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STOCHASTICALLY BOUNDED SOLUTIONS OF A LINEAR
NONHOMOGENEOUS STOCHASTIC DIFFERENTIAL EQUATION

UDC 519.21

O. V. IL’CHENKO

ABSTRACT. Conditions for the existence of a stochastically bounded solution of a
linear nonhomogeneous stochastic differential equation are found in the paper. The
stationary and periodic cases are considered.

The qualitative behavior of solutions of stochastic differential equations has recently
been studied intensively. One problem that has been of permanent interest is to find
conditions for the existence of stochastically bounded solutions, especially in view of the
fact that stationary and periodic solutions possess this property.

A criterion for the existence of a unique stochastically bounded solution of a linear
nonhomogeneous stochastic differential equation is obtained in this paper. It turns out
that the existence of a unique stochastically bounded solution depends on whether a
solution of the homogeneous equation is exponentially p-stable for some p > 0 (see [3] for
the definition). Note however that another condition (mean square stability) is common
for problems of this kind (see [6} [7]). The main result of the paper is close to those well
known in the case of deterministic systems (see, for example, [5]), and this indicates that
it is definitive. We also show that the solution inherits properties of the coefficients of
the equation if they are either stationary or periodic.

Consider the stochastic differential equation

(1) da(t) = (ba(t) + f(8) dt + D _(ona(t) + g (1)) dw(t),

k=1
where b and oy, are real constants; f(t), t € R, and gx(t), t € R, are bounded con-
tinuous real functions; sup,cg {|f(t)],l9x(®);k =1,...,m} < K < +o00; wi(t) are one-
dimensional independent Wiener processes, t € R, k=1,...,m.

A Wiener process w(t), t € R, is defined as a stochastic process with independent
increments such that w(0) = 0 and w(t) — w(s) is a Gaussian random variable for all
s,t € R such that

E(w(t) —w(s)) =0,  E(w(t) —w(s))* = |t —s|.

In what follows we use the following flows of o-fields:

Fi = oa{wg(s2) —wr(s1): s1 <sa <t,k=1,...,m}, t € R;
F''=ca{wi(s2) —wi(s1): t < s1 < s9,k=1,...,m}, teR;
Flo, =ocaf{wi(s2) —wp(s1):t—v<s3 <sg<t,k=1,....,m}, v > 0.
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Definition. A solution z(¢), t € R, of equation (I) is called stochastically bounded if

NLHJI: supP{|x( )| > N} =0.

Along with () we consider the corresponding homogeneous equation
m
(2) dhl, = bhldt + " orhl dw(t).

k=1
The latter equation for s < ¢ and h? = 1 has a solution

hg:eXp{'y(t—s)—l—ZUk[wk(t)—wk(s)}}v 7:b_271202
k=1

(see [2]). For an arbitrary p € R,

(3) ety —exp{ (792 ia) (1= o).

k=1
The solution z4(t), s < t, of equation (Il) can be represented in the following form:

zs(t) = bl {x(s) + /t(hg)1 (f(u) - iakgk(u)> du
s k=1
+ g [ 0 gutw) )

(see [2]). The behavior of z,(t) is determined by the integral terms in (). Our current
goal is to obtain properties of the integral terms.

Lemma 1. Assume that ¢(t) is a continuous function of t € R. Then the following
reverse integration formula holds for stochastic integrals with s < t:

(5) hi/:(h?) p(u) dwy(u /h ) dwy (u _Uk/ i

Proof of Lemma 1. Using properties of h% we have that, for A = (t — s)/n, u; = s +iA,

Awg(u;) = wi(uip1) — wr(u;), 1 =0,...,n—1,
t n—1
B [0 ) dun () =L 3 (0 o) A ()
s T =0
n—1
=Lip. Z R, (i) Awy(u;)

=11i.p. Z hu - (1 + bA + Z UrAw,«(ui)) o(uir1) Awg (u;)

N7 =0 r=1

= —1lip. Zhan () (Wi (1 (i41)) — Wi (Un—;))

n—oo
=0

— ok Lip. Zhuﬂ (P (tn—i) (= 1) (Awg (un—(i11)))?

n—oo
=0

= — /ts ht o(u) dwy,(u) — oy, /ts ht o(u) du.

Lemma 1 is proved. O
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BOUNDED SOLUTIONS OF STOCHASTIC EQUATIONS 43

Taking (B) into account one can rewrite (@) in the form
©  w =k~ [ W= [ Hawdo,  s<t
t =t

Now we are going to find conditions for the convergence of the integrals in (B as

s — —oo. Put py = 2|’Y|(ZZL=1 Jz)il'

Lemma 2. Assume that
1) v<0;
2) @(t) is a continuous function such that sup,cg |p(t)| < K < 4o00.
Then for r =1,2 and 0 < p < pg there are constants T >0 and 0 < g < 1 such that

t—Tn
(7) P{/ (Rt o(u)])" du > N”"2_"} < LiN7Pg"
t—T(n+1)

forallt e R, N >0, and n € N.
Proof of Lemma 2. Applying (B) we obtain for p > 0

P{ /tt_Tn (Rt [ (w)])"du > er—n}

—T(n+1)
T
<P { / (hy_pn_ule(t = Tn—u)|)" du > N’“Z‘”}
0

< P{TK’“ sup (hg™ )" > N”"Q‘”}

0<u<T

p
< (N—T2TRT) E< sup h?ZJF"hOT")
0<u<T

p
— (N2 TR E( sup h;;) E(h§™)"

0<u<T
m
< L(TK")’N~? eXp{ (y +p27! Z o+ T 'In 2) Tnp},
k=1
L = E(supgpcy<r hg)” < +o00. Choose a sufficiently large number 7" > 0 and put
Ly =L(TK")? and ¢ = exp{(v+p27' Y}, 02+ T ' In2)Tp}. Lemma 2 is proved. [
Lemma 3. Let the assumptions of Lemma 2 hold. Then the limit
S —0o0
lim Rt o(u) du = / Rt o(u) du
ST St t
exists almost surely for all t € R.
Proof of Lemma 3. By the Borel-Cantelli lemma it is sufficient to prove that the series
0 t—Tn
ZP{/ hZ|<p(u)|du>2‘”}
n—1 t—T(n+1)

converges for some T > 0. This result follows from Lemma 2 for r = 1. Lemma 3 is
proved. O

Lemma 4. Let the assumptions of Lemma 2 hold. Then the limit

®) i [ i) dun(o) = [ ol duna)

§——00 t

exists almost surely for all t € R.
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Proof of Lemma 4. Consider the process

t—v
mw):/ B () duo (o /ht ot —uwdwl(), w30
t

wk (u) = wi(t —u) —wi(t), w > 0. This is a martingale whose characteristic with respect
to the flow F} ,, v > 0, is given by

() == [ (o)) du = / (B (t — ) du.

The proof of the existence of the limit

+oo
(i) (o) = T (m)) = [ (At =) du

is similar to that of Lemma 3. This means that the square integrable martingale m}, (v)
is closed and therefore the limit () exists for this process. Lemma 4 is proved. |

Theorem 1. In order that, for given continuous functions f(t) and gr(t), k=1,...,m
bounded on the real axis, there exist a unique stochastically bounded solution &(t), t € R,
of equation () it is necessary and sufficient that v # 0. In the case of the existence, this
solution is given by

— J7 R Fu) du = SR [, B gi(u) duwy(u), v < 0;
() = j°°<hu)*1<<> S okgi(u) du

= S () () dwn(w), >0,
Moreover
(9) sup E |#()|” < +oc
teR
for 0 < p <pg.

Remark. The condition v # 0 means that, given 0 < p < po, the solution h’ of equa-
tion (@) is exponentially p-stable (if v < 0) or it is exponentially p-unstable (if v > 0).
This follows immediately from (3)). The number py is called the stability index (see [1]).

Recall that a solution h’ is exponentially p-stable (exponentially p-unstable), p > 0,
if there exists a constant A > 0 such that

E(r)? < e 79, (E(r) 7 < 07
(see [3]).

Proof. Sufficiency. We consider the cases of v < 0 and v > 0 separately.
1) Let v < 0. Put

(10) x_oo(t):—/t_ du—Z/ W) dw(w),  tER.

The right-hand side of (0] exists for all ¢ by Lemmas 3 and 4. Putting z(s) = 0 in (@)
and approaching the limit as s — —oo, we prove that x_, () is a solution of equation ([).
The process T_« (t) is measurable with respect to the flow F.
Now we show that the process z_ (t), t € R, is stochastically bounded. Since

P{lz—oo (t)|>N}<P{'/tOOhZf(u)du >N/m+1}
" +§:P{ _Oohigk(wdwk(u) > N/m + 1},
k=1
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BOUNDED SOLUTIONS OF STOCHASTIC EQUATIONS 45

it is sufficient to prove that every term in (I0) is stochastically bounded. We have

(12) P{

| tswy

> N'”} < LyN™P

forr=1,2, 0 < p < po, and Lo = La(p) < 400, where the integral is defined for almost
all trajectories. Indeed, by Lemma 2
> NT2("+1)> }

| b O(|[ s
<l [ Gl s v

—T(n+1)

| s d

n=0
n —T(n+1)
<2PLi(1—¢q) 'NP.

We also have the following inequality for the distribution of stochastic integrals:

(13) P{

/too higk(u) dwy (u)

> N} < LyN~P,

where 0 < p < pg and
L3 = Lg(p) < +o00.
To check (I3]) we use the notation of Lemma 4 and put ¢(u) = gr(u). Then

"

/ " g () du (u)

t

> N} < lim P{ sup |mp(v)| > N}
Vodoo  lo<o<V

p
< lim N7P E( sup |m§c(v)|)
V—+o0 0<v<V

< . —p t p/2
< VLHJIFIOON cp E{mp)"" (V)

v E( - [ ttawy du),,/

for some ¢, < 400 (see [4]). It remains to show that

2

—co p/2
E (—/ (higk(u))2 du> < 400, teR, 0<p<po.
t

We apply inequality (I2)) for p+ 6, 6 = (po — p)/2, f(u) = g (u), and r = 2:
2

e(- w(hzgkw))?du)p/ <

2v(ntl) p {4" < - / (hegr(u))? du < 4"“}
t

M2 114)¢

IN

—00
gp(n+1) p {4" < —/ (hygr(u))? du}
t

0

3
I

oo
2;0(n+1)L2 9—(p+d)n < Z Lo 2P 270" 4,

n=0

Now we prove relation (@). It follows from (), (I2) for r = 1, and (I3) that

3
I
o

(14) P{la_nc(t)] > N} < LaN 7,
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46 0. V. IL'CHENKO
0 <p<po, Ls = Ls(p) < +o0o. Using () for p+ 6 and § = (po — p)/2 we get

(o)
Elz_oo(t)|? <Y 20D P{o" <o (1) <27}

PN poon < |z (1)}

IA
Mo 1

n=0

op(nt1) [ o= (p+d)n Z L32P 279" < 400,
0 n=0

E%g

n

We have already proved that the process z_o(t), t € R, is a stochastically bounded
solution of equation (), and inequality (@) holds for it if v < 0. A stochastically bounded
solution is unique, since

P{ lim hts——i—oo} =1.
S§——00

2) Let v > 0. We show that in this case there is no stochastically bounded solutions
of (@) that are measurable with respect to the flow F;. Consider relation (). Since
—v < 0, one can use the same method as that in Lemmas 3 and 4 and prove that the
limit

o) = i [ [ (4)™ () Zakgk )du+g [0 vt v

exists almost surely for all s € R. It follows from P{lim;_. k% = +oc} = 1 that if z(s),
s € R, is stochastically bounded, then z(s) = o(s) almost surely. This means that the
random variable z(s) is F*-measurable. To construct an F'-measurable stochastically
bounded solution, we use a representation for the solution x*(t), t < s, determined by its
value z(s) at the moment s. Applying formula (&) to equality (H) and interchanging s
and ¢t we get

W) e =) e+ [ hesw gj [ o) dunto

for t < s. Taking (B) into account we rewrite (IH) as follows:

2(t) = (h) () - / o)t Zakgk ))au
_Z / wdwg(u), < s.

Put z(s) = 0. Reasoning as in the proofs of Lemmas 3 and 4 we prove the existence of
the limit as s — 4+00. As a result we obtain a solution of equation (),

zT() = - /:oo(hu 1( Zakgk )
- é/tJroo(h?)_lgk(u) dwg (u).

The process xT°(t) is Ff-measurable. Similarly to the case of v < 0, we check that
the solution z7°°(t), t € R, is stochastically bounded and possesses the pth moment for
0 < p < po. Since P{lim;_, oo (h$)~! = +o00} = 1, the solution is unique.

(16)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



BOUNDED SOLUTIONS OF STOCHASTIC EQUATIONS 47

To complete the proof we put

i‘(t) _ {xoo(t)a v < 0;

xt>e(t), v>0.

The necessity is proved by contradiction. Let v = 0. We show that there exist
continuous and bounded functions f(t) and gg(t), ¥ = 1,...,m, such that equation (1)
has no stochastically bounded solution. Consider the equation
(17) dz(t) = (x(t) + 1) dt + V2x(t) dw(t).

The solution of equation (7)) for ¢ > s is of the form

t
z4(t) = exp {V2w(t)} {x(s) + / exp {—\/ﬁw(u)} du} .
0
The total time spent by the trajectory of the Wiener process —w(t) in the positive half-
plane tends to +oco as t — +o0, whence for arbitrary z(s)

lim [m(s) +/Ot exp{—\/éw(u)} du} = +o0

t——+o0

almost surely and therefore in probability. Since
P {eXp{\/iw(t)} > 1} =1/2,

we conclude that there is no stochastically bounded solutions of equation ([I7)). Therefore
~v # 0. Theorem 1 is proved. O

Theorem 2. Suppose the functions
f(t):fv gk(t)zgk, k=1,...,m,

in equation ([I) do not depend on t. A unique stationary solution of equation () exists
if and only if v # 0.

Theorem 3. Suppose the functions
f(t)v gk(t)ﬂ k:]-v"'7m7

in equation (@) are continuous and periodic with period T. A unique T-periodic solution
of equation (@) exists if and only if v # 0.

Proof of Theorems 2 and 3. Stationary and periodic solutions of equation () are sto-
chastically bounded. Thus, to prove Theorems 2 and 3, one must check the corresponding
properties of the distributions of x_(t) and x*°°(¢). This can be done in a standard
way (see [8]). Theorems 2 and 3 are proved. O
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