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ON (n+ 1)-ARY DERIVATIONS OF SIMPLE n-ARY

MAL′TSEV ALGEBRAS

I. B. KAǏGORODOV

Abstract. The (n + 1)-ary derivations of simple non-Lie n-ary Mal′tsev algebras
are described in the case of the binary algebra M7 and the ternary algebra M8. As
a consequence, a description is obtained for the 3-ary derivations of simple non-Lie
Mal′tsev algebras and simple finite-dimensional non-Lie binary-Lie algebras. Exam-
ples of semisimple Mal′tsev algebras having nontrivial 3-ary derivations are given.

§1. Introduction

One way of generalizing the derivations is a δ-derivation. By a δ-derivation of an
algebra A, where δ is a fixed element of the ground field, we mean a linear mapping
φ : A → A such that

φ(xy) = δ(φ(x)y + xφ(y))

for arbitrary x, y ∈ A. In one’s time, δ-derivations have been studied in the papers
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12], which were devoted to the description of δ-derivations
of prime Lie [1, 2], prime alternative and Mal′tsev [3] algebras, simple [5, 6] and prime [7]
Lie superalgebras, semisimple finite-dimensional Jordan algebras [4, 6] and superalgebras
[4, 6, 8, 9], Filippov algebras of small dimensions and simple finite-dimensional Filippov
algebras [12], as well as the simple ternary Mal′tsev algebra M8 [12]. In particular,
examples of nontrivial δ-derivations were constructed for some Lie algebras [2, 7], simple
Jordan superalgebras [8, 9], and n-ary Filippov algebras of dimension n+ 1 (see [12]).

At the same time, a δ-derivation is a special case of a quasiderivation and a generalized
derivation. By a generalized derivation D we mean a linear mapping such that there exist
linear mappings E and F with

D(xy) = E(x)y + xF (y)

for arbitrary x, y ∈ A. If, moreover, E = F , then D is a quasiderivation. The triples
(D,E, F ), whereD is a generalized derivation and E and F are linear mapping associated
with it are called ternary derivations. Note that, in the general case, E and F may fail
to be generalized derivations. But in many interesting cases they are, and in [13] the
simple unital algebras for which E and F are generalized derivations were described under
some restrictions. Quasiderivations, generalized derivations, and ternary derivations were
considered in [14, 15, 16, 17, 18, 19, 20, 21, 22]. In particular, generalized and ternary
derivations were studied for Lie algebras [14], Lie superalgebras [15], associative algebras
[16, 17], generalized Cayley–Dickson algebras [18], and Jordan algebras [20].
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It should be noted that in previous papers (see [14, 15, 16]), another component of the
ternary derivation was meant by a generalized derivation, namely, the component E for
the ternary derivation (D,E, F ). However, we believe that our definition of a generalized
derivation as the component D is more logical, because, in the defining relation, only this
component holds a particular position with respect to the components E and F . This is
well seen in the case of algebras with unity and (anti)commutative algebras.

The notion of a ternary derivation for a binary algebra admits a generalization to the
case of n-ary algebras (for an extended discussion of n-ary algebras, see [23, 24, 25]). Here,
by an (n+1)-ary derivation of an n-ary algebra A we mean a collection (f0, f1, . . . , fn) ∈
End(A)n+1 such that

f0[x1, . . . , xn] =
n∑

i=1

[x1, . . . , fi(xi), . . . , xn]

for arbitrary x1, . . . , xn ∈ A. Accordingly, for an (n+1)-ary quasiderivation it is necessary
to require that f1 = f2 = · · · = fn. Clearly, if ψ1, . . . , ψn are elements of the centroid of an
n-ary algebra andD is a derivation of this algebra, then the collections

(∑
ψi, ψ1, . . . , ψn

)
and (D,D, . . . , D) are (n+1)-ary derivations. These two (n+1)-ary derivations, as well as
their linear combinations, will be regarded trivial. Clearly, of most interest is the problem
of finding (n+1)-ary derivations different from the trivial ones. It is easy to show that if
A is an (anti)commutative n-ary algebra and (f0, f1, . . . , fn) is an (n+1)-ary derivation,
then (f0, fσ(1), . . . , fσ(n)) is an (n+ 1)-ary derivation for any permutation σ ∈ Sn.

We denote the spaces of derivations, δ-derivations, quasiderivations, and generalized
derivations by Der(A), Derδ(A), QDer(A), and GDer(A), respectively. Obviously, we
have the chain of inclusions

(1) Der(A) ⊆ Derδ(A) ⊆ QDer(A) ⊆ GDer(A) ⊆ End(A).

It should be mentioned that if multiplication in an n-ary algebra A is nonzero and
the characteristic of the field is different from n − 1, then the first inclusion is always
strict. Indeed, otherwise, since the identity mapping is an element of the centroid and
is a 1

n -derivation, we obtain a contradiction with the definition of multiplication in the
algebra A. Clearly, in the case of binary algebras the restitution on the characteristic
of the field is unessential. It is easily seen that each of the algebras Derδ(A), QDer(A),
and GDer(A) is a Lie algebra relative to taking the commutator. Let Ann(GDer(A)) be
the annihilator of the Lie algebra of generalized derivations of the algebra A. Note that
Ann(GDer(A)) is nontrivial, containing the mapping of the form α · id, where α is an
element of the ground field. Denote

Δ(A) = GDer(A)/Ann(GDer(A)).

The structure of the Lie algebra Δ(A) will also be of interest to us.
Note that in [12] it was shown that the simple 8-dimensional ternary Mal′tsev algebra

M8 has no nontrivial δ-derivations. The (n+ 1)-ary derivations were investigated in the
paper [22], where the (n+1)-ary and generalized derivations were described for semisimple
finite-dimensional Filippov algebras over an algebraically closed field of characteristic 0.

Our prime objective in the present paper, the results of which were announced in [21],
is to study the generalized and (n+ 1)-ary derivations of simple n-ary Mal′tsev algebras
in the case of the binary Mal′tsev algebra M7 (and thus, in the case of any simple non-Lie
binary Mal′tsev algebra) and the ternary Mal′tsev algebra M8. In the paper, we give
a complete description of the quasiderivations, generalized derivations, and (n + 1)-ary
derivations of the algebras M7 and M8. At the end, we use the results of [3, 12] to
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conclude that for the algebras M7 and M8, the chain of inclusions (1) takes the form

Der(A) ⊂ Derδ(A) = QDer(A) = GDer(A) ⊂ End(A).

§2. 3-ary derivations of Mal
′
tsev algebras

The Mal′tsev algebras introduced in [26] are a natural generalization of Lie algebras
and satisfy the relations

J(x, y, xz) = J(x, y, z)x, where J(x, y, z) = (xy)z + (yz)x+ (zx)y.

It is well known [27] that there exists only one simple non-Lie Mal′tsev algebra, namely,
the seven-dimensional algebra M7, which is obtained from the Cayley–Dickson algebra.

In the case of an algebraically closed field P of characteristic different from 2 and 3,
in the algebra M7 one can choose the following basis, the so-called splittable basis:

BM7
= {h, x, y, z, x′, y′, z′}

with the multiplication table

hx = 2x, hy = 2y, hz = 2z,

hx′ = −2x′, hy′ = −2y′, hz′ = −2z′,

xx′ = yy′ = zz′ = h,

xy = 2z′, yz = 2x′, zx = 2y′,

x′y′ = −2z, y′z′ = −2x, z′x′ = −2y,

where all missing products are equal to zero (see [27]). Every triple of elements

{h, x, x′}, {h, y, y′}, {h, z, z′}
forms a standard basis of the three-dimensional simple Lie algebra, and the subspace
P · h is the Cartan subalgebra of the algebra M7.

Theorem 1. The simple Mal′tsev algebra M7 is free of nontrivial 3-ary derivations.

Proof. Let (D,E, F ) be a ternary derivation of the algebra M7. We set

D(h) = γh+
∑

v∈BM7
,

v �=h

γvv.

In this notation, (γ · id, γ
2 · id, γ

2 · id) is a ternary derivation. In the further proof of
the theorem, the ternary derivation(

D − γ · id, E − γ

2
· id, F − γ

2
· id

)
will be denoted by (D,E, F ).

Let
W (v) = W v

hh+W v
xx+W v

y y +W v
z z +W v

x′x′ +W v
y′y′ +W v

z′z′,

where W ∈ {D,E, F}, v ∈ BM7
, W v

w ∈ P .
Note that

D(h) = D(xx′) = E(x)x′ + xF (x′)

= Ex
xh− 2Ex

hx
′ + 2Ex

y′z − 2Ex
z′y − 2F x′

h x+ 2F x′

y z′ − 2F x′

z y′ + F x′

x′ h.

At the same time,

D(h) = −D(x′x) = −E(x′)x− x′F (x) = F (x)x′ + xE(x′)

= F x
x h− 2F x

hx
′ + 2F x

y′z − 2F x
z′y − 2Ex′

h x+ 2Ex′

y z′ − 2Ex′

z y′ + Ex′

x′h.
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Comparing the two relations obtained, we have

(2) F x
y′ = Ex

y′ , F x
z′ = Ex

z′ , Ex
x + F x′

x′ = Ex′

x′ + F x
x = 0.

Note that 0 = D(xx) = E(x)x+ xF (x), i.e.,

Ex
y = F x

y , Ex
z = F x

z , Ex
h = F x

h .

Moreover, 0 = D(hh) = E(h)h+ hF (h), whence

Eh
w = Fh

w, w ∈ BM7
\ {h}.

Then it is easy to check that

2D(x) = D(hx) = E(h)x+ hF (x)

= Eh
hx− 2Eh

y z
′ + 2Eh

z y
′ − Eh

x′h+ 2F x
y y + 2F x

z z − 2F x
x′x′ − 2F x

y′y′ − 2F x
z′z′ + F x

x x,

i.e.,

(3) Dx
y = F x

y , Dx
z = F x

z .

Note that

−2D(x) = D(y′z′) = E(y′)z′ + y′F (z′)

= Ey′

y′x− 2Ey′

h z′ + Ey′

z h+ 2Ey′

x′y + 2F z′

h y′ − F z′

y h+ 2F z′

x′ z + F z′

z′ x,
(4)

i.e.,

2Dx
h = F z′

y − Ey′

z , Dx
y = −Ey′

x′ ,(5)

Dx
z = −F z′

x′ , Dx
z′ = Ey′

h , Dx
x′ = 0, Dx

y′ = −F z′

h .(6)

We can also observe that

−2Dx
x = Ey′

y′ + F z′

z′ = −F y
y − Ez

z = 2Dx′

x′ ,

where we deduce the first relation from (4), the second from (2), and the third from (4),
replacing w by w′ in the calculations, w ∈ {x, y, z}.

It is clear that similarly we can obtain

Dz
z = −Dz′

z′ and Dy
y = −Dy′

y′ .

It is easy to show that the mapping D∗ given by the rule

D∗(h) = 0, D∗(w) = Gw
ww, Gw

w ∈ P, w ∈ BM7
\ {h},

where

Gz
z +Gy

y +Gx
x = 0, Gw

w = −Gw′

w′ , w ∈ {x, y, z},
is a derivation of the algebra M7. For this reason, in the sequel we may consider the
ternary derivation (D,E, F )− (D∗, D∗, D∗), which we shall keep denoting by (D,E, F ).
Thus,

Dw
w = 0, w ∈ BM7

\ {x}, Dx
x �= 0.

Note that

0 = D(xy′) = E(x)y′ + xF (y′)

= −2Ex
hy

′ + Ex
yh− 2Ex

x′z + 2Ex
z′x− 2F y′

h x+ 2F y′

y z′ − 2F y′

z y′ + F y′

x′ h,

which implies

(7) Ex
x′ = 0, F y′

y = 0, Ex
h = −F y′

z .
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Clearly, in the above arguments instead of the pair (x, y′) we can take pairs of the form
(v, w′) and (w′, v), where w �= v and w, v ∈ {x, y, z}. Thus, we obtain

Fw′

w = 0, Ew′

w = 0, w ∈ BM7
\ {h} and w′′ = w,

F z′

y = Ex
h ,(8)

F z′

h = −Ex
y′ .(9)

We prove that Dx
h = Ex

h . For this, we observe that

2Dx
h = F z′

y − Ey′

z = Ex
h + F x

h = 2Ex
h .

The first relation is a consequence of (5), and the second stems from (7) and (8).
We show that Dx

y′ = Ex
y′ . For this, it suffices to note that

Dx
y′ = −F z′

h and F z′

h = −Ex
y′ .

The first relation is the last relation in (6), and the second is (9).
Thus, we have shown that Dx

w = Ex
w = F x

w, w ∈ BM7
\ {x}. It is easily seen that a

similar result is valid for the elements of BM7
\{x}, i.e., Du

w = Eu
w = Fu

w, w ∈ BM7
\{u}.

Clearly, we can represent D as the sum of the derivation D∗ and a linear mapping μ such
that

μ(x′) = −μxx
′, μ(x) = μxx, μ(w) = 0, w ∈ BM7

\ {x, x′}.
Then (μ,E −D∗, F −D∗) is a ternary derivation, which we denote by (μ, ψ, χ), and ψ
and χ act on the elements of the basis of M7 in a scalar way, i.e.,

ψ(w) = ψww, χ(w) = χww, where w ∈ BM7
and ψw, χw ∈ P.

We show that
(μ, ψ, χ) = (0, σ · id,−σ · id), σ ∈ P.

It suffices to note that

μ(wv) = ψ(w)v + wχ(v), w, v ∈ BM7
.

This implies that

−ψh = χy = χz = χy′ = χz′ ,

−χh = ψy = ψz = ψy′ = ψz′ ,

ψz = −χy′ ,

i.e.,
ψh = ψy = ψz = ψy′ = ψz′ = −χh = −χz = −χy = −χz′ = −χy′ .

It follows that μx = ψz′ + χy′ = 0. Using the above arguments, we obtain

ψh = ψx = ψx′ = −χx = −χx′ ,

as required. Thus, any ternary derivation of the algebra M7 can be represented as a sum
of the ternary derivations

(D∗, D∗, D∗) and ((α+ β) · id, β · id, α · id),
where D∗ is a derivation of M7 and α, β ∈ P .

To complete the proof of the theorem, it remains to find the structure of Δ(M7). It
is well known [27] that the derivation algebra of the simple seven-dimensional Mal′tsev
algebra is isomorphic to the algebra B3. Thus, Δ(M7) ∼= B3. The theorem is proved. �

Note that there exists only one simple non-Lie Mal′tsev algebra over an algebraically
closed field of characteristic zero (see [27]), which is isomorphic to the algebra M7. This
fact and Theorem 1 imply the following statement.
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Corollary 2. The simple non-Lie Mal’tsev algebra over an algebraically closed field of
characteristic zero is free of nontrivial 3-ary derivations.

Any semisimple finite-dimensional Mal′tsev algebra A over an algebraically closed field
of characteristic zero can be represented as a direct sum of prime ideals Ik. Following
the line of arguments in the proofs of the theorems on the description of δ-derivations
and 3-ary derivations of semisimple Jordan algebras (see [4, 20]), we conclude that every
component of a 3-ary derivation is invariant on the direct summand Ik. In its turn, by
[2], there exist simple Lie algebras possessing nontrivial δ-derivations (and thus, non-
trivial 3-ary derivations); for example, the three-dimensional algebra sl2 has a nontrivial
(−1)-derivation. Clearly, the algebra

sl2 ⊕ · · · ⊕ sl2︸ ︷︷ ︸
m terms

⊕M7 ⊕ · · · ⊕M7︸ ︷︷ ︸
l terms

is a semisimple non-Lie Mal′tsev algebra (for m, l �= 0) and has a nontrivial 3-ary deriva-
tion. In particular, the 10-dimensional non-Lie Mal′tsev algebra sl2 ⊕M7 has nontrivial
3-ary derivations. This implies the following statements.

Corollary 3. Over an algebraically closed field of characteristic 0, there exist semisimple
non-Lie Mal’tsev algebras with nontrivial 3-ary derivations.

Using the results about the absence, over an algebraically closed field of characteris-
tic 0, of simple finite-dimensional binary-Lie algebras that are different from the Mal′tsev
and Lie algebras [28], and applying Corollary 2, we obtain the following statement.

Corollary 4. If a simple finite-dimensional binary-Lie algebra over an algebraically
closed field of characteristic 0 has nontrivial 3-ary derivations, then it is a Lie algebra.

§3. 4-Ary derivations of the ternary Mal
′
tsev algebra M8

In [23], V. T. Filippov proposed a generalization of Lie algebras to the case of an n-ary
operation. Subsequently this class of algebras was named the Filippov algebras.

The class of n-ary Mal′tsev algebras was defined in [24] as a natural class of n-ary
algebras that contains the class of vector product n-ary algebras. In fact, any Filippov
algebra is an n-ary Mal′tsev algebra. At the present time, the only known example of a
simple n-ary Mal′tsev algebra that is not a Filippov algebra is the simple ternary Mal′tsev
algebra M8, which arises on the 8-dimensional composition algebra. The derivations of
the ternary algebra M8 were described in [29], and in [30] its root decomposition was
constructed and the structure of a Z3-gradation was introduced.

The function

J(x1, . . . , xn; y2, . . . , yn)

= [[x1, . . . , xn], y2, . . . yn]−
n∑

i=1

[x1, . . . , [xi, y2, . . . , yn], . . . , xn]

defined on an n-ary algebra is called the n-ary Jacobian.
This definition shows that if A is an n-ary Filippov algebra, then

J(x1, . . . , xn; y2, . . . , yn) = 0

for all x1, . . . , xn, y2, . . . , yn ∈ A.
By definition, an n-ary Mal′tsev algebra (n ≥ 3) is an algebra L with a unique anti-

commutative n-ary operation [x1, . . . , xn] satisfying the identity

−J(zRx, x2, . . . , xn; y2, . . . , yn) = J(z, x2, . . . , xn; y2, . . . , yn)Rx,

where Rx = Rx2,...,xn
is the operator of right multiplication: zRx = [z, x2, . . . , xn].
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In what follows, we assume that P is a field of characteristic different from 2 and 3.
Denote by A a composition algebra over P with involution a → sa and unity 1 (see, e.g.,
[31]). We assume that the symmetric bilinear form (x, y) = 1

2 (xsy + ysx) defined on A is
nondegenerate, and denote by n(a) the norm of an element a ∈ A. On A, we define a
ternary multiplication operation [·, ·, ·] by the relation

[x, y, z] = (xsy)z − (y, z)x+ (x, z)y − (x, y)z.

Then A becomes a ternary Mal′tsev algebra [24], which is denoted by M(A) or by M8 if
dim(A) = 8.

Recall that by a derivation of the ternary algebra M8 we mean a linear mapping D
that satisfies

D[x, y, z] = [D(x), y, z] + [x,D(y), z] + [x, y,D(z)]

for arbitrary elements x, y, z ∈ M8.
In [29], the derivations of the ternary Mal′tsev algebra M8 were described. It was

shown therein that every derivation is inner, i.e.,

Der(M8) = 〈[Rx,y, Rx,z] +Rx,[y,x,z]| x, y, z ∈ M8〉.
In the same paper, a basis of Der(M8) was constructed:

(10)

B = {Δ23 −Δ14,Δ24 +Δ13,Δ25 −Δ16,Δ26 +Δ15,Δ27 +Δ18,

Δ28 −Δ17,Δ34 −Δ12,Δ35 −Δ17,Δ36 −Δ18,Δ37 +Δ15,

Δ38 +Δ16,Δ45 −Δ18,Δ46 +Δ17,Δ47 −Δ16,Δ48 +Δ15,

Δ56 −Δ12,Δ57 −Δ13,Δ58 −Δ14,Δ67 +Δ14,Δ68 −Δ13,Δ78 +Δ12},
where Δij = eij − eji and the eij are ordinary matrix units.

By a 4-ary derivation of the ternary algebra M8, we mean a set of four linear mappings
(D,E, F,G) ∈ End(A)4 such that

D[x, y, z] = [E(x), y, z] + [x, F (y), z] + [x, y,G(z)]

for arbitrary elements x, y, z ∈ M8.
Let 1, a, b, c be orthonormal vectors of A. We choose the following basis in A:

℘ = {e1 = 1, e2 = a, e3 = b, e4 = ab, e5 = c, e6 = ac, e7 = bc, e8 = abc}.
It is known that, for each i ∈ {2, . . . , 8}, one can choose j, k, l,m, s, t, depending on i

and such that

ei = ejek = elem = eset,(11)

ej = esem = ekei = etel,(12)

ek = eiej = emet = esel,(13)

el = emei = ekes = ejet,(14)

em = eiel = etek = ejes,(15)

es = elek = etei = emej ,(16)

et = eies = ekem = elej .(17)

Theorem 5. The simple ternary Mal′tsev algebra M8 is free of nontrivial 4-ary deriva-
tions.

Proof. Let (D,E, F,G) be a 4-ary derivation of the algebra M8. The operator of right
multiplication Rx,y is said to be regular if in the Fitting decomposition M = M0 ⊕M1

with respect to Rx,y the dimension of M0 is minimal (see [30]). In accordance with [30,
Theorem 1], we have a root decomposition of the algebra M8: M = M0 ⊕Mα ⊕M−α,
where α ∈ F is such that vRx,y = ±αv for any v ∈ M±α. Also, from [30, Lemma 3] we
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know that the ternary algebra M8 admits a nontrivial gradation. If we denote M±α by
M±1, then

[Mi,Mj ,Mk] ⊆ Mi+j+k( mod 3).

Note that, by [30, Lemma 1], the operators Rep,eq for p �= q are regular; therefore, we
have

D[ep, ep, eq] = [E(ep), ep, eq] + [ep, F (ep), eq] + [ep, ep, G(eq)],

i.e.,
[E(ep), ep, eq]− [F (ep), ep, eq] = 0.

This implies that E(ep) − F (ep) = ξpep, because the operator Rep,eq is regular and a
Z3-gradation exists on M8. A similar fact is valid for the pair of mappings F and G.
Next, we suppose that

W (ep) =

8∑
i=1

W i
pei, where W ∈ {D,E, F,G} and W i

p ∈ P.

Thus, we may assume that

(18) Er
p = F r

p = Gr
p for p �= r.

Since

D(es) = D[ei, ej , el] = [E(ei), ej , el] + [ei, F (ej), el] + [ei, ej , G(el)],

performing the respective operations of multiplication, we get

8∑
p=1

Dp
sep = E1

i et + Ei
ies + Ek

i em − Em
i ek − Es

i ei − Et
ie1

+ F 1
j em + F j

j es − F k
j et − Fm

j e1 − F s
j ej + F t

j ek

−G1
l ek +Gk

l e1 +Gl
les −Gm

l et −Gs
l el +Gt

lem

(19)

(for example, [ei, el, ek] = (ei sel)ek = (elei)ek = −emek = ekem = et). Consequently,
Di

s = −Es
i , D

j
s = −F s

j , D
l
s = −Gs

l . Thus, using (18), we may assume that Dp
s = −Es

p,
where p ∈ {i, j, l}. The arbitrariness of i and relations (11)–(17) enable us to conclude
that

(20) Dp
q = −Eq

p = −F q
p = −Gq

p, where p, q ∈ {1, . . . , 8} and p �= q.

We use (20) and (19) to get

Dt
s = −Di

1 +Dj
k +Dl

m,(21)

D1
s = Di

t +Dj
m −Dl

k,(22)

Dm
s = −Di

k −Dj
1 −Dl

t,(23)

Dk
s = Di

m −Dj
t +Dl

1.(24)

Taking into account these relations, the basis of the algebra Der(M8), and the fact
that (D∗, D∗, D∗, D∗) is a 4-ary derivation for D∗ ∈ Der(M8), we may assume that
the matrix [D]℘ is upper triangular. Indeed, the algebra of 4-ary derivations is closed
relative to addition, and therefore we can make all the entries in the lower triangular part
of the matrix [D]℘ equal to zero by subtracting appropriate 4-ary derivations of the form
(D∗, D∗, D∗, D∗) from the 4-ary derivation (D,E, F,G). We shall denote the resulting
4-ary derivation by (D,E, F,G) as before. Thus, we see that

D(eγ) =
∑

1≤β≤γ

Dβ
γ eβ and T (eγ) =

∑
γ≤β≤8

T β
γ eβ ,

where Dβ
γ , T

β
γ ∈ P and T ∈ {E,F,G}.
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It is easy to check that

D[e6, e7, e8] = [E(e6), e7, e8] + [e6, F (e7), e8] + [e6, e7, G(e8)] = (E6
6 + F 7

7 +G8
8)e5,

whence D(e5) = D5
5e5. Similarly, we obtain

D[e5, e7, e8] = [E(e5), e7, e8] + [e5, F (e7), e8] + [e5, e7, G(e8)] = (E5
5 + F 7

7 +G8
8)e6,

i.e., D(e6) = D6
6e6. Now it is easily seen that

D[e5, e6, e8] = [E(e5), e6, e8] + [e5, F (e6), e8] + [e5, e6, G(e8)] = (E5
5 + F 6

6 +G8
8)e7,

which implies D(e7) = D7
7e7. Arguing as above we get

D[e6, e5, e7] = [E(e6), e5, e7] + [e6, F (e5), e7] + [e6, e5, G(e7)] = (E6
6 + F 5

5 +G7
7)e8,

implying that D(e8) = D8
8e8. Note that

D1
3e1 +D2

3e2 +D3
3e3 = D(e3) = D[e4, e5, e6]

= [E(e4), e5, e6] + [e4, F (e5), e6] + [e4, e5, G(e6)]

= (E4
4 + F 5

5 +G6
6)e3 + E7

4e8 + E8
4e7,

so that D(e3) = D3
3e3. It remains to observe that D(e4) = D4

4e4 and D(e2) = D2
2e2.

This follows from the relations e4 = [e5, e3, e6] and e2 = [e7, e4, e5], respectively. Thus,
we have shown that D(eγ) = Dγeγ and, consequently,

E(eγ) = Eγeγ , F (eγ) = Fγeγ , G(eγ) = Gγeγ .

Here and in the sequel, we omit the superscripts of D,E, F , and G, because their sub-
scripts and superscripts coincide.

Let x, y, z be some distinct elements of the basis ℘. Then

[E(x), y, z] + [x, F (y), z] = D[x, y, z]− [x, y,G(z)] = [F (x), y, z] + [x,E(y), z],

i.e., we have Ex − Fx = Ey − Fy. This implies that E = F + α · id for some α ∈ P .
Similarly, G = F + β · id for some β ∈ P . Therefore,

(D,E, F,G) = (D,F + α · id, F, F + β · id).
Since ((α+ β) · id, α · id, 0, β · id) is a 4-ary derivation, we may assume that

(D,E, F,G) = (D,F, F, F ).

It remains to show that D = 3F = 3f ·id, f ∈ P . For this, we note that, since (D,F, F, F )
is a 4-ary derivation, we have

Ds = Fi + Fj + Fl,(25)

Dt = Fi + Fk + Fl,(26)

Dt = Fi + Fj + Fm,(27)

Ds = Fi + Fk + Fm.(28)

Subtracting (25) from (26) and (27) from (28), we obtain

Ds −Dt = Fj − Fk = Dt −Ds,

whence Dt = Ds and Fj = Fk. Similarly, D = 3F = 3f · id. Thus, we have established
that any 4-ary derivation of the ternary Mal′tsev algebra M8 is representable as a sum
of 4-ary derivations like

(D∗, D∗, D∗, D∗) and

( 3∑
i=1

αi · id, α1 · id, α2 · id, α3 · id
)
,

where D∗ ∈ Der(M8) and αi ∈ P .
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To complete the proof of the theorem, it remains to recall that the structure of the
derivation algebra of the ternary Mal′tsev algebra M8 was found in [29], namely, isomor-
phism with the algebra B3 was proved. Thus, it is easily seen that Δ(M8) ∼= B3. The
theorem is proved. �

Theorems 1 and 5 imply the following statement.

Corollary 6. Δ(M7) ∼= Δ(M8).

In conclusion, the author expresses his gratitude to Professor A. P. Pozhidaev for his
attention to the work and helpful remarks.
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