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PROPERTIES OF MAXIMUM LIKELITHOOD ESTIMATES

IN DIFFUSION AND FRACTIONAL-BROWNIAN MODELS
UDC 519.21

NADIYA RUDOMINO-DUSYATS’KA

ABSTRACT. A mixed Brownian-fractional-Brownian model is considered. Two esti-
mates for the shift parameter are constructed and compared. The local asymptotic
normality and asymptotic efficiency of the estimates are established for the pure
linear Brownian and fractional-Brownian models.

1. ESTIMATES OF THE SHIFT PARAMETER IN A MIXED
BROWNIAN-FRACTIONAL-BROWNIAN DIFFUSION MODEL
WHERE W; AND BtH ARE INDEPENDENT

Recall that (B, F, (Fi)i>0,P) is the fractional Brownian motion with Hurst index
He (1) it

(A1) BF has stationary increments;

(A2) B =0and EB} =0 for all £ > 0;

(A3) E(BH)?2 =2H for all t > 0;

(A4) BH is a Gaussian process;

(A5) BH has continuous trajectories.

Assume that B} is defined on a probability space (2, F,P) and denote by (F)e>0
the filtration generated by B . Let the diffusion equation contain stochastic differentials
with respect to the fractional Brownian motion and the Wiener process,

dX; = 0Xy dt + 01 Xy AW, + 02X, dBY

Ximo=X0 € R, 0<t<T,T >0, {0,01,02} C R\ {0}. The construction of the

stochastic differential with respect to the fractional Brownian motion is given in [I].
Assume that the processes W; and B! are independent (the case of a special depen-

dence of W; and B! is considered in [2]). Let § be the parameter to be estimated.

We introduce two probability measures @(t) and @(t) as follows. The probability
measure Q(t) is determined by the following condition:

i =ov{ [ vl [ 20}

for a nonrandom function ¢ such that E fo 2 ds < oo and

t oyt
E exp{/O wstVS—E/O wgdstl.
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According to the Girsanov theorem,
t

(1) Wy = W, —/ ¥y ds
0

is a standard Wiener process with respect to the probability measure @ (t).
Let Q(t) be another probability measure satisfying the relation

d@(t) _ ‘ H-1/25 7 1 Y o 10
dP(t>exp{/Os 05 AW 2/08 0zds ¢,

where ¢, is such that
t
/ K(t,s)|ds| ds < o0, te0,T],
0

for a kernel K (t,s) = Cos'/2~H(t — s)1/2=Hy{s € (0;t)}. Assume that §, admits the
following integral representation:

¢ ¢
(2) / K(t,s)psds = / s ds,
0 0

and let the Wiener process Wt be given by the equation

t t N
/K(t,s)dBSH:/ sY/2H gy,
0 0

The process
¢
(3) Bl .= B —/ ps ds
0
is a fractional Brownian motion on [0, 7] with respect to the measure Q(t) by an analogue

of the Girsanov theorem for fractional Brownian motions ([3| Theorem 2.1]; see also [4]).
Excluding the shift §X, dt, the total shift is

t t
01/ wsds—l—ag/ psds = —0t,
0 0
or

(4) o1 + o2y = —0.

Since W; and B} are independent, the final probability measure Q(t) is the product of
the measures Q(¢) and Q(¢). Thus the final likelihood ratio is

dQ(t) T R A
ap() = v g [ 2]
t t
H-1/25 5 L 2h—1 52
x{/os bs dW 2/0 s 55d8}]

t t N t
—exp{/ s dW5+/ sH=126_aw, — %/ [? 4 217162 ds}.
0 0 0

Solving equations (@) and () with respect to the functions ¢ and §;, respectively, we
obtain

(6) Y= ——
o1

(7) 5 = (/OtK(t,s)%ds);.

—
ot
~

(9 + 0-29015))
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Substituting equalities (B) and (@) into likelihood ratio (&), we get that at the point t = T

!/

dQ(T)_ 1 g 17 T H-1/2 /S 17
aP(T) exp{ 01/0 (0+02¢S)dW5+/0 s ; K(s,u)p, du SdWS

- %/OT [Ui%(eJrag@s)Q + 5201 <(/OSK(S,U)%du);>2] dS}-

If follows from (&) that the maximum likelihood estimate 5% of the parameter 0 satisfies
the equality

I P
- dVVS——Q/ (02005 +0)ds =0
0

g1 Jo 07
that can be rewritten as follows:

T
0’1WT+02/ gosds—f—f)T:O.
0

This gives us the following estimate of the parameter 6:

= T
) By = W 02y prds
r T T

Now we solve equation (H) with respect to the function ¢; and substitute it into equa-
tion (@):

= T
_oaWp fo (—0 — o1%s) ds

oL _
br=""7 T ’
whence
o r =
(10) §;=H+—1< wsds—WT>.
T \Jo
Substituting () into @) yields
W,
(11) Oy =0 — UITT'

It is evident that the estimate ([[T)) of the parameter 6% is strongly consistent.

There is another estimate of the parameter 6. Solving [@l) we determine the function ;.
The function J; is expressed via ¢; by equality @):

1

02

(12) Yr = (0 4 o19y),

5 = </0tf<<t,s>sos d) —— (/Otmt,s)(emws)ds)t

!/

_U% (/OtK(t,s)ds>; - Z—; (/OtK(t,S)wsds>t

t
= —ﬁco(2 —2H)t' 2B <§ —H, 3_ H> _ </ K(t,s)1s ds> .
2 g9 0 t

g9 2

(13)

Set By = B(2 — H,2 — H). Using equalities (6) and (7) for the likelihood ratio (&),

12
taking the logarithms, differentiating with respect to 8, and equating the derivative to
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zero, we obtain that at the point t =T

0031(2 — 2H) /T gl/2—H dW
0

02

T
+/ SQH—l
0

; (0031(2 - 2H))2 2o

02

Bi(2 —2H s '
4 CoBi@2=2H) 5 oy (/ K(T, u)ta du) ] ds =0,
g2 0 s
or
T T

_ B

/ g1/ gy, 4 g CoBrpa-an 01 / K(T, s, ds = 0.
0 (o) 02 Jo

This implies another estimate for the parameter 6:

—09 fOT sY2=H g, — oy fOT K(T,s)sds
CoB 7221 :

Now we substitute expression (@) for the function v, into relation (Idl) and obtain

(14) 03 =

T T
=~ 1
9\2:_#/ 1/2-H g1/ 7/KT 0 p
T CoBT?2H |, 5 S+COBIT2—2H o (T,5)(0 + o205) ds
—9 02 TK T J T 2t g
=0+ G |, KThs)esds— | s \
Recall that fOT sY/2=H g, = foT K(T,s)dBH . Thus
T T
/ K(T, s)ps ds—/ K(T,S)dBf
0 0

T T " T T »
:/ K(T, s)gpsds—/ K(T, s)d<Bf+/ ©s ds> :_/ K(T,s)dBE.
0 0 0 0

The second estimate of the parameter 6 is given by

T
2 02 SH
L R— K(T,s)dB
Or =6 COBITHH/0 (T s)dB;,

or
T L~
” By o s,
CoBy (2 - 2H) 7;__22;;

The strong consistency of the estimate 5% is also clear.

Now we compare the estimates 67% and 67%
First we compute the variances of the remainder terms in formulas (IIl) and (I3) and

compare
o1 q o2 1
— an .
T C2B%(2 —2H) 1?21
Since H € (%, 1), it is obvious that there exists a number N such that
o1 o3 1

— <
T = C2B%(2—2H) 1?20
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for all T' > N. This means that the variance of the deviation of the estimate 5; from the
true value is smaller than that of the corresponding deviation of the estimate @T from
the true value. It this sense, the estimate 6L is better than 6.

2. LOCAL ASYMPTOTIC NORMALITY AND ASYMPTOTIC EFFICIENCY OF THE ESTIMATE
OF THE SHIFT PARAMETER IN A LINEAR BROWNIAN DIFFUSION MODEL

Consider a pure linear Brownian model
1 1
dX; = FHXt dt + Xy th, Xi—o = Xo, 0 e R, te [O,T], o € (57 1:| .

Put © = (0,00), 6 € ©. According to Definition 2.1 in [B], a family of measures Py(t)
is locally asymptotically normal (LAN) at the point € © as t — oo if

dP,
(16) Zo(u) = %ﬁ;u@ = exp {uft,g - %uQ + ¢ (u, 0)}

for some function A(¢,6) and any number v € R, where &9 = N(0,1) as t — oo with

respect to the measure Py(t), and (;(u,0) KR 0, t — oo, for all numbers u € R. We say
in this case that the LAN property holds for the family of measures Py(t) as t — oo at
the point 6.

Theorem 1. The LAN property holds for the family of measures Py(t) as t — oo at any
point 0 € ©.

Proof. We change the probability measure Py(t) for the measure Py(¢). Then the shift
0 X; dt disappears and we obtain

9 t t t 9
Xt:XO—l——/Xsds—f—c/ XstVS:Xo—I—c/ Xsd<VVS—|——S).

This change of measure transforms the Wiener process W;+t6/(¢T'®) into the new process
W, and fot s ds =1t0/(cT?), that is, ¢y = 0/(cT%).
Consider the likelihood ratio corresponding to this change of measure

dPy(t) /t —~ 1 /t ) e ~ 1 /t 62
= s d s — = d = = d s 5 d
dPO(t) exp 0 80 W 2 0 808 5 eXp 0 CT*’(y W 2 0 (CTa)Q 5
6 —~ 1 6
—er {3t}

Now we consider the linear model with parameter 6 shifted by A(t)u. The likelihood
ratio for such a change of measure is of the form

%?;‘)(t) = exp {CT%(O + A )W, — W(@ + A(t)u)Qt}

and
APy awou(t)  dPorawoyu(t) (dPs(t) -
dPy(t)  dPy(t) dPy(t)
B 1 — 1 9 0 ~ 1 6
= exp {d"—a(e + A(t)u)Wt — W(e + A(t)u) t— C:r—aWt - amt}
_ uA(t)—~ 1 , A%(t) A(t)ub
= exp{ Ta Wy — 5 (cT“)Qt — (cTa)Qt .
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Set A(t) = ¢T*/+/t. Then
dBpya@oyu(t) _ { W, 1, B ue\/i}

APy (1) NG

Since /Wt/\/f = N(0,1) and ufvt/(cT*) — 0 as t — oo for T >t and a > 3, the
above definition implies the LAN property for the family Py(¢) as ¢t — oo and at any
point 0 € ©. g

Now we are able to prove the asymptotic efficiency of the estimate {6;,¢t > 0}. Ac-
cording to the definition introduced in the monograph [5], an estimate {6;,¢t > 0} of
a parameter 6 is asymptotically efficient under the LAN property for the cost function
w(A7L(t,0)z) at the point 6 if

lim lim sup Ep,w (A_l(t7 0)(6: —0')) = Ew(N(0,1)).
6—07=00 |6/ — 0| <6

Let w € W, where W is the class of functions defined on © and satisfying the conditions:

1) w(u) >0, w(0) = 0, w is a Borel function continuous at zero and not identically
Z€r0;

2) wlu) = w(—u);

3) the set {u: w(u) < ¢} is convex for any ¢ > 0.

The estimate {6;,t > 0} is asymptotically efficient for the cost function
w (A7 (t,0)z) € W,

where W, C W is the class of functions of W that have a polynomial dominant.
Consider the maximum likelihood estimate of the parameter 6 in a linear Brownian

model

N T T
A
t t

1 cre
(Wt + CT—O‘9t> =0+ TWt
To prove the asymptotic efficiency of the estimate §t we use Theorem 1.3 in [5]. Ac-
cording to this theorem, the estimate 6, is asymptotically efficient in the sense mentioned
above if the following conditions hold:
(B1) the limit lim;_ o, A7Y(¢,02)A(t,01) = B(61,02) exists, and the convergence is
uniform in 6; € O;
(B2) ¢(0) := A=L(t,0)(6; — 0) = N(0,1) uniformly in 6; € © as t — oo with respect
to the measure Py(t);
(B3) random variables |A7(t,0)(0; — 0)|N, N > 0, are Py(t)-integrable for any 0 € ©
uniformly in ¢ > to(N).
Conditions (B1) and (B3) hold in the case under consideration, since

At) = %

does not depend on 6.
Now we check condition (B2):

N 1
M W, =W —
cre ¢ t t\/f

Thus the estimate §t is asymptotically efficient as t — oo.

G(0) = A7(t,0) (6, — 0) = = N(0,1).
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3. LOCAL ASYMPTOTIC NORMALITY AND ASYMPTOTIC EFFICIENCY OF THE ESTIMATE

OF THE SHIFT PARAMETER IN A LINEAR FRACTIONAL-BROWNIAN
DIFFUSION MODEL

Consider a pure linear fractional-Brownian model

1
X, = 70X, dt + X, dBE
Xi—o = Xo, 0 € R, tel0,T], a€(l1-H,1].

It will be clear from the further argument that it is sufficient to consider the case of

1
1-H, -
(o)
in this model. In this case ¢; = 6/T%. Then
¢ 0
§yds = K t,s) —ds c sV2-H (g — )12 H gy — —CyB 1?21
0 T

= (H/TO‘)COBltl_QH(Z — 2H). Therefore

R T fot sl/2—H de

0 = — CoBit2—2H
where
WS —W, — %CoBl % _2H 3/2—H
In other words,
§t o T fot gl/2—H AW,

CoB,t2—2H
Put © = (0,00), 6 € O.

Theorem 2. The LAN property holds for the family Py(t) as t — oo at any point § € ©.

Proof. We replace the probability measure Pp(t) with the measure Py(t). As a result,
the shift §.X; dt disappears. The corresponding likelihood ratio is given by

dPp(t) — exp /t sH=1/25 g7, _ l/t 2H-152 g
dPo(t) 0 T2 g °

0CoB1(2 — 2H) /t Voo H 5 , 122H
= _— Bi(2-2H .
eXp{ Ta ; s AWy, — 2T2 (0Co By ( ) Y

Now we consider the linear model with parameter 6 shifted by A(t)u. Put
K = C0B1(2 - 2[1)7
then

Porawult) (t) —exp { 0+ A(t)u)K

u t 1/2,H - 1 5 t272H
APy (1) Te /0 § Wi = g7 (0 + A K) 2—2H}'
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The likelihood ratio for this model is of the form
dPpya@o)u(t) _ dPoyacoyu(t) (dPe(t)>1

dPy(t) dPo(t) dPo(t)
=e £(9 + A(t)u) /t s/ H gy, — L((L‘) + A(t)u)K)Qﬁ
~ P Ta ) tT 97 2 _2H
K t 1 o 1 t272H
_a /2—H R
eTa/O 3 Wi = 57 (0K) 2—2H}
K t _ 1 K2 t2_2H K2 t2_2H
— =~ A 1/2—H - 2A2 - A - - L
exp{Ta (t)u/o s AW, 5 U (t) T3 30 (t)u9T2a 5 5H

Kt'~H). Then the likelihood ratio takes the form

Set A(t) := T2 —2H/(
) ft S2-Haw, 1 9 wfKtt—H

APy a(t,0yu(t

—expurt—rF— — U - ———
dPy(?) P i 2" T Ta2 _2H
Since ‘L -
f 51 2—H qu
L = N(0,1)
V2—2H
and
Kt 0 ast— o0
_— —
T2 —2H ’
the LAN property holds for the family Py(t) as t — oo at any point 6 € ©. O

Now we check the asymptotic efficiency of the estimate é; Consider conditions (B1)-
(B3). Two of them, (B1) and (B3), are evident. To check (B2) we use the following

relations:
. Kil-H 7T« t 1/27HdW t 1/27HdWG
GO = 470000~ 0) = e (f;;ﬁ_w o b AW Ny,
- 021 VI oH

Therefore, the estimate 02 of the parameter 6 is asymptotically efficient as ¢t — oco.
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