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NECESSARY AND SUFFICIENT CONDITION

FOR THE LAMPERTI INVARIANCE PRINCIPLE
UDC 519.21

ALFREDAS RACKAUSKAS AND CHARLES SUQUET

ABSTRACT. Let (X;);>1 be an i.i.d. sequence of random variables with null expec-
tation and variance one, Sp := X1 + --- + Xp, and &, the random polygonal line
with vertices (k/n,Sg), k =0,1,...,n. By a theorem of Lamperti (1962), if X; has
a moment of order p > 2, then n~1/2¢, weakly converges to the standard Brownian
motion W in the Holder space Ho for a < 1/2 — 1/p. We prove that a necessary
and sufficient condition for the H,-weak convergence of this process to W is that
P(|X1]| > t) = o(t~P(®)), where p(a) = 1/(1/2 — a). As an illustration, we present
an application to the change point detection under the epidemic alternative.

1. INTRODUCTION

Let X1,...,X,,... be iid. mean zero random variables. Set S(0) = 0 and
St)=> Xp,  t>0,
k<t
and consider the process
&n(t) = S([nt]) + (nt — [nt]) Xing 41, t €[0,1].
The classical Donsker—Prokhorov invariance principle states that if E X7 = 1, then
(1) 2, 2o W

in C[0,1], where (W (t),t € R) is a standard Wiener process and 2. denotes the con-
vergence in distribution. Since (1) yields the central limit theorem, the finiteness of the
second moment of X7 therefore is necessary.

Lamperti (1962) considered the convergence (1) with respect to a stronger Holderian
topology. Let us recall his result. For 0 < a < 1, let H2[0, 1] be the set of real-valued
continuous functions z: [0,1] — R such that

%l_r% Wa(xv 6) =0,

where
t _
wa(z,8) = sup M
tsef01], s —t*
0<|t—s|<6

The set HC[0, 1] is a Banach space when endowed with the norm

[#]la = [2(0)] + wa (2, 1).
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128 ALFREDAS RACKAUSKAS AND CHARLES SUQUET

Lamperti (1962) proved that if 0 < a < 3 and E|X1|P < oo, where p > 1/(3 — a),
then (1) holds in the Hélder space H2[0,1]. This result was derived again by Kerkyachar-
ian and Roynette (1991) by another method using analysis given by Ciesielski (1960)
of Holder spaces by triangular functions. Further generalizations were given by Erick-
son (1981), Hamadouche (1998), and Rackauskas and Suquet (1999).

Considering a symmetric random variable X7 such that

P(X1 > wu) =1/(2uP), u>1,
Lamperti (1962) noticed that the sequence (n~'/2¢,) is not tight in H2[0,1] for
a=1/2-1/p.

It is then hopeless in general to look for an invariance principle in H2[0, 1] without some
moment assumption beyond the square integrability of X;.
The main result of this note is the following theorem whose proof is given in Section 3.

Theorem 1. Assume that 0 < o < 3 and p=1/(% —a). Then

n~12%, oW in the space H2[0,1]
if and only if
(2) lim " P(|X1]| > ¢) = 0.
t—o0

Corollary 2. Let 0 < a < % and p = 1/(% - a), Then for each § > 0

max

n71/2+a |S(k) B S(])| L wa(W, 5)
o<lk—jl<sn |k —j|®

if and only if condition (2) holds.

For statistical applications of results like Corollary 2, it is very desirable to compute
the exact distribution of ||W||o and wq (W, d). Unfortunately no explicit formula seems
to be known for such distributions. To remedy this drawback, we propose in Section 4
to use the Ciesielski sequential equivalent norms, for which it is rather easy to give an
explicit formula and to perform practical computations.

As an illustration, we show in Section 5 how both the classical and sequential Holder
norms can be used in the change point problem under the so-called epidemic alternative.

2. PRELIMINARIES

First let us fix some notation for the Haar and Faber—Schauder functions. A simple
way to parameterize these families is to use directly the dyadic numbers. Denote by D;
the set of dyadic numbers in [0, 1] of level j, i.e.,

Do ={0,1}, Dy ={(-1)2771<1<27"} j>1.

So the countable set D of dyadic numbers of [0, 1] may be written as

oo
D =] D;.
j=0
For notational convenience, we put
D* .= D\ {0}.
For r € Dj, j > 0, write
ro ::7"—2*3', rti=r 4277,
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THE LAMPERTI INVARIANCE PRINCIPLE 129

For r € Dj, j > 1, the L?[0, 1] normalized Haar function H, is defined on [0, 1] by

+rt —r7)TY2 = 42002 if e (r, ],
H(t) =4 —(rt —r7) /2= —20-1D/2 if ¢t € (r,r],

0, otherwise.

In the special case j = 0, as the support [r~, %] would extend beyond [0, 1] we have
to modify the above formula to keep the L?[0, 1] normalization. This leads us to define

Ho(t) := —lp(t),  Hui(t) := Lo y(t).

The sequence {H,;r € D*} is an orthonormal basis of the Hilbert space L2[0,1].
For r € Dj, j > 1, the triangular Faber—Schauder functions A, are continuous, piece-
wise affine with support [r~,7"] and taking the value 1 at r:

(t—r7)/(r—r")=2(t—r") ifte(r ,n,
A@) =S Ot =t)/(rt —7r)=20(rT —t) ifte (r,rt],
0, otherwise.
In the special case j = 0, we just take the restriction to [0, 1] in the above formula, so
Ao(t) =1—1t, A (t) =, t€[0,1].
The A,’s have the C[0, 1] normalization: supy<,<; |A(t)] = 1. They are linked to the
H,’s in the general case r € Dj, j > 1, by

3) A =20~y | CH,(s) ds = 20+ D12 / CH,(s) ds

and in the special case j = 0 by

(1) Ao(t) =1+ /0 Ho(s)ds,  Ay(t) = /0 Hi(s) ds.

The sequence {A,;r € D} is a Schauder basis of C[0, 1] (see, e.g., [5]). Each x € C[0, 1]
has a unique expansion

= A(@)A, = i > A(@)As,
reD j=0reD;

with uniform convergence on [0, 1]. The Schauder scalar coefficients A.(z) are given by

Ar(2) = a(r)
and in the special case j = 0 by
Xo(z) = x(0), A (z) = z(1).

By Ciesielski (1980), {A,;r € D} is a Schauder basis of H2[0, 1] and we have the equiv-
alence of norms

_a(r) 4 ()

5 R TEDj,jZ].,

lla ~ [|z[|59 := sup 27 max [ A, (z)].
>0 reD;

This equivalence enables us to exploit the following tightness criterion.

Theorem 3. The sequence ((,) of random elements in the Hélder space H2[0,1] is tight
if and only if the following two conditions are satisfied:

(i) limp—oe sup,, P{|¢,(0)| > b} = 0;
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130 ALFREDAS RACKAUSKAS AND CHARLES SUQUET
(ii) for each e >0

lim limsup P {sup 27 m%x [Ar(Gn)| > 5} =0.

—00 n—oo i>J re

For the proof see [8] (where condition (ii) is written with sup,, -, instead of limsup,, .,
but the reduction to the limsup is classical).

3. PROOF OF THEOREM 1

Necessity. By the continuous mapping theorem, the convergence in distribution of
n~1/2¢, yields, for each 6 > 0,

(5) wa (n71260,6) 2> wa(W,0).
Since the supremum giving the Hélder norm of a polygonal line is reached at two vertices,

Sk — S5
—1/2¢ 5\ = p—1/2+e | k J
Ya (n Sns ) " lk—jl<ns |k — j|*

For n such that 1/n < § we have

S;
P(n Y% max |Xiz|>t) =P (n Y27 max 1Sk = 5 >t
1<k<n 0<|k—j|<1 |k jle

P <n1/2+0‘ max M > t)

o<|k—jl<ns |k — j|*

P (wa (nfl/an,(S) > t) .
By the convergence (5)

lim sup P (wa (n’l/an,(S) > t) < P(wa(W,0) > 1).

n—00

IN

This yields for each § > 0
limsup P <n1/2+0‘ max | Xj| > t) < P(wa(W,6) > t).
n— oo 1<k<n
Since P(wq (W, 8) > t) — 0as§ — 0, we easily conclude the necessity of condition (2). O
Sufficiency. The convergence of the finite-dimensional distributions follows by the Don-
sker—Prokhorov invariance principle, since condition (2) yields E X? < oo. In what follows

we assume that E X7 = 1.
To prove tightness we shall use Theorem 3. Throughout

=71 = k277, k=0,1,...,27 j=1,2,....

Since &£,(0) = 0, we have to check the second condition of Theorem 3 only. To this aim
we have to estimate

P=P (sup 207 —1/2 max Nn(ris1) = &nlri)| = 6) < Pi(J,n,e) + Py(n,e),

J<j 1<k<
where
Py(J,n,e) = P( sup  2%n~Y? max [€n(Trg1) — Enlre)] >z—:>
J<j<logn 1<k<27
and

P. =P 2O(j -1/2 n —Sn 2 '
2(n, €) (;}ilgn n 1I<T]1§§<2 &n (re41) = &n(ri)| = €
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THE LAMPERTI INVARIANCE PRINCIPLE 131

Here and throughout the paper, log denotes the logarithm with basis 2, while In denotes
the natural logarithm (log(2*) = z = In(e”)).
Estimation of Py(n,e). If j > logn, then
Tepr — 1k = (k+1)277 — k279 =279 < 1/n
and therefore if ry € [v/n, (v+1)/n), then either
Te+1 € [v/n, (v+1)/n)
or
ki1 € [(v+1)/n, (v+2)/n),

where 1 < v < n — 2 depends on k and j. If both r; and 7,41 are in the same interval,
then we have

1€n(Th41) = &n(Ti)| = |Xv+1|27jn < 277n max | X .
1<v<n

If 7, and ri41 are in different intervals, then
[§n (k1) = &nlri)| < [&n(rk) — &n((v +1)/n)] + [€n((v + 1)/n) = &n(rrs)]

<279y max |X,).
1<v<n

With both cases taken into account we obtain

Py(n,e) <P ( max 2%n279n" Y% max |X,| > €/2>
j>logn 1<v<n

<P (no‘_l/2 max | X,| > 5/2)

1<v<n
<nP (|X1| > (E/Q)nl/p> .
Hence, due to condition (2), for each € > 0

lim P(n,e) =0.

n—oo
FEstimation of Pi(J,n,e). Let uy = [nry]. Then
up <nrg <ug+1

and
ug +1 < ugpr < nrppr <uggr + 1
Therefore

|§n(rk+1) - gn(rk” < |€n(rk+1) - Suk+1| + |Suk+1 - Suk| + |Suk - fn(rk”
Since [Su, — &n(rx)] < [Xupr1| and [En(rrt1) — Suprr | < [Xupy i 41/, We obtain
Pi(J,n,e) < Pia(J,n,e) + Pia(J,n,e),
where

P (J =P 20 —1/2 Surri — Syl >¢/3
IJ( ,an) <J<§gﬁgn n 12%22j| Uk 41 uk|4—5/ )

Pyio(J,n,e) = P( max  2%n 712 max |X,|> e/6>
J<j<logn 1<v<n

1<v<n

<P (na1/2 max |X,| > 6/6>

<nP (|X1| > nl/p5/6> .
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132 ALFREDAS RACKAUSKAS AND CHARLES SUQUET

Since P; 2(J,n,e) — 0 as n — oo due to condition (2), we have to deal with P; 1(J, n,¢)
only. To this aim let § > 0 be an arbitrary number and define the truncated random

variables
)?k:Xk]l{|Xk|§n1/p6}, X]lg:Xk_)?k; kZl,...,’I’L.
Then
Pia(Jin,2) < nP (1X1] 2 601/ + Py (J,n, ),
where
Uk41 _ c
P/ (J,n,e):=P sup  2%p Y2 max Xil>=1].
a5 e) <J§jglogn 1<k<2i iz%;l 173
Since -
E)N(i:EXiIl{|Xi|Z(5n1/p}:/ P(X4| > t) dt
onl/p
<supt’ P(|X1| > t)/ t~Pdt
t onl/p
< ed PP,
we have
Uk41 _
sup  2%n Y2 max Z EXi‘ <6 Pl sup 209 ipl/2pmltl/p
J<j<logn 1<k<2J i1 J<j<logn

<es P27l < /6

for large J. Therefore, for n and J large,

Uk4-1
Pl (J,n,e) <P sup  2%n~ Y2 max Z (X; —EX;)| >¢/6
’ J<j<logn 1<k<29|, )
logn Uk41 _ ~ q
< (e/6)79 ) 29n 2 El Y (X, —EX)|
j=J 1=ur+1

where ¢ > 2. By Rosenthal’s inequality (accounting E X? = 1)

Uk+1 _ _
> (Xi-EX))

q

E <c [(Ukﬂ — uy,)?/? (EXf)Q/Q + (ug+1 —ug) E |5i:1|q}

<c [(ngfj)q/z i n27j5q7pn(q*p)/p} 7
since
snt/P
E |X1|q < / uq*1 P(|X1| > u) du < n(‘]*?)/?é‘l*;ﬂ sup uP P(|X1| > u)
0 u

Substituting this estimate we obtain (denoting ¢y = ¢(¢/6)™9)

logn
P1,,1(J; n,e) < ¢o Z 2427y =4/297 [(nQ*j)q/Q + ng*j(;qun(qu)/p}

j=J
logn logn

<c Z 2995, —4/293 <n27j)q/2 4 ¢od?P Z 940 1y =1/294 5,9~y (a=D) /P
j=J j=J
log n logn

< co Z 2(qa+17q/2)]‘ + ¢gd1 P9 Z 999J
j=J j=J
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THE LAMPERTI INVARIANCE PRINCIPLE 133

Choosing
1 -1
q> (5 — a)
we obtain
P (J,n,e) < o2 (11/2=)=DT 4 cye§97P < §
for big J. The result is proved. O

Proof of Corollary 2. Sufficiency follows by Theorem 1 and the continuous mapping the-
orem. Necessity follows from the proof of Theorem 1. a
4. DISTRIBUTION OF SOME BROWNIAN HOLDER NORMS

Let us recall the following well-known representation of Brownian motion which goes
back to Lévy and Kampé de Fériet and was generalized by Shepp (1966) with any or-
thonormal basis.

Theorem 4. Let {X,;r € D*} be a sequence of independent standard normal random
variables. Then the series

(6) => X / H,( t€[0,1],

reD*

converges a.s. uniformly on [0,1] and W is a Brownian motion started at 0. Removing
the first term in (6) gives a Brownian bridge

(7) B(t) := W(t) —tW(1 Z dox / H,( te[0,1].
j=1reD;
In view of (2) and (4), the Schauder coefficients of W are
MW) =X,  AW)=2"UD2x = reD; j>1.

The Holder sequential norms of W and B may now be written as

se 1 j (o— se se
®) 1Bl = msup 2T max Xl W = max{|X), B}
1= J

The distribution function of || B||5*? may be conveniently expressed in terms of the
error function:

= = < > 0.
erfz = \/_/ eXp ds (|X1|_a:\/§>, x>0

The following asymptotic expansion will be useful:

9) erffz=1-—

x\l/E exp (—xQ) (1 +0 (:c_Q)) , T — 0.

Theorem 5. If o < 1, then ||B||5 and ||W| 5 are almost surely finite and their

distribution functions are given by

(10) P (B < z) = ﬁ {erf (2j<1/2—a>m) }QH . x>0,
and )
) POWr<a) = et (272 )ﬁ{erf o S

The support of these distributions is [0, oo).
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134 ALFREDAS RACKAUSKAS AND CHARLES SUQUET

Proof. In view of (8), consider the nondecreasing sequence of random variables (M) j>1,

where
1

My = E 12133;} 9i(a—1/2) 7{2%35 | X7
Regarding || B||5° as a random element in [0, co], we have, for each z € R,
P(My <z) | P(|B|¥Y<x)=: Fpo(r) asJ— occ.
So to prove the theorem it is enough to show that

a) Fpo(z) > 0 for each = € [0,00), and
b) limg— oo F.o(z) = 1.

Now by independence and equal distribution of the X,.’s

J 9i—1
(12) P(My <) = [[ et (2i<1/2—“>m)

Jj=1

Taking logarithms in (12) and using (9), it is easily seen that a) follows from the pointwise
convergence on (0, 00) of the series Z]Oil uj(x), where

1_. .
uj(z) = ;27(1/2"’0‘) exp (—x227(1_2")) .

Then for each x € (0, 00) the function Fp o(z) is represented by the convergent infinite
product (10), and we obtain b) applying the bounded convergence theorem (with z — o0)
to the series

In Fp o(z) = i 27" Inerf <2j<1/2fa>x) .

Jj=1

5. A STATISTICAL APPLICATION

As an application of the Hélderian invariance principle, consider the problem of testing
a change in the mean under the so-called epidemic alternative (see [2] and the references
therein). The problem may be described as follows. Let X7, Xs, ..., X,, be independent
random variables. We want to test the null hypothesis of constant mean,

(Ho): X1,...,X, are identically distributed with mean E X; = 0 and variance
Var(X;) = 02 > 0,
against the epidemic alternative
(H4): there are integers 1 < k* < m* < n and a constant ¢ # 0 such that
EXi = cl (k- <i<m=)s i=1,2,...,n.
We suggest the following test statistics:
Ultm.a) = n® max 156 =80 =50 = /7]
tsi<isn [(j —i)(1 = (5 —i)/n)]

and

. 1
— jo _ = + -
DI(n,a) = 1§?1§8f§gn2 7{16151,% S(nr) 5 (S(nrt) + S(nr))|.

Introduce the following random variables:
[B(s) — B(1)]
o<li—sl<1 (s =) (1 — (t —s))"

Ul(a) =
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THE LAMPERTI INVARIANCE PRINCIPLE 135

and

DI(a) = jg[l) 2de 7{16151,% W(r) — % (W) +w(r))|.

Theorem 6. Let p=1/(3 — ). If under Hy

(13) 1tlim tPP(|X1] > t) =0,
then
(14) oI V2UI(n, o) 2 Ul(w)
and
(15) o 'n"2DI(n, o) = DI(«).
Proof. Without loss of generality, we assume that ¢ = 1. An elementary computation
gives
—-1/2 _ —1/2¢ .

n Ul(n, a) 1§11n<ajxgnl (n fn,z/n,]/n> ,

where

‘a:(t) —a(s) = (t — s)x(1)]

(t = s)*(1 = (t=s))"
Let N, = {z € HZ[0,1];2(0) = 0} and consider the functionals L,, L defined on this
closed subspace N, by

(16) L,(z)= max I(z,i/n,j/n), L(z) = sup I(z,s,t).
1<i<j<n 0<s<t<1

I(x,s,t) =

For any « € N, (s,t) — I(z,s,t) can be extended to a continuous function on the
compact set {0 < s <¢ < 1}, and then L, (z) clearly converges to L(x).

By Lemma 7 below, the sequence (L) is equicontinuous and by a well-known corollary
of Ascoli’s theorem converges uniformly to L on every compact set of N,. This fact
combined with the tightness of (n='/2¢,,) in N, (which follows from our hypothesis (13)
and Theorem 1) easily gives the convergence in probability to zero of L(n=1/2¢,) —
L, (n=12¢,). So we have

n~2Ul(n,a) = L (nfl/an) +op(l) asn— oco.

Now (14) follows from Theorem 1 by a continuous mapping.
For the proof of (15), since S(nt) = &,(t) — (nt — [nt]) X541, we have for r € D

Snr) — 5 (Strt) + S(nr)) = Ar(6n) + Z(n,7)

for a random variable Z(n,r) such that |Z(n,r)| < 2maxg<y | Xg|. It follows that

se:

n~Y2DI(n,a) = HEn (n_l/an) ! +n*27,.

[e3%

where Z,, is a nonnegative random variable such that 0 < Z,, < 2maxy<, |Xj|, and E,
is the projection onto the subspace generated by the triangular functions

(Ar,m € Dj,j <logn).
The E, are continuous, and for every x € HZ[0,1], | E,(x)]/59 is nondecreasing (in n)
and converges to ||z||5°9. It follows that this convergence is uniform over every compact
set of N, (e.g., by Dini’s theorem), so that by tightness of (n=1/2¢,),
HEn(n_l/an)

seq se

Y op(D).

[

« «
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136 ALFREDAS RACKAUSKAS AND CHARLES SUQUET

Since condition (13) gives also that n®~'/2 maxy<, | Xx| goes to zero in probability, we

obtain (15) from Theorem 1 by a continuous mapping. O

Lemma 7. The functionals Ly, defined by (16) satisfy on Ny the Lipschitz condition,
[Ln(z +y) = La(2)| < 227ylla, n=2.
The functional L satisfies the same inequality.
Proof. For simplicity we write f(u) := u®(1 —u)%, u € [0, 1]. Putting L, := L, we agree
to include the case n = oo in each condition like, say, n > 2.
Obviously I(z, s, t) is subadditive in z, and for n > 2, the L,, inherit this property:

(17) Lo(z+y) < Ly(z) + Ln(y), z,y € N,.

Clearly these functionals are homogeneous: L (cx) = |¢|Ly(x). This together with (17)
gives

|Ly(z+y) — Lp(z)| < Lu(y), z,y € N,.
So it only remains to check that L, (y) < 227%||y||w, which in turn reduces to
I(y,s,t) < 2%*ya

fO<t—s<i flt—s)>(t—s)*27% so

ly(t) — y(s)|
(t —s)

If 1 <t—s<1, wehave (1—t)+s< 3, and as f(u) = f(1—wu), f(t — s) is bigger
than f(1 —t) and f(s). It follows that

W) =y Q=D | )] . sly)
A=t T Fa-b ) f0s)

The proof is complete. a

I(y,s,t) <2° +2%(t = 5)' 7 y(1)] < 27y o

I(y,s,t) < < 227y a-
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