become more complicated. The asymptotics of the coefficients s(E) and t(E) (of the
monodromy matrix for the matrix Harper equation) were described in [13].

Recall that we are interested in the case where hk < 1/N for all k = 0, 1, 2 . . . , and
N is large. Consider the sequence of the monodromy equations generated by the Harper
equation and the set of E for which δ ≤ E(wk) ≤ 1 − δ, k = 0, 1, 2 . . . . Theorem 2.10
implies that, in this set, all the tk are exponentially small, and that, asymptotically,
E(wk+1) depends on wk only through its dependence on E(wk).

Let us indicate the way to study the geometry of the spectrum of the Harper equation
with the help of the results described.

Note that the spectrum is symmetric with respect to the point E = 0. We consider
only E ∈ (δ, 2 − δ). By Theorem 2.10, for small h, the quantity E(w1) regarded as a
function of E oscillates with a frequency of order of 1

h and an amplitude of order of eC/h.
Therefore, the first of conditions (2.35) singles out a sequence of exponentially small
intervals the distances between which are of order of h.

Now, consider one of these intervals. Denote it by I. When E runs through I, the
quantity E(w1) runs through the interval (0, 2 + c). Moreover, if δ ≤ E(w1) ≤ 2 − δ,
then, by Theorem 2.10, the leading term of the asymptotics of E(w2) depends only on
E(w1) and, regarded as a function of E(w1), oscillates with a frequency of order of 1

h1
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and an amplitude of order of eC/h1 . Therefore, the second condition in (2.35) singles out
a sequence of subintervals of I that are exponentially small compared to I.

Continuing these arguments, we see that the set Σ(h) in Theorem 2.9 is obtained from
the interval [−2, 2] in the same way as the classical Cantor set is obtained from [0, 1],
i.e., by successive removal of series of subintervals.

To arrive at a constructive description of the Cantor geometry of the spectrum and,
thus, to repeat the result of Hellfer–Sjöstrand, we need to combine the results described
above with the asymptotics of f(w, h) for E(w) close to 0 and for E(w) close to 2.

§3. Two-frequency quasiperiodic differential equations

Now we turn to families of one-dimensional differential Schrödinger equations of the
form

(3.1) −ψ′′(x) + P (x− z, εx)ψ(x) = Eψ(x), x ∈ R,

where the potential P is a sufficiently regular function of two variables 1-periodic with
respect to each of them, z ∈ [0, 1) is the ergodic parameter indexing the equations of the
family, and E is the spectral parameter. We are mostly interested in the case where the
parameter ε is irrational and, thus, the equations under consideration are quasiperiodic.

To study the spectral properties of such equations, again we can use the monodromiza-
tion idea. In this section, first, we describe the basic notions and observations of the mon-
odromization method, and then, we briefly discuss applications of the method to the spec-
tral study of (3.1) in the case where ε is small (adiabatic case) and P (x, y) = V (x)+W (y).

Note that, in all the papers we cite below, the potential was assumed to be 2π-periodic
with respect to the second variable, and we describe results for the case where the second
period equals 1.

3.1. Monodromization for differential equations. Here, for the family (3.1), we
give definitions of a monodromy matrix and of a monodromy equation and describe
relationships between a monodromy equation and the input family of equations.

3.1.1. Monodromy matrix. Let ψ1,2(x, z) be solutions of equation (3.1) with a parameter
z. Assume that they are defined for all z ∈ R. We say that these solutions form a
consistent basis for the family (3.1) if their Wronskian does not vanish and is independent
of z and if the solutions are 1-periodic in z,

(3.2) ψ1,2(x, z + 1) = ψ1,2(x, z) for all x, z.

Relation (3.2) is called the consistency condition. The functions x → ψ1,2(x+1/ε, z+1/ε)
solve (3.1) simultaneously with x → ψ1,2(x, z). Therefore,

(3.3) Ψ(x+ 1/ε, z + 1/ε) = M(z)Ψ(x, z), Ψ(x, z) =

(
ψ1(x, z)
ψ2(x, z)

)
,

where M(z) is a (2× 2)-matrix with entries independent of x. We call it the monodromy
matrix corresponding to the consistent basis (ψ1, ψ2).

Remark 3.1. If the potential P is independent of the first variable, equation (3.1) is a
Schrödinger equation with an 1/ε-periodic potential. At the same time, if the solutions
ψ1,2 are chosen independent of z, then (3.3) is the standard definition of a monodromy
matrix for the periodic Schrödinger equation.

The following statement is checked easily.

Lemma 3.1. We have

(3.4) detM(z) ≡ 1 and M(z + 1) = M(z) for all z.



MONODROMIZATION METHOD IN THE THEORY OF ALMOST-PERIODIC EQUATIONS 317

3.1.2. Monodromy equation. Put h = {1/ε}. Let M be the monodromy matrix corre-
sponding to a consistent basis ψ1,2. The equation

(3.5) χm+1 = M(z +mh)χm for all m ∈ Z, χ : Z → C2,

is a monodromy equation for the family (3.1).
The input family and a monodromy equation for this family are said to be related by

a monodromization.
In §4 we show that monodromization method ideas can be used for the study of

solutions of the monodromy equation (3.5). The main property of a monodromy equation
is that the behavior of its solutions asm → ±∞ “copies” the behavior of solutions of (3.1)
as x → ∓∞, namely, the following is true.

Theorem 3.1 ([22]). Let ψ1,2 be a consistent basis for (3.1), and let M be the corre-
sponding monodromy matrix. Fix z ∈ R. Then, for any solution χ of (3.5), there exists
a unique solution f of (3.1) such that

(3.6)

(
f(x+m/ε, z)
f ′(x+m/ε, z)

)
= Ψ(x, z −mh) · σ · χ−m for all x ∈ R and m ∈ Z,

where

Ψ =

(
ψ1 ψ2
dψ1

dx
dψ2

dx

)
, σ =

(
0 −1
1 0

)
.

Moreover, for any solution f of (3.1), there exists a unique solution χ of (3.5) satisfy-
ing (3.6).

This theorem allows us to find relationships between the basic objects linked to the
input equation and those linked to a monodromy equation. We discuss some of these
relations in the next two subsections.

3.1.3. Monodromization and the Lyapunov exponents. Here we describe a relation be-
tween the Lyapunov exponents of (3.1) and (3.5). For this, recall the definitions of these
objects, essentially following [34].

Lyapunov exponent for the family of quasiperiodic equations. Equation (3.1)
is equivalent to the equation

(3.7) y′(x) = M(x, z)y(x), M(x, z) =

(
0 1

P − E 0

)
, y(x) ∈ C2, x ∈ R.

Denote by Y (x, z) a matrix fundamental solution of (3.7).
It turns out that the limits

(3.8) Θ±(E) = lim
x→±∞

1

|x| ln ‖Y (x, z)‖

exist for almost all z, coincide, and are independent of z. Their common value is the
Lyapunov exponent for the family of equations in question.

It can easily be shown that the Lyapunov exponent is nonnegative.
The Lyapunov exponent measures a typical speed of growth (decay) at infinity of solu-

tions for the family (3.1). It is a central object of the spectral theory of one-dimensional
almost-periodic operators. For example, it can be shown that, for almost all z, the
absolutely continuous spectra of the equations of the family (3.1) coincide with the es-
sential closure of the set of all E ∈ R at which the Lyapunov exponent is zero (the
Isii–Pastur–Kotani theorem).
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Laypunov exponents for difference equations. Let z → M(z) be an SL(2,C)-valued
sufficiently regular 1-periodic function of z ∈ R. Let h be a positive irrational number.
Consider the solution of the Cauchy problem

PN+1(z) = M(z +Nh)PN (z), P0(z) = I.

Note that, for N > 0,

PN (z) = M(z + (N − 1)h) . . .M(z + h)M(z).

Consider the limits

(3.9) θ±(M,h) = lim
N→±∞

1

|N | log ‖PN (z)‖.

If h is irrational, then these limits exist for almost all z and are independent of z. The
values θ+ and θ− (independent of z) of these limits are called the right and the left
Lyapunov exponent of equation (3.5).

If the matrix M possesses additional properties (e.g., symmetry properties), the left
and right Laypunov exponents can coincide. Then, their common value is called the
Lyapunov exponent and is denoted by θ(M,h).

Note that the Lyapunov exponents are always nonnegative.

Relationship between the Lyapunov exponents. Let Θ be the Lyapunov exponent
for (3.1).

Theorem 3.2 ([22]). Let ψ1,2 be a consistent basis. Assume that ψ1, ψ2, dψ1/dx and
dψ2/dx are locally bounded in x and z. Then, for the corresponding monodromy equation,
the left and the right Lyapunov exponents exist and coincide; the Lyapunov exponents
of (3.1) and of (3.5) satisfy the relation

(3.10) Θ = ε θ.

Note that, for the first time, a relationship between the Lyapunov exponents of two
difference equations related by monodromization was found in [13].

3.1.4. Bloch solutions with constant quasimomenta. Here, as in [26], we formulate the
definition of Bloch solutions with constant quasimomenta for the family (3.1) and describe
a relationship between these solutions and Bloch solutions of monodromy equations.

Bloch solutions for the differential quasiperiodic equations. Assume that (3.1)
has a solution of the form

(3.11) f(x, z) = eikxp(x− z, εx), x ∈ R,

where k is a constant, and p(x, y) is 1-periodic both in x and in y. We call f a Bloch
solution with the quasimomentum k. The first example of a Bloch solution with constant
quasimomentum was constructed in [18].

Monodromy equation on the real line. Together with a monodromy equation (3.5),
consider the equation

(3.12) χ(x+ h) = M(x)χ(x), x ∈ R.

In terms of its solutions, one can construct solutions of (3.5) by the formula

(3.13) χm = χ(z +mh), m ∈ Z.

We call (3.12) a monodromy equation on the line.
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Let χ be a Bloch solution of a monodromy equation on the line, and let Γ(x) =(
γ(x) 0
0 1/γ(x)

)
be the corresponding monodromy matrix. If it is independent of x, the

Bloch solution can be represented in the form

(3.14) χ(x) = U(x)ε(x), ε(x) =

(
eik1x 0
0 e−ik1x

)
, x ∈ R,

where k1 = −i ln γ is a constant, and the function x → U(x) is 1-periodic. We call k1
the quasimomentum of the solution χ, and we call U its periodic component.

A relationship between the Bloch solutions of (3.1) and those of a corre-
sponding monodromy equation on the line. Let M be the monodromy matrix
corresponding to a consistent basis (ψ1,2).

Theorem 3.3. Assume that equation (3.12) has a Bloch solution χ with a constant
monodromy matrix. Put

(3.15) F (x, z) = Ψ(x, z)σU(z), x, z ∈ R,

where U is the periodic component of χ, and Ψ and σ are the matrices occurring in
Theorem 3.1. Then F11(x, z) and F12(x, z) are Bloch solutions of (3.1) with constant
quasimomenta. The quasimomenta are equal to −εhk1 and +εhk1, respectively.

3.2. Adiabatic perturbations of periodic operators. In this section, we discuss the
spectrum of the Schrödinger equation (3.1) with the potential V (x− z) +W (εx), where
V and W are real-valued 1-periodic functions, and ε is a small irrational number. In
this case, one talks about a periodic Schödinger equation with an adiabatic perturbation
having an incommensurate period.

Such equations appear in the solid state physics as models for investigation of electrons
in crystals placed in external periodic electric fields. Our interest to this problem was
stimulated by talks and papers of Vladimir Buslaev on periodic operators with adiabatic
perturbations (not necessarily periodic), see, e.g., [1, 2, 3, 4, 5, 6, 7, 8]. F. Klopp and
myself published a series of papers [22, 23, 24, 26, 27, 28] devoted to the spectra of the
families of equations under consideration. For this, we developed an original asymptotic
approach, see [21, 25].

Assume that V is a 1-periodic function belonging to L2
loc(R), and that W is analytic

in a neighborhood of the real line.
In order to describe ideas and results, we briefly discuss the one-dimensional periodic

Schrödinger operator Hp = − d2

dx2 + V (x) acting in L2(R).
The spectrum of Hp is absolutely continuous, and it consists of intervals [E1, E2],

[E3, E4], . . . , [E2n+1, E2n+2], . . . of the real line such that E1 < E2 ≤ E3 < . . . E2n ≤
E2n+1 < E2n+2 ≤ . . . , with En → +∞ as n → +∞.

The set {En}∞n=1 coincides with the spectrum of the operator obtained from Hp by
restricting it to the interval [0, 2] and adding the periodic boundary conditions. The
intervals [E2n−1, E2n], n ≥ 1, are called spectral bands, and the intervals (E2n, E2n+1),
n ≥ 1, are called spectral gaps. If E2n < E2n+1, we say that the nth gap is open. For
a generic V , all gaps are open. As n → ∞, the gap lengths tend to zero, and the band
lengths tend to infinity.

In the framework of our approach, to investigate the spectra of (3.1), we study the
local asymptotics of solutions of the quasiperiodic Schrödinger equations, asymptotically
calculate a monodromy matrix, and study solutions of the monodromy equation. It
turns out that the part of the spectral axis that we study (the values of the spectral
parameter are not too large) can naturally be split into intervals of several types. On
each interval of a given type, the monodromy equation asymptotically takes a specific
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model form and can be analyzed efficiently. There are 4 natural types of such intervals;
they can be described in terms of the spectrum of the “unperturbed” periodic operator.
One distinguishes the central parts of relatively long spectral bands, neighborhoods of
their ends, neighborhoods of relatively short gaps and neighborhoods of relatively short
spectral bands. The results of the analysis of the monodromy equation, combined with
Theorem 3.1 and its corollaries, allow us to get information on the input family. Thanks
to analyzing the monodromy equation, i.e., thanks to making only one monodromization,
we manage to extract information on the spectral nature (spectral type), on the behav-
ior of the (generalized) eigenfunctions, on the density of states, and on the Lyapunov
exponent. A complete review of the results obtained can be found in [20]. Here, we
concentrate on the use of monodromization method ideas and mostly restrict ourselves
to a brief discussion of several spectral phenomena.

3.2.1. Preservation of the absolutely continuous spectrum in central parts of relatively
long spectral bands. Here, following [26], we discuss the case where the spectral parameter
from (3.1) is in the middle of a relatively long spectral band of the unperturbed periodic
Schrödinger operator.

Fix n ∈ N. Let J ⊂ R be a closed interval such that, for all E ∈ J , the interval
E − W (R) is contained in the interior of the nth spectral band of the unperturbed
periodic operator Hp.

Theorem 3.4. There exists a number η > 0 and a set D ⊂ (0, 1) such that

meas (D ∩ (0, ε)) = ε+ o(λ), λ = e−η/ε, ε → 0;

for any sufficiently small ε ∈ D there exists a Borel set B ⊂ J of small Lebesgue measure,
meas (B) = O(λ)meas (J), such that J \ B is contained in the absolutely continuous
spectra of equations (3.1); for all E ∈ J \ B, there exist two linearly independent Bloch
solutions ψ±(x,E) of (3.1) that admit the representation

(3.16) ψ±(x) = e±ik(E)x p±(x− z, εx, E),

where k is a monotone nondecreasing Lipschitz function of E ∈ J , the p± satisfy

p−(x, y, E) = p+(x, y, E), and the function (x, ζ, E) → p+(x, ζ, E) is 1-periodic both in
x ∈ R and in ζ ∈ R, belongs to H2

loc with respect to x, is analytic in ζ in a neighborhood
of the real line independent of ε, and is Lipschitz with respect to E ∈ J \B.

We describe the main ideas of the proof of this theorem. When proving it, we find
out that, for E ∈ J , there exists a consistent basis of (3.1) such that the corresponding
monodromy matrix is exponentially close to a constant diagonal matrix. This allows
us to analyze efficiently the monodromy equation on the line. For this, a standard
construction is used, based on certain ideas of the Kolmogorov–Arnold–Moser theory
(for the first time, such an approach was applied in [18]). As a result, for “sufficiently
irrational” h and for the spectral parameter lying “sufficiently far” from the KAM theory
resonaces, we manage to construct a bounded Bloch solution of the monodromy equation.
It is a Bloch solution with a constant monodromy matrix, and we can use Theorem 3.3 to
construct bounded Bloch solutions of the equations of the input family. With the help of
the Isii–Pastur–Kotani theorem, see Subsection 3.1.3, then we prove that the absolutely
continuous spectrum fills asymptotically all the interval I. Moreover, the resulting Bloch
solutions turn out to be generalized eigenfunctions.

3.2.2. Destruction of the absolutely continuous spectrum situated on relatively small spec-
tral bands of the periodic operator. Following [24], we describe the spectrum arising as a
result of an adiabatic perturbation in a neighborhood of relatively small spectral bands
of the periodic Schrödinger operator.
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Assume that there is a closed interval J ⊂ R and a number n ∈ N such that the nth
and the (n−1)st spectral gaps are open, for all E ∈ J the nth spectral band is contained
in the interior of the interval E −W (R), and the rest of the spectrum of Hp is outside
of E −W (R).

Suppose that W has a unique maximum and a unique minimum in [0, 2π).
Under the above assumptions on W and J , the following statement is true.

Theorem 3.5. For sufficiently small irrational ε and for almost all z, the interval J
contains some spectrum of (3.1), and this spectrum is singular.

The central part of the proof of Theorem 3.5 is the study of the Lyapunov exponent
for the family (3.1). We prove that, for E ∈ J , it is positive. Then the Isii–Pastur–
Kotani theorem implies that this interval may contain only some singular spectrum. The
existence of some spectrum in J is proved with the help of a standard idea of the spectral
theory, by a direct construction of a Weyl sequence.

To study the Lyapunov exponent, we use Theorem 3.2. For E ∈ J , we manage to
construct a consistent basis for (3.1) such that the leading term of the asymptotics of the
corresponding monodromy turns out to be a first order trigonometric polynomial with
exponentially large coefficients.

Should the monodromy matrix be equal to this trigonometric polynomial, one could
use Herman’s idea [32] to estimate the Lyapunov exponent for the monodromy equation,
proving that it is of order of the logarithm of the Fourier coefficients of the leading term
and, thus, is positive. To get a rigorous proof of positivity, some ideas of Sorets and
Spencer [35] should be used. Then the positivity of the Lyapunov exponent for the input
family follows from Theorem 3.2.

3.2.3. Several remarks on the spectrum situated near band edges of the unperturbed oper-
ator. The investigation of the spectra of (3.1) situated near the edges of spectral bands
and in gaps of the unperturbed operator is most complicated. A lot of spectral phe-
nomena arises. We very briefly discuss the effects observed near the lower edge of the
spectrum.

Assume that the length of the first spectral band of the unperturbed operator Hp is
greater than the length of the interval W (R) and that the first spectral gap is open. Let
J be a closed interval of the spectral axis such that, for any E ∈ J , the lower edge of the
spectrum of the unperturbed operator is in the interior of the interval E −W (R).

In [22], we considered equations of the family (3.1) with W (ξ) = λ cos(ξ), where λ > 0
is a coupling constant. For small ε, their spectra on the interval J were studied. It was
shown that they are situated on a sequence of exponentially small intervals the distances
between which are of order of ε. Moreover, the interval J is asymptotically divided into
a finite number of subintervals of lengths of order of 1 such that, on each of them (for
“sufficiently irrational” ε) either most of the spectrum is absolutely continuous, or the
entire spectrum is singular. The intervals containing spectra of different spectral types
alternate. If the coupling constant λ is sufficiently small, then there are no intervals
containing singular spectrum, and if λ is sufficiently large, then the entire spectrum on
J is singular. For intermediate values of λ, the interval J contains both intervals with
singular and intervals with absolutely continuous spectrum.

We outline the ideas of the proof of these results. The analysis is based on the in-
vestigation of a monodromy equation. The fact that the spectrum is situated on the
exponentially small intervals is proved by using the notion of monotonous Bloch solu-
tions (like when studying the geometry of the spectrum of the Harper equation). To
prove that each of these intervals contains some spectrum, we calculate the increments
of the integrated density of states at these intervals. It turns out that, in the framework
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of the monodromization method, such calculations are quite natural. The correspond-
ing approach was developed in Subsection 4.3 of [22]. The asymptotic division of the
interval J into the subintervals with different types of spectra is related to the following
observations. For an appropriate consistent basis, the monodromy matrix turns out to
be asymptotically equal to a first order trigonometric polynomial. For this polynomial,
the nonzeroth Fourier coefficients are of order of exp( 1εΔ(E)), where Δ is a real-analytic
function. On J , this function can change its sign. On the subintervals where it is
negative, the monodromy matrix is asymptotically close to a constant matrix, and we
can study the spectrum with the help of KAM theory ideas, see Subsection 3.2.1. On
the subintervals where it is positive, the proof is based on asymptotic estimates of the
Lyapunov exponent similar to those described in Subsection 3.2.2.

§4. Difference quasiperiodic equations on Z

Here, we discuss equations of the form

(4.1) Ψk+1 = M(θ + hk)Ψk, k ∈ Z,

where h ∈ (0, 1) is a fixed number, θ ∈ (0, 1) is the “ergodic” parameter, M : R →
SL(2,C) is a given 1-periodic function, and Ψ : Z → GL(2,C) is an unknown solution.
We assume that h �∈ Q. In this case, equation (4.1) is quasiperiodic.

As we have seen, such equations arise when the monodromization method is applied to
one-dimensional two-frequency differential quasiperiodic Schrödinger equations. More-
over, they arise directly in the study of models of the solid state physics; the list of
these models includes one-dimensional difference Schrödinger equations on Z that are
equivalent to equations of the form (4.1).

In this section, first, we describe the basic constructions of the monodromization
method in the case of equations on Z, and then, we outline results that can be obtained
with the help of such constructions.

4.1. Monodromization for equations on Z. Together with equation (4.1), consider
its “continuous” version (2.1). Recall that, in terms of solutions of (2.1), solutions of (4.1)
can be constructed by formula (3.13).

Let Ψ be a fundamental matrix solution of (2.1), and let M1 be the corresponding
monodromy matrix. Now, the equation

(4.2) Ψ
(1)
k+1 = M1(θ1 + h1k)Ψ

(1)
k , k ∈ Z,

with

(4.3) h1 =

{
1

h

}
, θ1 =

{
θ

h

}
is called a monodromy equation. In accordance with (2.6), the monodromy equation is
of the same type as the input one. The principal relationship between these equations is
described by the following statement.

Theorem 4.1. Let P and P (1) be solutions of equations (4.1) and (4.2), respectively,

satisfying the initial conditions P0 = P
(1)
0 = I. Then

(4.4) Pk = Ψ({θ + kh})σP (1)
k1

σΨ−1(θ), k1 = −[kh+ θ], σ =

(
0 −1
1 0

)
, k ∈ Z,

where, for x ∈ R, {x} and [x] denote the integral and the fractional parts of x.
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This theorem easily follows from the definitions. For the first time, a similar statement
was mentioned in [29].

Theorem 4.1 is an analog of Theorem 3.1. Like the latter, it implies a series of
relationships between the basic objects linked to the input equation and those linked
to a monodromy equation. In particular, it is easy to obtain a formula relating the
Lyapunov exponents (an analog of (3.10)).

4.2. Directions of further investigations. Note that, in formula (4.4), for large |k|
we have |k1| ∼ h|k|. Since 0 < h < 1, this formula reduces the analysis of Pk for large

|k| to that of P
(1)
k1

for smaller k1.

Since equation (4.2) is of the same type as the input one, we can make yet another mon-
odromization, and so on. As a result, we get an infinite series of monodromy equations.
Successively applying formula (4.4), we can successively express the solution P of the
input equation in terms of the fundamental solutions P (1), P (2), . . . of the monodromy
equations. We arrive at a sequence k1, k2, . . . , and it turns out that

Pk = Ψ({θ + kh})σΨ(1)({θ1 + k1h1})σ . . .Ψ(L)({θL + kLhL})

×P
(L+1)
kL+1

(
Ψ(θ)σΨ(1)(θ1)σ . . .Ψ(L)(θL)

)−1
.

(4.5)

It can easily be shown that the absolute values of the elements of the sequence k1, k2, . . .
decrease rapidly, and that, for L ∼ ln k, the number |kL+1| becomes equal either to 1 or
to 0. As a result, the above formula reduces the analysis of Pk for large k to the analysis
of the fundamental solutions Ψ(l) with l = 1, 2, . . . L on the interval [0, 1]. Of course, this
formula can be viewed as a useful one only under the condition that the fundamental
solutions Ψ(l) can be controlled sufficiently well at least for large l.

The construction described in Subsection 2.3.2 is a special case of a more general
construction described at the end of [17], where equation (1.1) was considered with a
coupling constant, i.e., a constant factor, say λ, in front of cosx. As in the case of the
Harper equation, i.e., for λ = 1, the monodromization map can be defined so that all
the monodromy matrices are first order trigonometric polynomials. Formulas obtained
in [17] show that if λ > 1, then, in the course of the monodromization procedure, some
of the Fourier coefficients of the monodromy matrices grow (hyperexponentially) quickly,
and if λ < 1, some of the Fourier coefficients quickly decrease.

This observation allows us to hope that equation (4.1) with a generic matrix M con-
tains “hidden” asymptotic parameters that become either large or small in the course of
the monodromization procedure.

If our conjecture is true, then, for a generic matrix M , one can expect that the
fundamental solutions Ψ(l) as in (4.5) admit an efficient asymptotic description as l → ∞.
And then, this formula can lead to an efficient description of the behavior of solutions
of (4.1) at infinity.

In [29], we began to test the above idea for a model problem. We managed to get a
constructive description of the exceptional set of the values of the ergodic parameter θ
for which the limit limk→∞

1
k ln ‖Pk(θ)‖ does not exist.

References

[1] V. S. Buslaev, Adiabatic perturbation of a periodic potential, Teoret. Mat. Fiz. 58 (1984), no. 2,
233–243. (Russian) MR743409 (85i:34032)

[2] V. S. Buslaev and L. A. Dmitrieva, Adiabatic perturbation of a periodic potential. II, Teoret. Mat.
Fiz. 73 (1987), no. 3, 430–442. (Russian) MR939788 (89c:34058)

[3] V. S. Buslaev, Quasiclassical approximation for equations with periodic coefficients, Uspekhi Mat.
Nauk 42 (1987), no. 6, 77–98. MR933996 (89i:81024)

http://www.ams.org/mathscinet-getitem?mr=743409
http://www.ams.org/mathscinet-getitem?mr=743409
http://www.ams.org/mathscinet-getitem?mr=939788
http://www.ams.org/mathscinet-getitem?mr=939788
http://www.ams.org/mathscinet-getitem?mr=933996
http://www.ams.org/mathscinet-getitem?mr=933996


324 A. A. FEDOTOV

[4] V. S. Buslaev and L. A. Dmitrieva, A Bloch electron in an extremal field, Algebra i Analiz 1 (1989),
no. 2, 1–29; English transl., Leningrad Math. J. 1 (1990), no. 2, 287–320. MR1025153 (91g:81162)

[5] V. S. Buslaev, Spectral properties of the operators Hψ = −ψxx + p(x)ψ + v(εx)ψ, p is periodic,
Order, disorder and chaos in quantum systems (Dubna, 1989), 85–107, Oper. Theory Adv. Appl.,
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