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PROPERTIES OF MAXIMUM LIKELIHOOD ESTIMATES
IN DIFFUSION AND FRACTIONAL-BROWNIAN MODELS

UDC 519.21

NADIYA RUDOMINO-DUSYATS’KA

Abstract. A mixed Brownian-fractional-Brownian model is considered. Two esti-
mates for the shift parameter are constructed and compared. The local asymptotic
normality and asymptotic efficiency of the estimates are established for the pure
linear Brownian and fractional-Brownian models.

1. Estimates of the shift parameter in a mixed

Brownian-fractional-Brownian diffusion model

where Wt and BHt are independent

Recall that (BHt ,F , (Ft)t≥0,P) is the fractional Brownian motion with Hurst index
H ∈

(
1
2 ; 1
)

if:
(A1) BHt has stationary increments;
(A2) BH0 = 0 and EBHt = 0 for all t > 0;
(A3) E(BHt )2 = t2H for all t > 0;
(A4) BHt is a Gaussian process;
(A5) BHt has continuous trajectories.
Assume that BHt is defined on a probability space (Ω,F ,P) and denote by (Ft)t≥0

the filtration generated by BHt . Let the diffusion equation contain stochastic differentials
with respect to the fractional Brownian motion and the Wiener process,

dXt = θXt dt+ σ1Xt dWt + σ2Xt dB
H
t ,

Xt=0 = X0 ∈ R, 0 ≤ t ≤ T , T > 0, {θ, σ1, σ2} ⊂ R \ {0}. The construction of the
stochastic differential with respect to the fractional Brownian motion is given in [1].

Assume that the processes Wt and BHt are independent (the case of a special depen-
dence of Wt and BHt is considered in [2]). Let θ be the parameter to be estimated.

We introduce two probability measures Q̂(t) and Q̃(t) as follows. The probability
measure Q̂(t) is determined by the following condition:

dQ̂(t)
dP (t)

= exp
{∫ t

0

ψs dŴs −
1
2

∫ t

0

ψ2
s ds

}
for a nonrandom function ψs such that E

∫ t
0
ψ2
s ds <∞ and

E

[
exp

{∫ t

0

ψs dŴs −
1
2

∫ t

0

ψ2
s ds

}]
= 1.
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According to the Girsanov theorem,

(1) Ŵt = Wt −
∫ t

0

ψs ds

is a standard Wiener process with respect to the probability measure Q̂(t).
Let Q̃(t) be another probability measure satisfying the relation

dQ̃(t)
dP (t)

= exp
{∫ t

0

sH−1/2δs dW̃s −
1
2

∫ t

0

s2H−1δ2
s ds

}
,

where δs is such that ∫ t

0

K(t, s)|δs| ds <∞, t ∈ [0, T ],

for a kernel K(t, s) = C0s
1/2−H(t − s)1/2−Hχ{s ∈ (0; t)}. Assume that δs admits the

following integral representation:

(2)
∫ t

0

K(t, s)ϕs ds =
∫ t

0

δs ds,

and let the Wiener process W̃t be given by the equation∫ t

0

K(t, s) dBHs =
∫ t

0

s1/2−H dW̃s.

The process

(3) B̃Ht := BHt −
∫ t

0

ϕs ds

is a fractional Brownian motion on [0, T ] with respect to the measure Q̃(t) by an analogue
of the Girsanov theorem for fractional Brownian motions ([3, Theorem 2.1]; see also [4]).

Excluding the shift θXt dt, the total shift is

σ1

∫ t

0

ψs ds+ σ2

∫ t

0

ϕs ds = −θt,

or

(4) σ1ψt + σ2ϕt = −θ.
Since Wt and BHt are independent, the final probability measure Q(t) is the product of
the measures Q̂(t) and Q̃(t). Thus the final likelihood ratio is

(5)

dQ(t)
dP (t)

= exp
[{∫ t

0

ψs dŴs −
1
2

∫ t

0

ψ2
s ds

}
×
{∫ t

0

sH−1/2δs dW̃s −
1
2

∫ t

0

s2h−1δ2
s ds

}]
= exp

{∫ t

0

ψs dŴs +
∫ t

0

sH−1/2δs dW̃s −
1
2

∫ t

0

[ψ2
s + s2h−1δ2

s ] ds
}
.

Solving equations (4) and (2) with respect to the functions ψt and δt, respectively, we
obtain

ψt = − 1
σ1

(θ + σ2ϕt),(6)

δt =
(∫ t

0

K(t, s)ϕsds
)′
t

.(7)
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Substituting equalities (6) and (7) into likelihood ratio (5), we get that at the point t = T

(8)

dQ(T )
dP (T )

= exp

{
− 1
σ1

∫ T

0

(θ + σ2ϕs) dŴs +
∫ T

0

sH−1/2

(∫ s

0

K(s, u)ϕu du
)′
s

dW̃s

− 1
2

∫ T

0

[
1
σ2

1

(θ + σ2ϕs)2 + s2H−1

((∫ s

0

K(s, u)ϕu du
)′
s

)2]
ds

}
.

If follows from (8) that the maximum likelihood estimate θ̂1
T of the parameter θ satisfies

the equality

− 1
σ1

∫ T

0

dŴs −
1
σ2

1

∫ T

0

(σ2ϕs + θ) ds = 0

that can be rewritten as follows:

σ1ŴT + σ2

∫ T

0

ϕs ds+ θT = 0.

This gives us the following estimate of the parameter θ:

(9) θ̂1
T = −σ1ŴT

T
−
σ2

∫ T
0
ϕs ds

T
.

Now we solve equation (4) with respect to the function ϕt and substitute it into equa-
tion (9):

θ̂1
T = −σ1ŴT

T
−
∫ T

0
(−θ − σ1ψs) ds

T
,

whence

(10) θ̂1
T = θ +

σ1

T

(∫ T

0

ψs ds− ŴT

)
.

Substituting (1) into (10) yields

(11) θ̂1
T = θ − σ1

WT

T
.

It is evident that the estimate (11) of the parameter θ1
T is strongly consistent.

There is another estimate of the parameter θ. Solving (4) we determine the function ϕt.
The function δt is expressed via ϕt by equality (2):

ϕt = − 1
σ2

(θ + σ1ψt),(12)

δt =
(∫ t

0

K(t, s)ϕs ds
)′
t

= − 1
σ2

(∫ t

0

K(t, s)(θ + σ1ψs) ds
)′
t

= − θ

σ2

(∫ t

0

K(t, s) ds
)′
t

− σ1

σ2

(∫ t

0

K(t, s)ψs ds
)′
t

= − θ

σ2
C0(2 − 2H)t1−2HB

(
3
2
−H, 3

2
−H

)
− σ1

σ2

(∫ t

0

K(t, s)ψs ds
)′
t

.

(13)

Set B1 = B
(

3
2 − H,

3
2 − H

)
. Using equalities (6) and (7) for the likelihood ratio (5),

taking the logarithms, differentiating with respect to θ, and equating the derivative to
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zero, we obtain that at the point t = T

C0B1(2− 2H)
σ2

∫ T

0

s1/2−H dW̃s

+
∫ T

0

s2H−1

[
θ

(
C0B1(2− 2H)

σ2

)2

s2−4H

+
C0B1(2− 2H)

σ2
s1−2H

(∫ s

0

K(T, u)ψu du
)′
s

]
ds = 0,

or ∫ T

0

s1/2−H dW̃s + θ
C0B1

σ2
T 2−2H +

σ1

σ2

∫ T

0

K(T, s)ψs ds = 0.

This implies another estimate for the parameter θ:

(14) θ̂2
T =

−σ2

∫ T
0
s1/2−H dW̃s − σ1

∫ T
0
K(T, s)ψs ds

C0B1T 2−2H
.

Now we substitute expression (6) for the function ψt into relation (14) and obtain

θ̂2
T = − σ2

C0B1T 2−2H

∫ T

0

s1/2−HdW̃s +
1

C0B1T 2−2H

∫ T

0

K(T, s)(θ + σ2ϕs) ds

= θ +
σ2

C0B1T 2−2H

[∫ T

0

K(T, s)ϕs ds−
∫ T

0

s1/2−HdW̃s

]
.

Recall that
∫ T

0 s1/2−H dW̃s =
∫ T

0 K(T, s) dBHs . Thus∫ T

0

K(T, s)ϕs ds−
∫ T

0

K(T, s) dBHs

=
∫ T

0

K(T, s)ϕs ds−
∫ T

0

K(T, s) d

(
B̃Hs +

∫ T

0

ϕs ds

)
= −

∫ T

0

K(T, s) dB̃Hs .

The second estimate of the parameter θ is given by

θ̂2
T = θ − σ2

C0B1T 2−2H

∫ T

0

K(T, s) dB̃Hs ,

or

(15) θ̂2
T = θ − σ2

C0B1(2− 2H)

∫ T
0 s1/2−H dW̃s

T 2−2H

2−2H

.

The strong consistency of the estimate θ̂2
T is also clear.

Now we compare the estimates θ̂1
T and θ̂2

T .
First we compute the variances of the remainder terms in formulas (11) and (15) and

compare
σ1

T
and

σ2
2

C2
0B

2
1(2− 2H)

1
T 2−2H

.

Since H ∈
(

1
2 ; 1
)
, it is obvious that there exists a number N such that

σ1

T
<

σ2
2

C2
0B

2
1(2− 2H)

1
T 2−2H
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for all T > N . This means that the variance of the deviation of the estimate θ̂1
T from the

true value is smaller than that of the corresponding deviation of the estimate θ̂2
T from

the true value. It this sense, the estimate θ̂1
T is better than θ̂2

T .

2. Local asymptotic normality and asymptotic efficiency of the estimate

of the shift parameter in a linear Brownian diffusion model

Consider a pure linear Brownian model

dXt =
1
Tα

θXt dt+ cXt dWt, Xt=0 = X0, θ ∈ R, t ∈ [0, T ], α ∈
(

1
2
, 1
]
.

Put Θ = (0,∞), θ ∈ Θ. According to Definition 2.1 in [5], a family of measures Pθ(t)
is locally asymptotically normal (LAN) at the point θ ∈ Θ as t→∞ if

(16) Zt,θ(u) =
dPθ+A(t,θ)u(t)

dPθ(t)
= exp

{
uξt,θ −

1
2
u2 + ζt(u, θ)

}
for some function A(t, θ) and any number u ∈ R, where ξt,θ ⇒ N(0, 1) as t → ∞ with

respect to the measure Pθ(t), and ζt(u, θ)
P→ 0, t → ∞, for all numbers u ∈ R. We say

in this case that the LAN property holds for the family of measures Pθ(t) as t → ∞ at
the point θ.

Theorem 1. The LAN property holds for the family of measures Pθ(t) as t→∞ at any
point θ ∈ Θ.

Proof. We change the probability measure Pθ(t) for the measure P0(t). Then the shift
θXt dt disappears and we obtain

Xt = X0 +
θ

Tα

∫ t

0

Xs ds+ c

∫ t

0

Xs dWs = X0 + c

∫ t

0

Xs d

(
Ws +

θ

cTα
s

)
.

This change of measure transforms the Wiener processWt+tθ/(cTα) into the new process
Ŵt, and

∫ t
0 ϕs ds = tθ/(cTα), that is, ϕt = θ/(cTα).

Consider the likelihood ratio corresponding to this change of measure

dPθ(t)
dP0(t)

= exp
{∫ t

0

ϕs dŴs −
1
2

∫ t

0

ϕ2
s ds

}
= exp

{∫ t

0

θ

cTα
dŴs −

1
2

∫ t

0

θ2

(cTα)2
ds

}
= exp

{
θ

cTα
Ŵt −

1
2

θ2

(cTα)2
t

}
.

Now we consider the linear model with parameter θ shifted by A(t)u. The likelihood
ratio for such a change of measure is of the form

Pθ+A(t)u(t)
dP0(t)

= exp
{

1
cTα

(θ +A(t)u)Ŵt −
1

2(cTα)2
(θ +A(t)u)2t

}
and

dPθ+A(t,θ)u(t)
dPθ(t)

=
dPθ+A(t,θ)u(t)

dP0(t)
·
(
dPθ(t)
dP0(t)

)−1

= exp
{

1
cTα

(θ +A(t)u)Ŵt −
1

2(cTα)2
(θ +A(t)u)2t− θ

cTα
Ŵt −

1
2

θ2

(cTα)2
t

}
= exp

{
uA(t)
cTα

Ŵt −
1
2
u2 A

2(t)
(cTα)2

t− A(t)uθ
(cTα)2

t

}
.
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Set A(t) = cTα/
√
t. Then

dPθ+A(t,θ)u(t)
dPθ(t)

= exp

{
u
Ŵt√
t
− 1

2
u2 − uθ

√
t

cTα

}
.

Since Ŵt/
√
t ⇒ N(0, 1) and uθ

√
t/(cTα) → 0 as t → ∞ for T ≥ t and α > 1

2 , the
above definition implies the LAN property for the family Pθ(t) as t → ∞ and at any
point θ ∈ Θ. �

Now we are able to prove the asymptotic efficiency of the estimate {θt, t > 0}. Ac-
cording to the definition introduced in the monograph [5], an estimate {θt, t > 0} of
a parameter θ is asymptotically efficient under the LAN property for the cost function
ω(A−1(t, θ)x) at the point θ if

lim
δ→0

lim
t→∞

sup
|θ′−θ|<δ

EPθ′ (t) ω
(
A−1(t, θ)(θt − θ′)

)
= Eω(N(0, 1)).

Let ω ∈ W , where W is the class of functions defined on Θ and satisfying the conditions:

1) w(u) ≥ 0, w(0) = 0, w is a Borel function continuous at zero and not identically
zero;

2) w(u) = w(−u);
3) the set {u : w(u) < c} is convex for any c > 0.

The estimate {θt, t > 0} is asymptotically efficient for the cost function

w
(
A−1(t, θ)x

)
∈Wp,

where Wp ⊂W is the class of functions of W that have a polynomial dominant.
Consider the maximum likelihood estimate of the parameter θ in a linear Brownian

model

θ̂t =
cTα

t
Ŵt =

cTα

t

(
Wt +

1
cTα

θt

)
= θ +

cTα

t
Wt.

To prove the asymptotic efficiency of the estimate θ̂t we use Theorem 1.3 in [5]. Ac-
cording to this theorem, the estimate θ̂t is asymptotically efficient in the sense mentioned
above if the following conditions hold:

(B1) the limit limt→∞A
−1(t, θ2)A(t, θ1) = B(θ1, θ2) exists, and the convergence is

uniform in θi ∈ Θ;
(B2) ζt(θ) := A−1(t, θ)(θ̂t − θ) ⇒ N(0, 1) uniformly in θi ∈ Θ as t → ∞ with respect

to the measure Pθ(t);
(B3) random variables |A−1(t, θ)(θ̂t − θ)|N , N > 0, are Pθ(t)-integrable for any θ ∈ Θ

uniformly in t > t0(N).

Conditions (B1) and (B3) hold in the case under consideration, since

A(t) =
cTα√
t

does not depend on θ.
Now we check condition (B2):

ζt(θ) = A−1(t, θ)
(
θ̂t − θ

)
=
√
t

cTα
cTα

t
Wt = Wt

1√
t
⇒ N(0, 1).

Thus the estimate θ̂t is asymptotically efficient as t→∞.
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3. Local asymptotic normality and asymptotic efficiency of the estimate

of the shift parameter in a linear fractional-Brownian

diffusion model

Consider a pure linear fractional-Brownian model

dXt =
1
Tα

θXt dt+Xt dB
H
t ,

Xt=0 = X0, θ ∈ R, t ∈ [0, T ], α ∈ (1−H, 1].

It will be clear from the further argument that it is sufficient to consider the case of

α ∈
(

1−H, 1
2

)
in this model. In this case ϕt = θ/Tα. Then∫ t

0

δs ds =
∫ t

0

K(t, s)
θ

Tα
ds =

θ

Tα
C0

∫ t

0

s1/2−H(t− s)1/2−H ds =
θ

Tα
C0B1t

2−2H ,

δt = (θ/Tα)C0B1t
1−2H(2 − 2H). Therefore

θ̂t = −
Tα
∫ t

0 s
1/2−H dŴs

C0B1t2−2H
,

where

Ŵs = Ws −
θ

Tα
C0B1

2− 2H
3
2 −H

s3/2−H .

In other words,

θ̂t = θ −
Tα
∫ t

0 s
1/2−H dWs

C0B1t2−2H
.

Put Θ = (0,∞), θ ∈ Θ.

Theorem 2. The LAN property holds for the family Pθ(t) as t→∞ at any point θ ∈ Θ.

Proof. We replace the probability measure Pθ(t) with the measure P0(t). As a result,
the shift θXt dt disappears. The corresponding likelihood ratio is given by

dPθ(t)
dP0(t)

= exp
{∫ t

0

sH−1/2δs dŴs −
1
2

∫ t

0

s2H−1δ2
s ds

}
= exp

{
θC0B1(2− 2H)

Tα

∫ t

0

s1/2−H dŴt −
1

2T 2α
(θC0B1(2− 2H))2 t

2−2H

2− 2H

}
.

Now we consider the linear model with parameter θ shifted by A(t)u. Put

K := C0B1(2− 2H);

then

Pθ+A(t)u(t)
dP0(t)

= exp
{

(θ +A(t)u)K
Tα

∫ t

0

s1/2−H dŴt −
1

2T 2α
((θ +A(t)u)K)2 t

2−2H

2− 2H

}
.
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The likelihood ratio for this model is of the form
dPθ+A(t,θ)u(t)

dPθ(t)
=
dPθ+A(t,θ)u(t)

dP0(t)
·
(
dPθ(t)
dP0(t)

)−1

= exp
{
K

Tα
(θ +A(t)u)

∫ t

0

s1/2−H dŴt −
1

2T 2α
((θ +A(t)u)K)2 t2−2H

2− 2H

− θ K
Tα

∫ t

0

s1/2−H dŴt −
1

2T 2
(θK)2 t

2−2H

2− 2H

}
= exp

{
K

Tα
A(t)u

∫ t

0

s1/2−H dŴt −
1
2
u2A2(t)

K2

T 2α

t2−2H

2− 2H
−A(t)uθ

K2

T 2α

t2−2H

2− 2H

}
.

Set A(t) := Tα
√

2− 2H/(Kt1−H). Then the likelihood ratio takes the form

dPθ+A(t,θ)u(t)
dPθ(t)

= exp

{
u

∫ t
0 s

1/2−HdŴs

t1−H√
2−2H

− 1
2
u2 − uθKt1−H

Tα
√

2− 2H

}
.

Since ∫ t
0 s

1/2−H dŴs

t1−H√
2−2H

⇒ N(0, 1)

and
uθKt1−H

Tα
√

2− 2H
→ 0 as t→∞,

the LAN property holds for the family Pθ(t) as t→∞ at any point θ ∈ Θ. �

Now we check the asymptotic efficiency of the estimate θ̂t. Consider conditions (B1)–
(B3). Two of them, (B1) and (B3), are evident. To check (B2) we use the following
relations:

ζt(θ) = A−1(t, θ)(θ̂t − θ) =
Kt1−H

Tα
√

2− 2H
Tα
∫ t

0 s
1/2−H dWs

C0B1t2−2H
=

∫ t
0 s

1/2−HdWs

t1−H√
2−2H

⇒ N(0, 1).

Therefore, the estimate θ̂t of the parameter θ is asymptotically efficient as t→∞.
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