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Abstract. Formal O0-modules over the ring of integers O of a local field, i.e., formal
groups over O with endomorphism ring including a fixed ring O0 are studied. A
complete description of the logarithms of all such modules is obtained in the case
of small ramification. Earlier it was shown that in the case of small ramification
(e(O/O0) < q), any O0-module is strictly isomorphic to an O0-module the logarithm
of which can be represented in the form vu−1(X), where u and v are certain matrices

over the ring of operators described in the paper. The result obtained in the present
paper enables one to determine the type (u and v) of a formal O0-module by the
form of its logarithm, and provides a way for constructing all formal O0-modules.

§1. Introduction

Our aim in the present paper is to give a complete description of the logarithms of
formal modules over the ring of integers of a local field in the case of small ramification.

The result obtained in this paper enables one to determine the type of a formal O0-mo-
dule (see the definition below) by the form of its logarithm in the case of small ramification
(vK(π0) < q); moreover, it provides a way for construction all formal O0-modules.

Throughout, we shall use the following notation, which is also necessary for the state-
ment of the main result. Let K0 be a local field (a finite extension of Qp) with the ring
of integers O0 and a prime element π0; let K be a finite extension of the field K0 with
the ring of integers O and a prime element π; let N be the subfield of inertia in K/K0,
let ON be its ring of integers, and let e0 be the ramification index of K/K0; finally, let
X = (X1, . . . , Xm). As in [1], Mm(A) denotes the ring of (m × m) matrices over the
ring A, Im is the identity (m×m) matrix. The main result of the paper is the following
theorem.

Theorem 1. Suppose λ(X) ∈ K[[X]]m, λ(X) ≡ X mod deg 2, and

λ(X) =

e0−1∑
k=0

πkλk(X),

where λk(X) ∈ N [[X]]m. Then λ(X) is the logarithm of an m-dimensional formal
O0-module over O if and only if for some u ∈ Mm(ON [[Δ]]′) and v ∈ Mm(O[[Δ]]),
where u ≡ π0Im mod Δ and v = π0Im − πr1 − · · · − πe0−1re0−1, ri ∈ Mm(ON [[Δ]]′Δ),
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1 ≤ i ≤ e0 − 1, the congruences

(1)

{
uλ0(X) ≡ 0 mod π0,

riλ0(X) + π0λi(X) ≡ 0 mod π0, 1 ≤ i ≤ e0 − 1,

are valid.

Here ON [[Δ]]′ is a ring acting on the series in N [[X]], which will be defined below in
Subsection 3.1. Congruence to 0 modulo π0 means that the corresponding column lies
in π0ON [[X]]m.

In Subsection 3.3 (see Proposition 1), in the case of small ramification we present a
system of congruences that explicitly describes the formal Cartier module corresponding
to an O0-module. We recall that the description of the classes of isomorphic formal
groups with the help of Cartier modules, known from [1, 2], was given in terms of the
right action of the ring ON [[Δ]]′. Theorem 1 describes all the logarithms of formal
O0-modules with the help of the left action.

For the first time, a similar description of formal groups was obtained by T. Honda
(in a more special case) in the paper [3], in which formal groups (of arbitrary dimension)
were constructed over the ring of p-adic integers. Now these groups are called formal
Honda groups. Over the ring of Witt vectors of a perfect field of positive characteristic,
the formal Honda groups exhaust all possible formal groups, thus providing a complete
classification of formal groups in this case. We recall that a formal groups F is called a
formal Honda group of type u ∈ Mm(ON [[Δ]]′), where u ≡ π0Im mod Δ, if its logarithm
λ satisfies the congruence

(2) uλ(X) ≡ 0 mod π0.

The formal Honda groups of types u and u1 are isomorphic if and only if u = cu1 for a
series c such that c ≡ 1 mod Δ.

The description of logarithms with the help of congruences of the form (2) has turned
out to be convenient in dealing with formal groups. In particular, constructions with
distinguished isogenies were successfully found for formal Honda groups, which made it
possible to obtain an explicit formula of the Hilbert pairing for this class of formal groups
(see [4, 5]).

§2. Notation

In addition to the notation given in the Introduction, we also use the following:

• vK denotes a discrete valuation on K for which vK(π) = 1;
• q is the order of the residue field of the field K0;
• σ is the Frobenius automorphism of N/K0.

§3. Classification of O0-modules in small ramification

The paper [1] was devoted to the description of a method for classifying all formal
groups over the ring of integers of an arbitrary local field with the help of module invari-
ants, and this method was illustrated in several cases, including the case of small ram-
ification. In [7], small ramification results were generalized to the case of O0-modules,
and their description was obtained without using module invariants. In this section, we
recall and generalize these results.
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3.1. Preliminary remarks and lemmas. Below we briefly list some known classifi-
cation statements and deduce necessary technical results.

In the same way as in [6, Propositions 15.2.6, 15.2.8, 15.2.9, and Theorem 21.5.6], it
can be shown that each formal O0-module over the ring O is strictly isomorphic to an
O0-typical one the logarithm of which can be represented in the form

λ(X) = Λ(Δ)(X) = X + b1X
q + b2X

q2 + . . . ,

where bi ∈ Mm(K), Xqi =

⎛
⎝Xqi

1

...
Xqi

m

⎞
⎠ , Λ(Δ) = (Λj) lies inMm(K[[Δ]]), and Δ(Xn

i ) = Xqn
i

(the action of Δ on a column is determined by its action on each element of the column).
Let ON [[Δ]]′ be the noncommutative ring of series that coincides with ON [[Δ]] as a

left ON -module and satisfies the relation Δa = σ(a)Δ for all a ∈ ON . This relation also
determines the structure of a right ON [[Δ]]′-module on K[[Δ]]. We define an action of

the operator Δ on the series from N [[X]]: for a series A(X) =
∑

ai1...imXi1
1 . . .Xim

m we
set

Δ(A(X)) :=
∑

aσi1...imXqi1
1 . . . Xqim

m .

Thus, we have an action of the ring ON [[Δ]]′ on N [[X]].

Lemma 1. Let Λ =
∑∞

i=0 CiΔ
i, Ci ∈ Mm(K), and let the series Λ(Δ)(X) be the

logarithm of a certain formal O0-module. Then πsCi ∈ Mm(O), where

s = max(ie0, (i+ l)e0 − ql), l =
[
logq

e0
q − 1

]
.

Proof. By Theorem 2 in [8], Λ can be represented in the form vu−1; moreover, vπl
0π

−ql ∈
Mm(O[[Δ]]), u ∈ Mm(ON [[Δ]]′), and u ≡ π0Im mod Δ. Let

u = π0Im −A(Δ)Δ, v = π0Im − π−l
0 πqlB(Δ)Δ, A,B ∈ Mm(O[[Δ]]).

Then

vu−1 =

∞∑
j=0

(A(Δ)Δ)j

πj
0

− πql

πl
0

B(Δ)Δ

∞∑
j=0

(A(Δ)Δ)j

πj+1
0

.

Therefore,

Λ ≡
i∑

j=0

(A(Δ)Δ)j

πj
0

− πql

πl
0

B(Δ)Δ

i−1∑
j=0

(A(Δ)Δ)j

πj+1
0

mod Δi,

which implies the lemma. �

Lemma 1 can be proved differently by applying the universal O0-typical O0-module
(for the definition, see, e.g., [6, 21.5]).

Throughout this section, we fix elements u ∈ Mm(ON [[Δ]]′) and v ∈ Mm(O[[Δ]]) such
that

u ≡ π0Im mod Δ,

v = π0Im − πr1 − · · · − πe0−1re0−1,

ri ∈ Mm(ON [[Δ]]′Δ), 1 ≤ i ≤ e0 − 1.

(3)

For each α ∈ O, we define an operator 〈α〉 on K[[Δ]]m in the following way:

〈α〉
( ∞∑

i=0

ciΔ
i

)
=

∞∑
i=0

ciα
qiΔi.
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Let DF = {f ∈ K[[Δ]]m : λ−1
F (f(Δ)(X)) ∈ O[[X]]m} be the Cartier module correspond-

ing to the formal O0-module F with the logarithm λF (X) = Λ(Δ)(X), where Λ = vu−1.
We recall (see [1, Definition 5.2.1]) that as the right ON [[Δ]]′-submodule of K[[Δ]]m

(see [1] for the details) DF is generated by the elements 〈πi〉Λj .
As in [1], DFπ

denotes the module corresponding to the formal law Fπ(X,Y ) =
π−1F (πX, πY ).

In what follows we assume that

(4) e0 < q.

Lemma 2. DFπ
= O[[Δ]]m.

Proof. Since vK(π0) < q and, after passage from F to Fπ, the coefficients of the logarithm

at Xqi

j are multiplied by πqi−1, Lemma 1 shows that the claim can be proved in the same

way as a similar item of Theorem 6.3.1 in [1]. �
3.2. Classification theorem. In the same way as in [1], using the preliminary remarks
one can obtain the following result.

Theorem 2.
1) λ(X) = Λ(Δ)(X) is the logarithm of an O0-typical formal O0-module over the ring

O if and only if Λ = vu−1 for some elements u ∈ Mm(ON [[Δ]]′) and v ∈ Mm(O[[Δ]])
such that u ≡ π0Im mod Δ, v = π0Im − πr1 − · · · − πe0−1re0−1, ri ∈ Mm(ON [[Δ]]′Δ),
1 ≤ i ≤ e0 − 1.

2) Any formal O0-module over O is isomorphic to an O0-typical module with such
logarithm.

3) Two O0-typical formal O0-modules F (X,Y ) and F ′(X,Y ) with logarithms λ(X) =

vu−1(X) and λ′(X) = v′u
′−1(X) are strictly isomorphic over O if and only if u′ = εu,

v′ = v + gu for some ε ∈ Mm(ON [[Δ]]′), ε ≡ Im mod Δ, and g ∈ πMm(O[[Δ]]Δ).

In the one-dimensional case, this theorem was proved in [7, Theorems 1, 2].
In the case where a formal O0-module F is isomorphic to an O0-module with logarithm

of the form vu−1(X), we shall say that F is of type (u, v).

3.3. The form of the module DF in the case of small ramification. We describe
the Cartier module for a formal O0-module in the case of small ramification (i.e., under
the assumption (4)).

Proposition 1. Let η(Δ) ∈ K[[Δ]]m and η(Δ) =
∑e0−1

i=0 πiηi(Δ), where ηi(Δ) ∈
N [[Δ]]m, 0 ≤ i ≤ e0 − 1. Then η(Δ) ∈ DF if and only if the following congruences
are valid:

(5)

{
uη0 ≡ 0 mod π0,

riη0 + π0ηi ≡ 0 mod π0, 1 ≤ i ≤ e0 − 1.

Proof. Let η ∈ DF . As has been mentioned above, DF is generated as an ON [[Δ]]′-
module by the elements 〈πi〉Λj , 0 ≤ i ≤ e0 − 1, 1 ≤ j ≤ m. It is clear that the Λj satisfy

system (5), because Λ = vu−1. From condition (4) it follows that πqi is divisible by
πi
0π. Therefore, the 〈πs〉Λj lie in πO[[Δ]]m for all s > 0, and thus the 〈πs〉Λj also satisfy

congruences (5). Consequently, all the elements of the module DF satisfy system (5).
We show that any element of K[[Δ]]m satisfying this system lies in the module DF .

Congruences (5) mean that{
uη0 = π0A(Δ),

riη0 + π0ηi = π0Bi(Δ), 1 ≤ i ≤ e0 − 1,
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for some series A, Bi ∈ ON [[Δ]]m. This implies

η =

e0−1∑
i=0

πiηi = π0u
−1 +

e0−1∑
i=1

πi(Bi − riu
−1A) = ΛA+

e0−1∑
i=1

πiBi.

Clearly,
∑e0−1

i=1 πiBi ∈ πO[[Δ]]m. By Lemma 2, we have πO[[Δ]]m = πDFπ
⊂ DF . Thus,

η ∈ DF . �

§4. Proof of the main theorem

Proof of Theorem 1. Let

λ(X) =
∑

ai1,...,imXi1
1 . . .Xim

m , ai1,...,im ∈ Km.

By [1, Proposition 5.5.1], the series λ(X) is the logarithm of a formal O0-module of type
(u, v) if and only if the series

λ(i1...im)(Δ) =
∞∑
s=0

ai1qs,...,imqsΔ
s

lie in DF for all multi-indices (i1 . . . im) such that the ij are not all divisible by q. Let J

denote the set of all such multi-indices. For I = (i1 . . . im) we put XI = Xi1
1 . . . Xim

m .
It is easily seen that λ(X) =

∑
I∈J λI(Δ)XI . Let

λI(Δ) =

e0−1∑
k=0

πkλI
k(Δ), λI

k(Δ) ∈ N [[Δ]]m.

Then the validity of the system of congruences (1) is equivalent to the fact that for all
I ∈ J we have

(6)

{
uλI

0 ≡ 0 mod π0,

rkλ
I
0 + π0λ

I
k ≡ 0 mod π0, 1 ≤ k ≤ e0 − 1.

System 1 and Proposition 1 yield the required statement. �

Conceivably, condition (4) can be relaxed, but not drastically. In any case, we note
the following.

Remark 1. If v(π0) > q, then there are u and v satisfying conditions (3) for which there
exists a (nonunique) λ(X) ∈ K[[X]]m such that λ(X) ≡ X mod deg 2 and λ(X) satisfies
the system of congruences (1); moreover, λ(X) is not the logarithm of a formal group.

We give an example of such a series λ(X). For simplicity, assume that m = 1. Let
λ(q)(X) be the logarithm of a formal Lubin–Tate group over the ring O0. For example,

λ(q)(X) = π0(π0 −Δ)−1(X) = X +
Xq

π0
+ . . . .

We set λ(X) = λ(q)(X) + πX2. It is easy to verify that the series λ(X) satisfies system
(1) for v = π0 and u = π0 −Δ. We show that the series is not the logarithm of a formal
O0-module. Indeed, assume that λ(X) is the logarithm of a formal O0-module F ; then
F is isomorphic to a formal module F(q) with logarithm λ(q)(X), because λ(q)(X) is the

q-typical part of the series λ(X). Then, by [1, Proposition 5.5.1], the series λ(2)(Δ) = π
lies in DF(q)

. Consequently, λ−1
(q)(πX) ∈ O[[X]], which is impossible because λ−1

(q)(πX) =

πX + πq

π0
Xq + . . . , but πq

π0
/∈ O.
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