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SPECTRUM OF PERIODIC ELLIPTIC OPERATORS WITH DISTANT

PERTURBATIONS IN SPACE

A. M. GOLOVINA

Abstract. A periodic selfadjoint differential operator of even order and with distant
perturbations in a multidimensional space is treated. The role of perturbations is
played by arbitrary localized operators. The localization is described by specially
chosen weight functions. The behavior of the spectrum of the perturbed operator is
studied under the condition that the distance between the domains where the pertur-
bation are localized tends to infinity. It is shown that there exists a simple isolated
eigenvalue of the perturbed operator that tends to a simple isolated eigenvalue of the
limit operator. Series expansions are obtained for this eigenvalue of the perturbed
operator and for the corresponding eigenfunction. Uniform convergence for these

series is shown and formulas for their terms are deduced.

§1. Introduction

The spectra of operators with distant perturbations have been considered in a series
of papers (see, e.g., [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17]). The principal
attention has been paid to the asymptotic behavior of eigenvalues and the corresponding
eigenfunctions. Also, a fairly extensive study of the periodic Schrödinger operator with
potential-type perturbations should be mentioned; see, e.g., [4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14]). In certain papers, perturbations were defined in a different way, see, e.g.,
[1, 2, 3, 17]). We briefly describe the results presented in the papers quoted above.

In [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14], the Laplace operator with several distant
perturbations in Rd was considered. In [4, 5, 6, 7, 8], the role of perturbations was played
by potentials satisfying various smoothness and decay at infinity assumptions. First
terms of the asymptotic expansions for eigenvalues and the corresponding eigenfunctions
were calculated. In [8], the number of eigenvalues of the perturbed operator was estimated
in terms of the number of eigenvalues of a certain limit operator. In [9, 10, 11], Coulomb
potentials were taken for perturbations, complete asymptotic series for eigenvalues and
the corresponding eigenfunctions were constructed, and certain estimates for the terms of
these series were given. In [12], the role of distant perturbations was played by compactly
supported potentials on Rd with d = 1 or d = 3. Complete asymptotic expansions in the
form of uniformly convergent series were obtained for eigenvalues and eigenfunctions of
the perturbed operator.

The papers [13, 14] were devoted to the behavior of the eigenvalues that arise from the
edge of the essential spectrum of the limit operator. Various cases where such eigenvalues
exist were studied and the principal terms of the corresponding asymptotic expansions
were described. In [15, 16], the Dirac operator in 3-space was treated. In [15], potentials
decaying at infinity were employed as perturbations, whereas in [16] the same role was
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played by Coulomb potentials. Principal terms of the asymptotic expansions for eigen-
values and the corresponding eigenfunctions of the perturbed operator were constructed.
In [17], a delta-potential was taken for the perturbation. Lower estimates were obtained
for the first spectral gaps of the Laplace operator; these estimates can be applied to a
distant delta-potential.

In [2], a change of the boundary conditions was treated as a perturbation. The portions
of the boundary on which the type of boundary conditions was changed were situated
far away from one another. Convergence theorems were proved and the leading terms
of asymptotic series for eigenvalues and eigenfunctions were constructed. In [1, 2, 3],
the role of perturbations was played by arbitrary localized operators of abstract nature
considered in multidimensional space or in an infinite cylinder. The localization property
of the perturbations meant that each one was defined on a certain bounded domain. It
was proved that eigenvalues and eigenfunctions of the perturbed operator converge to
those of the limit operator whatever be the multiplicity of the limit eigenvalue. Leading
terms were calculated for the asymptotic expansions of eigenvalues and the corresponding
eigenfunctions.

In the present paper, we consider an elliptic operator with distant perturbations in
multidimensional space. A nonperturbed operator is a multidimensional periodic matrix
selfadjoint operator of even order and of a fairly general form. Perturbations are arbitrary
symmetric operators of abstract nature. The main assumption about them is that they
are localized. Localization is described by weight functions subject to certain conditions
that ensure smoothness and a decay at infinity. However, there are almost no restrictions
on the rate of decay. The perturbations treated in the previous papers fit into this pattern
as special cases. Even the abstract perturbations in [1, 2, 3] can be included into our
considerations if the weight functions are chosen to have compact support. It should be
noted that perturbations similar to those in the present paper were considered in [18],
but for problems of a different type. For a perturbation, we can take either a differential
operator of (high) order not exceeding the order of the nonperturbed operator, or an
integral operator, or an operator of finite rank, or a pseudodifferential operator.

In [1, §8, Example 5], a transformation was described that made it possible to reduce a
delta-potential to a second order differential operator. Employing this transformation, we
can include delta-potentials in our considerations. It should also be noted that in [19, 20]
the behavior of the resolvent for the perturbed operator was studied. An explicit formula
for that resolvent was deduced and, on that basis, the convergence of the perturbed
operator to a certain limit was established.

In this paper, we study the behavior of the spectrum of the perturbed operator as the
distance between the domains in which the perturbations are localized tends to infinity.
We prove the stability of the essential spectrum under perturbations and the convergence
of the eigenvalues of the perturbed operator to eigenvalues of the limit operator. The
main result of the paper consists of complete asymptotic expansions for the eigenvalues of
the perturbed operator that converge to simple isolated eigenvalues of the limit operator,
and also of asymptotics for the corresponding eigenfunctions. Moreover, it is proved that
the asymptotic series in question converge uniformly to the corresponding eigenvalue and
eigenfunction of the perturbed operator. Explicit formulas are given for the calculation
of the coefficients of these series.

The main results are stated in Theorem 2.1 and 2.2. Their proofs are based on
two fairly simple methods. The existence and convergence of eigenvalues of perturbed
operators are proved by using the uniform resolvent convergence results established in
[19, 20]. But complete asymptotic expansions and their convergence are proved by a
new original method. The essence is that the equation involving the eigenvalues of
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the perturbed operator is reduced to a certain regularly perturbed equation in a special
Hilbert space. It turns out that the smallness of the perturbation can be described by two
specific small parameters. After that, the adapted Birman–Swinger method described in
[21, 22] makes it possible to reduce the problem to the analysis of an operator equation
and to the search for zeros of some holomorphic function. The study of this function
allows us to obtain representations for the perturbed operator, and for the corresponding
eigenfunction, in terms of uniformly convergent series. A fairly simple and elegant method
is suggested for the calculation of the coefficients of these series.

We briefly describe the organization of the paper. In the next section, we formulate
the problem and state the main results. In §3, we prove the stability of the essential
spectrum and the convergence theorem. In §4, we reduce the initial eigenvalue problem
for the perturbed operator to the search for zeros of a certain holomorphic function.
In §5, we study the zeros of this holomorphic function, deduce series representations
for the eigenvalues of the perturbed operator and the corresponding eigenfunctions, and
determine the terms of these series.

Finally, we introduce some notation. The symbol D(·) stands for the domain of an
operator, the symbol ‖ · ‖Y1→Y2

denotes the norm of a linear operator acting from a
normed space Y1 to a normed space Y2, the symbol Br denote the ball centered at zero
and of radius r in Rd; next, i is the imaginary unit and σess(·) is the essential spectrum
of an operator.

§2. Statement of the problem and the main result

Let x = (x1, . . . , xd) be the Cartesian coordinates in Rd, d ≥ 1, and let Γ be an
arbitrary d-dimensional periodic lattice in Rd with elementary cell �. In the space
L2(R

d;Cn), we introduce the operator

H0 := (−1)m
∑

β,γ∈Zd
+

|β|=|γ|=m

∂β

∂xβ
Aβγ

∂γ

∂xγ
+

∑
β∈Zd

+

|β|≤2m−1

Aβ
∂β

∂xβ

with the domain W 2m
2 (Rd;Cn), where m ∈ N, and Aβγ ∈ Cm(Rd), Aβ ∈ Cm−1(Rd) are

Γ-periodic matrix-valued functions. Here by L2(R
d;Cn) and W 2m

2 (Rd;Cn) we mean
Sobolev spaces of Cn-valued functions. It is assumed that the operator H0 is selfadjoint
and satisfies the ellipticity condition

ν
∑
β∈Zd

+

|β|=m

|ξβ|2 ≤
∣∣∣∣ ∑

β,γ∈Zd
+

|β|=|γ|=m

(Aβγ(x)ξβ, ξγ)Cn

∣∣∣∣,
where ξβ ∈ Cn and ν is a positive constant independent of x and ξβ . This ellipticity
condition is borrowed from [19]; it is equivalent to the strong ellipticity condition (1.7)
in [23]. Note that this condition does not imply that H0 is lower semibounded.

Let ςi = ςi(r) and ηi = ηi(r) ∈ C2m(R+), i = 1, . . . , k, be nonnegative functions equal
to 1 near zero and satisfying the following conditions.

(A1) There exists a function a ∈ C2m−1[0,+∞) with

ςi(r) ≤ Ce−
∫

r
0
a(t) dt,

where i = 1, . . . , k and C is a constant. The function a(r) vanishes near zero and
is uniformly bounded on [0,+∞) together with all its derivatives of order up to

2m− 1. Next,
∫ +∞
0

a(t) dt = +∞.

(A2) Together with all their derivatives of order up to 2m, the functions ηi tend to
zero at infinity.
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In the space L2(R
d;Cn), we consider a family of arbitrary operators L0

i , i = 1, . . . , k,
with domain W 2m

2 (Rd;Cn). Suppose that they take W 2m
2 (Rd;Cn) to L2(R

d;Cn) bound-
edly, but, in general, are not bounded on L2(R

d;Cn). Denote by Li, i = 1, . . . , k, the
operators in L2(R

d;Cn) with domain W 2m
2 (Rd;Cn) that act in accordance with the rule

(Liu)(x) := ςi(|x|)(L0
i ηi(|x|)u)(x).

Distant perturbations are defined to be those of the form

k∑
i=1

S(−Xi)LiS(Xi),

where S(Xi) is the translation operator defined in the following way:

(S(Xi)u)(·) := u(· −Xi);

here Xi ∈ Γ are discrete parameters. We denote by X the vector X = (X1, . . . , Xk)
and put τ (X) = mini �=j |Xi −Xj |. We shall assume that τ (X) → ∞. Clearly, any two
different points Xi can be taken to one another by finitely many shifts along Γ.

The perturbed operator is considered in L2(R
d;Cn) and is introduced by the formula

HX := H0 +

k∑
i=1

S(−Xi)LiS(Xi), D (HX) = W 2m
2 (Rd;Cn).

In L2(R
d;Cn), we consider yet another family of operators, namely, Hi := H0 + Li

with domain W 2m
2 (Rd;Cn). We impose the following assumption.

(A3) The operators Hi and HX are selfadjoint.

Since H0 is also selfadjoint, it follows that the operators Li are symmetric.
In this paper, we study the behavior of the spectrum of the perturbed operator HX

in the case where the limit eigenvalue is simple. The main objective is the evolution of
the discrete spectrum and the essential spectrum of HX as τ (X) → ∞.

The first result describes the position of the essential spectrum.

Theorem 2.1. The essential spectra of the operators HX and Hi, i = 1, . . . , k, coincide
with that of H0.

Let λ0 be a simple isolated eigenvalue of one of theHi (say, ofH1) that does not belong
to the spectra of H0 or Hi, i = 2, . . . , k, and let ψ0 be the corresponding eigenfunction
normalized in L2(R

d;Cn). We fix a small neighborhood U of λ0 whose closure contains
no other points of the spectra of H0 and Hi. Denote by R1(λ) the reduced resolvent of
H1 in sU . We remind the reader that the reduced resolvent R1(λ) (see [24, Chapter I,
§5, Subsection 3]) is the holomorphic part of the Laurent series at λ0 for the operator
(H1 − λ)−1. We put

Rj(λ) := (Hj − λ)−1, j ≥ 2, λ ∈ sU,

ε(X) := max

{
max

j=2,...,k

∥∥L0
jηj(| · |)S(Xj −X1)ψ0

∥∥
L2(Rd,Cn)

,

max
λ∈ sU

max
p,j=1,...,k

p�=j

∥∥L0
pηp(| · |)S(Xp −Xj)Rj(λ)ςj(| · |)

∥∥
L2(Rd;Cn)→L2(Rd;Cn)

}
.

(2.1)

Theorem 2.2. For τ (X) sufficiently large, there exists a unique eigenvalue λX for HX

in sU , which converges to λ0 as τ (X) → ∞. The eigenvalue λX is simple and isolated,
and is represented by the series

(2.2) λX = λ0 +

∞∑
j=2

Λj(X)
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convergent for τ (X) sufficiently large. A corresponding eigenfunction can be chosen in
such a way that it is representable by the series

(2.3) ψX(x) = ψ0(x+X1) +
k∑

p=1

∞∑
j=1

φp,j(x+Xp, X).

convergent in W 2m
2 (Rd;Cn) for large τ (X). The series (2.2), (2.3) converge uniformly in

X for sufficiently large τ (X). The terms of these series are determined by the formulas

Λj =
k∑

t=2

(
L1S(X1 −Xt)φt,j−1, ψ0

)
L2(Rd;Cn)

,(2.4)

φp,j = Rp(λ0)

( j∑
t=2

Λtφp,j−t −
k∑

t=1
t�=p

LpS(Xp −Xt)φt,j−1

)
,(2.5)

where p = 1, . . . , k, j ≥ 1, and we put

(2.6) φ1,0 := ψ0, φp,0 := 0, p = 2, . . . , k.

We have

(2.7)
∣∣Λj(X)

∣∣ ≤ Cjεj(X), ‖φp,j‖W 2m
2 (Rd;Cn) ≤ Cjεj(X),

where C is a constant independent of p, j, and X. We have

ε(X) → 0 as τ (X) → ∞.

We comment on the main results. The stability of the essential spectrum under
perturbations and the existence of an eigenvalue of the perturbed operator that converges
to an eigenvalue of the limit operator are two facts that were expected. The most
nontrivial result is constituted by the expansions (2.2), (2.3), formulas (2.4), (2.5), (2.6),
and estimates (2.7). Estimates (2.7) show that, in a sense, the expansions (2.2) and
(2.3) are asymptotic series for the eigenvalue λX and the corresponding eigenfunction
ψX of the perturbed operator. Specifically, the terms of these series are estimated by the
asymptotic sequence of the functions Ciεi(X). At the same time, the two series converge
uniformly to λX and ψX for τ (X) sufficiently large.

Thus, formulas (2.2) and (2.3) are precise identities for the eigenvalue λX and the
corresponding eigenfunction ψX . Moreover, in accordance with (2.4), (2.5), and (2.6),
in order to calculate the terms of the series (2.2) and (2.3) it suffices to know only the
operators R1(λ0) and (Hj − λ0)

−1, j = 2, . . . , k, because only explicit quantities are
involved in the remaining part of these formulas. We emphasize that no similar complete
results in arbitrary dimension had been known before, even in the case where distant
perturbations are compactly supported potentials.

Examples of nonperturbed and perturbed operators and of weight functions for which
the theorem is applicable can be found in §3 of [19]. It suffices only to require that non-
perturbed operators be selfadjoint and that perturbations be symmetric. To be specific,
we write out the formulas for an eigenvalue and eigenfunction of the operator

(2.8) H� = − d2

dx2
+V−( · + ) + V+( · − ) in L2(R), D(H�) = W 2

2 (R),

where V+ and V− are bounded measurable compactly supported potentials, and  is a
large positive parameter. The operator H� results from HX if we put d = n = m = 1,
k = 2, Aβγ = 1, Aβ = 0, X1 = , X2 = −, L0

1 = V−, L0
2 = V+, and the ςi, ηi are

compactly supported functions with

ςi(|x|) ≡ 1, ηi(|x|) ≡ 1 for x ∈ suppV− ∪ suppV+.
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Consider the following operators in L2(R):

(2.9) H1 = − d2

dx2
+V−, H2 = − d2

dx2
+V+, D(Hi) = W 2

2 (R), i = 1, 2.

Let λ0 be a simple isolated eigenvalue of H1 not belonging to the spectrum of H2, and let
ψ0 be the corresponding eigenfunction. Since the potential V− is compactly supported,
we have

(2.10) ψ0(x) = C0e
−
√
−λ0x as x → +∞,

where C0 is a certain constant. In our case, the series (2.2) and (2.3) take the form

λ� = λ0 +

∞∑
j=1

e−4j
√
−λ0�Λ̃j(),

ψ�(x) = ψ0(x+ ) +
∞∑
j=1

e−4j
√
−λ0�φ̃1,j(x+ , ) +

∞∑
j=1

e−(4j−2)
√
−λ0�φ̃2,j(x− , ).

(2.11)

Formulas for the coefficients of these series look like this:

Λ̃j() =
(
V−Q2,j(· − 2, )e

√
−λ0·, ψ0

)
L2(R)

, j ≥ 1,

φ̃1,1 = 0, φ̃2,1 = C0(H2 − λ0)
−1V+e

−
√
−λ0·,

φ̃1,j = R1(λ0)

( j∑
p=1

Λ̃p()φ̃1,j−p −V−Q2,j−1(· − 2, )e−
√
−λ0·

)
, j ≥ 2,

φ̃2,j = (H2 − λ0)
−1

( j−1∑
p=1

Λ̃p()φ̃2,j−p −V+Q1,j−1(·+ 2, )e
√
−λ0·

)
, j ≥ 2,

φ̃1,j(x, ) = Q1,j(x, )e
−
√
−λ0x as x → +∞, j ≥ 2,

φ̃2,j(x, ) = Q2,j(x, )e
√
−λ0x as x → −∞, j ≥ 1.

Here the Qp,j(x, ) are certain polynomials in the variables x and , and Q1,0(x, ) ≡ C0.
We recall that R1(λ0) is the reduced resolvent of H1. The behavior described above of

the functions φ̃p,j at infinity is a direct consequence of the definition of these functions
and the fact that the potentials V± are compactly supported (it only suffices to write

the equations for φ̃p,j). When deriving the formulas for Λ̃j and φ̃p,j , we have used the
identities (

V+S(−2)φ̃1,j

)
(x, ) = e−2�

√
−λ0V+(x)Q1,j(x+ 2, )e−

√
−λ0x,(

V−S(2)φ̃2,j

)
(x, ) = e−2�

√
−λ0V−(x)Q2,j(x− 2, )e

√
−λ0x

valid for  sufficiently large because the V± are compactly supported potentials. It can

easily be seen that the functions Λ̃j() and φ̃p,j(·, ) are polynomials of  whose degree
may grow as j increases. Observe also that the coefficients (2.11) and the terms of the
series (2.2), (2.3) are related by the formulas

Λ2j = e−4j
√
−λ0�Λ̃j , Λ2j−1 = 0,

φ1,2j = e−4j
√
−λ0�φ̃1,j , φ1,2j−1 = 0,

φ2,2j−1 = e−(4j−2)
√
−λ0�φ̃2,j , φ2,2j = 0.

In many dimensions, an analog of the operator (2.8) looks like this:

H� = −Δ+V−(x+ ) + V+(x− ) in L2(R
d), D(H�) = W 2

2 (R
d),
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where V− and V+ are bounded measurable compactly supported potentials, d ≥ 2, and
 = (1, . . . , d). The operators Hj are introduced by analogy with (2.9):

H1 = −Δ+V−, H2 = −Δ+V+, D(Hi) = W 2
2 (R

d), i = 1, 2.

The behavior of the eigenfunction ψ0 of H1 at infinity is determined by the behavior at
infinity of the Green function:

(2.12) ψ0(x) = O
(
|x|−(d−1)/2e−

√
−λ0|x|), x → ∞.

To prove this, it suffices to write the equation for the eigenfunction ψ0 in the form
−Δψ0 = −V−ψ0. Then, treating −V−ψ0 as a right-hand side, we can express ψ0 in
terms of the Green function.

Similarly, it can easily be verified that for f ∈ L2(R
d;Cn) and compactly supported ςj ,

we have

(2.13)
(
Ri(λ)ςi(| · |)f

)
(x) = O

(
|x|−(d−1)/2e−Re

√
−λ|x|), x → ∞, i = 1, 2.

Substituting this in (2.12) and (2.1), we deduce that

ε(X) = O
(
||−(d−1)/2e−

√
−λ0−β|�|),  → ∞,

where β is a fixed number. But the structure of the series (2.2) and (2.3) in the multidi-
mensional case is much more complicated than in dimension 1, because now the behavior
of ψ0 is much more involved than in (2.10).

§3. Essential spectrum and the convergence of the discrete spectrum

In this section we prove Theorem 2.1 and the existence of a unique eigenvalue of the
perturbed operator convergent to an eigenvalue λ0 of the limit operator.

Proof of Theorem 2.1. We introduce the following notation. Let ς = ς(r) ∈ C2m(R+)
be one of the functions ςi, and η = η(r) ∈ C2m(R+) one of the functions ηi satisfying
conditions (A1) and (A2). We denote by L0 either an operator among the L0

i , or one
among the −L0

i , or we put L0 = 0. In L2(R
d;Cn), we define an operator L by the rule

(3.1) (Lu)(x) := ς(|x|)
(
L0η(| · |)u

)
(x),

with domain W 2m
2 (Rd;Cn). Consider the operator H = H0 + L in L2(R

d;Cn) with do-
main W 2m

2 (Rd;Cn). Assume that H is selfadjoint. If λ ∈ σess(H) ⊂ R, then, by the Weyl
criterion, there exists a characteristic sequence, i.e., a sequence {up} ⊂ W 2m

2 (Rd;Cn)
bounded and noncompact in L2(R

d;Cn) and such that fp = (H−λ)up → 0 in L2(R
d;Cn)

as p → ∞. Since (λ − i) is in the resolvent set of H, the operator (H − λ + i)−1 is well
defined and bounded on L2(R

d;Cn). By the Banach inverse operator theorem, it is
bounded as an operator from L2(R

d;Cn) to W 2m
2 (Rd;Cn). Consequently, the sequence

up = (H− λ+ i)−1 (fp + iup) is bounded in W 2m
2 (Rd;Cn) and, after passage to a subse-

quence, converges weakly in that space to some element w.
We put wp = up − w. Since up → w weakly in W 2m

2 (Rd;Cn), we have

(3.2) wp → 0 weakly in W 2m
2 (Rd;Cn) as p → ∞.

Hence, (H − λ)up converges weakly to (H − λ)w in L2(R
d;Cn) and, since (H − λ)up

converges weakly to zero, we see that

(3.3) (H− λ)wp → 0 strongly in L2(R
d;Cn) as p → ∞.

Clearly, the sequence wp is bounded and noncompact in L2(R
d;Cn). Since the embedding

of W 2m
2 (Rd;Cn) in W 2m−1

2 (Br;C
n) is compact for every r, we can use the standard
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diagonal procedure to show that

(3.4) ‖wp‖W 2m−1
2 (Bp+1;Cn) → 0 as p → ∞

(after passage to a subsequence).
Let χp ∈ C2m(Rd) be cut-off functions such that χp = 0 in Bp, χp = 1 in Rd \ Bp+1,

and all their derivatives up to the order 2m are uniformly bounded in p and x for all

x ∈ Bp+1 \Bp. We show that the sequence χpwp is characteristic for the operator H+ L̂
at the point λ, where L̂ is defined by analogy with L, i.e., by (3.1) with ς, η, L0 replaced

by ς̂ , η̂, L̂0. Here L̂0 is an operator among the L0
i , or one among the −L0

i , or L̂0 = 0,
and ς̂ and η̂ are some functions among the ςi, ηi. We again take W 2m

2 (Rd;Cn) for the

domain of H + L̂, and again assume that this operator is selfadjoint.
By (3.4), we have

‖(1− χp)wp‖L2(Rd;Cn) = ‖(1− χp)wp‖L2(Bp+1;Cn) ≤ ‖wp‖L2(Bp+1;Cn) → 0

as p → ∞. Since χpwp = wp − (1−χp)wp and the sequence wp is noncompact, it follows
that the sequence χpwp is noncompact. Clearly,

(H+ L̂ − λ)χpwp = (H0 − λ)χpwp + (L+ L̂)χpwp

= χp(H− λ)wp + (L+ L̂)χpwp − χpLwp + gp,
(3.5)

where the function gp is expressed linearly in terms of derivatives of χp and wp and
satisfies the estimates

(3.6) ‖gp‖L2(Rd;Cn) ≤ C‖wp‖W 2m−1
2 (Bp+1;Cn) → 0,

where C is a constant independent of p. Since the functions ς and η decay at infinity,
the definition of the cut-off functions χp shows that

max
Rd

|χpς| → 0, max
|β|≤2m

max
Rd

∣∣∣∣∂β(ηχp)

∂xβ

∣∣∣∣→ 0, max
|β|≤2m

max
Rd

∣∣∣∣∂β
(
η̂χp

)
∂xβ

∣∣∣∣→ 0

as p → +∞. Therefore, we obtain the following convergence relations:

‖χpLwp‖L2(Rd;Cn) = ‖χpςL0ηwp‖L2(Rd;Cn) ≤ max
Rd

|χpς| ‖L0ηwp‖L2(Rd;Cn)

≤ Cmax
Rd

|χpς| ‖wp‖W 2m
2 (Rd;Cn) → 0 as p → ∞,

‖(L+ L̂)χpwp‖L2(Rd;Cn) ≤ C
(
‖ηχpwp‖W 2m

2 (Rd;Cn) + ‖η̂χpwp‖W 2m
2 (Rd;Cn)

)
≤ C

(
max

|β|≤2m
max
Rd

∣∣∣∣∂β(ηχp)

∂xβ

∣∣∣∣+ max
|β|≤2m

max
Rd

∣∣∣∣∂β(η̂χp)

∂xβ

∣∣∣∣)‖wp‖W 2m
2 (Rd;Cn) → 0,

where C stands throughout for certain constants independent of p. Since the sequence
wp is bounded, combining the above relations with (3.2), (3.3), (3.5), and (3.6) yields

(H + L̂ − λ)χpwp → 0 as p → ∞. Thus, we have proved the inclusion σess(H) ⊆
σess(H+ L̂).

Now, putting H = H0, L = 0, L̂ = Li, ς = ς̂ = ςi, and η = η̂ = ηi, we see that
σess(H0) ⊆ σess(Hi). The reverse inclusion σess(Hi) ⊆ σess(H0) is proved similarly,

by putting H = H0 + Li, L = Li, L̂ = −Li, ς = ς̂ = ςi, and η = η̂ = ηi. The
identity σess(H0) = σess(HX) is established much as above. First, we take L = 0

and L̂ =
∑k

i=1 S(−Xi)LiS(Xi), and then we take L =
∑k

i=1 S(−Xi)LiS(Xi) and

L̂ = −
∑k

i=1 S(−Xi)LiS(Xi). All estimates and convergence relations presented above
remain true in this setting. �



SPECTRUM OF PERIODIC ELLIPTIC 743

Lemma 3.1. For τ (X) sufficiently large, the neighborhood sU contains a unique eigen-
value λX of HX that converges to λ0 as τ (X) → ∞. The eigenvalues λX are simple and
isolated.

Proof. In the proof, the symbol ‖·‖ stands for the operator norm ‖·‖L2(Rd;Cn)→L2(Rd;Cn),
and the symbol (·, ·), stands for the inner product (·, ·)L2(Rd;Cn).

Let Kr be the circle centered at λ0 and with sufficiently small radius r, in order to
ensure the inclusion Kr ⊂ sU . By repetition of the arguments in the proof of Theorem 1
in [19], it can easily be shown that we have uniform convergence∥∥∥∥(HX − λ)−1 −

k∑
i=1

S(−Xi)(Hi − λ)−1S(Xi)− (k − 1)(H0 − λ)−1

∥∥∥∥→ 0

as τ (X) → ∞. Integrating the last relation over the closed contour Kr, we see that
(3.7)∥∥∥∥ ∫

Kr

(HX−λ)−1 dλ−
∫
Kr

k∑
i=1

S(−Xi)(Hi−λ)−1S(Xi) dλ−(k−1)

∫
Kr

(H0−λ)−1 dλ

∥∥∥∥→ 0.

Since the operators Hi, i = 0, . . . k, are selfadjoint and the circle Kr does not intersect
their spectra, we have∫

Kr

k∑
i=2

S(−Xi)(Hi − λ)−1S(Xi) dλ = 0,

∫
Kr

(H0 − λ)−1 dλ = 0.

Taking these two identities into account, we rewrite (3.7) in the form

(3.8)

∥∥∥∥ ∫
Kr

(HX − λ)−1 dλ− S(−X1)

(∫
Kr

(H1 − λ)−1 dλ

)
S(X1)

∥∥∥∥→ 0.

Since λ0 is a simple isolated eigenvalue of H1 and ψ0 is the corresponding eigenfunction,
by [24, Chapter V, §3, Subsection 5] we have

1

2πi

∫
Kr

(H1 − λ)−1 dλ = ψ0(·, ψ0).

It follows that (3.8) reduces to

(3.9)

∥∥∥∥ 1

2πi

∫
Kr

(HX − λ)−1 dλ− ( · , S(−X1)ψ0)S(−X1)ψ0

∥∥∥∥→ 0.

The second summand in the above formula differs from zero. Consequently, if r is
sufficiently small, there exists at least one eigenvalue of HX inside Kr, i.e., there exists
at least one eigenvalue of the perturbed operator that converges to λ0 as τ (X) → ∞.
We show that such an eigenvalue is unique and simple.

The integral over Kr on the left in (3.9) is a projection onto the eigenfunctions of HX

corresponding to eigenvalues that tend to λ0 as τ (X) → ∞. The second summand in (3.9)
is a projection to the function S(−X1)ψ0, i.e., a rank one operator. The convergence in
(3.9), formulas (4.33) and (4.43) in [24, Chapter I, §4, Subsection 6], and formulas (1.19)
in [24, Chapter II, §1, Subsection 4] show that, for τ (X) sufficiently large, the projection
in (3.9) represented by the integral is also of rank 1. This means that HX has a unique
eigenvalue λX convergent to λ0 as τ (X) → ∞. �
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§4. Reduction of the equation for eigenvalues to an operator equation

In this section, we use the version of the Birman–Schwinger method suggested in
[21, 22] to reduce the equation for eigenvalues of the perturbed operator HX to the
problem of finding the zeros of a certain function.

Consider the equation

(4.1) HXψX = λXψX

for eigenvalues. We rewrite it in the form

(H0 − λX)ψX = −
k∑

j=1

S(−Xj)LjS(Xj)ψX .

The right-hand side of this equation is a sum, so we shall seek its solution ψX(x) also in
the form of a sum, specifically, in the form

(4.2) ψX(x) =

k∑
j=1

S(−Xj)ψj(x),

where the functions ψj are the unknowns. Substitution of (4.2) in (4.1) yields

0 =

(
H0 +

k∑
i=1

S(−Xi)LiS(Xi)− λX

)( k∑
j=1

S(−Xj)ψj(x)

)

=

k∑
j=1

S(−Xj)

[
(Hj − λX)ψj +

k∑
i=1
i �=j

LjS(Xj −Xi)ψi

]
.

To ensure this relation, it suffices to satisfy k equations

(4.3) (Hj − λX)ψj +

k∑
i=1
i �=j

LjS(Xj −Xi)ψi = 0, j = 1, . . . k.

In what follows, we consider certain more general equations rather than (4.3), namely,
the equations

(4.4) (Hj − λX)ψj + δ

k∑
i=1
i �=j

1

ε(X)
LjS(Xj −Xi)ψi = 0,

where δ is a small positive parameter and ε(X) is defined by (2.1). Taking δ = ε(X),
we return to (4.3). Our purpose will be to find a number λX close to λ0 for which
equations (4.4) have a nontrivial solution (that is, a collection ψj of functions at least
one of which does not vanish identically).

Equation (4.4) implies the relations

(Hj − λX)ψj = ςj(| · |)gj ,

gj := −δ
k∑

i=1
i �=j

1

ε(X)
L0
jηj(| · |)S(Xj −Xi)ψi ∈ L2(R

d;Cn).(4.5)

We introduce the Hilbert space

L :=

{
h =

⎛⎜⎝h1

...
hk

⎞⎟⎠ , hi ∈ L2(R
d;Cn), i = 1, . . . , k

}
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with the scalar product

(u, v)L =
k∑

i=1

(ui, vi)L2(Rd;Cn).

Put

(4.6) ΨX :=

⎛⎜⎝ψ1

...
ψk

⎞⎟⎠ ∈ L, g :=

⎛⎜⎝g1
...
gk

⎞⎟⎠ ∈ L.

In the space L, we introduce the operators

H :=

⎛⎜⎜⎜⎝
H1 0 . . . 0
0 H2 . . . 0
...

...
. . .

...
0 0 . . . Hk

⎞⎟⎟⎟⎠ , P :=

⎛⎜⎜⎜⎝
ς1 0 . . . 0
0 ς2 . . . 0
...

...
...

...
0 0 . . . ςk

⎞⎟⎟⎟⎠ ,

TX := − 1

ε(X)

⎛⎜⎜⎜⎝
0 L0

1η1S(X1 −X2) . . . L0
1η1S(X1 −Xk)

L0
2η2S(X2 −X1) 0 . . . L0

2η2S(X2 −Xk)
...

...
. . .

...
L0
kηkS(Xk −X1) L0

kηkS(Xk −X2) . . . 0

⎞⎟⎟⎟⎠ .

With this notation, we can rewrite (4.4) and (4.5) as equations in the space L:

(H− λX)ΨX − δPTXΨX = 0,(4.7)

(H− λX)ΨX = Pg, ΨX = (H− λX)−1Pg.(4.8)

Since λ0 does not belong to the spectrum ofHi for any i ≥ 2, the operators (Hi−λ)−1, i ≥
2, are bounded and holomorphic in λ ∈ sU as operators from L2(R

d;Cn) to W 2m
2 (Rd;Cn).

We recall that U is a small fixed neighborhood of λ0 whose closure does not contain other
points of the spectra of H0 or Hi. Since λ0 is a simple eigenvalue of H1, formula (3.21)
in [24, Chapter V, §3, Subsection 5] shows that the resolvent of Hi is representable in
the form

(4.9) (H1 − λX)−1f =
(f, ψ0)L2(Rd;Cn)

λ0 − λX
ψ0 +R1(λX)f,

where f ∈ L2(R
d;Cn) (recall that R1(λ) is the reduced resolvent holomorphic in λ on sU

and acting in the orthogonal complement of the function ψ0). Taking (4.9) into account,
we see that the action of (H− λX)−1 is described like this:

(H− λX)−1h =

⎛⎜⎝(H1 − λX)−1h1

...
(Hk − λX)−1hk

⎞⎟⎠

=
(h1, ψ0)L2(Rd;Cn)

λ0 − λX

⎛⎜⎜⎜⎝
ψ0

0
...
0

⎞⎟⎟⎟⎠+

⎛⎜⎝R1(λX)h1

...
Rk(λX)hk

⎞⎟⎠
=

1

λ0 − λX
(h,Ψ0)LΨ0 +R(λX)h,

(4.10)
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where

(4.11) R(λ) :=

⎛⎜⎜⎜⎝
R1(λ) 0 . . . 0

0 R2(λ) . . . 0
...

...
. . .

...
0 0 . . . Rk(λ)

⎞⎟⎟⎟⎠ , Ψ0 :=

⎛⎜⎜⎜⎝
ψ0

0
...
0

⎞⎟⎟⎟⎠
and h ∈ L. Recall that Ri(λ) = (Hi−λ)−1, i ≥ 2. We use (4.8) and replace (H−λX)ΨX

by Pg and ΨX by (H− λX)−1Pg in (4.7). Then we obtain

P
(
g − δTX(H− λX)−1Pg

)
= 0.

To ensure the last relation, it suffices to satisfy the equation

g − δTX(H− λX)−1Pg = 0.

Transferring the second summand on the left to the right-hand side and using (4.10), we
arrive at

g =
δ

λ0 − λX
(Pg,Ψ0)LTXΨ0 + δTXR(λX)Pg,(

λ− δTXR(λX)P
)
g =

δ

λ0 − λX
(Pg,Ψ0)LTXΨ0.

(4.12)

The further study of the last equation requires some auxiliary lemmas.

Lemma 4.1. Let ς(r) ∈ C2m(R+) be a nonnegative function satisfying the condition

ς(r) ≤ Ce−κ
∫ r
0
a(t) dt,

where a is the function occurring in (A1), and C > 0, κ > 0 are some constants. Then
for every h ∈ L2(R

d;Cn) and all λ ∈ sU , the equation

(H0 − λ)u = ς(| · |)h
has a unique solution in the space W 2m

2 (R2;Cn). This solution is representable in the
form

u(x) = e−ρ
∫ |x|
0 a(t) dtû(x),

where ρ > 0 is a fixed number independent on λ, and û ∈ W 2m
2 (Rd;Cn) is a function

satisfying
‖û‖W 2m

2 (Rd;Cn) ≤ c‖h‖L2(Rd;Cn).

Here the constant c does not depend on λ and h.
Every nonnegative function ηj ∈ C2m(R+), j = 1, . . . , k, satisfying (A2) obeys the

inequality
‖ηj(| · |)S(Y )u‖W 2m

2 (Rd;Cn) ≤ C(Y )‖h‖L2(Rd;Cn),

where Y ∈ Γ, C(Y ) is a function independent of j, z, and h, and C(Y ) → 0 as Y → ∞.

This lemma was established in [19] (see Lemma 4 and its proof therein).

Lemma 4.2. The eigenfunction ψ0 of H1 is representable in the form

(4.13) ψ0(x) = e−ρ
∫ |x|
0 a(t) dtψ̂0(x),

where ρ > 0 is a fixed number, ψ̂0 ∈ W 2m
2 (Rd;Cn) is a certain function, and

‖L0
jηj(| · |)S(Xj −X1)ψ0‖L2(Rd,Cn) → 0 à τ (X) → ∞, i = 2, . . . , k.

Proof. We write the equation for ψ0 in the form

(H0 − λ0)ψ0 = ς1(| · |)h1, where h1 = −L0
1η1(| · |)ψ0 ∈ L2(R

d;Cn).

Now the claim readily follows from Lemma 4.1. �
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Lemma 4.3. For every h ∈ L2(R
d;Cn), we have the following estimates, which are

uniform in λ ∈ sU :

‖Rj(λ)h‖W 2m
2 (Rd;Cn) ≤ c‖h‖L2(Rd;Cn),(4.14) ∥∥L0

pηp(| · |)S(Xp −Xj)Rj(λ)ςj(| · |)h
∥∥
L2(Rd;Cn)

≤ C(X)‖h‖L2(Rd;Cn).(4.15)

Proof. For h ∈ L2(R
d;Cn) and λ ∈ sU , put vj := Rj(λ)h, j = 1, . . . , k. By the definition

of Rj(λ), we have

(4.16) ‖vj‖L2(Rd;Cn) ≤ C‖h‖L2(Rd;Cn)

uniformly in λ and h, where C is a constant independent of h, λ, and j. Also, it it easy
to check that the functions vj are representable in the form

vj = (Hj − i)−1
(
h+ (λ− i)vj

)
, j = 2, . . . , k,

v1 = (H1 − i)−1
(
h− (h, ψ0)L2(Rd;Cn)ψ0 + (λ− i)v1

)
.

(4.17)

Since the Hj are selfadjoint, the operators (Hj − i)−1, j = 1, . . . , k, act boundedly from
L2(R

d;Cn) to L2(R
d;Cn). Next, the operators Hj − i act boundedly from W 2m

2 (Rd;Cn)
to L2(R

d;Cn). By the Banach inverse operator theorem, the operators (Hj − i)−1,
j = 1, . . . , k, act boundedly from L2(R

d;Cn) to W 2m
2 (Rd;Cn). Together with (4.16) and

(4.17), this implies (4.14).
For λ ∈ sU , we put uj = Rjςj(| · |)h ∈ W 2m

2 (Rd;Cn), j = 1, . . . , k. The functions uj

satisfy the equations

(Hj − λ)uj = ςj(| · |)h, j = 2, . . . , k,

(H1 − λ)u1 = ς1(| · |)h− (ς1(| · |)h, ψ0)L2(Rd;Cn)ψ0.

These equations can be rewritten in the following way:

(H0 − λ)uj = ςj(| · |)gj , j = 2, . . . , k,

(H0 − λ)u1 = ς1(| · |)f − e−ρ
∫ |·|
0 a(t) dt(ς1(| · |)h, ψ0)L2(Rd;Cn)ψ̂0,

where gj = h−L0
jηj(|·|)uj ∈ L2(R

d;Cn) and f = h−L0
1η1(|·|)u1 ∈ L2(R

d;Cn). Applying
Lemma 4.1 to the last identities and taking (4.14) and (4.13) into account, we obtain
(4.15). �

Lemmas 4.2 and 4.3 and formula (2.1) imply that ε(X) tends to zero as τ (X) → ∞.
We return to equation (4.12). The components of the operator TXR(λ)P have the

form

−ε−1(X)L0
pηp(| · |)

k∑
j=1
p�=j

S(Xp −Xj)Rj(λ)ςj(| · |).

The choice of ε(X) shows that for λ ∈ U , every component of TXR(λ)P is an operator
bounded uniformly with respect to X and acting on L2(R

d;Cn). We have proved the
following statement.

Lemma 4.4. The operator TXR(λ)P is bounded uniformly with respect to X and λ ∈ sU .

This lemma shows that, for δ sufficiently small, the operator δTXR(λ)P is a contrac-
tion for all X and all λ ∈ sU . Then the operator (λ− δTXR(λ)P)−1 exists. We apply the
operator (λ− δTXR(λX)P)−1 to the two sides of (4.12):

(4.18) g =
δ

λ0 − λX
(Pg,Ψ0)L(λ− δTXR(λX)P)−1TXΨ0.
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Applying P, we arrive at

Pg =
δ

λ0 − λX

(
Pg,Ψ0

)
L
P(λ− δTXR(λX)P)−1TXΨ0.

Taking inner products (in L) with Ψ0, we find

(4.19) (Pg,Ψ0)L =
δ

λ0 − λX
(Pg,Ψ0)L

(
P(λ− δTXR(λX)P)−1TXΨ0,Ψ0

)
L
.

The inner product (Pg,Ψ0)L is nonzero because otherwise g = 0 by (4.18), and the
second formula in (4.7) yields ΨX = 0, whereas we look for a nontrivial solution of (4.4).
Dividing the two sides of (4.19) by (Pg,Ψ0)L, we deduce the formula

(4.20) λX = λ0 − δ
(
P(λ− δTXR(λX)P)−1TXΨ0,Ψ0

)
L
.

This identity is a condition on λX ensuring the existence of a nontrivial solution of
equations (4.4). It is possible to find this nontrivial solution explicitly; we shall write a
formula for it. Since a solution for (4.7) is determined up to a constant factor, by (4.18)
the function g is representable in the form

g = C
(
λ− δTXR(λX)P

)−1TXΨ0,

where C is a positive constant. Taking this identity into account, we transform equation
(4.20) to

λX = λ0 − δC−1(Pg,Ψ0)L.

Now, combining the previous identities with (4.7), (4.10), and the equation

ΨX = (H− λX)−1Pg =
Ψ0

λ0 − λX
(Pg,Ψ0)L +R(λX)Pg,

we deduce that

ΨX = δ−1CΨ0 +R(λX)Pg.

Taking C = δ, we find

(4.21) ΨX = Ψ0 + δR(λX)P
(
λ− δTXR(λX)P

)−1TXΨ0.

This vector-valued function is a nontrivial solution of equations (4.4); it corresponds to
the number λX determined by equation (4.20). Substitution of (4.6), (4.20), and (4.21) in
equations (4.4) turn indeed them into identities, as can be checked by direct inspection.
The vector-valued function ΨX (see (4.21)) is not equal to zero for δ sufficiently small
and τ (X) sufficiently large, because

(4.22) ‖ΨX −Ψ0‖L = O(δ), Ψ0 �= 0,

by (4.20) and (4.11). Since equations (4.4) turn into (4.3) for for δ = ε(X), it follows that
the solution of (4.20) for δ = ε(X) is an eigenvalue of HX tending to λ0 as τ (X) → 0.
The corresponding eigenfunction arises after substitution of (4.21) and of the identity
δ = ε(X) in (4.2). Again, this eigenfunction is nonzero by (4.22).

§5. Asymptotics for the perturbed eigenvalue and eigenfunction

In this section, we finish the proof of Theorem 2.2. For this, we prove the solvability
of equation (4.20) and clarify the dependence of the solution on X and δ.

After the change of variables z = λX − λ0, equation (4.20) takes the form

F (δ, z,X) := z + δG(δ, z,X) = 0,

where

G(δ, z,X) :=
(
P(λ− δTXR(z + λ0)P)−1TXΨ0,Ψ0

)
L
.
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The function G(δ, z,X) is analytic with respect to (δ, z) in the domain |δ| ≤ δ0, |z| ≤ z0,
where δ0 and z0 are certain sufficiently small positive numbers.

The function z → z has a unique simple zero at the point z = 0. It is easily seen that
for all X, the function G(δ, z,X) satisfies the estimate

|G(δ, z,X)| ≤ C for all |z| ≤ z0, |δ| ≤ δ0,

where C is a constant independent of δ, z, and X. Then we have

δ|G(δ, z,X)| ≤ δC < z0 for |z| = z0 and sufficiently small δ.

It follows that the Rouché theorem (see [25, Chapter IV, §3]) can be applied to the
function F (δ, z,X) to ensure the existence of a unique simple zero of this function in the
domain |z| ≤ z0. We denote this zero by z1(δ,X). Applying the Cauchy residue theorem
(see [25, Chapter III, §2]), it is easy to deduce the following representation for z1(δ,X):

(5.1) z1(δ,X) =
1

2πi

∫
|z|=z0

z
∂F
∂z (δ, z,X)

F (δ, z,X)
dz =

1

2πi

∫
|z|=z0

z
1 + δ ∂G

∂z (δ, z,X)

z + δG(δ, z,X)
dz.

Since G(δ, z,X) is analytic in the domain |δ| ≤ δ0, |z| ≤ z0 and F (δ, z,X) does not
vanish for |δ| ≤ δ′0, |z| = z0, where δ′0 < δ0 is a sufficiently small positive number, it
follows that the function

Φ(δ, z,X) := z
1 + δ ∂G

∂z (δ, z,X)

z + δG(δ, z,X)

is also analytic as a function of δ in the disk |δ| ≤ δ′0 for |z| = z0. Consequently, it admits
a series expansion

(5.2) Φ(δ, z,X) =

∞∑
j=0

δjKj(z,X),

where the Kj(z,X) are certain functions of z and X. The series converges uniformly
with respect to δ for |δ| ≤ δ′0, |z| = z0, and with respect to X.

Lemma 5.1. For |z| = z0, the coefficients Kj(z,X) of the series (5.2) admit the estimate

|Kj(z,X)| ≤ Cj ,

where C is a constant independent of j, X, and z.

Proof. The definitions of G(δ, z,X) and Φ(δ, z,X) imply the estimate

|Φ(δ, z,X)| ≤ C

for all |δ| ≤ δ′0 and |z| = z0 if δ′0 is sufficiently small. Here C is a constant independent
of j, δ, z, and X. The coefficients Kj(z,X) are given by the formula

Kj(z,X) =
1

2πi

∫
|δ|=δ′0

Φ(δ, z,X)

δj+1
dδ.

Therefore,∣∣Kj(z,X)
∣∣ ≤ 1

2π

∫
|δ|=δ′0

|Φ(δ, z,X)|
|δ|j+1

dδ ≤ C

2π

∫
|δ|=δ′0

dδ

|δ|j+1
= C(δ′0)

−j . �
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We return to (5.1) and show that the zero z1(δ,X) can be expanded in a series that
converges uniformly with respect to small δ and X. A series expansion is a direct conse-
quence of the identity

z1(δ,X) =
1

2πi

∫
|z|=z0

Φ(δ, z,X) dz =
1

2πi

∫
|z|=z0

∞∑
j=0

δjKj(z,X) dz

=
1

2πi

∞∑
j=0

δj
∫
|z|=z0

Kj(z,X) dz =

∞∑
j=0

δjλj(X),

where

λj(X) :=
1

2πi

∫
|z|=z0

Kj(z,X) dz.

Lemma 5.1 shows that

(5.3) |λj(X)| ≤ Cj ,

where C is a constant independent of j and X for τ (X) sufficiently large. The last
inequality yields

∞∑
j=0

|δjλj(X)| ≤
∞∑
j=0

Cjδj ,

where the series on the right converges for all sufficiently small δ and X. Consequently,
the same is true for the series

∑∞
j=0 δ

jλj(X).

Thus, there exists a unique solution of equation (4.20), which is representable in the
form

λX(δ) = λ0 + z1(δ,X) = λ0 +

∞∑
j=1

δjλj(X),(5.4)

and the series converges uniformly with respect to small δ and X. We put δ = ε(X);
then this solution is an eigenvalue of HX that converges to λ0 as τ (X) → ∞. Since
such an eigenvalue is unique by Lemma 3.1, we see that the series (5.4) with δ = ε(X)
represents this eigenvalue:

(5.5) λX(ε(X)) = λ0 +

∞∑
j=1

εj(X)λj(X).

The last series converges uniformly in X for τ (X) sufficiently large.
Now, we consider identity (4.21). Since the operator R(λ) is analytic in λ and λX(δ)

is analytic in δ, the operator R(λX(δ)) is analytic in δ. Consequently,

(5.6) ΨX(δ) = Ψ0 +
∞∑
j=1

δjΨj(X),

where the Ψj(X) are given by the formula

(5.7) Ψj(X) =
1

2πi

∫
|δ|=δ′0

δ−jR(λX(δ))P
(
λ− δTXR(λX(δ))P

)−1TXΨ0 dδ.

As in the proof of Lemma 5.1, the last formula implies the estimates

(5.8)
∥∥Ψj(X)

∥∥
L
≤ Cj ,

where C is a constant independent of j, δ, and X. Consequently, the nontrivial solution
ΨX of equation (4.7) corresponding to λX is represented by the series (5.6), convergent
in L uniformly with respect to X and sufficiently small δ.
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We introduce the Hilbert space

L̃ :=

⎧⎪⎨⎪⎩h =

⎛⎜⎝h1

...
hk

⎞⎟⎠ , hi ∈ W 2m
2 (Rd;Cn), i = 1, . . . , k

⎫⎪⎬⎪⎭
with the inner product

(u, v)
L̃
=

k∑
i=1

(ui, vi)W 2m
2 (Rd;Cn).

Much as we did when proving (5.8), we use (4.14) and (5.7) to deduce that

(5.9)
∥∥Ψj(X)

∥∥
L̃
≤ Cj ,

where C is a constant independent of j, δ, and X. Thus, the series (5.6) converges in the

norm of L̃ uniformly with respect to X and sufficiently small δ. Now, taking δ = ε(X),
we obtain

(5.10) ΨX(ε(X)) = Ψ0 +
∞∑
j=1

εj(X)Ψj(X).

Combined with (4.2), this implies a series expansion (2.3) for the eigenfunction ψX

corresponding to the eigenvalue λX(ε(X)); the series converges uniformly in X for τ (X)
sufficiently large. Estimate (2.7) for the terms of this series follows from (5.9) and the
identity δ = ε(X).

We determine the terms λj and Ψj of the expansions (5.5) and (5.10), respectively.
We rewrite (5.6) componentwise:

ψp =

∞∑
j=0

δj φ̃p,j , p = 1, . . . , k,

where the φ̃p,j(x,X) are the components of the vector Ψj . Denote

φp,j(x,X) := εj(X)φ̃p,j(x,X).

By (5.6) and the definition of Ψ0, we have

(5.11) φ1,0 = ψ0, φp,0 = 0, p = 2, . . . , k,

and by (5.9) the functions φp,j(x,X) enjoy inequalities (2.7). We shall find the coefficients
λj in the form

λj(X) = Λj(X)ε−j(X),

where the Λj are certain functions satisfying (5.3) by (2.7). Now, we substitute (5.11)
and the series

λX(δ) = λ0 +

∞∑
j=1

δjε−j(X)Λj(X), ψp =

∞∑
j=0

δjε−j(X)φp,j

in (4.4):(
Hp − λ0 −

∞∑
j=1

δjε−j(X)Λj(X)

) ∞∑
s=0

δsε−s(X)φp,s

+ δε−1(X)
k∑

t=1
t�=p

LpS(Xp −Xt)
∞∑
s=0

δqε−s(X)φt,s = 0, p = 2, . . . , k.
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Expanding and then equating the coefficients of equal powers of δ, we obtain

(H1 − λ0)φ1,1 = Λ1ψ0,

(H1 − λ0)φ1,j = Λjψ0 +

j−1∑
t=1

Λtφ1,j−t −
k∑

t=2

L1S(X1 −Xt)φt,j−1,

(Hp − λ0)φp,1 = −LpS(Xp −X1)ψ0,

(Hp − λ0)φp,j =

j−1∑
t=1

Λtφp,j−t −
k∑

t=1
t�=p

LpS(Xp −Xt)φt,j−1,

(5.12)

where p = 2, . . . , k, j ≥ 2.

Lemma 5.2. We have

(φ1,j , ψ0)L2(Rd;Cn) = 0, j ≥ 1.

Proof. We calculate the inner product

(5.13) (ΨX ,Ψ0)L = (ψ1, ψ0)L2(Rd,Cn) =
∞∑
j=0

δjε−j(X)(φ1,j , ψ0)L2(Rd,Cn).

On the other hand, by (4.11), (4.21), and the normalization for ψ0, the inner product
(ΨX ,Ψ0)L has the form

(ΨX ,Ψ0)L = (Ψ0,Ψ0)L − δ
(
R(λX)P(λ− δTXR(λX)P)−1TXΨ0,Ψ0

)
L

= 1− δ
(
R1(λX)h, ψ0

)
L2(Rd;Cn)

,

where h ∈ L2(R
d;Cn) is the first component of the vector

P
(
λ− δTXR(λX)P

)−1TXΨ0.

The operator R1(λ0) acts in the orthogonal complement of ψ0, whence

(R1(λX)h, ψ0)L2(Rd;Cn) = 0.

Consequently,

(ΨX ,Ψ0)L = 1.

Together with (5.13), this implies the claim. �

Since H1 is selfadjoint, we see that the solvability condition for equations (5.12) is
the orthogonality of the right-hand sides to ψ0 in L2(R

d;Cn). Applying this solvability
conditions and taking Lemma 5.2 into account, we see that Λ1 = 0 and deduce (2.4).
Again by Lemma 5.2 and the definition of R1, we obtain (2.5) and (2.6). The proof of
Theorem 2.2 is complete.
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Ann. Inst. H. Poincaré Sect. A 30 (1979), no. 2, 83–87. MR535366 (80h:81012)
[14] Y. Pinchover, On the localization of binding for Schrödinger operators and its extension to elliptic

operators, J. Anal. Math. 66 (1995), 57–83. MR1370346 (96m:35061)
[15] E. M. Harrell and M. Klaus, On the double-well problem for Dirac operators, Ann. Inst. H. Poincaré

38 (1983), no. 2, 153–166. MR705337 (84k:81031)
[16] O. K. Reity, Asymptotic expansions of the potential curves of the relativistic quantum-mechanical

two-Coulomb-center problem, Symmetry in Nonlinear Mathematical Physics. Pt. 1, 2 (Kyiv, 2001),
Pr. Inst. Math. Nats. Akad. Nauk Ukr. Mat. Zastos., vol. 43, Natsional. Akad. Nauk Ukraini, Inst.
Mat., Kiev, 2002, pp. 672–675. MR1918384
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