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TRANSFER OF THE UNITARY K;-FUNCTOR
UNDER POLYNOMIAL EXTENSIONS

V. I. KOPEIKO

ABSTRACT. Transfer of the unitary Ki-functor under polynomial extensions of uni-
tary rings is constructed and composition of this transfer with the natural homomor-
phism induced by embedding of polynomial rings is computed. As an application of
the composition formula, unitary Kj-analogs of Springer and Farrell theorems are
proved.

§1. INTRODUCTION

In a letter to the author dated 20 April 2015, Professor Ravi Rao from the Tata Insti-
tute of Fundamental Research, Mumbai, India, posed the following problem: construct
the transfer K; Sp(R[X]) — K1 Sp(R[X?]) and compute the composition of the natural
homomorphism K7 Sp(R[X?]) — K; Sp(R[X]) induced by the embedding R[X?] — R[X]
with the above transfer, with the hypothesis that it coincides with multiplication by 2.
As is well known (see, for instance, [, Chapter 9, Proposition 1.8]), in the linear case such
a transfer exists and the composition K;(R[X?]) — K;(R[X]) — K1(R[X?]) coincides
with multiplication by 2 = [R?], when we view K;(R[X?]) as a Ko(R)-module.

Our goal in the present paper is to construct, for an arbitrary unitary ring R with
a form parameter A and a symmetry A, and for an arbitrary integer n > 2, a trans-
fer (in)«: KiUMNR[X],A[X]) — K UM R[X"], A[X"]), where i,, denotes the canonical
embedding R[X"] — R[X], and to calculate the composition (iy)« o (iy)*, where (i,)*
denotes the natural homomorphism K;U*(R[X"], A[X"]) — K U*(R[X], A[X]) induced
by the embedding i,,. In Theorem [I] we construct such a transfer and in Theorem 2] we
show that the composition (i, ). o (i,)* coincides with kH if n = 2k, and with id +kH
if n = 2k + 1, where id denotes the identity map and kH denotes the k-multiple of the
hyperbolic homomorphism H. In particular, when R is a commutative ring with trivial
involution, A = R, and A = —1, we get the usual symplectic K;-functor, for which by
Theorem 2 the composition (i2). 0 (i2)*: K1 Sp(R[X?]) — K Sp(R[X]) — Ki Sp(R[X?])
coincides with the hyperbolic homomorphism H: [a] — [a@® (af)~!], which gives a com-
plete answer to the problem posed by Rao.

Our results can be viewed as unitary K;-analogs of the classical results by Scharlau in
the algebraic theory of quadratic forms on the existence and properties of transfer under
finite field extensions, for polynomial extensions of unitary rings. Observe that, in the
construction of transfer, Scharlau assumed the existence of a trace map (Scharlau trace).

As corollaries to Theorem [2 in the present paper, we prove that for any odd n the
restriction of the natural homomorphism (i,,)* to the Witt cogroup is a split monomor-
phism (Corollary [I]), and, furthermore, the homomorphism induced by (i,,)* on the Witt
group is a split monomorphism (Corollary [2]).
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The above corollaries can be viewed as unitary Ki-analogs for the polynomial ex-
tensions of unitary rings of the classical theorem by Springer in the algebraic theory of
quadratic forms, concerning the properties of quadratic forms under finite field extensions
of odd degree.

As another application of the composition formula mentioned above we prove unitary
Kj-analogs of Farrell’s theorem for unitary Witt cogroups (Theorem [B)) and for unitary
Witt groups (Theorem [)).

The author is grateful to Prof. Rao for proposing the above problem.

§2. HYPERBOLIC UNITARY GROUP

In the present paper we follow the standard setting and notation, see [2]. Let us
reproduce some basic definitions and results used in the sequel.

We fix a unitary ring (R, A, A), where R is an associative ring with 1, supporting an
involution  — Z. Further, let A be a central element of R such that A\- X = 1, and let
A be an additive subgroup of R such that Anin < A < Anax, and, moreover, TAz C A
for any € R. Here Apin = {x — A\Z,x € R} and Apax = {z € R : © = —AZ}. Note
that (R, \,A), where A = {Z, 2 € A}, is also a unitary ring. In the literature, the unitary
rings (R, A\, A) are also called form rings with form parameter A and symmetry A.

Extend the involution to the matrix ring M, (R) by setting (a;;)* = (a;;). We say
that a matrix a = (a;;) is A-anti-Hermitian if it satisfies the condition a = —Aa*. If,
furthermore, all diagonal entries of a belong to A, the matrix a is said to be A-Hermitian.
A matrix is A-Hermitian if it is A-anti-Hermitian and its diagonal entries belong to A.

In the present paper we write matrices in a block form. Namely, o = (‘; Z) € My (R)
means that a,b,c,d € M,(R). To shorten the notation, we denote the block diagonal
matrix (& 9) by a ®d, and the matrix (2§) by b c.

For a natural r we set

_ 0 e o A 0 €r\ _ *
qT_(O 0)_67‘®07 IT_()\GT O>_qT+Aq7~_eT®AeT7

where e, (respectively, 0) denotes the identity (respectively, zero) matrix of degree r.
Observe that the matrix I} is invertible and (I})~! = (I})*. In the sequel the index r
or even both r and ) in the matrices e,., ¢, I) will be omitted if they are clear from the
context.

A matrix o € Ms,-(R) is called A-unitary if the matrix a*ga — ¢ is A-Hermitian. The
fact that a*qa — ¢ is A-anti-Hermitian implies that a*I*a = I*. The matrices subject
to this condition will be called unitary. In particular, each A-unitary matrix o = (‘C‘ Z)
is invertible and -

ol = I'a’l = (d* ”’*) .
ek ax
The set of all A-unitary matrices of degree 2r forms a group denoted by Uj\.(R,A) and
is called the (hyperbolic) A-unitary group. The group Us).(R, Amax) consisting of all
unitary matrices is denoted by Us).(R) and is called the (hyperbolic) unitary group. In
the sequel we usually drop the indication “hyperbolic”.

Observe that in the case where A = —1 and A = Ap.y, the group Ug.(R,A) is the
classical unitary group Us,(R). Furthermore, when R is a commutative ring with trivial
involution, A = —1, and A = Apax = R, we get the usual symplectic group Us,.(R) =
Spo,.(R). Similarly, when A = 1 and A = Ay = 0, we get the orthogonal group
Us (R, A) = Oy,.(R). Thus, passing to unitary rings with an arbitrary symmetry A and
an arbitrary form parameter A, one can unify the study of classical groups over rings
with involution.



TRANSFER OF THE UNITARY K;-FUNCTOR 449

We reproduce several well-known equivalent definitions and some standard examples
of A-unitary matrices (see, e.g., [2, Chapter 2]).

Proposition 1. For a matrizc a = (’; 2) € M. (R) the following conditions are equiva-
lent:

1) a is A-unitary;

2) « is unitary and the diagonal entries of the matrices a*c, b*d are contained A;

3) a*d + \c¢*b = e, and the matrices a*c, b*d are A-Hermitian.

The identity a*I*a = I* implies that a* = I*a~'(I*)* and, in particular, o €
Us (R, A) if and only if a* € Uj,.(R,A). Now, item 3) of Proposition [ applied to the
matrix o implies the following.

Corollary 1. In the notation of Proposition [l a matriz o is A-unitary if and only if
ad* + \bc* = e, and the matrices ab*, cd* are A-Hermitian.

Corollary 2. Leta, d € M, (R); then a®d € U3\.(R, A) if and only if a is invertible and
d=(a*)"t.

A matrix of the form a ® (a*)~!, where a € GL,(R), is denoted by H(a) and is
said to be hyperbolic. The assignment a — H(a) gives rise to the hyperbolic mapping
H: GL.(R) — Us.(R, A), which is a group homomorphism.

Corollary 3. We have X1 (b) = (§2) € Us.(R,A) if and only if the matriz b is A-Her-
mitian.
Corollary 4. We have X_(c) = (¢9) € Us.(R, A) if and only if the matriz c is A-Her-
matian.

Denote by EU3,.(R,A) the subgroup of U3.(R, A) generated by the matrices of the
form H(w), X1 (b), X_(c), where a € E,.(A), b is A-Hermitian, and ¢ is A-Hermitian.
The group EU3,.(R, A) is called the elementary (hyperbolic) A-unitary group.

We introduce the following operation on matrices. Suppose o = (‘éll Zi) € M. (R),
8= (‘Z ZZ) € Mss(R). Denote

aq 0 b1 0
o 0 a9 0 bg

a L /8 = 1 0 dl 0 S M2(’I‘+S) (R)
0 Co 0 dg

We list some properties of the above operation that will be used in the sequel.

1. I} L I} = I}, for all natural r, s. In particular, o 1 8 € U2>‘(T+8)(R7 A) if and only
if a € U3\.(R,A), B € U3\ (R, A).

2. Ha® )= H(a) L H(B) for all o, 8 € GL(R).

Define the embedding U3\.(R,A) — U3 o(R,A): @ = a L ey and set UM R,A) =
UU.(R,A), EUMR,A) = UEUS, (R, A).

We recall the unitary analog of the Whitehead lemma, stated by Bass in [2, Chapter 2,
Proposition 3.7] and proved by Vaserstein in [3, Lemma 1].

Proposition 2. Let a, 3 € Ug.(R,A). Then the matrices a L a1 and [a, B] L ea, are
contained in EUY, (R, A), where [, 8] denotes the commutator-.

By Proposition B the group EU*(R, A) coincides with the commutator subgroup of
the group U*(R, A), so that the (Abelian) group K;UM(R,A) = UM(R, A)/ EUM(R, A) is
well defined. The class of a matrix a € U*(R,A) in the group K;U*(R, A) is denoted
by [a].

We state some corollaries to Proposition 2] that will be used in the sequel.
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Corollary 1. Under the conditions of Proposition B, in the group KiUM(R,\) we have

[a L g] = [af].
Proof. By Proposition Bl we have a L 8 = (o L 8)(8 L 871) = aB L ez mod
EUi‘T(R, A), and, thus, o L 8 = af mod EUA(R7 A). ]

Corollary 2. For any matriz o € UM(R, A) in the group K1U(R, A) we have [H(a)] =
[H((e)™)].

Proof. To prove the corollary, it suffices to verify that a*a € EU)‘(R, A). Let a €
Us (R, A). By assumption, a*I)a = I} and, thus, e = I"'a*a = [I, (a*)"(a*a).
By Proposition [ we have a*a = [I, (a*)_l]_1 = [(a*)~1, 1] € EUM(R, A). O

Below, for a natural k we denote by kH the kth multiple H | H 1 --- 1 H of the
hyperbolic mapping H.
Corollary 3. Under the assumptions of Corollary [, for any natural k in the group
K1 UM R,A) we have [kH ()] = [H(a")] .
Proof. To use induction, it suffices to prove that 2H (o) = H(a?) mod EUMR,A). Let
a € Up(R,A). We have 2H(a) = H(a) L H(a) = H(a @ «). But by the Whitehead
lemma (see, e.g., Proposition 1.7 in [I, Chapter 5]) we have a®a = a? Deq, mod Ey,.(R),
whence a @ a = o mod E(R). O

§3. CONSTRUCTION OF TRANSFER

Let (R,A,A) be a unitary ring. We extend the involution to the polynomial ring
R[X] by setting X = X. Then (R[X"],\, A[X"]) is a unitary ring for any natural n.
Below we assume that n > 2. Denote by i, the canonical embedding of the uni-
tary rings (R[X"], A\, A[X"]) = (R[X], A\, A[X]) that induces the natural homomorphism
(in)*: KiUMNR[X™],A[X"]) — K UM R[X], A[X]).

Take an arbitrary matrix a = a(X)€My,(R[X]). Since R[X]is a free (left) R[X"]-mo-
dule of rank n with the base {1, X,..., X" 1} the matrix a can uniquely be written
in the form a = ag + a1 X + - + a, 1 X" L. Let as = as(X") = (Zéj Zi), where
ars = aps(X") € M (R[X"]) for k=1,...,4,s=0,...,n— 1.

Proposition 3. In the above notation and under the above assumptions we have o =
a(X) € U (R[X],A[X]) if and only if

) the following identz’ties are true:

saglag+ >0, a*Ian SX =1

1,,1:2:S 0 @ada,— S—I—ZS a1 Gelamin—s X" =0 forallm=1,...,n—2;

Tpo1: Z: 01 aglap, 15 = 0;

2) the diagonal entries of the following matrices are contained in A[X™], where t takes
the values 1 or 2:

n—1
20 : atoat+20+zs 1 atsat+2n sX"
2m 1 >t 0 O Ott2,m— S—i—zs 1 G0t 2min—s X" forallm =1,...,n—2;
21 !
n—1 - ZS:() atsat+2,n—1—s-

Proof. The claim follows from the equivalence of Conditions 1) and 2) of Proposition [II
Indeed, if a matrix « is A[X]-unitary, then it is unitary, and, thus,

n—1 n—1
(ZQSXS) I3 aXt =1
s=0 s=0

Equating the coefficients of the corresponding degrees of X on the left and on the right,
we get identities 15 for all s =0,...,n — 1.
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Moreover, by item 2) of Proposition [[] the diagonal entries of the matrices

n—1 « n—1

E s § s
( atsX ) : at+2,sX

s=0 s=0

are contained in A[X™] for ¢ equal to 1 or 2. This implies conditions 2, for all s =
0,...,n—1. (Il

We state one of the main results of the present paper.

Theorem 1. Let (R, )\, A) be a unitary ring. Then for any integer n > 2 there exists the
transfer

(i)t KyUNRIX,ALX]) = KyUN(RIX™),AX)),
where i, denotes the canonical embedding R[X"] — R[X].

Proof. We introduce some auxiliary notation. For an integer n > 2 we denote by .J,, the
matrix of degree 2rn, written in the block form with blocks of degree 2r, that has matrices
I> at the secondary diagonal, whereas all other blocks are zero matrices of degree 2r.
Thus, J, = I) @ I} @ --- @ I}, with n copies of the matrix I}. Furthermore, set
op = 00 @ ey, where 00 = Ji if n = 2k, and 0 = Ji, ©e, if n = 2k + 1. Straightforward
verification shows that J = Ay, Indy = JrJn = €apn, Ono), = 0p0n = €pp, and

* T
oy Jnon =1,

1. Construction of transfer. Taking an arbitrary matrix
a = a(X) € U, (R[X], A[X]),

we write o = a(X) as in PropositionBl Set

Qg X”an_l X"an_g N X”ag X”a1
a1 ap X"an,l . X”ag Xn(lg
~ as ai ag ... X"ay X"as "
o= € Mop,(R[X™]).
n—2  Gp_3 p—g ... ag  X"ap 1
An—1 Ap—2 Ap—3 e a ao

We show that a*J,& = J,. Let a*J,& = (a;;) € Mo (R[X"]), where a;; =
a;;(X™) € Ma(R[X"]) for all 1 < 4,57 < n. The first horizontal strip of the matrix
a*J, has the form (a}_1I,a)_5I,...,ail,all) and, thus, by formula 1,,_; in Proposi-
tion Bl we have a1 = Z;:()l a*Ian_1_s = 0. Furthermore, formula 1y in Proposition [
shows that a1, = aflag + X™ Z?:_ll a*Ia,_s = I. Finally, let 2 < k < n —1. Then by
formula 1,_j in Proposition Bl we have

n—k n—1
g = E ailan_—s+ X" E arlasy—k—s = 0.
s=0 s=n—k+1

Thus, we have shown that the first horizontal strip of the matrix a*J,@ has the form
(0,0,...,0,1).

Let 0 <m <n—2. Then 2 < n —m < n, and the (n — m)th horizontal strip of the
matrix (@)*.J, has the form

(ap I, ap,_i1,....ai1,a51, X" a}_(1,..., X" a} 1)
For 1 <k <m+ 1 we have
m+1—k n—1

Op—m,k = asIam%»lfkfs +X" asIanerJrlfkf&
s=0 s=m+2—k



452 V. I. KOPEIKO

Thus, by formula 1y in Proposition Bl we have ay—mm+1 = I, and for 1 < k < m by
formula 1,,11_; in Proposition Bl we have ay,_.,, = 0. Finally, by formula 1,,_; in
Proposition [3 we have

n—1

On—m,m+2 = X aSIanflfs =0.
s=0

For m + 3 < k <n, formula 1,,4,,+1—x in Proposition B yields

n+m+1—~k n—1
* 2 *
Ap—m,k = X" § aSIanerJrlfkfs + X E asla2n+m+17k75 =0.
s=0 s=n+m-+2—k

This concludes the proof of the identity a*J,a = J,.
Set 'y (o) = o}y, € Mapn(R[X™]). Then combining the above identity with those
at the beginning of the proof of the theorem, we see that

(@) L. Th(a) = (or0%0y) (0 Juon) (ordoy) = o™ Jpaoy, = o Jnon = Iny.

It follows that the matrix T',,(«) is unitary.
Now we prove that the matrix I',,(«) is in fact A[X"]-unitary. Since the shape of the
matrix o, depends on the parity of n, we consider two cases separately.

2. The case of even n. Let n be even, n = 2k. In this case the matrix @ can be
written in the form a = (4! XW’O‘?) € Marn (R[X™]), where

Qs
Qo Xn(ln,1 . X”ak+2 Xnak;Jrl
ay ap ce X’Lak+3 X"ak+2
o= ... € M,,(R[X"]),
Ak—2 Ap—3 e ap X"an_l
Qp—1 Af—2 . aq ap
Qg ag—1 ... an al
Ak+1 ag NN as a9
as=1| ... ... .. ... .| eMn(RX").
ap—2 04n-3 ... ag ap—1
ap—1 Ap-2 ... Q41 Qg

By item 2) of Proposition [Il to prove that the matrix

Jion Jy X”J,jag)

Fn(a) = 0,00 = < oy a

is A[X™]-unitary, it suffices to check that the diagonal entries of (J}asJy)*aoJy and
(Jiag)*aq are contained in A[X™]. Below, to simplify the notation, we denote the matrix
Jy, simply by J.

2.1. Verification of the first condition. We prove that the diagonal entries of the
matrix (J*aqJ)*asd = (J*aiJ)(aeJ) = (Jai)(J*agJ) are contained in A[X"]. To
prove this we need some subsidiary facts.

Lemma 1. For an arbitrary X in A and any matric a = (a;;) € M,(R), the matric
a — \a* is A-Hermitian with the diagonal entries a;; — Na;; contained in Apin(C A).

Lemma 2. In the notation and under the conditions of Proposition Bl, the product

IatTI*amI is a block matrix (2; o2 ), where ¢1 = a5,04m+ A}, Q2m, €4 = a4a3m+Aa5,a1m

and 0 < s,m<n—1.
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The claim of Lemma [l is obvious, whereas Lemma [2] can be verified by a straightfor-
ward calculation.

Now, we pass to the verification of the first condition. Let by, bo,. .., by be the diag-
onal blocks of the matrix (Jaj)(J*azJ) and let b; = (2; Zi ), where by;, bo;, b3, by €
M, (R[X™]). We need to prove that the diagonal entries of the matrices by;, by; are con-
tained in A[X"] for alli=1,... k.

For 1 <m < k-1, the matrix b,,(X™) equals the product of the mth horizontal strip
(X" g, X A} iy X ay,_y, Tag, Tag,. .., Iay, ) of Jaj by the mth vertical
strip [I*amak—1, I @Gmak—2s -« oy I Qmy1, [*am) of J*asJ. Here and below [c, ¢a, . . ., ck]
denotes the vertical strip

C1
C2
Ck
Consequently,
m—1 n—1
E : * T n ——
bm = ICLSI a2m—1—s + X E ICLSI Ap4+-2m—1—s
=0 s=k+m
and thus by Lemma 2]
m—1
* *
blm(X") — (a25a472m,1,s + )\a4sa212m7175)
s=0
n—1
* *
+ X" § : (a25a4,n+2m7175 + Aa4sa2,n+2m71—s)
s=k+m
2m—1 n—1
E * n § *
= ( AosQ4 2m—1—s + X a25a4,n+2m18>
s=0 s=2m

2m—1 m—1
* )\ *
- Aos4 2m—1—s — A2 2m—1—s
s=m s=0
k+m—1 n—1
n * *
- X < § a23a4,n+2m—1—s - )\ § a43a2,n+2m—1—s) .

s=2m s=k+m

By condition 25, 1 in Proposition Bl for ¢ = 2, the diagonal entries of the matrix in
the first parentheses are contained in A[X"]. Plugging s := 2m — 1 — s in the sum with
coefficient A in the second parentheses, we get the matrix

2m—1

* *
E (a35042m—1—5 — MG} 9, 1 402.5),
s=m

whose diagonal entries are contained in Amin[X"](C A[X™]) by Lemma [Il Similarly,
substituting s :=n 4+ 2m — 1 — s in the sum multiplied by A in the third parentheses we
get the matrix
k+m—1
> (a3saamsam—1-s — QS pom 1 s02.5),

s=2m

whose diagonal entries are contained in Ay, [X™](C A[X™]) by Lemma [I
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Thus, we see that the diagonal entries of the matrix b1, (X™) are contained in A[X™].
Similarly, we get

2m—1 n—1
b4m(Xn):< E alsa32m—1—s + X" E a’{sa3,n+2m—1—s>

s=0 s=2m
2m—1
* *
N Z (01503 2m—1-5 = A3 9,1 501,5)
s=m
k4+m—1
n * *
- X < E (a13a37n+2m,1,s - Aa37n+2m15a175>.
s=2m

By condition 25,1 in Proposition [3] for ¢t = 1, the diagonal entries of the matrix in the
first parentheses are contained in A[X"], whereas the diagonal entries of the matrices in
the second and the third parentheses are contained in A, [X™](C A[X™]) by Lemmalll

It follows that the diagonal entries of the matrix by,, (X™) are contained in A[X"] and,
consequently, the diagonal entries of the matrix b,,(X™) are contained in A[X"] for all
1<m<k-1.

Consider the diagonal block b, (X™) = Zi;& Ia*T*a, 15 of the matrix (J*a1J)*aaJ.
Then by Lemma [2] we have

k—1
n * *
bir(X") = ) (a2,a4n-1-s + Aaj,a2n-1-5)
s=0
n—1 n—1 k—1
* * *
= UgsA4n—1—s — < § AosQ4.n—1—5 — A E a4sa2,nls>~
s=0 s=k s=0

By condition 2,_; in Proposition [l for ¢ = 2, the diagonal entries of the matrix in the
first sum are contained in A[X™]. Substituting s := n — 1 — s in the sum with the
coefficient A in the parentheses, we get the matrix ZZ;; (a3504,n—1—s — Aa] 1 502),
whose diagonal entries are contained in Apin[X™](C A[X™]) by Lemma Il

Thus, the diagonal entries of the matrix b5 (X™) are contained in A[X™]. Similarly,
one can prove that the diagonal entries of the matrix by, (X™) are contained in A[X™"]
and, thus, the diagonal entries of the matrix by (X™) are contained in A[X™]. Tt follows
that the diagonal entries of the matrix (J*aJ)*agJ are contained in A[X™].

2.2. Verification of the second condition. Let us prove that the diagonal entries of
the matrix o} Jay are contained in A[X™]. For the proof we need the following subsidiary
statement.

Lemma 3. In the notation and under the conditions of Proposition[3], the product a*Ia,,
s the block matriz (ﬁ; Ei), where ¢1 = af a3m + ANa3,01m, C4 = 05,Q4m + A} a2m, and

0<sm<n-—1.

The lemma is verified by a straightforward computation.

Now, we pass to the verification of the second condition. Let by,b,...,b; be the
diagonal blocks of the matrix ajJaq, and let b, = (g; 22), where by;, bo;, b3, by €

M, (R[X™]). We must prove that the diagonal entries of the matrix by;, by; are contained
in A[X") foralli=1,...,k.
The matrix by (X™) equals the product of the first horizontal strip

* * * *
(an_1I,a; _of,... a5 1 I,a;1)
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of the matrix ajJ by the first vertical strip [ag, a1, ..., ar—2,ar—1] of the matrix a;. It
follows that b; = Z:;,: a*Iay,_1_s, whence, by Lemma [3] we have

n—1

bll(Xn) = Z(aisa&n—l—s + Aagsalm—l—s)
s=k

n—1 k—1 n—1
* * *
= E A1503n—1—s — ( E A1503,n—1—s — A E agsal,n—l—s> .
s=0 s=0 s=k

By condition 2,,_; in Proposition [3 for ¢ = 1, the diagonal entries of the matrix in the
first parentheses are contained in A[X™]. Substituting s := n—1—s in the sum inside the
parentheses with the coefficient A, we get the matrix Zf;é (a15a3,n—1-s— A3, _1_4a1),
whose diagonal entries are contained in Apin[X™](C A[X™]) by Lemma [Tl

Thus, the diagonal entries of the matrix b1 (X™) are contained in A[X™]. Similarly,
one can prove that the diagonal entries of the matrix b4 (X™) are contained in A[X™],
and, thus, the diagonal entries of the matrix b;(X™) are contained in A[X™].

For 2 < m < k, the matrix b,,(X™) is equal to the product of the mth horizon-

tal strip (ay,_,, I, a5, _,,_11,...,a5_,, 1) of the matrix a3.J by the mth vertical strip
[X™an—ms1, X" @pn—mt2y--., X"Ap_1,00,01,...,0k—m] of the matrix a;. Thus,
k—m n—1
bm(Xn) = a’;k7,72m+1751a3 +Xn Z a§n72m+175‘[a’5'
s=0 s=n—m-+1

Substituting s :=n —2m+ 1 — s in the first sum and s := 2n —2m + 1 — s in the second
sum, we get

n—2m+1 n—m
n 2 : * n N
bm(X ) = aslan—2m+1—s + X E aslagn_2m+1_s.
s=k—m+1 s=n—2m-+2
Therefore, by Lemma [3]
n—2m+1
* *
blm(X") = E (alsa3’n,2m+1,5 + )\agsal,n,gmﬂ,s)
s=k—m+1
n—m
* *
+ X" § (a13a3,2n72m+1fs + Aa350172n72m+175)
s=n—2m+2

n—2m-+1 n—1
* n *
( E 01403 n—2m+1—s + X E a15a372n—2m+1—s)

s=0 s=n—2m-+2
k—m n—2m+1
* A *
- 1443 n—2m+1—s — 3401 .n—2m+1—s
s=0 s=k—m+1

n—1 n—m
n * *
-X ( E (1503 2n—2m+1—s — A E 03801,2n—2m+1—s)-

s=n—m-+1 s=n—2m-+2

By condition 2,,_9,,+1 in Proposition [ for ¢ = 1, the diagonal entries of the matrix in
the first parentheses are contained in A[X™]. Substituting s := n —2m + 1 — s in the
sum with coefficient A in the second parentheses, we get the matrix

k—

3

* *
(alsa’37n*2m+1*5 - >‘a’3,n72m+175a275) )

@
Il
o
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whose diagonal entries are contained in Ap,in[X™](C A[X"]) by Lemma [l Similarly,
substituting s := 2n — 2m + 1 — s in the sum with coefficient A in the third parentheses,
we get the matrix

n—1

Z (07403 2n—2m+1—s — NG5 00 91— s01,s);

s=n—m-+1
whose diagonal entries are contained in Apin[X"](C A[X"]) by Lemma [Il Thus, the
diagonal entries of the matrix b1, (X™) are contained in A[X"] for all 2 < m < k.
Similarly one can prove that the diagonal entries of the matrix by, (X™) are contained

in A[X™] for all 2 < m < k. Consequently, the diagonal entries of the matrix b, (X™) are
contained in A[X™] for all 2 < m < k. Thus, the diagonal entries of the matrix ojJay
are also contained in A[X™], and, if n is even, the matrix I';, (o) is A[X"]-unitary.

3. The case of odd n. Let n be odd, n = 2k + 1, with £k > 1. Below for two
matrices a,b of degree r we denote by a/b the vertical strip §. In the case where n is
odd, the matrix & can be written as @ = (4l a2) € M, (R[X™]), where the matrices
aq, o2, a3, as(€ My (R[X™])) look like this:

ao X”an,l . Xnak;JrQ _Xnal’k;+1/Xna/3’k+1
al an N X"ak+3 X”a/17k+2/Xna/3)k+2
a1 = ‘e y
ag—1 ag—2 . ag X"a1m—1/X"a3mn-1
a1,k02E QA1 k—102 k-1 - 411021 a10
X”a27k+1/X”a47k+1 X"ak e X"a1
X”a27k+2/X”a47k+2 X"ak_H e X"ag
Qg = e e [N ‘e s
X"ag’n,l/X"azlyn,l X”an,g N X"ak
azo X"a1 1 X"a2n1 ... X"a1p1X"a2k41
a3, k04 A3 k—-104k—1 ... A31041 aszp
Ak+1 ar P a9 an/agl
as = e )
an—2 an—3 e ar a1 p—1/a3 k-1
an—1 An—2 cee Qk+1 al,k/%,k
a40 X"z 1 X"aspn—1 ... X"azp+1X"a4 k41
agl/a41 ap ce X"ak+2
Qg = ce .. .
azk—1/04 k-1 ag—2 e X"an 1
az,k/a4,k ag—1 e ago
Consequently,

I'y(a) =0 a0, =

(on) oy (o7) as
0430'2 (7] ’

Above, we have verified that the matrix T',,(«) is unitary. By item 2 of Proposition [I]

to prove that the matrix I',,(«) is A[X"]-unitary it suffices to check that the diagonal

entries of the matrices ((69)*a102)*(a300) and ((02)*aa)*y are contained in A[X"].

3.1. Verification of the first condition. We prove that the diagonal entries of the

matrix ((02)*a109)*(a30?) = ((62)*at0?)(as30?) are contained in A[X"]. For this, it
suffices to verify that the diagonal entries of the diagonal blocks b1, ba, ..., bak, bag 1 of

the matrix ((69)*a309)(a30?), where b; € M,.(R[X"]), are contained in A[X"].
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The matrix b (X™) is equal to the product of the first horizontal strip

(a’{o, )\X”a;nfl, X”a’{vnfl, )\X”a§7n72, .. ,X”aikw, )\X"a;kﬂ, X”aikﬂ)
of the matrix (¢2)*aio? by the first vertical strip [azo, a11,a31,a12,- - -, a1k, asg) of the
matrix azol. It follows that
k k
by = ajpaszo + X" Z a3y p_s03.s + AX" Z a3 p—s01,s
s=1 s=1

Substituting s := n — s in the first sum, we get

n—1 k
k n * n *
b1 = ajpaso + X E aj 4azn—s + AX g a3 ;5015

s=k+1 s=1

n—1 n—1
* n * n * *
= (aloago + X E aljsag,n_s) - X E (al,sag,n_s - )\a37n_5a1,3).

s=1 s=1

By condition 2 in Proposition ] for ¢ = 1, the diagonal entries of the matrix in the
first parentheses are contained in A[X "], whereas the diagonal entries of the matrices in
the second sum are contained in Aupin[X™](C A[X™]) by Lemma[ll Consequently, the
diagonal entries of the matrix by (X™) are contained in A[X™].

Let 2 < m < (k— 1), and consider the diagonal blocks by, (X™) with even indices.
Then the matrix ba,,(X™) equals the product of the 2mth horizontal strip

N ok * Nk Nk n x N Xk ANk
(Aa’2,m? Ay m—1> )‘G’Q,mfla ceey >\a2,0, X Ay n—15 AX A p—1y++ > AX az,k+m+1)
of the matrix (¢2)*ajol by the 2mth vertical strip
(M@, s AQ2 415 M@t 15 - - -y ANA2 ks Atk

of the matrix azo?. It follows that

m

b2mX a25a42m s+)\ a45a22m s

n—1 n—1
+ X a27sa4,2m+n—s + AX E a4)sa2)2m+n_s
s=k+m-+1 s=k+m+1
2m n—1
2 : *
- <Z a;,s&4,2m—s + Xn a27sa472m+n_s>
s=0 s=2m-+1
( Z a2sa42m s — A E a45a22m 5)
s=m-+1
k+m
( (12 sA4,2m4n—s - A a4ysa2’2m+ns> .
s=2m-+1 s=k+m+1

By condition 25,, in Proposition Blfor ¢ = 2, the diagonal entries of the matrix in the first
parentheses are contained in A[X™]. Substituting s := 2m — s in the sum with coefficient
A in the second parentheses, we get the matrix Zi:mﬂ(agsa&gm,s — A} 9 —s502,5);
whose diagonal entries are contained in Apin[X"](C A[X"]) by Lemma [ Similarly,
substituting s := n + 2m — s in the sum with coefficient A in the third parentheses, we
get the matrix Zerg:nH(ag s04,n+2m—s — AQY piom_s02s), Whose diagonal entries are
contained in Apmin[X"](C A[X™]) by Lemmal[ll Consequently, the diagonal entries of the
matrix ba,, (X™) are contained in A[X"] for all 2 <m < (k —1).
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Similarly, when 2 < m < (k — 1) for the diagonal blocks bgy,+1(X™) with odd indices
we get

2m n—1
b2m+1(Xn) = < a113a3,2m75 + X" a113a3,2m+ns>

s=0 s=2m-+1
2m
* *
- E : (al,sa?’,?m—S _/\a3,2m—sa1,5)
s=m-+1
k+m

* *
-A § (a17sa37n+2m—8 - )‘a3,n+2m—sa175)'
s=2m+1

By condition 25, in Proposition [ for ¢ = 1, the diagonal entries of the matrix in the
first parentheses are contained in A[X "], whereas the diagonal entries of the matrices in
the second and the third parentheses are contained in A,y [X"](C A[X™]) by Lemma [Il
It follows that the diagonal entries of the matrix ba,,4+1(X™) are contained in A[X"] for
all2 <m < (k—1).

The matrix bor(X™) is equal to the product of the 2kth horizontal strip

N\ Lk * \ Lk RS * \ ¥
()‘a2,kv A4 15 /\az,k—la ) )\a271, Q405 )\a270)
of (69)*a;o? by the 2kth vertical strip [Aas k, A@2 k11, A@g ki1, .- ANd2.n—1, Nag pn_1] Of
azal. Tt follows that
k k—1
* *
ka(Xn) = E Qg sA4,n—1—s +A E Ay sA2n—1—s
s=0 s=0
n—1 n—1 k—1
= (12730447”—1—8 - < a127sa47n_1_s — )\ a473a27n_1_3> .
s=0 s=k+1 s=0

By condition 2,,_; in Proposition Bl for ¢ = 2, the diagonal entries of the matrices in
the first sum are contained in A[X™]. Substituting s := n — 1 — s in the sum with the
coefficient A within the parentheses, we get the matrix

n—1

* *
E (a2,sa4,n—1—5 - /\a4,n—1—sa2,8)’
s=k+1

whose diagonal entries are contained in Apin[X™](C A[X™]) by Lemmal[ll Consequently,
the diagonal entries of the matrix oy (X™) are contained in A[X™].

Similarly,
n—1 n—1
b(X™) = b1 (X™) =D af jazn_1-s — Y (a] Jasm_1-s — Aa5, 1 _,a1).
s=0 s=k+1

By condition 2, _; in Proposition [ for ¢ = 1, the diagonal entries of the matrix in the
first sum are contained in A[X"], whereas the diagonal entries of the matrices in the
second sum within the parentheses are contained in Ap,[X"](C A[X™]) by Lemma [
It follows that the diagonal entries of the matrix b,,(X™) are contained in A[X™] for all
1 < m < n. This concludes the proof of the fact that the diagonal entries of the matrix
((69)*a109)*)(a30?) belong to A[X"].

n n
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3.2. Verification of the second condition. Next, we prove that the diagonal entries
of the matrix ((02)*as)*ay = (a302)ay are contained in A[X™]. For this, it suffices to
verify that the diagonal entries of the diagonal blocks b1, bs,. .., bk, bogr1 = b, of the
matrix (a300)ay, where b; € M,.(R[X"]), are contained in A[X™].

The matrix by (X™) is equal to the product of the first horizontal strip

* n,  *x n,  *x n % n _*
(aQO, AX Y1 X A3 s+ AX ay ki1 X a27k+1)

of the matrix 3o by the first vertical strip [a40, a21, @41, - - -, a2k, asx] of the matrix ay.
It follows that

n—1 n—1

by = ajpa40 + X" E a5 s4n—s + A E ay s2,n—s
s=k+1 s=k+1
n—1
= <a;0a40 + X" § a;73a4,n—s) Xn( E a2 s34 n—s - A E a4 sA1,n— s>
s=1 s=k+1

By condition 2,,_o in Proposition [3] for ¢ = 2, the diagonal entries of the matrix in the
first parentheses are contained in A[X™]. Substituting s := n — s in the sum with the
coefficient A in the second parentheses, we get the matrix 25:1 (a3 04n—s—Aa},,_az),
whose diagonal entries are contained in A, [X™](C A[X™]) by Lemmal[ll It follows that
the diagonal entries of the matrix b, (X™) are contained in A[X™].

Let 1 < m < k. Consider the diagonal blocks by, (X™) with even indices. The matrix
bom (X™) is equal to the product of the 2mth horizontal strip

n n n n x n ok
(X a’ln s AX aan m—1> X aln ety AX aS,kferhX a’l,kferl)
of the matrix a0 by the 2mth vertical strip
n n n n
(X" a3m—m, X" 1 n—mt1, X3 n—mg1, -, X " A30—1,010,A30, - - - » A1 k—m> O3 k—m)

of the matrix ay. Consequently,

k—m
ny _ yn * *
b2m(X ) =X (al,n72m75a3,5 + )‘a3,n72m75a1,8)
s=0
n—1
2n * *
+X E (a1,2n72m75a318 + >‘a3,2n72m75a115) .

s=n—m

Substituting s := n — 2m — s in the first parentheses and s := 2n — 2m — s in the next
one, we get

n—2m
n n * *
b2m(X ) =X Z (a1,5a3,n72m75 + )\as’sal,n72m75)
s=k—m-+1
n—m n—m—1
2n * *
+ X ( g a1 543,2n—2m—s +A E a3,sa172n2m5)
s=n—2m-+1 s=n—2m-+1
n—2m n—1
n * n *
=X ( E a1 403,n—2m—s + X E a17sa3,2n—2m—s>
s=0 s=n—2m+1
n—2m
*
< E al 5a3 n—2m-—s = A E a3,sa17"2m5>
s=k—m-+1

n—1 n—m-—1
2n E : * *
-X ( a175a3,2n72m75 A § a375a1,2n2ms> .

s=n—m+1 s=n—2m+1
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By condition 2,_s,, in Proposition 3] for ¢ = 1, the diagonal entries of the matrix in
the first parentheses are contained in A[X™]. Substituting s := n — 2m — s in the
sum with the coefficient A\, we get the matrix Zf;gl(aisagm,gm,s =A@}, om—s01s);
whose diagonal entries are contained in Apin[X"](C A[X"]) by Lemma [l Similarly,
substituting s := 2n — 2m — s in the sum with the coefficient A in the third parentheses,
we get the matrix Zg;i_mﬂ(aisaggn,gm,s =A@} 9, _2m_s01,s), whose diagonal entries
are contained in Apin[X"](C A[X™]) by Lemmalll It follows that the diagonal entries of
the matrix by, (X™) are contained in A[X"] for all 1 <m < k.

Similarly, when 1 < m < k, for the diagonal blocks by, 11 (X™) with odd indices we
get

n—2m n—1

b2m+1(Xn) = Xn( Z a§,5a4,n72m75 + Xn Z a§,5a4,2n2ms>
s=0 s=n—2m-+1
k—m
- X" Z (a§7sa47n—2m—s - ACLZ,"_%”_S(IQ“S)
s=0
n—1

2n * *
-X E (a2,sa472n—2m—8 - )‘a472n—2m—sa278)'

s=n—m-+1

By condition 25, in Proposition B] for ¢ = 2, the diagonal entries of the matrix in the
first parentheses are contained in A[X"], whereas the diagonal entries of the matrices in
the second and the third parentheses are contained in Ay, [X™](C A[X™]) by Lemmalll
Consequently, the diagonal entries of the matrix bgy,,11(X™) are contained in A[X"] for
all 1 < m < k and, thus, the diagonal entries of the matrix b,,(X"™) are contained in
A[X™] for all 1 <m < n. It follows that the diagonal entries of the matrix ((00)*as)*ay

are contained in A[X™], which concludes the verification of conditions in item 2 of Propo-
sition [[I This means that for odd n the matrix I'), («) is A[X"]-unitary.

4. Consistency of the definition. We prove that if @ € EUMR[X], A[X]), then
I'n(a) € EUMNR[X™],A[X"]). Since we consider the stable group EU*(R[X], A[X]), and
for 7 > 3 the group EUj, (R[X], A[X]) is generated by the matrices X (b), X_(c), where
b is A[X]-Hermitian and c is A[X]-Hermitian (by Proposition 5.1 [2, Chapter 2]), it
suffices to prove that the matrices of the form I',, (X4 (b)), (X_(c)) are contained in
EU*R[X™], A[X"]). We reproduce detailed calculations for matrices X (b), where b is
A[X]-Hermitian. For matrices X_(c), where c is A[X]-Hermitian, the proof is similar.
We take an arbitrary A[X]-Hermitian matrix

b=b(X)=by+b X +---+b, 1 X" (e M,(R[X])),

where r > 3 and the matrices by = by(X") € M,(R[X"]) are A[X"]-Hermitian for all
0<k<(n—1). Then

n—1
_ (€Er bo 0 b, k
X, (b) = (0 er) +k§71 (0 0>X .

We prove that the matrix I', (X (b)) is contained in EU(R[X "], A[X"]).
First, let n be even, n = 2k with k > 1. In this case

m_(al X"ao

> € Mo (R[X™]),
(69 (05}
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where the matrices ay,as are as described above in the proof of Theorem [II, in the
subsection concerning the case where n is even. Then

J,jale X"J;Oég
agJ ai '

LW(X4(8)) = 03 X5 (D)o =

Applying the above description of a; to the matrix a = X (b), we see that

e 0 0 0o ... 0 0 0 0

)\bo e )\bl 0 . )\bk,Q 0 )\bk,1 0

0 0 e 0o ... 0 0 0 0

J]:Clik _ /\ann,1 0 )\bo e /\bk,?, 0 )\bk,Q 0
)\ank-i-Q 0 )‘ank+3 0 .. /\bo € )\bl 0

0 0 0 0o ... 0 0 e 0

AMX"s1 0 AX"bas 0 ... AX"b1 0 Xy e

Obviously, this matrix JjaiJy is contained in E,,(R[X"]) and, hence, H(Jja1Jy) €
EU3,,.(R[X™],A[X™]). Multiplying I',(X (b)) on the left by the matrix H(J;ayJy) !,
we get a A[X"]-unitary matrix of the shape (e;” ’g ). It follows that 3 is A[X"]-Hermitian,
v is A[X™]-Hermitian and, finally, I,,(X1 (b)) = H(J}a1Ji)X_(7)X+(5). This means
that for an even n the matrix T',, (X, (b)) is contained in EU*(R[X"], A[X"]).

Now, consider the case of an odd n, n = 2k + 1, where k£ > 1. In this case,

X0 = (20 02) € Maru(RIX"Y),

where a1, as, as, ay are the matrices described above in the proof of Theorem [ in the
subsection concerning the case of an odd n. Then

_ (o) anoy (0p) as
) = (e o),
Applying the above description of a; to the matrix o = X (b), we see that
e Aby 0 Aby e Abg_1 0 Aby, 0
0 e 0 0 . 0 0 0 0
0 )\bo & /\bl N /\bk_g 0 )\bk—l 0
0 0 0 e . 0 0 0 0
(D)ool = 0 AX"b,1 0 Abo ceo o Abg_s 0 Moo O
0 )\an;€+3 0 )\ank+4 N )\b() (& )\bl 0
0 0 0 0 .. 0 0 e 0
0 )\X"blﬁ_g 0 /\an]€+3 N /\ann—l 0 )\bo €
Obviously, the above matrix (02)*a;0? is contained in E,.,(R[X"]) and, consequently,

H((62)*a109) € EU,.,(R[X"], A[X"]). From this point, the proof is completed in ex-
actly the same way as for the case where n is even.

Summarizing, we can conclude that for any integer n > 2 we get a well-defined map
(in)s: KiUNR[X],A[X]) — K UM R[X™],A[X™]), which is a group homomorphism.
Indeed, take arbitrary a, 8 € UM(R[X],A[X]). Let o, 8 € U3, (R[X],A[X]) for some 7.
Then, invoking Corollary [l to Proposition 2 we get

Lp(aB L) =Tn(a L B) =Tn(a) LTL(B)
=T, (@)W (B) L ez mod EUY(R[X™], A[X™)).
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This amounts to I'y(aB) = Ty ()T, (8) mod EU*(R[X"], A[X"]), which completes the
proof of our theorem. O

§4. COMPUTATION OF THE COMPOSITION (iy,)4 0 (iy)*

In this section, for any unitary ring (R, A\, A) and any integer n > 2, we compute the
composition (i)« o (i,)*, and also derive some consequences of this result.

Theorem 2. For any integer n > 2, the composition (in)« © (i,)* of the natural homo-

morphism (i,)* : KJUN R[X™], A[X"]) — K UM R[X], A[X]) induced by the embedding,
and the transfer (in).«: KiUN R[X], A[X]) — K UM R[X"], A[X"]) constructed in The-
orem [l is equal to kH when n = 2k, and to id +kH, when n = 2k + 1.

In this theorem id denotes the identity map, while kH denotes the kth multiple of the
hyperbolic homomorphism H.

Proof. Since the above construction of the transfer (i, ), depends on the parity of n, we
need to consider two cases separately.

First, let n be even, n = 2k, where k > 1. Take an arbitrary matrix oo = a(X") €
Us (R[X"],A[X"]). The image of [a] under the action of (i,)* will be also denoted
by [a]. Then a =a®a® - @ a(€ GLa., R[X]), and, consequently, I',,(a) = ol ao, =
(‘]’:061‘]’“ O?l ), where oy =a®a @ -+ @ a(€ GL;y, R[X]). It follows that

Sy =Tal oT'al ® - I'al = (a*) '@ (@) '@ @ (a®)" "
Invoking Corollaries 2 and 3 to Proposition Bl we see that
Tpla)=(@) '@ @) e--a@) ' ®adaed - Ga
=H((a)™) L--- LH((a*)™ )=H(a) L--- L H(a)
= H(a") mod EUNR[X"], A[X™)).
It follows that (i)« o (i,)*([a]) = [H(a")] = k[H(a)] for all [a] € K U R[X"],A[X™])
and all even n.

Next, let n be odd, n = 2k + 1, where k > 1. Take an arbitrary matrix a = a(X™) €

Us.(RIX™],A[X"]), and let a = (§} G2 ), where a; € M, (R[X"]) for i = 1,...,4. The

image of [a] under the action of (i,)* will be also denoted by [a]. Then @ = (&l a2),

where
ar=a®ad - Daday(e MRIX]),
a2 =0000---000 aqg,
a3 =a3000---0000,
ay=asDa® - Dada(e MyRIX]),

while 0 denotes the zero matrix of degree 2r. Hence,
0

To(a) = 03d0, = <<07355§02 (o%z:w) |
where
(0ol = @ @) o @ (@)t (0Y)ar=a®00 90,
04302 =a3b06--- 0.
Invoking Corollaries 2 and 3 to Proposition 2 we get
Tu(a)=a L H((@) ™) L. L H((a")™)
=al H(a)L--- L H(a)=a L H(a") mod EUMR[X"], A[X"]).
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It follows that for all [a] € K;U*(R[X"],A[X"]) and all odd n we have
(i)« © (in)*([a]) = [a] + [H (a")] = [a] + k[H ()],

which completes the proof of our theorem. O

The above statement can be regarded as a unitary K;j-analog of the Scharlau theorem
(see, e.g., [, Chapter 7, Theorems 1.6 and 1.7]) on transfer of quadratic forms under
finite field extensions.

Recall that for an arbitrary unitary ring (R, A\, A) the kernel of the homomorphism

K\UMR,A) = K;(R),  amod EUNR,A) = amod E(R),

induced by the forgetful functor, is denoted by W{U*(R,A) and is called the unitary
Witt 1-cogroup. Similarly, the cokernel of the hyperbolic homomorphism

H: K|(R) — K;UMR,A), amod E(R) — H(a) mod EUMR,A)

is denoted by W U*(R,A) and is called the unitary Witt 1-group. In the sequel, we
usually talk simply of the Witt group and the Witt cogroup.

Corollary 1. Under the conditions of Theorem [2, the restriction of the composition
(in)« 0 (in)* to the Witt cogroup W{U*(R[X™], A[X™]) is equal to

1) the identity automorphism if n is odd,

2) the zero homomorphism if n is even.

In particular, for n odd the restriction of the natural homomorphism

(in)": WIUM(RIX"], A[X"]) — W{UM(RIX], A[X])
is a split monomorphism.
Proof. To prove this, it suffices to note that if « = a(X™) € WjU*(R[X"], A[X™]), then,
by definition, o € E(R[X"]) and, thus, H(a*) € EUMR[X"], A[X™]) for all natural

numbers k. O

Corollary 2. Under the conditions of Theorem 2], the composition (in)« o (in)* induces
a well-defined endomorphism of the Witt group W1U>(R[X™], A[X"]), which is

1) the identity automorphism if n is odd,

2) the zero homomorphism if n is even.

In particular, for n odd the homomorphism

WU (R[X"], A[X"]) = WhUMNR[X], A[X]),
induced by the natural homomorphism (i,)* is a split monomorphism.
Proof. Indeed, if o = H(a(X™)) for some a(X™) € GL(R[X"]), then, obviously, (i,)*(«)

and (ip)« © (in)*(c) are contained in the image of the hyperbolic mapping H, so that
(in)* induces a well-defined homomorphism

WU (RIX™], A[X ")) — WU (RIX], A[X]),

*

whereas (i) o (i,)* induces a well-defined endomorphism
WLUMNR[X™), A[X"]) — WL UNR[X™], A[X"]).
The remaining claims immediately follow from the above theorem. ]

If n is odd, Corollaries 1 and 2 can be viewed as unitary Kj-analogs of the Springer
theorem (see, e.g., [4, Chapter 7, Corollary 2.2 and Theorem 2.3]) on the properties of
quadratic forms under odd degree field extensions.
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Corollary 3. Under the conditions of Theorem [2], assume that R is a commutative ring.
Then for n odd the kernel of the natural homomorphism

(in)*: KJUMNR[X"], A[X™"]) = K UM R[X],A[X])
is annihilated by n.

Proof. Take an arbitrary [o] = [a(X™)] € Ker(i,)*. Then o € EUMR[X],A[X]) and,
in particular, «€ F(R[X]). But in accordance with Proposition 1.8 in [I, Chapter 9] the
kernel of the natural homomorphism (i,,)*: K1 (R[X"]) — K1 (R[X]) is annihilated by n
and, thus, o™ € E(R[X"]). Tt follows that n[a] = [a"] € W{UM R[X™], A[X"]). Since
(in)*(nla]) = 0 and n is odd, we have n[a] = 0 by Corollary [1l O

§5. UNITARY BASS’ NILPOTENT K71-GROUP

In this section we establish unitary Kj-analogs of Farrell’s theorem [5] in the algebraic
K-theory.

For any unitary ring (R, A\, A) and a natural n we denote by NK;,, UN(R, A) the kernel
of the homomorphism

K \UMR[X"],A[X"]) = KiUMR, A)
induced by the split epimorphism R[X"] — R: X™ — 0. In particular,
K \UMR[X"],A[X"]) = NK1,, UNR,A) & K,UR, A).

The above group NKy, UM(R, A) is called the (Bass) nilpotent unitary Kj-group of the
ring (R[X™], A[X"]). We denote the group NK; U*(R, A) by NK; U*(R, A). Obviously,
(in)*(NKy, UNR,A)) € NK; UMR, A) for all natural n.

In the sequel, to simplify the notation, we denote the class [«] of a matrix « in some
K;-group simply by a.

Proposition 4. Let @ = a(X) € NK;U*(R,A). If n > max(3,2dega(X)), then
(i)« ((X)) = 0.

For the proof of this proposition we need the following lemma.
Lemma 4. Let a = (¢4) € U3.(R,A). If a € GL,(R), then
o = H(a) mod EU}, (R, A).
Moreover, if a € E,(R), then a € EUS, (R, A).

Proof. First, we prove the lemma. Since « is A-unitary, then by Proposition [I] the ma-
trix a*c is A-Hermitian, whereas the matrix a~'b is A-Hermitian. Now, Proposition
shows that the first claim follows from the decomposition o = X _(a*¢)H (a) X (a"1b) =
H(a)[H(a), X_(—a*c)|X_(—a*c)X,(a~tb). If, moreover, a € E,(R), then H(a) €
EU.(R,A), and, thus, « = X_(a*c)H(a) X, (a~'b) € EUj, (R, A). The lemma is proved.

Next, we prove the proposition. Suppose dega(X) = m and let a(X) = ap + a1 X +
oo+ ayp X™, where ag € My (R) for all 0 < s < m, and a9 = esp, a, # 0. Since
our construction of the transfer (i, ). depends on the parity of n, we consider two cases
separately.

First, consider the case where n = 2k is even. Then the condition on n implies that
as = 0 for all s > k+ 1. Using the definition of transfer for even n reproduced in
Theorem [[] and the notation of Theorem [, we see that (i, ).(a(X)) is the class of the



TRANSFER OF THE UNITARY K;-FUNCTOR 465

matrix Iy (a) = (J’&‘j};]’“ Xn(;]f” ) in the group K;U*(R[X"], A[X"]); here the matrix c;
has the form

€or 0 0 e 0 0
aq €2 0 N 0 0
ag—2 Q-3 ax—4q -.. €2 0
ag—1 Qag—2 Qag-3 ... a1 €E2p

Since ay is a lower unitriangular matrix over R, the matrix Jj oy Jy is an upper uni-
triangular matrix and, in particular, Jia1Jy € E,-(R). By Lemma [ it follows that
In(a) € EUy,, (R[X"], A[X"]) and thus (i,).(c(X)) = 0, which concludes the proof of
the proposition for the case where n is even.

Now, consider the case where n = 2k + 1 is odd. Then the condition on n implies
that a; = 0 for all s > k£ 4 1. Using the definition of transfer for odd n reproduced in
Theorem [[] and the notation of Theorem [, we see that (i, ).(a(X)) is the class of the
matrix I'p(a) = (Ji(:},;]k Xn(;]faz) in the group K;U*(R[X™], A[X™]); here the matrix oy
has the form ‘

€2 0 0 NN 0 0
a1 €2r 0 e 0 0
a1 a2 a3 R 0
A1ka2k a1 k-102k—-1 0A1k-202k—-2 ... a11021 €Ep

Now, the matrix a; is a lower unitriangular matrix over R and, thus, in the case where
n is odd the proof of the proposition can be completed in exactly the same way as in the
case where n is even. O

Now we prove an analog of Farrell’s theorem for the unitary Witt 1-cogroup.
Theorem 3. If W{U*(R[X],A[X]) "NK; UM R, A) # 0, then the group
W{UMNR[X],A[X]) "\NK; UM(R, A)
is not finitely generated.
Corollary. Under the assumptions of Theorem [3, the groups
W{UMR[X],A[X]), NK; UNR,A), K;UR[X],A[X])
are not finitely generated.

Proof. We argue by contradiction. Assume that W{U*(R[X], A[X])NNK; U*(R, A) # 0,
but the group W{U*(R[X], A[X]) N NK; U*(R, A) is finitely generated. Then Proposi-
tion M implies that there exists a natural number N such that (i,).(a(X)) = 0 for
all a(X) € W{UMR[X],A[X]) N NK; UNR,A) and all n > N. Fix an odd n =
2k +1 > N and a nonzero «(X) in W{UMN R[X],A[X]) N NK; U*R,A). Then the
element o(X™) is nonzero in the group W{U*(R[X"], A[X"]) N NK;,, U*(R,A). Since
by Corollary [l to Theorem [ the natural homomorphism (i,)* is a (split) monomor-
phism, we have (i,)*(a(X™)) # 0. Now, Proposition l] and our choice of n imply that
(in)s © (in)*(a(X™)) = 0. On the other hand, since a(X™) € W{U(R[X™], A[X"]), we
have a(X™) € E(R[X™"]), so that H(a(X")) € EU*R[X"], A[X"]). By Theorem [ we
get (in)x o (in)* ((X™) = a(X™)+kH(a(X™)) = a(X™) # 0. This contradiction proves
the theorem. g

We prove an analog of Farrell’s theorem for the unitary Witt 1-group.

Theorem 4. Let p: KiU*(R[X],A[X]) — W UM R[X],A[X]) be the canonical projec-
tion. If p(NKy UN(R, A)) # 0, then p(NK; U(R, A)) is not finitely generated.
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Proof. In this proof we denote by @ the image p(«) of an element o € K;UM R, A). Let
G' = p(NK; U*R,A)). As above, we prove the theorem by contradiction. Namely,
we suppose that G’ # 0, but the group G’ is finitely generated. Then there exist
(nonzero) ay(X),...,ar(X) € NK; U*(R,A]) such that a;(X),...,ar(X) generate the
group G’. Denote by G the subgroup of NK; U*(R, A) generated by a;(X),. .., an(X).
Since G’ # 0 and p(G) = G’, we have G # 0. Then by Proposition [l there exists a
natural number N such that (i,,)«(G) =0 for alln > N. Fix anodd n =2k+1> N
and take an arbitrary a(X) # 0 in the group G such that a(X) # 0. Then a(X™) is
a nonzero element of the group NKy,, U*(R,A), and a(X") # 0. Since by Corollary [
to Theorem [2 the natural homomorphism (i,)* is a (split) monomorphism, the image
(in)*((X™)) is a nonzero element of the group NK; U*(R, A). By Proposition Hland the
choice of n, we have (ip)« 0 (in)*(a(X™)) = 0, so that (in)« 0 (in)*(a(X™)) = 0. On the
other hand, by Theorem 2lwe have (ip,)« 0 (in)*(2(X™)) = a(X™) + kH (e (X™)), whence
(i)« © (in)*((X™)) = a(X™) # 0. This contradiction proves the theorem. O

Corollary. Under the assumptions of Theorem [, the groups
WU R[X],A[X]), NK;UR,A), K UR[X],A[X])
are not finitely generated.

In conclusion, we mention that the Bass nilpotent unitary group NK; U*(R, A) was
introduced by the author in [6] (it was denoted by HU*(R, A)). There it was used to
solve the homotopization problem for the unitary Kj-functor. There it was shown (see
[6, Proposition 2]) that any element of the group NK; U*(R, A) has a representative of
the form

la: b, c], = er —aX bX
a;0,Cip = _cxn—l €T+G*X+"'+((l*)n_1Xn_1

for some natural r,n and some a,b,c € M, (R) satisfying the following conditions:

1) the matrices b and a - b are A-Hermitian;

2) the matrices ¢ and a* - ¢ are A-Hermitian;

3)b-c=a™

It is well known (see, e.g., [I, Chapter 12, Corollary 5.3]) that any element of the
Bass nilpotent group NK; (R) has a unipotent representative e,, —aX for some natural r,
where a(€ M,(R)) is a nilpotent matrix. For n = 2 the above element [a;b, c],, of the
group NK; U(R, A) is unipotent for all a, b, ¢ satisfying conditions 1)-3). At the same
time, it is easy to check that for n > 3 the matrix [a; b, ¢],, is unipotent if and only if so
is the matrix e, — aX, and in this case Lemma [ of the present section implies that

[a;D, ], = H(e, —aX) mod EU} (R[X], A[X]).

Thus, we get a complete description of the unipotent part of the group NK; UM (R, A).
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