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ASYMPTOTIC BEHAVIOR OF INCREMENTS OF RANDOM FIELDS
UDC 519.21

O. E. SHCHERBAKOVA

ABSTRACT. Some results on the asymptotic behavior of increments of a d-dimensional
random field are proved. Let N and ay € {1,2,...} be fixed and let S¥; be the maxi-
mum increment of a d-dimensional random field of independent identically distributed
random variables evaluated for d-dimensional rectangles (3, j] = {k: i < k < j} such
that |j| < N and |j —¢| = an. Denote also by Sy the maximum increment evaluated
for rectangles such that |7 —i| < an.

We determine the asymptotic almost sure behavior of random variables Sy and
SY;. Steinebach (1983) proved a similar result for the case of rectangles belonging
to the cube (0, N1/4] (of volume N) and under the condition that ay = O(N?) as
N — oo for all § € (0,1). Note that the sequence Sy is monotone in this case.

We also consider the cases where ay ~ Clog N or ay = O(log N).

1. INTRODUCTION

Let N¢ be the d-dimensional (d > 1) lattice whose elements have nonnegative integer
coordinates. We introduce a partial order on N¢:

ZS] for = (il,...,id) and j: (jl,...,jd)
if and only if
ik <jp forallk=1,...,d.
Let
(i,j)={keNGi<k<j}, ijeNG i<j
be a d-dimensional rectangle. The volume of the d-dimensional rectangle (0, n] such that
n=(ny,...,nq) and nxy € N U{0} is denoted by |n| = H?zl n;.
Consider a sequence X,,, n € N¢, of independent identically distributed random vari-
ables depending on d indices and with moment generating function ¢(t) = Eexp (¢X,,)

such that

(1) ¢(t) < oo for some t > 0.
We further assume that

(2) EX, =0, Var X,, = 1.

Consider a function a(t), t > 1, t € R, such that

(3) 1<a(t) <t, a(t) and t do not decrease.

a(t)

Put ay = [a(N)], where [-] stands for the integer part of a real number.
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174 O. E. SHCHERBAKOVA

Let S3 be the maximum increment of a d-dimensional field of independent identically
distributed random variables evaluated for d-dimensional rectangles

{k:i<k<j}

such that |j| < N and |j — i| = an. If the rectangles satisfy the inequality |j —i| < an
instead of the equality |j — i| = an, then the maximum increment is denoted by Sy:

S(i,j] = Z Xk; (Za]] C Ngv

i<k<j
Sy = max S ; Sy = max Sy
N - (4,4]> N - (4,41
FES A s, 0]
li—il=an [i—il<an

2. SOME HISTORICAL REMARKS

Csorg6 and Révész [3] obtained limit theorems for increments of partial sums of in-
dependent identically distributed random variables in the case of d = 1 by using corre-
sponding results for the Wiener process and the strong invariance principle. They also
considered the asymptotic behavior of increments of the two parameter Wiener process.

Below we recall some results for random variables with multiindices.

Theorem 2.1 (Steinebach [1]). Let X,,, n € N&, be independent identically distributed
random variables. Assume that conditions () and @) hold. If

(4) locjgNN — 00, N — oo,
an
(5) W_)O’ N — o0, foralld >0,
(6) ay  does not decrease,
(7) % does not increase for some dy,
then
D(N,aN) . D*(N,CLN)

_— = Q5 — 1 0.
N5 (2an log N)1/2 N5 (2an log N)1/2 a5

where D(N,an) is the mazimum of increments evaluated on d-dimensional rectangles J,
|J| < an, belonging to the d-dimensional cube (0,[N'/?] €], and e = (1,...,1):

D(N,an) = max S, D*(N,an) = max Sy.
JC(0,[NY )], JC(0,[NY/]-¢],
[J|<an |[J|=an

Note that the volume of the cube (O, [N1/4]. e} is less than or equal to N — dN1~1/4,
Theorem 2.2 (Steinebach [1]). Assume that conditions [B)—({d) hold, and moreover
(8) ay ~ Clog N, N — oo,

where C' is a unique solution of the equation

(9) inf ﬂ)) =exp(—-1/C)

te[0,t0) exp (at
for

a € {(bl(t) (te [O,to)}

(1)
and to = sup{t: ¢(t) < co}. Then

lim D(N, ax) = lim D*(N, an) =a as
N —oo (C.aNlogN)l/Q _N—>OO (C.aNlogN)l/Q - .S.
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Theorem 2.3 (Steinebach [I]). Assume that ¢(t) < oo for all t > 0,
(10) hrf log ¢ (1) =~ > 0,

and the sequence ay satisfies conditions (B)-({d) and

an
(11) log N — 0, N — oo.
Then

D(N,GN) ERT D*(N,G,N)

li =1 =1 .8.
NS (272ay log N)1/2 g (272ay log N)1/2 @

3. MAIN RESULTS

The main goal of this paper is to study the asymptotic behavior of the maximum of
increments of a d-dimensional random field evaluated for rectangles whose volumes do
not exceed an under the condition that all of them belong to a rectangle of volume N.
In other words, we study the asymptotic behavior of random variables Sy and Sy, in-
troduced in Section [

Theorem 3.1. Let conditions ([I)-@B) hold. Assume that

(12) loagNN — 00, N — .

Put 6n = {2an(en + BN)}_l/Q, where

N
en = log, . On = dloglog N,
N

and log, x =log (x Ve). Then

limsup Sy 0y = limsup Sydy =1 a.s.

N—o0 N —o00
If additionally
(13) LN 00, N — oo,
BN
then

]\}iirlw SNON = 1\}13100 SNON = A}iinooD(N, an)on = 1\}13100 D*(N,an)én =1  a.s.
Remark 3.1. Condition (I3) holds for all sequences {ay} such that
(14) any =0 (N‘SO) , N — oo, forsome dy € (0,1).
Theorem 3.2. Assume that
(15) any ~ Clog N, N — oo,
where the constant C is defined in Theorem[Z2 (see [@)). Let

on = {2Canlog N} ~1/2,

Then

lim SNéN:Nlim S,*\,&N:Nlim D*(N,aN)éN:Nlim D(N,an)dy =a a.s.

N—oo —00
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176 O. E. SHCHERBAKOVA

Theorem 3.3. Assume that ¢(t) < oo for all t > 0,

(16) hrf log ¢ (1) = +* > 0,
and

anN
1 N .
(17) log N -0 -
Put

on = {272aN logN}_l/Q.

Then

lim Syény = lim Syony = lim D*(N,an)dy = lim D(N,an)dny =1 a.s.
N—o0 N —oo N—oo N—oo

4. AUXILIARY RESULTS

We need some combinatorial estimates. In what follows let d > 2. We denote by Py_1
polynomials of degree d — 1.

Lemma 4.1. Put
By(n) = Card {(O,n] C Ng: [n| = N} .
Then for all e >0
(18) > Bi(n) = N-Py_1(logN)+ O (N<d71>/<d+2>+e) ,
n<N

Remark 4.1. Tt is clear that B4(N) equals the total number of representations of the
number N as a product of d integer factors. The proof of ([I8) can be found in [H] (also
see [0]).

We also need an estimate for some coverings A% ay Of the set
AN) = | (0.7]
In|<N
by d-dimensional rectangles whose volumes are equal to ay.
Lemma 4.2. Let N > 1 and a vector i® € N be such that |i°| = an. Further let A%’GN

be the minimal covering of A(N) by disjoint rectangles obtained by parallel translations
of the vector i°. In other words,

18 0 = {0) = ,500) € AV 1€ NG, el = it 1[5 1}
k
where ny is the mazimum of the kth coordinates of vectors n such that i° < n and
|n|=N,k=1,...,d. Then

Card (A%J) = 3" Bu(n) < N-Py_y(log N),
n<N

N N
Card (A%(IN) < a Py <log+ a) .

Proof of Lemmal[{.2 First we consider the case of ay = 1. Applying Lemma 1] we

obtain
Card (A%J) — 3" Ba(n) = N-Pi_y(log N) + O (N(d—l)/(d+2)+s) .
n<N
In the case of any > 1 we consider the mapping zy = z1/i%, k = 1,...,d. If a rectangle of

A%’GN is of volume ay, then this mapping transforms it into a cube of unit volume. Note
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also that the set A(N) is transformed into the set A(N/ay) under this mapping, and
thus CardA%aN = Card AE/GNJ and Card(A%aN) < (N/an)Py—1(log,(N/ayn)). 0O

The following result allows one to estimate the cardinality of the collection of rectangles

of A(N) whose volumes do not exceed ay.

Lemma 4.3. Let
Ay = {(z,]] CAN): |i—j] < aN}.
Then
Card(An) < N -an - Py—1(log, an) - Py—1(log N)

for all sufficiently large an .

Proof of Lemma[4.3 The total number of rectangles of (0,] whose volumes do not ex-
ceed N is equal to Card (A%’l). For any given [, there are at most Card (AEN’I) rectangles
(I, k] such that |k —[| = ay. Hence

Card(Ay) = Card (A%J) -Card (AEN,I) < N-ay-Py_y(log, ax)- P (log N). 0

Denote by R¢ the space of d-dimensional vectors with nonnegative real coordinates.
Lemma 4.4. For all o > 1 and all natural numbers an > o there is a finite set
Ug(an) C R{
such that

(1) |ul = 0¥t an for allu € Uy(an);
(2) for all i € N¢, |i| < an, there exists u € Uy(an) such that i < u;
(3) Card(Up(an)) = [(log” " an)/(log? " 0)].

Proof. Let ¢ > 1. For i € N¢ such that |i| < ax we put

an k141 ka_1+1 _ AN
U@(GN):{UkZ Ukys o =qg—1 Z(Qﬁ_w-wgdﬁaw )
[T us, g2ea=1 b

1
kse{1,...,[OgGN]},s—l,...,d—l, |uk|—gd1~aN}.
log o

There exists k = (k1,...,ka—1) € Ng_l such that ¢ < ug. Indeed, let ks = [logis/log o).
Then oF <i, < g%+l s=1,...,d -1,

an aN

Z.d é d—1 . é d—1 .
Zs:l ls 925:1 ks
It is clear that all the assumptions of Lemma[Z.3 are satisfied. O

Lemma 4.5. For all o > 1,0 <v < 1—1/p, and for all natural numbers N > p one
can construct a finite set V, ,(N,an) C R¢ such that
(1) for allv € V,,(N,an), the volume of v is equal to 0*¥~1 - an;
(2) for all (i —3j,i] C N¢, |j| < an and |i| < N, there exists v € Vy(N,ay) such that
(7’ - j7 Z] Cuw;
(3) we have
log N N
. Py 1 (1 — .
log? 1o viglay TN\ Liglay

Card(V,,(N,ay)) <
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178 O. E. SHCHERBAKOVA
Proof. The set V, ,(N,an) is constructed in the following way:

Voo (N,an) = {v = (w(l) — o* - u,w(l)] ,u € Up(an), L € N§,

wk(lk) = volyug, lx € {1,..., |: [tk :| -I—].}},
voug

where ny is the maximum of the kth coordinates of vectors n € U,(N) such that u < n,
k=1,...,d. The first assertion of the lemma is obvious.

Now we prove the second assertion. Let (i — j,i] C N, |j| < an and |i|] < N.
According to Lemma [£:4] there are u € U,(ay) and n € U,(N) such that j < u and
u < n, respectively.

Further, for any given i there are w(l): | = (I1,...,lq) € N& such that

l/g(lk — 1)uk S ik S Vglkuk = wk(lk).
Thus vo(ly — Dug — u < ix — ug < volpur — ug. Now we check that
i —ug > (vl — 1) oug.

This inequality holds if vo(lp —1)ur —ug > (vl —1)pug. The latter condition is equivalent
to vp < o — 1, which is true by construction.

Now we prove the third assertion of the lemma. Note that the cardinality of the set
Vo (N, an) depends on the indices w and . Since the sets of d-dimensional indices [ used
in the definitions of A%(m and V,, (N, an) coincide,

log tan N N
d(V,. (N, < : Py (log, —— ). O
Card(Vou (N, an)) log? 1y viglay 47! OB+ Vdgiay

5. PROOFS OF MAIN RESULTS

Proof of Theorem [3l We split the proof into three steps.
Step 1. First we show that limsup Sydn < 1 a.s. Consider an arbitrary € > 0. Using
the above lemmas and applying Kolmogorov’s inequality for random fields [5] we obtain

P ( max S(O,i]éN >1+ 25) < 24 Z P (S(OJ'O] > (1 + 5)5;,1) .

(0.d]: fi]<an i0: i0€U, (an)
Further
P(Sy > (1+2e)dy") <27 > P(S—ij) > (1+)5y")
(i—1,51€Ve,v (N,an)
(19) EN+ 0 en+0
N N _ N N
=20 Z P < Ts(j—i,j] > (1+¢)dy! T) :
(i—1,51€Ve,v (N,an)
Note that
oyt EN+ 0N _ V2(en + ).
an
Moreover

en + BN _ logN  logan N dloglog N _
an an an an

log ¢<\/ 761\7(1—1]-\[@\7 . t>

0, N — 0.

Expanding the function
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ASYMPTOTIC BEHAVIOR OF INCREMENTS OF RANDOM FIELDS 179

in the Taylor series, we get
2d—1 2d—1 | 42
. -t
lim 2N o JENEON ) e T
N—oo ey + N an 2
We recall a theorem due to Plachky and Steinebach [2].

Theorem 5.1. Let {W,,}n=1,2,.. be a sequence of random variables such that
(1) mn(t) = [exp(tW,)dP < oo for allt € (0,T1), Ty > 0,
(2) Yn(t)/n — co(t) for allt € (To,T1), 0 < Ty < T1, where P (t) = logmy,(t).
Then
lim(P(W,, > nay,))/" = tig(f){exp(co(t) —at)}
for every sequence {an}n=12,. ., an € R, such that
ap —a€ A= {cg(h): co(h) exists, is Tight continuous,

and is strictly monotone for h € (Ty, Tl)}.

In what follows we need a more general result under a weaker condition than (2).

Remark 5.1. In the case under consideration

EN +
n=en + fOn, W, = MS(J’*M]’
V  an

mn(t) = E (exp (t Ms@iﬂ)) , an = V2(1 +¢),

an
t2 QQd—l . t2
ca(t) = 5 = lim inf ¢, (¢)/n < lim sup ¢, (t)/n = = c1(t).

Therefore condition (2) of Theorem Bl does not hold and the function ¢g(t) is not well
defined. Nevertheless

= inf (exp{tQ —V2t( 1+5)}> =exp{—(1+¢)’}

t>0 2

EN‘H’N
—hm1an<1/EN+ﬁNS(] ig > 1+€)\/_(€N+BN)>

EN+9N
<1imsupP<\/€N+6NS(] ij) > 1+6)\/_(€N+ﬂN)>

:gg(exp{%_m >})—exp{ (L42)2/0" 1} = Ay,

Proof. Assume the opposite. Put P, = (P(W,, > na,))"/". Note that the sequence
1, (t)/n is uniformly bounded for ¢ € [0, 7] and all sufficiently small T' > 0. Indeed,
9d—1 E XehX en + On

Eax W Ty %

Un(t)/n <o

Moreover
0

ehXy = z (e — T Oox el — T
) = [ (1) ap@)+ [ a (e -1) dF )

— 00

<h </OOO 22 dF(z) + /OOO z2el” dF(x)) ,

eV —1 < yeY, eV —1>—y, y>0
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180 O. E. SHCHERBAKOVA

by EX =0 and Var X = 1. Therefore E(Xe"¥*) < c-h, t € [0, T], implying that ¢/ (¢)/n
is uniformly bounded.
Now we assume that there exists a subsequence P, such that

lim P, & [A2, Aq].

Consider an infinite collection of increasing uniformly bounded functions ¥ = {1y, /n},
Yy, /e [0,T] — R. By Lemma 2, 4.VIIL in [7] there exists a subcollection

{’l[);km /nkm} cv
such that the limit
lim oy, /ny,, (1) = c(t)

m— 00

exists for all t € [0,7] and the function c.(¢) is nondecreasing and right continuous.
Moreover the function ¢, (t) is strictly increasing, since the functions v/ (t)/n are positive
and bounded away from zero and infinity for all sufficiently large n and ¢t € [0,T]. Put

t
co(t) = lim Un,, (2)/nk,, dz.
O mn

Ny — 00

By the Lebesgue theorem (see Theorem 16.3 in [§]) we get co(t) = fg ¢ (z) dx, whence

e (t) = cul(t).
Thus by the Plachky and Steinebach theorem

l/nkp .
lim (P(Wnkp > nkpa)) = 1%I>1g{exp(co(1f) —at)} € [Az, A4]
and we arrive at a contradiction. O

Using Lemma [0 Remark BJ], and relation (I9) we get

P(Sndn > 14 2¢) < 247! Card(V,(N, an)) exp <—(1;;(17€_/12)2(6N + ﬂN)>

<05 9N
= vidgdlog?! o

N _
X Py_q <1OgJr m) .1Og_d(1+6/2)2/g2d 1 N

log™ L a N\ L +e/2)? /e
an

Assume that (1 +¢/2)% > ¢?¢~L. Note that the sequence

N 1_(1+5/2)2/92d71 P | N
d—1 108+ vépday

an

is bounded.
Let ¥ > 1 and N = [¢"]. The series

Z P (S[ﬁr](swr] >1+ 26)

r=1
converges, since its general term is of order
o 1md((14e/2)%/(* 1) ~-1)
Letting ¢ — 0 and ¢ — 1 and applying the Borel-Cantelli lemma we obtain

limsup Sjyr)dpgr) <1 a.s. foralld > 1.
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For any N € N, there exists  such that [J7] < N < [¢"+1] and

O Oigr
SNON < Syén < S[ﬁrr~+1](5wr+1] [97] , lim sup o _ \/1_9, 7 — 00.
[9m+1] [9m+1]

Thus
limsup Sy on < limsup Syony <1 a.s.

by letting ¥ — 1. This completes the proof of Step 1.
Step 2. We show that

limsup Sy > limsup Sy > 1  a.s.
N—oo N—oo

Choose ¢ such that 1 > ¢ > 0 and prove that

(20) limsupSy >1—-¢ as.

N—o0
It is evident that the limit

lim a(t)/t =p

t—oo

exists. First we consider the case of p = 0. We construct the sequence {Ny}ren as
follows: for ¢/8 > > 0 and

gl—d /4

0<A
<A< I

we choose N7 in such a way that ay/N < A for all N > Ny, and put

[Nk/e] = N1 — any,,-

Now we construct a set of disjoint d-dimensional rectangles belonging to the domain
A(Nk) \ A(Ni—1):

N, log N,
o~ o d. . 51 Sa_1 k g Nk
JNk—{J—(j,Z]ERO.Z—<Q ety 0 792211181)’816{1"”’[1ogg]}’

Nj—
seNIHI=1,...,d-1,j= (Qsl—17m,gs“_1 $)}

’ szz—f si—d+1
where
0 =1+ (an,/(Nk — an, )/ @70,
Note that |j| = Ni—1 and |i] = Ni. Our current goal is to estimate |i — j| for
(4,1 € SN,
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We have

. 1 ( Nk
|Z_j| = (Q_l)d ! (le _Nk—l)

"W 2l — Nia
N Nd-1 -
L (1 + (an, /(Ni = ))1/(d 1))
N, —
= N ai\f;; k a,Nk ___ Nk_l
kK — AN, ((1 ~an, /N)HE@D 4 (aNk/Nk>1/(d_1))
1
s . -2
(1 +20imy G (am, /N 7D (1~ aNk/Nk)(dﬂ*l)/(dJ))

1 1
> ap, (W_2€> > an, <1+(§/4)/(1_§/4) —26) >apn, (1 —¢/2).

Using the inequality log(1 + x) < x, we prove that

log? ™! Ny, S Ny —an, log?~1 N,
_ d—1 = 2 :
210gd_1 (1—1— (aNk/(Nk—aNk))l/(d 1)) AN

Card(Sn,,,) >

By Remark ETlwe obtain n = ex + 8y, (4,7] € Sn,,

N
. (1=¢/2)-an en + BN (1 =¢/2)- ¢
#PWW*OW(VT'Q—#’

(1—¢/2)t°

co(t) = 5 = liminf ¢, (¢) /n.
Therefore
Card(Sw,)
P ( max Sjdn, > 1—§) >1- (1_P(SJJG%N ON, 21—())
JE\YN k
N —an, g1
> exp{—(en, + On,)(1 §/2)}271 Ni
ANy
N, —(1=</2) np
>< log" N > e log™! Ny
(21) 2an, AN
an, Nk —an, logd~1-401=5/2) y
- Ni QG,Nk g
1
— 21— W) jpgtted/2
2 ( Ny ) o8
1
We also note that
k

Ny = < Ny FHH (1 = A) 7R

H 1—CLN/N)
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Thus log N, < (k—1)|log(e(1 — A))| + log N7 and the series

ZP(maX Sion, >1—§)
JE%Nk

k=1

diverges. The Borel-Cantelli lemma implies (20).

Now we consider the case of p > 0. Let 0 < ¢ < p. Put N, = [0¥], p > ¢ > 0,
0 = 3(p"/4=1 4+ 1)?~1 and let m € N. We construct the set of disjoint d-dimensional
rectangles belonging to the domain A(0%) \ A(6*~1) as follows:

gk klog6
Spe = J = (il €Rii= (g™, 0%, —— 1.
Sk {J (]72]6 0-? (Q ) , 0 angfsl)asle{ 5 7|:10g0:|}a

ekfl
d—1 _ _ ': 8171 Sd_lfl
SENO ;Z—l,...,d 1;.7 (Q yeeey 0 792211131_(“_1) )

where ¢ = 14 p*/(@=1) and |i| = 6%, |j| = 6*~'. The inequality |i — j| > an,_, holds if

_ 0 0
(e—1)4! (F - 1) > P,

(/@1 + 1)

d—1
~1>1, and 9>2(p1/(d_1)+1) .

The latter condition is obvious.
Note that

ke 110g?" 10

Card(Sgr) > T,

2log

Moreover n = en,_, + On,_, for (4,1] € Sy and

e 9
ANy _y ANk
2
lim ot e ([ PN )
N—oo en,_, + Bne_s ANy 2

2
co(t) = 3= lim inf ., (¢) /n.

Using the inequality an,_,/Nk—1 > p — ¢ we prove, similarly to 1), that

—d(1—¢/2)2 k%1 1og? 1 g

P ( max S0y, >1— g) > (p—<)((k—1)log6) a1
0

JES gk

2log

for sufficiently large Ni_1. Thus the series Z;OZQ P(maX]egNk Srpon, >1— g) diverges,

since its general term is greater than or equal to (k — 1)’1+d(1’(1*</2)2).
An application of the Borel-Cantelli lemma completes the proof of Step 2.

Step 3. Suppose (I3) holds. Since
liminf Sydx > liminf Sy oy > liminf D(N,an)dny > liminf D*(N,an)dn a.s.,

it is sufficient to prove that liminf D*(N,an)dn > 1 almost surely.
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We construct a partition of the d-dimensional cube (0,[N'/9] - ] as follows:

%N—{J—(z’,j]eNg:z‘—(z’l,...,z'd),j—(jl,...,jd),

Nl/d
(22) 7;16{070/]\/')"'7([ :|_1>'GN}aj1:il+a/N7
an

ike{O,l,...,[Nl/d]—l},jk—z‘k+1k—2,...,d}.

The elements of this partition satisfy
J € Sy = |J| =an, Card(Sn) = expen(l = Q).

Choose an arbitrary ¢ > 0. Since the random variables X, are independent and the
set &y consists of disjoint rectangles, we get

B Card(Sn)
-0 ((1 —P(Sy, 0y >1— Q))N/“N) ,

where J; = (0, (an, 1,...,1)] € Q. It follows from Theorem BTl that
lim P(Sy,0n >1— )Y EV+N) —exp {—(1-¢)?}.
N—o0

To continue the estimation of (23)) we use the inequality 1 — z < exp (—x):

O (exp {—exp (—(ev + Bn) - (1= ¢ + (1= Qen) })
=0 (e {-en{m (5 0-c-a-0)-a-02)}}) —ow)

for some o > 1.
The series Y v_; P(maxjeg, Ss0n < 1 — () converges by (I3). The Borel-Cantelli
lemma completes the proof. O

Remark 5.2. We consider a wider class of increments in TheoremsB.2 and[33las compared
to Theorems 23] and Nevertheless the limits coincide and the normalizing sequences
are equivalent for both sets of the results. Therefore the proof of Theorems and
reduces to the proof of the inequality for the upper limit.

Proof of Theorem [ZZ2 Since limsupy_, ., Sxon < limsupy_,. Svon, we only need to
prove that

limsup Syony < a a.s.

Let o/ > a; then
P(SN(SN > 0/) < Card(AN) . P(SJéN > O/)7
where J C (0,n] C N%: |n| < N, |J| = an. It follows from Theorem B.1] that

a t) 1
lim (P(Syon > o)™ = e 20 (- L
Ngnoo( (10 > o)) tel(%,to) exp (ta) P\ )
N
ngnoo(SN ay =1,

where C” is a unique positive solution of equation (@) with o’ instead of a. Let

C" e (C,0);
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then
, C
P(Snon > o) < Card(An) - exp o log N | = Card(An) - exp (—(1 + p) log N),
where = C/C"” —1 > 0. Further we use Lemma E.3 and continue
=0 (logd*1 N -apn 1ogd*1 an - N‘“)
=0 (1ogd N -log?~! (Clog N) - N*“) .

Let ¥ > 1 and N = [0"]. The series Y~ | P(Spyr0j9r] > a) converges, whence the Borel-
Cantelli lemma implies that lim sup Sjyrjdj9r] < a almost surely. The rest of the proof is
the same as that of Theorem Bl O

Proof of Theorem [Z.3 1t is sufficient to show that limsup Sydn < 1 almost surely. Take
an arbitrary € > 0 and estimate the probability

log N log N
P(Sy > (1+2)0y) =P /B8y > (1+e)dy"/ OagN

an

Expanding the function log ¢ into the Taylor series for sufficiently large 71 we prove that

im ¥ log ¢ HlogN.t :ﬁ
N—oo log N an 2

1

in view of relations log N/any — oo and (I6).

Note that
log N
(5;,1- 8 ~ V2 -log N.
an
It follows from Theorem E.1lthat
2t2
Jim (Pt > )/ —intexp (15 - (1492 ) = exp (=14 92).
Thus

P(Sy > (1+e)iy') =0 <logﬁir_1 N-aynlogitay - N1*(1+5/2)2) ,

Let ¥ > 1 and N = [¢"]. Then the series > 2 | P(Spyr09r) > 1) converges. Now the
Borel-Cantelli lemma implies that lim sup Spyrjdgr) < 1 a.s.
The rest of the proof is the same as that of Theorem Bl O
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