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HEAT TRACES AND SPECTRAL ZETA FUNCTIONS
FOR p-ADIC LAPLACIANS

L. F. CHACON-CORTES AND W. A. ZUNIGA-GALINDO

ABSTRACT. The study of the heat traces and spectral zeta functions for certain p-adic
Laplacians is initiated. It is shown that the heat traces are given by p-adic integrals
of Laplace type, and that the spectral zeta functions are p-adic integrals of Igusa
type. Good estimates are found for the behavior of the heat traces when the time
tends to infinity, and for the asymptotics of the function counting the eigenvalues
less than or equal to a given quantity.

§1. INTRODUCTION

The p-adic heat equation is defined as

(1.1) % + DPu(z,t) =0, x€Q,, t>0,

(D ’)( ) v £~> (|£|ﬁ“ T—r 1‘)7 B>O?
x P 5

is the Vladimirov operator (a p-adic Laplacian), and F denotes the p-adic Fourier trans-
form. This equation is the p-adic counterpart of the classical fractional heat equation,
which describes a random motion (the fractional Brownian motion) of a particle; a “sim-
ilar” statement is valid for the p-adic heat equation. More precisely, the fundamental
solution of (L)) is the transition density of a bounded right-continuous Markov process
without second kind discontinuities. The family of non-Archimedean heat-type equations
is very large, and it has a deep relationship with mathematical physics. For instance, in
[4, 5], Avetisov et al. introduced a new class of models for complex systems based on
p-adic analysis. From a mathematical point of view, in these models the time-evolution
of a complex system is described by a p-adic master equation (a parabolic-type pseu-
dodifferential equation) that controls the time-evolution of a transition function of a
Markov process on an ultrametric space. The simplest type of a master equation is the
one-dimensional p-adic heat equation. This equation was introduced in the book [35] by
Vladimirov, Volovich, and Zelenov. It should be mentioned here that the p-adic heat
equation also appeared in certain works connected with the Riemann hypothesis [23].
In recent years, the non-Archimedean heat-type equations and their associated Markov
processes have been studied intensively, see, e.g., [19, B35, [7, Ol 10l 15l B0, B4} B8] [B39]
and the references therein. On the other hand, the study of pseudo-differential operators
on complex-valued functions defined on the field of p-adic numbers or its subsets was
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started around 1990 by several authors (Haran, Vladimirov, Volovich, Kochubei, Khren-
nikov, Kozyrev, and others). By this time, there are well-developed theories of elliptic
and parabolic equations on p-adics, some results on hyperbolic equations and construc-
tions appearing as p-adic counterparts of quantum mechanics and quantum field theory,
see, e.g., |2 15, [I7], 19} 211 20}, 35].

The links between the Archimedean heat equations and number theory and geometry
are well known and deep. Here we mention the relationship with the Riemann zeta
function, which drives naturally to trace-type formulas, see, e.g., [3] and the references
therein, and the relationship with the Atiyah—Singer index theorem, see, e.g., [16] and the
references therein. The study of non-Archimedean counterparts of the matters mentioned
above is quite relevant, especially if we take into account that the Connes and Deninger
programs to attack the Riemann hypothesis drive naturally to these matters, see, e.g.,
[12} 13| 24] and the references therein. For instance, several types of p-adic trace formulas
have been studied, see, e.g., [II, 6, [37] and the references therein.

Nowadays there is no theory of pseudodifferential operators over p-adic manifolds
comparable to the classical theory, see, e.g., [31] and the references therein. The n-di-
mensional unit ball is the simplest p-adic compact manifold possible. From a topological
point of view, this ball is a fractal, more precisely, it is topologically equivalent to a
Cantor-like subset of the real line, see, e.g., [2, [35]. Currently, there is a lot of interest
to spectral zeta functions attached to fractals see, e.g., [22], 32].

In this paper we initiate the study of heat traces and spectral zeta functions attached
to certain p-adic Laplacians, denoted by Ag, which are generalizations of the p-adic
Laplacians introduced by the authors in [9], see also [10]. By using an approach inspired
by the work of Minakshisundaram and Pleijel, see [25] 26] 27], we find a formula for
the trace of the semigroup e~*4# acting on the space of square integrable functions
supported on the unit ball with average zero, see Theorem The trace of e t44 is
a p-adic oscillatory integral of Laplace type; we do not know the exact asymptotics of
this integral as ¢ tends to infinity, however, we obtain a good estimate for its behavior at
infinity, see Theorem [6.7 (ii). Several unexpected mathematical situations occur in the
p-adic setting. For instance, the spectral zeta functions are p-adic Igusa-type integrals, see
Theorem The p-adic spectral zeta functions studied here may have infinitely many
poles on the boundary of its domain of holomorphy, then, to the best of our knowledge,
the standard Ikehara Tauberian theorems cannot be applied to obtain the asymptotic
behavior for the function counting the eigenvalues of Ag less than or equal to 7' > 0.
However, we are still able to find good estimates for this function, see Theorem [[.5]
Remark[.6] and Conjecture[7l The proofs require several results on certain “boundary
value problems” attached to p-adic heat equations associated with operators Ag, see
Proposition 5.3, Theorem [6.5], and Proposition Finally, we mention that our results
and techniques are completely different from those presented in [T} [6], B7].

§2. PRELIMINARIES

In this section we fix the notation and collect some basic results on p-adic analysis
that we shall use through the paper. For a detailed exposition on p-adic analysis the
reader may consult [2] [33] [35].

2.1. The field of p-adic numbers. Throughout, p will denote a prime number. The
field of p-adic numbers Q, is defined as the completion of the field of rational numbers
Q with respect to the p-adic norm | - |,, which is defined as

0 if ©=0,
||, = i g — e
p 7 if z=p7Y,
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where a and b are integers coprime to p. The integer v = ord,(z) := ord(x), with
ord(0) := +o0, is called the p-adic order of x. We extend the p-adic norm to Q) by
taking
— . — n
llzll, := Jax lzilp for o= (21,...,2,) € Qy.

We define ord(r) = minj<;<,{ord(x;)}; then ||z, = p~°4®@). The metric space

(Qp, 1l - [lp) is a complete ultrametric space. As a topological space, Q,, is homeomorphic
to a Cantor-like subset of the real line, see, e.g., [2, [35].
Any p-adic number x # 0 has a unique expansion of the form

00
€T = pord(x) Z ijj7
=0

where z; € {0,1,2,...,p — 1} and =9 # 0. By using this expansion, we define the
fractional part {z}, of x € Q, as the rational number

(2} 0 if x =0 or ord(z) > 0,
:L' = .
P @ O gl if ord (@) < 0.

Any z € Qp \ {0} can be represented uniquely as z = p° 4@ o(z), where [Jv(z)||, = 1.

2.2. Additive characters. Set x,(y) = exp(2mi{y},) for y € Q,. The map x,(-) is
an additive character on @Q,, i.e., a continuous map from (Q,,+) into S (the unit circle
viewed as a multiplicative group) satisfying x,(zo+z1) = xp(20)Xp(21), Zo, 21 € Qp. The
additive characters of Q, form an Abelian group isomorphic to (Q,, +), with isomorphism
given by & — x,(£x), see, e.g., [2, Subsection 2.3].

2.3. Topology of Q. For r € Z, we denote by B}'(a) = {x € Q}; ||z —all, < p"} the
ball of radius p" with center at a = (a1, ...,a,) € Qp, and take B}'(0) := B'. Note
that B'(a) = By(a1) X -+ x By(ay), where By(a;) = {z € Qp;lz; — ailp, < p'} is
the one-dimensional ball of radius p” with center at a; € @Q,. The ball Bf equals the
product of n copies of By = Z,, the ring of p-adic integers. We also denote by S7*(a) =
{z € Qp; |lz—all, = p"} the sphere of radius p" with center at a = (a1, ..., a,) € Qp, and
take S;*(0) := S;*. Observe that Sj = ZX (the group of units of Z,), but (ZX)" C S
The balls and spheres are both open and closed subsets in Q. Moreover, either two
balls in QZ are disjoint, or one is contained in the other.

As a topological space (Qp, | - |l) is totally disconnected, i.e., the only connected
subsets of Q) are the empty set and the points. A subset of Q) is compact if and only if
it is closed and bounded in Qj, see, e.g., [35, Subsection 1.3}, or [2, Subsection 1.8]. The
balls and spheres are compact subsets. Thus, (Qy, || - ||) is a locally compact topological
space.

We use Q(p~"||z — a||,) to denote the characteristic function of the ball BJ*(a). For
more general sets, we shall use the notation 1 4 for the characteristic function of a set A.

§3. THE BRUHAT-SCHWARTZ SPACE AND THE FOURIER TRANSFORM

A complex-valued function ¢ defined on Qj is said to be locally constant if for any
r € Q) there exist an integer [(z) € Z such that

(3.1) p(x+a') = p(z) for 2’ € By,

A function ¢: Q) — C is called a Bruhat-Schwartz function (or a test function) if
it is locally constant with compact support. Any test function can be represented as a
linear combination, with complex coefficients, of characteristic functions of balls. The
C-vector space of Bruhat—Schwartz functions is denoted by D(Q}). For ¢ € D(Q}), the
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largest number [ = () satisfying ([B)) is called the exponent of local constancy (or the
parameter of constancy) of .

If U is an open subset of Qp, we write D(U) for the space of test functions with
supports contained in U; then D(U) is dense in

1) = {: U = Cilel, - {/Uw(m)vd%}% <o},

where d"z is the Haar measure on Q) normalized by the condition vol(Bg) = 1, for
1< p < oo, see, e.g., [2] Subsection 4.3].

3.1. The Fourier transform of test functions. Given £ = (&1,...,§,) and y =
(T1,...,2,) € Qp, we set {7 1= Z?Zl §jx;. The Fourier transform of ¢ € D(Qy) is
defined as

FO©) = [ (€ oo ds tor ¢ 0,

where d"x is the normalized Haar measure on Q. The Fourier transform is a linear
isomorphism from D(Q}) onto itself satisfying (F(F¢))(§) = ¢(—¢), see, e.g., [2} Sub-
section 4.8]. We shall also use the notation F,_cp and @ for the Fourier transform
of .

§4. p-ADIC LAPLACIANS
Let Ry := {x eR; x> O}; we fix a function
AI Q;l — R+

satisfying the following properties:

(1) A(¢) is a radial function, i.e., A(§) = g(||€]|p) for some g: Ry — R, for simplicity we
use the notation A(§) = (||§||p)

(ii) there exist constants Cy, C; > 0 and S > 0 such that

(4.1) Colléll5 < A(€) < Cll¢)? for z € QP

Since 8 in (@) is unique, we use the notation Ag(||€]l,) = A(|€]lp)-
We define a pseudodifferential operator Ag by

(4.2) (App)(x) = F L [Ap(€) Famsey] for ¢ € D(Q}),

calling Ag(&) the symbol of Ag. The operator Ag extends to an unbounded and densely
defined operator in L?(Qj) with the domain

(4.3) Dom(Ag) = {p € L? Ag(&§)Fp € L?}.

Moreover:
(i) (Ag,Dom(Ap)) is a selfadjoint and positive operator;
(ii) —Ap is the infinitesimal generator of a contraction Cp-semigroup, cf. [9, Proposi-
tion 3.3].
With the operator Ag we associate the following “heat equation”:

Qulet) 4 Agu(w,t) =0, x€Qp, tel0,00),
u(x,0) = ug(x), up(z) € Dom(Aﬁ)_

This initial-value problem has a unique solution given by

ue,t) = [ 2@y ul) d'.
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where
Z(w.t; Ag) = Z(w,1) = / Xp(=€ w)e™ O dE, 1> 0, xeQy,
Q
cf. [0 Theorem 6.5]. The function Z(x,t) is called the heat kernel associated with Ag.

4.1. Operators W,. The class of operators Ag includes the class of operators Wy
studied by the authors in [9], see also [10]. In addition, most of the results on the
W, operators are valid for the Ag operators. We review briefly the definition of these
operators. Fix a function

We - QZ — R+
with the following properties:
(i) wa(y) is a radial, ie., wa(y) = wa(llyllp);
(ii) wa(||lyllp) is & continuous and monotone increasing function of ||y||,;
(iil) wa(y) = 0 if and only if y = 0;
(iv) there exist constants Cy, C; > 0 and « > n such that
Collylly < walllyllp) < Cullylly, =€ Qp.
Now we define the operator
plr—y) —p) ., n
Wopla) =x [ PEZ0 2 gy e D)
“ Qr wa(Hy”p) P
where « is a positive constant. The operator W, is pseudodifferential, more precisely, if
1— )
A, (§) = / Lo ) o,
o wallylly)
then
(Wap) (@) = —KF 3 [Aw, () Fosepl, ¢ € D(Qp).

The function A, (§) is radial (so we write A, (§) = Ay, ([€]lp)), continuous, nonnega-
tive, and satisfies A, (0) = 0, and it obeys the inequalities

Coll€ll; ™™ < Aw, (I€llp) < CLISIE™", = € Qp,

cf. [9) Lemmas 3.1, 3.2, 3.3]. The operator W, extends to an unbounded and densely
defined operator in L*(QJ).

4.2. Examples.
Example 4.1. The Taibleson operator is defined as

(Do) (x) = F L (€5 Famsed), with B>0 and ¢ € D(QL).
cf. [30] and [2} Subsection 9.2.2].

Example 4.2. Take Ag(¢) = [|¢[|5{B — Ae~ ¢k} with B > A > 0. Then Ag(&)
satisfies all the requirements announced at the beginning of this section. In general, if
J:Qp — Ry is a radial function satisfying

0 < inf £(|[£]l,) < sup £([I€]lp) < oo,
£eqQn £eqrn

then Ag(||€]l,)f(|I€]lp) satisfies all the requirements announced at the beginning of this
section.
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§5. LIZORKIN SPACES, EIGENVALUES, AND EIGENFUNCTIONS FOR THE Aﬂ OPERATORS

We set Lo(Qp) := {¢ € D(Qy); $(0) = 0}. The C-vector space Ly is called the p-adic
Lizorkin space of second class. We recall that Ly is dense in L2, see [2, Theorem 7.4.3],
and that ¢ € Lo(Qy) if and only if

(5.1) [@ p(x)d"x = 0.

n
P

Consider the operator (Agp)(x) = fgjx[Ag(f)Fxﬁggo] on Lo(Qp); then Ag is densely
defined on L?, and Ag : Lo(Qp) — Lo(Q}) is a well-defined linear operator.
We set Lo(Zy) := {p € Lo(Q});supp ¢ C Zy} and define

Ly(Zy,d"x) == LY(Z}) = {f € LX(z,d"x); | f(z)d'x = o}.

Zy
Notice that, since L§(Zy) is the orthogonal complement in L*(Z) of the space generated
by the characteristic function of Z?, we see that L3 (ZZ) is a Hilbert space.

P
Then Lo(Z3) is dense in L§(Z). Indeed, set

Sk () == p"™"Q(p*|2||,) for ke N.
Then f@n Ok(x)d"z =1 for any k, and taking f € L§(Zy), we get fr = f * 0p € Lo(Z])),
P

and f Il .2 I3
Set

ny

wak () =P~ 2 xp(p 7 k- (072 = 0)Q(Ip7z — blp),
where v € Z, b € (Qp/Zp)", k = (k1,...,kn) with k; € {0,...p—1} fori=1,...,n, and
k#(0,...,0).

Lemma 5.1. With the above notation,

(Apwrir) () = Ayprtnr (2),
where
Mok = Ap(p 7).
Moreover, ng wrypk () d"x = 0 and {wypk(x)} s forms a complete orthogonal basis of
LX(Qr, d"z).

Proof. This follows from Theorems 9.4.5 and 8.9.3 in [2], by using the fact that Ag
satisfies Ag(|[p?(—p~ 'k +n)llp) = As(p7"kl|p) = Ag(p' ") for all n € Z. O

Remark 5.2. (i) Notice that Ag has eigenvalues of infinite multiplicity. Now, if we
consider only eigenfunctions satisfying supp w-px(z) C Zj, then necessarily v < 0 and
b € p'Zy/Zy,. For v fixed, there are only finitely many eigenfunctions w,px satisfying
Agwypk, = AyprWbk, i.€., the multiplicities of the Ayy, are finite. Therefore, we can
enumerate these eigenfunctions and eigenvalues in the form wy,, Ay, with m € N\{0} so
that A\, < A\ for m <m’.

(ii) Since any wp () is orthogonal to Q(||z||,), we see that {w,()}mem o} is not a
complete orthonormal basis of L?(Zy,d"z). We now recall that Lo(Zy) is dense in
L3(Z), and since the algebraic span of {wy, () }men o} contains Lo(Z), it follows that
{wm () }mem oy is a complete orthonormal basis of L§(Z).
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Proposition 5.3. Consider (Ag, Lo(Zy)) and the eigenvalue problem
(5.2) Agu=u, A>0, u€ Ly(Z,).

Then the function u(x) = wy(x) is solves problem ([2) corresponding to A = \p,, for
m € N\ {0}. Moreover, the spectrum has the form

O< A< <<\, <. with /\mT—FOO,

where all the eigenvalues have finite multiplicity, and {wy,(z)} with m € N\ {0} is a
complete orthonormal basis of L§(Z, d"x).

Proof. The result follows from Lemma 5.1 Remark [£.2] and inequalities (4.]). O

Definition 5.4. We define the spectral zeta function associated with the eigenvalue
problem (B.2)) as

(s A, £0(Z3) i= (53 Ag) = 2:;%;

Later, it will be shown that ((s; Ag) converges if Re(s) is sufficiently large, and it
does not depend on the basis {w,,(z)} used in its computation. By abuse of language
(or following the classical literature, see [36]), we shall say that ((s; Ag) is the spectral
zeta function of the operator Ag.

5.1. Example. We compute ((s; Dé{) First, we note that

D?*Wvbk =p DB 4.
Recall that if supp wypr C Zj, then v < 0 and b € p?Zy /Z;;. Now we take —y + 1 =m
with m € N\ {0}. Then b € p_'”“Z;/Z;, Am = p™?, and the multiplicity of \,, is
equal to (p® — 1)p™(™m=1) = pr™(1 — p=™) for m € N\ {0}. Hence,

nm 1 B ) dm n—pBs
S Dﬁ Z P m,@‘s ) _/ gs = (1 _pin)l P n—pBs
AV P

whenever Re(s) > % Then ¢ (s;Déi) admits meromorphic continuation to the entire

complex plane as a rational function of p~° with poles in the set " + ;’fgi

§6. HEAT TRACES AND p-ADIC HEAT EQUATIONS ON THE UNIT BALL
From now on, (Ag, Dom(Ag)) is given by
(6.1) (App)(2) = Fi 3, (Ap(6) Fasep) for ¢ € Dom(Ag) = Lo(Zp).

6.1. p-adic heat equations on the unit ball. We introduce the following function:

K(x,t) = / Xp(— - {)e_tAﬁ(g) "¢, t>0, x€Qy.
Qu\Zy
We note that, by @), e *4#() < e~tCollEly ¢ Lt for ¢ > 0, which implies that K(z,t)
is well defined for ¢t > 0 and x € Q.

Lemma 6.1. With the above notation, the following formula holds true:

—n ord(z) — VAN rd(z)n . — ord(z) .
T L b L e e O L
’ (1 — p_n) Z]Oil e_tAﬁ(p ) Zf €Tr = 07

for any t > 0.
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Proof. Take x = p°™4(*) g with ||2¢||, = 1, then

K(z,t) = ZeftAﬁ(pj) /lgl . Xp(_x L) dre
p=p’

1

.
I

e—tAﬁ(pj)pnj/l H Xp(_p—j-l-ord(w)xo . y) dny
Yy p:1

-
I
—

o

1—p™™ if j <ord(x),
—p " if j=ord(z)
0 if j > ord(z)

e—tAs @) i

M

+1
+ 2.

<.
Il
—

Then K(z,t) =0 for |||, > 1 and ¢ > 0. Finally, we note that the announced formula
is valid if x = 0. O

We identify L§(Zp) with an isometric subspace of L*(Q}) by extending the functions
of L§(Z3) by zero outside of Zj'. We define {T'(t)};>0 as the family of operators
Li(zy) —  Li(Zp),
fo= T,
with
f(x) if t=0,
(K(-,t) f)(z) if t>0.
Lemma 6.2. With the above notation, the following assertions are true:

(i) the operator T(t), t > 0, is a well-defined bounded linear operator;
(ii) fort >0,

(T(O)f) (@) = F Mapzy (e O F ()],
where f(f) denotes the Fourier transform in L*(Q)}) of f € L§(Zy);
(iii) fort > 0, T(t) is a compact, selfadjoint, and nonnegative operator.
Proof. (i) We recall that K (-,t) € L'(Qp) for t > 0. Therefore, if f € L§(Z) C L*(Q}),
then, by the Young inequality,
u(z,t) := (K(-,t)* f)(z) € LQ(QZ) for ¢ > 0.

Now, by Lemma [6.1] supp u(x,t) C Zj for t > 0, i.e., u(z,t) € LQ(Z;}) for t > 0. Again
by the Young inequality, for ¢ > 0 we have

e, Dll gy = e Dllzacag) < 1K@ Dl ap 1@ s = COLF@ racap.
Finally, we show that
/ u(z,t)d"xz =0 for t> 0.

z

n
D

Indeed, for ¢ > 0, Fubini’s theorem yields

/Z u(z,t)d"x = /Z,"{ Z’W/K(y,t)f(x—y) d"y} d"x

= K(y, t){ flx—vy) d":c} d™y (taking z; =z — y, 20 = y)
zp zn

n
P

- K(zz,t){

zn

f(Zl) d"zl} anQ = 0.

zn
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. (ii) Since f(x), u(x,t) € L'(Zy) N L*(Zy) for t > 0, because L*(Zr) C L*(Z), we
ave

Foe(ulw,1)) = Tgpzy (©)e @ (9),

and this last function belongs to Ll((@;}). Indeed, by the Cauchy—Schwarz inequality,

< e 2@ 2o 1 £ ()l L2 ap)

= ||67tAB(§)||L2(Q;’)Hf(f)HLg(Zg) <00
because an e 2tAs(E)gne < an e~200tllEln gng < 0o, cf. T). Finally,

~

(T(0)f)(x) = / ol =€) fle) e

o~ -~

- / (=& fE de— [ (¢ o)fe) e
Q zp

n
P

= Ja) = P QIENTE) = £(2) ~ Alaly) * (@)
= f@ = lel) [ fa)d' = (o).

(iii) Since T(t), t > 0, is bounded and (T'(t)f,g) = (f, T(t)g) for f,g € L*(Z}),
where (-, -) denotes the inner product of L?(Qy), the operator T'(t) is selfadjoint for
t > 0. To prove compactness we show a sequence of bounded operators T;(¢) with finite
range such that T;(¢) I T(t) for t > 0. For | € N, we set G; := (Z,/p'Z,)". We fix
representatives, denoted by ¢, of G; in Zj. In particular ||i]|, makes sense for i € G;. Set
L(l) to be the C-vector space spanned by {Q(p'|lz — i”P)}ieGl' Observe that ¢ € L(I)
if and only if supp ¢ C Bj and ‘p‘w(plzp)" = ¢(4). On the other hand, by Lemma [6.]

K(z,t) = Q(||=]|p)h(||x]lp, t), where h(0,t) is defined and h(]||z||p, ) is bounded on the
unit ball for ¢ > 0. For [ € N and ¢t > 0, we set

Ki(w,t) = 3 hllillp 00 e — i1l
1€G
and Ty(t)f := Ki(-,t) = f for f € L§(Zy). Then Ty(t): L§(Zy) — L(I) C L§(Z}) is a
bounded operator with finite range. Indeed, Q(p'||x — é||,) * f has support in By and
Q(p'||z — il|,) * f is a constant function on the ball i + (p'Z,)". Finally, for t > 0
we have [[Tj(t) = T(t)[| < [[Ki(-,t) = K(-,t)llr1zy) — 0 as I = oo, by the dominated
convergence theorem and the fact that K;(z,t) = K(z,t) as | — oo, and supp K( -, t),
supp K (-,t) C B§. ]

Lemma 6.3. The one-parameter family {T(t)}i>0 of bounded linear operators from
L3(Zy) into itself is a contraction semigroup.

Proof. The lemma is implied by the following claims.

Claim 1. [|[T(t)||p2(zn) < 1 for ¢ > 0. Moreover, ||T(t)||13(zn) < 1 for t > 0.
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For t > 0, by Lemma [6.2 and (@1)) we have

7O g = IO ey = ITOF @y < [ e OWFC@ e

P P

_ B n - 5 7 "
S/ e 200l | F(€)2dme < sup e 2C“t”g”l’/ [F(&)IPdne
Q\zp ceQp\zp QA

< [ ORI ey = I3y
Q2

—2Cot|I€15

where we have used the inequality sup e < 1.

£eQp\zy
Claim 2. T(0) = I.
Claim 3. T(t +s) =T(t)T(s) for t, s > 0.
This follows from Lemma [6.2{ii).
Claim 4. For f € L§(Z}), the function ¢ — T'(t) f belongs to C([0,00), L§(Z7)).

Notice that, since £(Z) is dense in L§(Z!") for the || - || 2-norm, it suffices to check
Claim 4 for f € L3(Z"). Indeed, we have

thjglo 1T f - T(to)f||2Lg(Zn) = 1im 1T f - T(to)fH%Z(Q;;)

AmWVTme—m |F(€)PletA5(®) — etoAs(O) 2gne,

t—to t—to Jon\zn
P p

Now, since Lgn\zn ()| F(&)2le 1) — e=t0As(©) |2 < 4]f(£)[2, which is an integrable
function, we can apply the dominated convergence theorem to show that

. 2 o
tligl(, T f - T(to)fHLg(Z;) =0. 0

Lemma 6.4. The infinitesimal generator of the semigroup {T(t) }+>0 restricted to Lo(Z;,)
agrees with (—Ag, Lo(Zy)).

Proof. We show that

| T@)f - f
tif(l)l* ; + Agf . 0 for fe Lo(Zy)
Indeed, by Lemma B2(ii),
T)f — i) f - I(t)]
H(f I\ Ay :Hjiggi =wi¥¥i
L3(2;) L2(@p) e

ﬂ@;\Z'g (g)e—tAa(ﬁ) -1 ~
_ H{ t +A/a(§)} © -
L2(Qp)

Now we note that

{Lgp\zy (©)e O — 1} (&) = F(E){e ™7 — 1} — 1z, (e MO f(g),
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and since supp [ C Z;, we have ]?(f +&o) = f(f) for any o € Zy; this fact implies that
1zn (€)e 145 F(£) = ¢7145©) F(0) = 0 because f € Lo(Zy). Hence,

e_tAﬁ(g)_ Iy -~
—HE e

~

+Aﬁ(§)}f(€)

|{Fe (o450 - 1
t

L2(Qp) L2(Qp)

= || As(&) f(E){1 — e )}”L2<@z> (for some 7 € (0,1)).
Therefore, using the dominated convergence theorem, we get
| T@Of - f _ —7As(€)
S | T A= i [As@F 1 - O e gy =0
L3(zZy)
because Ag(f)f({) € D(Qy). 0

Theorem 6.5. The initial value problem
u(z,t) € C([0,00), Dom (Aﬁ)) N Cl([ 00), Lz(ZZ)),
(6.2) d"(w D4 Agu(z,t) =0, z € Qp, t€[0,00),
(x,O) = ¢(x) € Dom(Ap),

where (Ag,Dom(Apg)) is given by ([6.1)), has a unique solution given by u(x,t) = T(t)p(x).

Proof. By Lemmas [6.3H6.4 and the Hille-Yosida—Phillips theorem, see, e.g., [8, The-
orem 3.4.4], the operator (—Ag,Dom(Apg)) is m-dissipative with dense domain in
L3(Z3). Therefore, the announced theorem follows from [8, Theorem 3.1.1 and Proposi-
tion 3.4.5]. 0

2. Heat Traces.
Proposition 6.6. Let {wym}men (o} be the complete orthonormal basis of L§(Zy) as

above. Then
x - y7 Z e Amt m m(y)

where the convergence is uniform on ZZ X ZZ [e,0), for every e > 0.

Proof. By applying the Hilbert—Schmidt theorem to T'(1), see, e.g., [28, Theorem VI.16],
which is selfadjoint and compact, cf. Lemma (iil), in Lg(ZZ) there exists a complete
orthonormal basis {¢,,}, m € N\{0}, consisting of eigenfunctions of T'(1). Let {pm},
m € N\{0}, be the sequence of the corresponding eigenvalues. Moreover, p,, — 0 as

Uk

m — oo. Since the {T'(¢ )}t>0 form a semigroup, we have T(L)¢,, = ph" ¢ for every

positive rational number - Using the continuity of {T'(t)}:>0, we get

T(t)pm = plydm for t€R,.
We note that pu,, > 0 for every m, indeed,

m = lim T(t)¢m = b lim pif
$m = Mm T()pm = dm Hm fi,

implies that lim,_,o+ p!, = 1 because ¢, # 0. Hence, j,,, = e~*= with \,,, > 0, because
|T°(¢ )HLz(Zn < 1fort >0, cf. Lemmal6.3] (i), implies that p, < 1 and lim,,_, . Ay = 00,
because hmm_mo U = 0.

By using Mercer’s theorem, see, e.g., [14} [29] and the references therein, we have

(6.3) K(z —y,t Ze“¢ m(y).

m=1
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Now, since T(t)¢m(z) = e *mt¢,,(z) is a solution of problem (6.2) with the initial data
@m, cf. Theorem [6.5] and

a0, _ _ _
= (e n(2) = A (2) = e A (1),
it follows that ¢, () is an eigenfunction of A with supp ¢,,, C Zj. Now, since Agw, =

AmWm, see Proposition 5.3}, we see that u = e~*m?
problem:

—)\me_/\’”tqu(a:)

wn, solves the following boundary value

u(z,0) = wp(x), wm () € Lo(Zy).
Then, by Theorem [6.5] the above problem has a unique solution, which implies

{Bué?t) = —Agu(z,t), u(z,t)e L§(Zy), t>0,

u(z,t) = T(t)wm(z) = e mlw,,

so that we can replace {¢,,} by {wy,} in ([63]). O

In the next result, we will use the classical notation e *4¢ for the operator T'(t) to
emphasize the dependence on the operator Ag.

Theorem 6.7. Fort > 0, the operator e ' is of trace class and
(i)

(6.4) Tr(e %) = Z e Amt = / e 488 g,
m=1 Q\Z;

(ii) there exist positive constants C, C' such that
Ct™ 5 < Tr(e '45) < 't B
fort>0.
Proof. By Proposition and the definition of K (z,t), for ¢t > 0 we have

(6.5) KO = [ et @amg = Y oMo, (@)
Qp\Zy m=1

The dominated convergence theorem and the fact that Y., e~ *n! converges for ¢ > 0
allow us to integrate the two sides of (6.5]) with respect to the variable x over Zy,, obtaining

(6.6) / e 488 gre = Z e Mt for t>0.
Qp\Zy m=1

We recall that

(6.7) e—CltHﬁl\ﬁ < e~ tAs(8) < e—Cotllfllﬁ7

see (A1), and that e~CHIEI € L1 for ¢ > 0 and any positive constant C; then the series
on the right-hand side of (G.0]) converges. Now,

o0 o0 o0
Tr(e t4%) = Z (e 48 W, Wi ) = Z e lwp |22 = Z et < 0o for t>0,
m=1 m=1 m=1

i.e., e7*45 is of trace class and the formula announced in (i) is valid. The estimate for
Tr(e~*4#) follows from (6.7)), because

/ e=CUElE gne < DEF for t > 0. -
Q

n
p
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§7. ANALYTIC CONTINUATION OF SPECTRAL ZETA FUNCTIONS

Remark 7.1.

(i) For a > 0 we set a® := e*!"%. Then a® becomes a holomorphic function on Re(s) > 0.
(ii) We recall the following fact, see, e.g., [I8, Lemma 5.3.1]. Let (X, du) denote a measure
space, U a nonempty open subset of C, and f : X x U — C a measurable function.
Assume that: (1) if C is a compact subset of U, there exists an integrable function ¢¢ > 0
on X satisfying |f(§, s)| < ¢c(§) for all (&,5) € X x C; (2) f(&, -) is holomorphic on U
for every  in X. Then [y f(&, s)du is a holomorphic function on U.

Proposition 7.2. The spectral zeta function for Ag is a holomorphic function on
Re(s) > 5 and

dn
(7.1) C(s; Ag) = /@n\zn A%é) for Re(s) > %

In particular ((s; Ag) does not depend on the basis of L§(Zy) used in Definition 5.4

Proof. By Proposition and Remark 2 the eigenvalues have the form Ag(p'~7)
with v <0, and the corresponding multiplicity is the cardinality of p?Z; /Z; times the
cardinality of the set of k’s, i.e., p~7"(p™ — 1). Therefore,

((S;Aﬁ)zzp”"(# ZP

v<0
_ e e
Z/“,, o A5([EN) /@\ FGE

mn 1_ n)

and by ([@J]) we have

1—p
|§(3§A,8)| < (C’TS) me(n BRe(s)) « 50 for Re(s) >

QIS

To establish holomorphy on Re(s) > %, we use Remark [Tl (ii). Take

X=Q\Z, du=d'e, U={s€CiRels)> 2} [(€s)=45"(el,)

Now we verify the two conditions established in Remark [[T|(ii). Let C be a compact
subset of U. By ([@1l), we have
’ 1
Ag(llEl)

where C' is a positive constant. Since Re(s) belongs to a compact subset of
n
{s € R; Re(s) > E},

we may assume without loss of generality that Re(s) € [yo,71] with o > %, whence

1
< ;
CRe@) gl "

1 1
— < B(C)—— €L}
CRe() || ¢]|p o) HEE

where B(C) is a positive constant. Condition (2) in Remark [7] (ii) follows from Re-
mark [Z.1] (i) by observing that (As([[¢]lp)) ™" = exp(—sIn Ag([[€][)) with Ag([|€]],) > 0
for [l > 1. 0

3



542 L. F. CHACON-CORTES AND W. A. ZUNIGA-GALINDO

Remark 7.3. Note that formula (ZI) can be obtained by taking the Mellin transform

in (64). Indeed,
[ et an [F155 oY amrig g
0 Qp\Zy 0 m=1

for Re(s) > 1, where I'(s) denotes the Archimedean Gamma function. Now, changing
variables by the rule y = Ag(||¢]|,)t with £ fixed, we have

ane

n
C(s;Ap) = /@g\zg m for Re(s) > max{l, B}

Lemma 7.4. ((s; Ag) has a simple pole at s = %

Proof. Set o € Ry ; since

1 dng (1 _ p—n)p—,ﬁa+n n
0;Ag) < —/ = for o> —,
C( /3) Co oz ngo Co(l _ p*,30'+n) 3
we have
(7.2) lim (1 —p =P (0; Ag) > 0.

n
o= g

The assertion follows from (Z.2)), by using the fact that 1 — p~7*™ has a simple zero at
%. Indeed,

1 _p—,@o-i—n =1 exp{(—ﬁo + TL) lnp} = {,Blnp} (U - %) + O((U N %)2)7

where O is an analytic function satisfying O(0) = 0. |

Theorem 7.5. The spectral zeta function ((s; Ag) possesses the following properties:
(i) ¢(s; Ap) 1s a holomorphic function on Re(s) > 5, and on this domain it is given by
formula ([));

(ii) ¢(s; Ag) has a simple pole at s = %, however, this pole is not necessarily unique;
(iii) set N(T) =Y\ 1 for T >0, then N(T) = O(T5).

Proof.

(1) See Proposition

(ii) The first part was established in Lemma [[.4] Take Ag to be the Taibleson opera-
tor D?; then ((s; D?) has a meromorphic continuation to the entire complex plane as a
rational function of p~* with poles in the set % + é’fﬁ) , see Example 5.1

(iii) The result follows from the formulas

Am = Ag(p™) and mult(A,) =p"™ (1 —p™ "), m e N\{0}. O

Remark 7.6. The fact that ((s; Ag) may have several poles on the line Re(s) = % prevent
us from using the classical Ikehara Tauberian theorem to obtain the asymptotic behavior
of N(T), see, e.g., [I1, Appendix A] and [3I], Chapter 2, §14]. Anyway, we expect that
the following is true.

Conjecture 7.7. N(T') ~ CT# for some suitable positive constant C.



[1]
2]

3]

[4]

[5]

[6]

[7]

(8]

[9]

(10]
(11]
(12]

(13]

(14]
(15]
(16]
(17]
(18]

(19]

20]

(21]

(22]
23]
(24]

[25]

HEAT TRACES AND p-ADIC SPECTRAL ZETA FUNCTIONS 543

REFERENCES

S. Albeverio, W. Karwowski, and K. Yasuda, Trace formula for p-adics, Acta Appl. Math. 71
(2002), no. 1, 31-48. MRI1893360

S. Albeverio S., A. Yu. Khrennikov, and V. M. Shelkovich, Theory of p-adic distributions: linear
and nonlinear models, London Math. Soc. Lecture Note Ser., vol. 370, Cambridge Univ. Press,
Cambridge, 2010. MR2641698

W. Arendt, R. Nittka, W. Peter, and F. Steiner, Weyl’s law: Spectral properties of the Lapla-
ctan in mathematical physics, Mathematical Analysis of Evolution, Information, and Complexity,
Weinheim, Wiley-VCH, 2009, pp. 1-71.

V. A. Avetisov, A. Kh. Bikulov., and V. A. Osipov, p-adic description of characteristic relaxation
in complex systems, J. Phys. A 36 (2003), no. 15, 4239-4246. MR1984499

V. A. Avetisov, A. H. Bikulov, S. V. Kozyrev, and V. A. Osipov, p-adic models of ultrametric
diffusion constrained by hierarchical energy landscapes, J. Phys. A 35 (2002), no. 2, 177-189.
MR1945917

J.-F. Burnol, Scattering on the p-adic field and a trace formula, Int. Math. Res. Not. IMRN 2000,
no. 2, 57-70. MR1744645

O. F. Casas-Sanchez and W. A. Zuniga-Galindo, p-adic elliptic quadratic forms, parabolic-type
pseudodifferential equations with variable coefficients and Markov processes, p-Adic Numbers Ul-
trametric Anal. Appl. 6 (2014), no. 1, 1-20. MR3162769

T. Cazenave and A. Haraux, An introduction to semilinear evolution equations, Oxford Lecture
Ser. Math. Appl., vol. 13, Oxford Univ. Press, New York, 1998. MR1691574

L. F. Chacén-Cortés and W. A. Zaniga-Galindo, Nonlocal operators, parabolic-type equations, and
ultrametric random walks, J. Math. Phys. 54 (2013), no. 11, 113503; Erratum 55 (2014), no. 10,
109901. MR3390480

, Non-local operators, non-Archimedean parabolic-type equations with variable coefficients
and Markov processes, Publ. Res. Inst. Math. Sci. 51 (2015), no. 2, 289-317. MR3348111

A. Chambert-Loir and Yu. Tschinkel, Igusa integrals and volume asymptotics in analytic and adelic
geometry, Confluentes Math. 2 (2010), no. 3, 351-429. MR2740045

A. Connes, Trace formula in non-commutative geometry and the zeros of the Riemann zeta function,
Selecta Math. (N.S.) 5 (1999), 29-106. MR1694895

Ch. Deninger, On the nature of the “explicit formulas” in analytic number theory — a simple exam-
ple, Number Theoretic Methods (lizuka, 2001), Dev. Math., vol. 8, Kluwer Acad. Publ., Dordrecht,
2002, pp. 97-118. MR1974137

J. Dodziuk, Eigenvalues of the Laplacian and the heat equation, Amer. Math. Monthly 88 (1981),
no. 9, 686-695. MR643271

D. Dragovich, A. Yu. Khrennikov, S. V. Kozyrev, and I. V. Volovich, On p-adic mathematical
physics, p-Adic Numbers Ultrametric Anal. Appl. 1 (2009), no. 1, 1-17. MR2566116

P. B. Gilkey, Invariance theory, the heat equation, and the Atiyah—Singer index theorem, Second
ed., Stud. Adv. Math., CRC Press, Boca Raton, FL, 1995. MR 1396308

Sh. Haran, Quantizations and symbolic calculus over the p-adic numbers, Ann. Inst. Fourier (Greno-
ble) 43 (1993), no. 4, 997-1053. MR1252936

J.-L. Igusa, An introduction to the theory of local zeta functions, AMS/IP Stud. Adv. Math., vol. 14,
Amer. Math. Soc., Providence, RI, 2000. MR1743467

A. N. Kochubei, Pseudo-differential equations and stochastics over mnon-Archimedean fields,
Monogr. and Textbook Pure Appl. Math., vol. 244, Marcel Dekker, Inc., New York, 2001.
MR1848777

S. V. Kozyrev, Wavelet theory as p-adic spectral analysis, 1zv. Ross. Akad. Nauk Ser. Mat. 66
(2002), no. 2, 149-158; English transl., Izv. Math. 66 (2002), no. 2, 367-376. MR1918846

S. V. Kozyrev and A. Yu. Khrennikov, Preudodifferential operators on ultrametric spaces, and
ultrametric wavelets, Izv. Ross. Akad. Nauk Ser. Mat. 69 (2005), no. 5, 133-148; English transl.,
Izv. Math. 69 (2005), no. 5, 989-1003. MR2179417

N. Lal and M. L. Lapidus, Hyperfunctions and spectral zeta functions of Laplacians on self-similar
fractals, J. Phys. A 45 (2012), no. 36, 365205. MR2967908

E. Leichtnam, Scaling group flow and Lefschetz trace formula for laminated spaces with p-adic
transversal, Bull. Sci. Math. 131 (2007), no. 7, 638-669. MR2391339

, On the analogy between Arithmetic Geometry and foliated spaces, Rend. Mat. Appl. (7)
28 (2008), no. 2, 163-188. MR2463936

S. Minakshisundaram, A generalization of Epstein zeta functions, Canad. J. Math. 1 (1949), 320—
327. MR0032861



http://www.ams.org/mathscinet-getitem?mr=1893360
http://www.ams.org/mathscinet-getitem?mr=2641698
http://www.ams.org/mathscinet-getitem?mr=1984499
http://www.ams.org/mathscinet-getitem?mr=1945917
http://www.ams.org/mathscinet-getitem?mr=1744645
http://www.ams.org/mathscinet-getitem?mr=3162769
http://www.ams.org/mathscinet-getitem?mr=1691574
http://www.ams.org/mathscinet-getitem?mr=3390480
http://www.ams.org/mathscinet-getitem?mr=3348111
http://www.ams.org/mathscinet-getitem?mr=2740045
http://www.ams.org/mathscinet-getitem?mr=1694895
http://www.ams.org/mathscinet-getitem?mr=1974137
http://www.ams.org/mathscinet-getitem?mr=643271
http://www.ams.org/mathscinet-getitem?mr=2566116
http://www.ams.org/mathscinet-getitem?mr=1396308
http://www.ams.org/mathscinet-getitem?mr=1252936
http://www.ams.org/mathscinet-getitem?mr=1743467
http://www.ams.org/mathscinet-getitem?mr=1848777
http://www.ams.org/mathscinet-getitem?mr=1918846
http://www.ams.org/mathscinet-getitem?mr=2179417
http://www.ams.org/mathscinet-getitem?mr=2967908
http://www.ams.org/mathscinet-getitem?mr=2391339
http://www.ams.org/mathscinet-getitem?mr=2463936
http://www.ams.org/mathscinet-getitem?mr=0032861

544

[26]
27]
(28]
29]
(30]
(31]
32]
(33]
(34]

(35]

(36]
(37]
(38]

(39]

L. F. CHACON-CORTES AND W. A. ZUNIGA-GALINDO

, Eigenfunctions on Riemannian manifolds, J. Indian Math. Soc. (N.S.) 17 (1953), 159-165.
MR0061750

S. Minakshisundaram and E. Pleijel, Some properties of the eigenfunctions of the Laplace-operator
on Riemannian manifolds, Canad. J. Math. 1 (1949), 242-256. MR0031145

M. Reed and B. Simon, Methods of modern mathematical physics. 1. Functional analysis, Acad.
Press, New York-London, 1972. MR0493419

F. Riesz and B. Sz.-Nagy, Functional analysis, Dover Books Adv. Math., Dover Publ., Inc., New
York, 1990. MR1068530:

J. J. Rodriguez-Vega and W. A. Zuniga-Galindo, Taibleson operators, p-adic parabolic equations
and ultrametric diffusion, Pacific J. Math. 237 (2008), no. 2, 327-347. MR2421125

M. A. Shubin, Pseudodifferential operators and spectral theory, Nauka, Moscow, 1978; English
transl., Second ed., Springer-Verlag, Berlin, 2001. MR 1852334

B. A. Steinhurst and A. Teplyaev, Ezistence of a meromorphic extension of spectral zeta functions
on fractals, Lett. Math. Phys. 103 (2013), no. 12, 1377-1388. MR3117253

M. H. Taibleson, Fourier analysis on local fields, Princeton Univ. Press, Princeton, 1975.
MR0487295

S. M. Torba and W. A. Zuniga-Galindo, Parabolic type equations and Markov stochastic processes
on adeles, J. Fourier Anal. Appl. 19 (2013), no. 4, 792-835. MR3089424

V. S. Vladimirov, I. V. Volovich, and E. I. Zelenov, p-Adic analysis and mathematical physics,
Nauka, Moscow, 1994; English transl., Ser. Soviet East Euro. Math., vol. 1, World Sci. Publ. Co.,
River Edge, NJ, 1994. MR1288093

A. Voros, Spectral zeta functions, Zeta Functions in Geometry (Tokyo, 1990), Adv. Stud. Pure
Math., vol. 21, Kinokuniya, Tokyo, 1992, pp. 327-358. MR1210795

K. Yasuda, Trace formula on the p-adic upper half-plane, J. Funct. Anal. 216 (2004), no. 2, 422-454.
MR2095689

W. A. Zuniga-Galindo, The non-Archimedean stochastic heat equation driven by Gaussian noise,
J. Fourier Anal. Appl. 21 (2015), no. 3, 600-627. MR3345368

W. A. Zaniga-Galindo, Parabolic equations and Markov processes over p-adic fields, Potential Anal.
28 (2008), no. 2, 185-200. MR2373104

PoNTIFICIA UNIVERSIDAD JAVERIANA, DEPARTAMENTO DE MATEMATICAS, FACULTAD DE CIENCIAS,

CRA. 7 No. 43-82, BoGoTA, COLOMBIA

Email address: leonardo.chacon@javeriana.edu.co

CENTRO DE INVESTIGACION Y DE ESTUDIOS AVANZADOS, DEPARTAMENTO DE MATEMATICAS, UNIDAD

QUERETARO, LIBRAMIENTO NORPONIENTE #2000, FRACC. REAL DE JURIQUILLA, C.P. 76230, QUERETA-

RO,

QRO, MEXICO
Email address: wazuniga@math.cinvestav.edu.mx

Received 15/APR/2016
Originally published in English


http://www.ams.org/mathscinet-getitem?mr=0061750
http://www.ams.org/mathscinet-getitem?mr=0031145
http://www.ams.org/mathscinet-getitem?mr=0493419
http://www.ams.org/mathscinet-getitem?mr=1068530
http://www.ams.org/mathscinet-getitem?mr=2421125
http://www.ams.org/mathscinet-getitem?mr=1852334
http://www.ams.org/mathscinet-getitem?mr=3117253
http://www.ams.org/mathscinet-getitem?mr=0487295
http://www.ams.org/mathscinet-getitem?mr=3089424
http://www.ams.org/mathscinet-getitem?mr=1288093
http://www.ams.org/mathscinet-getitem?mr=1210795
http://www.ams.org/mathscinet-getitem?mr=2095689
http://www.ams.org/mathscinet-getitem?mr=3345368
http://www.ams.org/mathscinet-getitem?mr=2373104

	1. Introduction
	2. Preliminaries
	2.1. The field of 𝑝-adic numbers
	2.2. Additive characters
	2.3. Topology of ℚ_{𝕡}ⁿ

	3. The Bruhat–Schwartz space and the Fourier transform
	3.1. The Fourier transform of test functions

	4. 𝑝-adic Laplacians
	4.1. Operators 𝑊_{𝛼}
	4.2. Examples

	5. Lizorkin spaces, eigenvalues, and eigenfunctions for the 𝐴ᵦ operators
	5.1. Example

	6. Heat traces and 𝑝-adic heat equations on the unit ball
	6.1. 𝑝-adic heat equations on the unit ball
	6.2. Heat Traces

	7. Analytic continuation of spectral zeta functions
	References

