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EXIT TIME FUNCTIONALS
FOR INTEGER-VALUED POISSON PROCESSES

UDC 519.21

D. V. GUSAK

Abstract. The joint distribution of all exit time functionals is studied in this pa-
per for a fixed level x and integer-valued compound Poisson processes. An exact
formula for the distributions of these functionals is obtained in the case of semicon-
tinuous processes. Limit relations are obtained for the distributions of the exit time
functionals for x = 0 or as x→∞.

The distribution of exit time functionals is studied in [1]–[3] for homogeneous processes
with independent increments and with jumps whose distribution function is continuous.
The same problem is studied in [4, 5] for integer-valued processes ξ(t) defined on finite
Markov chains. Moreover, limit distributions as x → ∞ (x is an integer) are given
in [4, 5] under the condition that m1 = E ξ(1) ≥ 0. We obtain an exact formula for
the distribution of exit time functionals in the case of semicontinuous compound Poisson
processes for both casesm1 ≥ 0 andm1 < 0. As a corollary of these relations we obtain an
assertion on the distribution of extreme values of a semicontinuous integer-valued Poisson
process. In particular, we obtain a discrete analogue of the Pollaczek–Khintchine formula
for the distribution of the global maximum in the case of m1 < 0.

Consider an integer-valued Poisson process ξ(t), t ≥ 0, such that ξ(0) = 0 and the
moment generating function and cumulant are given by

(1) pt(u) = Euξ(t) = etψ(u), |u| = 1,

and
k(u) = λ

∑
k 6=0

(
uk − 1

)
pk = λ(p(u)− 1), |u| = 1, λ > 0,

p(u) =
∑
k 6=0

ukpk, λpk = Π({k}),
∑
k 6=0

pk = 1,

respectively, where λ and p(u) = E uξk are the intensity and moment generating function
of the distribution function of jumps ξk of the process ξ(t). Denote by θs an exponential
random variable such that P{θs > t} = e−st for s > 0 and t > 0. Assume that θs is
independent of ξ(t). Then

(2) p(s, u) = Euξ(θs) = s

∫ ∞
0

e−stpt(u) dt =
s

s− k(u)
.

The lemma on the infinite divisibility holds for the moment generating function p(s, u)
(see [5] for the case of n = 1, where n is the number of states of the chain where the
Poisson process ξ(t) is defined).
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28 D. V. GUSAK

Lemma 1. The following factorization holds for the moment generating function p(s, u):

(3) p(s, u) = p+(s, u)p−(s, u), |u| = 1,

where {
p+(s, u) = exp

{∑
k>0(uk − 1)n+

k (s)
}
, |u| ≤ 1,

p−(s, u) = exp
{∑

k<0(uk − 1)n−k (s)
}
, |u| ≥ 1,

(4)

n±k (s) =
∫ ∞

0

t−1e−stρ±k(t) dt, k ≥ 0,

ρk(t) = P{ξ(t) = k}, k = 0,±1, . . . , Pt(u) =
∞∑

k=−∞
ukρk(t) = E uξ(t).

The distribution of the extrema of the process,

ξ+(t) = sup
0≤u≤t

ξ(u) and ξ−(t) = inf
0≤u≤t

ξ(u),

can be expressed in terms of the components of factorization (1) as follows:

p±(s, u) = Euξ
±(θs) = s

∫ ∞
0

E uξ
±(t)e−st dt.(5)

If m1 = E ξ(1) = λE ξ1 < 0, then∑
k>0

n+
k (0) <∞, n+

k (0) =
∫ ∞

0

t−1ρk(t) dt <∞

and the global maximum
ξ+ = sup

0≤t<∞
ξ(t) = lim

t→∞
ξ+(t)

has a nondegenerate distribution with the moment generating function

p+(u) = E uξ
+

= exp
{∑
k>0

(
uk − 1

)
n+
k (0)

}
,(6)

p+ = P{ξ+ = 0} = p+(0) = exp
{
−
∑
k>0

n+
k (0)

}
> 0.

If m1 > 0, n−k (0) <∞, and
∑
k<0 n

−
k (0) <∞, then the global minimum

ξ− = inf
0≤t<∞

ξ(t) = lim
t→∞

ξ−(t)

has a nondegenerate distribution with the moment generating function

(7)

p−(u) = Euξ
−

= exp
{∑
k<0

(
uk − 1

)
n−k (0)

}
,

p− = P{ξ− = 0} = exp
{
−
∑
k<0

n−k (0)
}
> 0.

Relation (3) is called the first factorization identity.
In contrast to the case of processes with a continuous phase space, there are two

different versions of exit time moments in the case of processes with a discrete phase
space. Let

(8) τ+(x) = inf{t : ξ(t) > x}, τ+(x) = inf{t : ξ(t) ≥ x}, x ≥ 0.

The random variables τ+(x) and τ+(x) are the first times when the process exits the sets
(−∞, x] and (−∞, x), respectively, x = 0, 1, 2, . . . . Thus there are two different versions
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EXIT TIME FUNCTIONALS 29

of the following functionals: the excess over a level at the exit time (γ+(x) and γ+(x)),
the undershoot of x just before the exit time (γ+(x) and γ+(x)), and the height of the
first jump over a level (γ+

x and γ+
x ), where

(9)


γ+(x) = ξ+(τ+(x)) − x, γ+(x) = ξ+(τ+(x))− x,
γ+(x) = x− ξ+(τ+(x) − 0), γ+(x) = x− ξ+(τ+(x)− 0),
γ+
x = γ+(x) + γ+(x), γ+

x = γ+(x) + γ+(x), x ≥ 0.

Let εν be a geometrical random variable such that

P{εν = k} = (1 − ν)νk, k ≥ 0, 0 < ν < 1.

Assume that εν is independent of ξ(t) and θs. Then the following equality, also known as
the second factorization identity, holds for {τ+(x), γ+(x)} and {τ+(x), γ+(x)} (see [4]).

Theorem 1. The joint distribution of {τ+(x), γ+(x)} and {τ+(x), γ+(x)} is given by

E
[
e−sτ

+(εν)uγ
+(εν), τ+(εµ) <∞

]
=

(1 − ν)u
u− ν

Euξ
+(θs) − E νξ

+(θs)

Euξ+(θs)
,(10)

E[e−sτ
+(εν)uγ

+(εν), τ+(εµ) <∞] =
1− ν
u− ν

uEuξ
+(θs) − ν E νξ

+(θs)

Euξ+(θs)
.(11)

The proof of Theorem 1 is based on the following stochastic relations:

τ+(n+ z) .=

{
τ+(z), γ+(z) > n,

τ+(z) + τ+(n− γ+(z)), γ+(z) ≤ n,

τ+(n+ z) .=

{
τ+(z), γ+(z) > n,

τ+(z) + τ+(n− γ+(z)), γ+(z) < n.

Denote by ζ1 and ξ1 the time and height, respectively, of the first jump of the pro-
cess ξ(t); the joint moment generating function of {τ+(x), γ+(x), γ+(x), γ+

x } and its
moment generating transforms are denoted by

(12)

V (s, x, u, v, µ) = E
[
e−sτ

+(x)uγ
+(x)vγ+(x)µγ

+
x , τ+(x) <∞

]
,

v+(s, β, u, v, µ) =
∑
x≥0

βxV+(s, x, u, v, µ),

V+(s, x, u, v, µ) = V (s, x, u, v, µ)δ(x ≥ 0),

respectively. It is clear that

τ+(x) .=

{
ζ1, ξ1 > x,

ζ1 + τ+(x− ζ1), ξ1 ≤ x,
τ+(x) .=

{
ζ1, ξ1 ≥ x,
ζ1 + τ+(x− ζ1), ξ1 < x,

γ+(x) .=

{
ξ1 − x, ξ1 > x,

γ+(x− ξ1), ξ1 ≤ x,
γ+(x) .=

{
ξ1 − x, ξ1 ≥ x,
γ+(x− ξ1), ξ1 < x,

γ+(x) .=

{
x, ξ1 > x,

γ+(x− ξ1), ξ1 ≤ x,
γ+(x) .=

{
x, ξ1 ≥ x,
γ+(x − ξ1), ξ1 < x,

γ+
x
.=

{
ξ1, ξ1 > x,

γ+
x−ξ1 , ξ1 ≤ x,

γ+
x
.=

{
ξ1, ξ1 ≥ x,
γ+
x−ξ1 , ξ1 < x.
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30 D. V. GUSAK

Using these equalities we derive the following equation for V+(s, x) = V+(s, x, u, v, µ):

(13)

(s+ λ)V+(s, x)− λ
∑
k 6=0

pkV+(s, x− k) = Ax(u, v, µ), x ≥ 0,

Ax(u, v, µ) = λ
∑

k≥x+1

uk−xvxµkpk, x ≥ 0,

whence by taking the moment generating transforms in x ≥ 0 we obtain the equation for
v+(s, β) = v+(s, β, u, v, µ):

(14) v+(s, β)(s− k(β)) = a(β, u, v, µ) + λ[p(β)v+(s, β)]−,

where [·]± and [·]0± are the projectors defined by[ ∞∑
k=−∞

βkgk

]
±

=
∑
±k>0

gkv
k,

∞∑
k=−∞

|gk| <∞,

[ ∞∑
k=−∞

gkβ
k

]0

+

=
∑
k≥0

gkβ
k, a(β, u, v, µ) =

∑
x≥0

βxAx(u, v, µ).

Put
p±k (s) = P

{
ξ±(θs) = k

}
, ±k ≥ 0, p±0 (s) = p±(s),

G(s, x, u, v, µ) =
∑
k≤0

Ax−k(u, v, µ)p−k (s), x ≥ 0.

The following result follows from Lemma 1 and equality (14).

Theorem 2. The moment generating transform of the moment generating function of
the joint distribution of exit time functionals is given by the equality

(15) sv+(β, s, u, v, µ) = [p−(s, β)a(β, u, v, µ)]0+p+(s, β),

whence it follows that

(16) sV+(s, x, u, v, µ) =
x∑
r=0

G(s, x− r, u, v, µ)p+
r (s), x ≥ 0.

Proof. According to (3), equality (14) is equivalent to

sv+(s, β)p−1
+ (s, β) =

{
a(β, u, v, µ) + λ[p(β)v+(s, β)]−

}
p−(s, β).

Applying the projection operation [ · ]0− to the latter equality we get (15). Inverting (15)
with respect to β we prove (16). �

An integer-valued compound Poisson process ξ(t) is called lower continuous if the
cumulant k(u) in representation (1) for its moment generating function is given in terms
of the moment generating function of the jump as follows

p(u) =
∞∑

k=−1

pku
k, p−1 > 0, p0 = 0.

Similarly, a process ξ(t) is called upper continuous if the moment generating function of
its jumps is given by

p(u) =
∑
k≤1

pku
k, p1 > 0, p0 = 0.

Factorization (3) can be written in an explicit form for lower continuous processes
(see [6]).
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Lemma 2. The components of decomposition (3) for a lower continuous process ξ(t) are
given by

p−(s, u) = Euξ
−(θs) =

p−(s)
1− q−(s)u−1

, q−(s) = 1− p−(s), |u| ≥ 1,(17)

p+(s, u) = Euξ
+(θs) = P{ξ(θs) ≤ 0}p−1

0 (s) E
[
uξ(θs), ξ(θs) ≥ 0

]
− P{ξ(θs) < 0}p−1

0 (s) E
[
uξ(θs), ξ(θs) > 0

](18)

pk(s) = P{ξ(θs) = k}, k = 0,±1, . . . , p±(s) = P
{
ξ±(θs) = 0

}
,

p+
m(s) = P

{
ξ+(θs) = m

}
= p−1
− (s)[pm(s)− pm+1(s)]− pm+1(s), m ≥ 0.

If m1 < 0, then p−(s) −→
s→0

0, s−1p−(s) −→
s→0

p′−(0) > 0. Moreover, the distribution of the
global maximum is nondegenerate and is given by

(19)

{
Euξ

+
= 1

p′−(0)

∫∞
0

[
E
(
uξ(t), ξ(t) ≥ 0

)
− E

(
uξ(t)−1, ξ(t) ≥ 1

)]
dt,

P {ξ+ = k} = 1
p′−(0)

(
p′k(0)− p′k+1(0)

)
, k ≥ 0,

pk(s) = s

∫ ∞
0

e−st P{ξ(t) = k} dt, p′k(0) =
∫ ∞

0

P{ξ(t) = k} dt.

Applying (17), we find by inverting that

p−k (s) = p−(s)q−k− (s), k ≤ 0.

This result makes the evaluation of G(s, x, u, v, µ) easier (see (16)). In particular,

(20)

G1(s, x, u) = G(s, x, u, 1, 1) =
∑
j≤0

Ax−j(u; 1; 1)p−j (s)

=
λp−(s)
u− q−(s)

∑
k≥x+1

upk
(
uk−x − qk−x− (s)

)
, x ≥ 0,

G2(s, x, v) =
∑
j≤0

Ax−j(1, v, 1)p−j (s) = λp−(s)
∑

k≥x+1

qk−x−1
− (s)vk−1Qk,

Qk =
∑
r≥k

pr, k ≥ 1,

G3(s, x, µ) =
∑
j≤0

Ax−j(1, 1, µ)p−j (s) = λ
∑

k≥x+1

pkµ
k
(
1− qk−x− (s)

)
, x ≥ 0.

Therefore, the moment generating functions with respect to x can be written as follows:

(21)



G̃1(s, β, u)

= λp−(s)u
u−q−(s)

[
(q−(s)−u)(1−β)
(u−β)(q−(s)−β)Q(β)− 1−u

u−βQ(u) + p−(s)
q−(s)−βQ(q−(s))

]
,

G̃1(s, β, 1) = p−(s)(1 − β)−1(Q(1)−Q(β)),
G̃2(s, β, v) = λp−(s)v−1(q−(s)− β)−1(Q(vq−(s))−Q(vβ)),
Q(β) =

∑
k≥1 β

kQk,

G̃3(s, β, µ)
= λ (1−β)(1−µq−(s))Q(µq−(s))Q(µq−(s))−(1−µ)(q−(s)−β)Q(µ)−p−(s)(1−µβ)Q(µβ)

µ(1−β)(q−(s)−β) ,

G̃3(s, β, 1) = p−(s)(q−(s)− β)−1(Q(q−(s))−Q(β)).

When evaluating the moment generating transforms we use the following notation and
relations:

E+u
ξ = E

[
uξ, ξ > 0

]
, E+

(
1− uξ

)
= (1 − u)u−1Q(u).
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32 D. V. GUSAK

The function G(s, x, u, v, µ) and its moment generating function have a more compli-
cated form, namely

(22)



G(s, x, u, v, µ) = λup−(s)
u−vq−(s)

∑
k≥x+1 pkµ

k
[
uk−x(βv)x − qk−x(s)(βv)k

]
,

G̃(s, β, u, v, µ)

= λup−(s)
u−vq−(s)

{
u

u−vβ

[
1−βvµ
βvµ Q(βvµ)− 1−µu

(µu) Q(µu)
]

+ q−(s)
q−(s)−βv

[
1−µq−(s)
µq−(s) Q(µq−(s))− 1−βvµ

βvµ Q(β, v, µ)
]}
.

Denote by εβ a geometrical random variable with parameter β, 0 < β < 1. Assume
that εβ is independent of ξ(t) and θs. It follows from P{τ+(x) < t} = P{ξ+(t) > x} that

(23)
E
[
e−sτ

+(x), τ+(x) <∞
]

= P
{
ξ+(θs) > x

}
,

E
[
e−sτ

+(εβ), τ+(εβ) <∞
]

= P
{
ξ+(θs) > εβ

}
= 1− Eβξ

+(θs).

Similar relations hold for τ+(x):

P
{
ξ+(θs) ≥ x

}
= E

[
e−sτ

+(x), τ+(x) <∞
]
,

P
{
ξ+(θs) ≥ εβ

}
= E

[
e−sτ

+(εβ), τ+(εβ) <∞
]

= 1− β Eβξ
+(θs).

It follows from (23) that

(24)
Ṽ (s, β, u, v, µ) = E

[
e−sτ

+(sβ)uγ
+(εβ)vγ+(εβ)µ

γ+
εβ , τ+(εβ) <∞

]
= E

[
uγ

+(εβ)vγ+(εβ)µ
γ+
εβ , ξ+(θs) > εβ

]
.

Put γ1(x) = γ+(x), γ2(x) = γ+(x), γ3(x) = γ+
x , and u1 = u, u2 = v, and u3 = µ,

respectively, for |uk| ≤ 1, k = 1, 2, 3. Then

(25)
Ṽk(s, β, uk) = E

[
e−sτ

+(sβ)uγ
+(εβ), τ+(εβ) <∞

]
= E

[
u
γk(εβ)
k

/
ξ+(θs) > εβ

]
=

Ṽk(s, β, uk)
P{ξ+(θs) > εβ}

=
Ṽk(s, β, uk)

1− Eβξ+(θs)
.

Corollary 1. If a process ξ(t) is lower continuous, then the moment generating function
of the joint distribution of {τ+(εβ), γ+(εβ), γ+(εβ), γ+

εβ} is given by

(26) sṼ (s, β, u, v, µ) = βp+(s, β)G̃(s, β, u, v).

Moreover

(27)

{
sṼk(s, β, uk) = βp+(s, β)G̃(s, β, uk), k = 1, 2, 3,

E
[
u
γk(εβ)
k

/
ξ+(θs) > εβ

]
= s−1βp+(s,β)G̃k(s,β,uk)

1−Eβξ+(θs) .

The proof of Corollary 1 follows from (16) by applying relations (21)–(25) and taking
the moment generating transforms with respect to x.

Corollary 2. Consider a lower continuous process. Then the distribution of ξ+(θs) is
determined by its moment generating function:

(28)

p+(s, β) = 1
(

1 + 1−β
s G̃1(s, β, 1)

)−1

,

p+(s) = p+(s, 0) =
[
1 + λp−(s)

sq−(s)Q(q−(s))
]−1

> 0,
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G̃1(s, β, 1) =
λp−(s)
q−(s)− β (Q(q−(s))−Q(β)).

The distribution of the global maximum ξ+ is nondegenerate if m1 = λ(Q(1)− p−1) < 0.
In this case,

(29)

E βξ
+

= lims→0 p+(s, β) =
[
1− λ

|m1|
∑∞
k=1(βk − 1)Qk

]−1

,

p+ = P{ξ+ = 0} =
(

1 + λ
|m1|

∑∞
k=1Qk

)−1

= (λp−1)−1.

The proof of (28) is based on the first relation in (27) for uk = 1. Passing to the limit
as s → 0 we derive (29) from (28) if m1 < 0. Relation (29) can be written in terms of
the cumulant of a nondecreasing integer-valued process ξ∗(t) as follows:

ψ∗(β) =
λ

|m1|
∑

(βk − 1)Qk, E βξ∗(t) = etψ∗(β).

If P{θ1 > t} = exp{−t}, then

(30) Eβξ
+

= (1 − ψ∗(β))−1 = Eβξ∗(θ1) =
∫ ∞

0

e−tetψ∗(β) dt.

Equality (30) implies a result of the Pollaczek–Spitzer type:

(31) E βξ
+

=
p+

1− q+p∗(β)
, p∗(β) =

Q(β)
Q(1)

, p+ =
1

λp−1
, q+ = 1− p+.

Comparing (5) or (19) with (28), it is obvious that relation (28) is more convenient for
evaluating the distribution of ξ+(θs). Similarly, relations (29)–(31) are more convenient
for evaluating the distribution of ξ+ than relations (6) or (20) in the case of m1 < 0.
Equating probabilities p+ from (20) and (29) for k = 0 we prove that

(32) p′−(0) = λp−1[p′0(0)− p′1(0)].

Now we consider the distributions of exit time functionals of {τ+(0), γ+
k (0), k = 1, 2, 3}

and limit distributions of {τ+(x), γ+
k (x)} as x→∞.

Corollary 3. The joint moment generating function of {τ+(0), γk(0)}, k = 1, 2, 3,

E
[
e−sτ

+(0)uγk(0), τ+(0) <∞
]

= E
[
uγk(0), ξ+(θs) > 0

]
,

is given by

E
[
uγ

+(0), ξ+(θs) > 0
]

=
λp+(s)p−(s)

s(u− q−(s))q−(s)
[
up−(s)Q(q−(s))− (1− u)q−(s)Q(u)

]
,

(33)

P
{
γ+(0) ≥ r, ξ+(θs) > 0

}
= λp+(s)p−(s)s−1

∞∑
j=r

qj−r− (s)Qj , r ≥ 1,(34)

if γ1(0) = γ+(0), or by

E
[
vγ+(0), ξ+(θs) > 0

]
= λp+(s)p−(s)s−1

∞∑
k=1

qk−1
− (s)vk−1Qk,(35)

P
{
γ+(0) = k, ξ+(θs) > 0

}
= λp+(s)p−(s)s−1qk+1

− Qk+1, k ≥ 0,(36)
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34 D. V. GUSAK

if γ2(0) = γ+(0), or by

E
[
µγ

+
0 , ξ+(θs) > 0

]
= λp+(s)s−1

∞∑
k=1

pkµ
k
(
1− qk−(s)

)
,(37)

P
{
γ+

0 = k, ξ+(θs) > 0
}

= λp+(s)s−1pk
(
1− qk−(s)

)
, k ≥ 1,(38)

if γ3(0) = γ+
0 .

Proof. According to (16), the moment generating functions

Vk(s, x, u) = E
[
e−sτ

+(x)uγk(x), τ+(x) <∞
]

are given by

(39) sVk(s, x, u) =
x∑
r=0

Gk(s, x− r, u)p+
r (s), x ≥ 0.

We get that for x = 0

(40) sVk(s, 0, u) = p+(s)Gk(s, 0, u), k = 1, 2, 3,

where Gk(s, 0, u), k = 1, 2, 3, are defined by (20). Relations (33), (35), and (37) follow
from (40). Inverting (33), (35), and (37) we obtain distributions (34), (36), and (38),
respectively. �

It follows from (34) for r = 1 (alternatively, from (35) for v = 1) that

sq+(s)q−(s) = λp−(s)p+(s)Q(q−(s)).

If m1 > 0, then p+(s)→ 0, q+(s)→ 1, p−(s)→ p− > 0, and q−(s) → q− > 0 as s → 0.
From the latter relation we find that

lim
s→0

s−1p+(s) = p′+(0) = (λp−Q(q−))−1.

If m1 = 0, then p±(s) → 0 and q±(s) → 1 as s → 0. Since m1 = λ(Q(1) − p−1) = 0
(p−1 = Q(1)), we find in the same way that p±(s) ≈ C±

√
s and

lim
s→0

s−1p+(s)p−(s) = (λQ(1))−1 = (λp−1)−1.

Note that
P
{
τ+(x) <∞

}
= 1

for m1 ≥ 0, thus

Vk(s, x, uk) = E
[
e−sτ

+(x)u
γk(x)
k

]
, k = 1, 2, 3.

If m1 < 0, then
P
{
τ+(x) <∞

}
< 1

and
P
{
τ+(x) <∞

}
→ 0

as x→ ∞. We use relations (25) and (27) for conditional moment generating functions
to study the limit distributions of {τ+(x), γk(x)} as x → ∞. These limit distributions
can be found by passing to the limit as s → 0 and β → 1 for m1 ≥ 0. In the case
of m1 < 0, the conditional limit distributions can be found by passing to the limit in
relations (27) as s→ 0 and β → 1.
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Corollary 4. Let m1 ≥ 0. The joint distribution of {τ+(εβ), γk(εβ)} is given by

(41) E
[
e−sτ

+(εβ)uγk(εβ)
]

= (1− β)s−1p+(s, β)G̃k(s, β, u), k = 1, 2, 3,

(G̃k(s, β, u) is defined by (21)) and

(42) Euγk(εβ) = lim
s→0

G̃k(s, β, u)
G̃k(s, β, 1)

, k = 1, 2, 3.

Moreover if m1 > 0, then

p−(s)→ p− > 0, q−(s)→ q, (p−(s) + q−(s) = 1),

and thus the right-hand sides of (42) take the form

lim
s→0

G̃1(s, β, u)
G̃1(s, β, 1)

=
u

u− q−

[
(q− − u)(1− β)
(u− β)(q− − β)

Q(β)− 1− u
u− βQ(u)− p−Q(q−)

q− − β

]
× q− − β
Q(q−)−Q(β)

,

(43)

lim
s→0

G̃2(s, β, u)
G̃2(s, β, 1)

=
1
v

lim
s→0

Q(vq−(s))−Q(βv)
Q(q−(s))−Q(v)

=
1
v

Q(vq−)−Q(βv)
Q(q−)−Q(β)

,(44)

lim
s→0

G̃3(s, β, µ)
G̃3(s, β, 1)

=
(1− β)(1 − µq−)Q(µq−)− (1− µ)(q− − β)Q(µ)− p−(1− µβ)Q(βµ)

µp−(1 − β)(Q(q−)−Q(β))
.

(45)

Approaching the limit in relations (42)–(45) as β → 1, we determine the moment gener-
ating functions γk(∞) in the case of m1 > 0:

E uγ
+(∞) =

p−u

u− q−
(Q(u)−Q(q−))(Q(1)−Q(q−))−1,(46)

E vγ+(∞) =
1
v

(Q(vq−)−Q(v))(Q(q−)−Q(1))−1,(47)

Eµγ
+
∞ =

∞∑
k=1

pk

(
k −

k∑
r=1

qr−

)
µk(Q(1)−Q(q−))−1.(48)

The distributions of γk(∞), k = 1, 2, 3, are of the following form if m1 > 0:

(49)


P{γ+(∞) = n} =

∑∞
k=nQkq

k−n−1
− (Q(1)−Q(q−))−1, n ≥ 1,

P{γ+(∞) = n} = Qn+1

(
1− qn+1

−
)

(Q(1)−Q(q−))−1, n ≥ 0,
P{γ+

∞ = n} = pn
(
n−

∑n
r=1 q

r
−
)

(Q(1)−Q(q−))−1, n ≥ 1.

Proof. Relation (41) follows from (39) by applying moment generating transforms with
respect to x. Then we have that for m1 ≥ 0,

(50)

E
[
e−sτ

+(εβ)uγk(εβ), τ+(εβ) <∞
]

= E
[
e−sτ

+(εβ)uγk(εβ)
]

=
(1 − β)G̃k(s, β, u)

s+ (1− β)G̃k(s, β, 1)
, k = 1, 2, 3.

Now passing to the limit as s→ 0 we prove (42) for m1 ≥ 0. The limits (43)–(45) can be
evaluated for β < 1 from (21) for m1 > 0. Relations (43), (44), and (45) determine the
moment generating functions of γ1(εβ) = γ+(εβ), γ2(εβ) = γ+(εβ), and γ3(εβ) = γ+

εβ
,

respectively. Passing to the limit as β → 1 in (43)–(45), we obtain the moment generating
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functions of γk(∞) (k = 1, 2, 3). Relations (46)–(48) can be proved in the same way.
Inverting (46)–(48), we determine the distributions of γk(∞) for m1 > 0. �

Since
p±(s)→ 0 and q±(s)→ 1

as s→ 0, we obtain the corresponding results for m1 = 0.

Corollary 5. Let m1 = 0. The moment generating functions of γk(εβ) are given by

E uγ
+(εβ) = lim

s→0

G̃1(s, β, u)
G̃1(s, β, 1)

=
u(1− β)
u− β

Q(u)−Q(β)
Q(1)−Q(β)

,(51)

E vγ+(εβ) = lim
s→0

G̃2(s, β, u)
G̃2(s, β, 1)

=
1
v

(Q(v) −Q(βv))(Q(1)−Q(β))−1,(52)

Eµ
γ+
εβ = lim

s→0

G̃3(s, β, µ)
G̃3(s, β, 1)

=
(1 − βµ)Q(µ)− (1− β)(1 − µ)µQ′(µ)− (1 − µβ)Q(µβ)

µ(1 − β)(Q(1)−Q(β))
.

(53)

The moment generating functions of γk(∞) are given by

(54)


E uγ

+(∞) = u(Q(1)−Q(u))[(1 − u)Q′(1)]−1,

E vγ+(∞) = Q′(v)Q′(1)−1, P{γ+(∞) = 0} = p1Q
′(1)−1,

Eµγ
+
∞ =

[
µQ′(µ) − 1

2µ(1− µ)Q′′(µ)
]
Q′(1)−1.

The distributions of γk(∞), k = 1, 2, 3, are of the form

(55)


P{γ+(∞) = n} = QnQ

′(1)−1, Qn =
∑∞
k=nQn, n ≥ 1,

P{γ+(∞) = n} = (n+ 1)pn+1Q
′(1)−1, n ≥ 0,

P{γ+
∞ = n} = n(n+ 1)pnQ′(1)−1, n ≥ 1.

Proof. If m1 = 0, then the moment generating functions of γk(εβ) can be determined
from (42) by passing to the limit as s → 0. Note that q−(s) = 1 − p−(s) → 1 as s → 0
and thus it is easy to evaluate lims→0 G̃1(s, β, u) as well as to find the distribution of
γ1(εβ). When evaluating the limits lims→0 G̃2,3(s, β, u)G̃−1

2,3(s, β, 1) one must take into
account that

Q(uq−(s)) = Q(u)− up−(s)Q′(u) + o(p−(s)), s→ 0,

whence relations (51)–(53) follow. Now we pass to the limit as β → 1 to determine the
moment generating functions of γ1,2(∞) from (51)–(52) (see (54)). When passing to the
limit in (53) as β → 1 we use the expansion with respect to δ = 1− β → 0, namely

Q(uβ) = Q(u)− uδQ′(u)− 1
2
u2δ2Q′′(u) + o

(
δ2
)
.

This allows us to obtain the last relation in (54). Indeed, inverting (54) we prove (55).
When inverting the moment generating function of γ+

∞ we use the equality

pn = Qn −Qn+1.

After some transformations of a relation for γ3(∞) = γ+
∞ we obtain the last relation

in (54) from

Eµγ
+
∞ =

∞∑
n=1

n(n+ 1)(Qn −Qn+1)µnQ′(1)−1. �
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Corollary 6. Assume that m1 <∞. Then the conditional moment generating functions
of {τ+(εβ), γk(εβ)} are given by

E
[
uγ+(εβ)e−sτ

+(εβ)
/
τ+(εβ) < θs

]
=

β

1− Eβξ+(θs)

G̃k(s, β, u)
s+ (1 − β)G̃k(s, β, 1)

,(56)

E
[
uγ+(∞)e−sτ

+(∞)
/
τ+(∞) < θs

]
= G̃k(s, 1, u)

(
sE ξ+(θs)

)−1
, k = 1, 2, 3.(57)

The limit conditional moment generating functions of γ1(∞) = γ+(∞), γ2(∞) = γ+(∞),
γ3(∞) = γ+

∞, and τ+(∞) are such that

(58)



E[uγ
+(∞)e−sτ

+(∞)
/
τ+(∞) < θs] = λp−(s)

s E ξ+(θs)(u−q−(s)) [Q(u)−Q(q−(s))],

E[vγ
+(∞)e−sτ

+(∞)
/
τ+(∞) < θs] = λp−(s)

sv E ξ+(θs)(q−(s)−1) [Q(vq−(s))−Q(v)],

E[µγ
+
∞e−sτ

+(∞)
/
τ+(∞) < θs]

= λ
s E ξ+(θs)

×
[

1−µ
µp−(s) (Q(µ)−Q(q−(s)µ)) + Q(µ)−Q(q−(s)µ)− (1 − µ)Q′(µ)

]
.

The conditional moment generating functions of {γk(∞), k = 1, 2, 3} are given by

(59)


E
[
uγ

+(∞)
/
τ+(∞) <∞

]
= λp′−(0)u

E ξ+(1−u) (Q(1)−Q(u)),

E
[
vγ+(∞)

/
τ+(∞) <∞

]
= λp′−(0)(E ξ+)−1Q′(v), E ξ+ = λp′−(0)Q′(1),

E
[
µγ

+
∞
/
τ+(∞) <∞

]
= λp′−(0)(E ξ+)−1µ

[
Q′(µ)− 1

2 (1− µ)Q′′(µ)
]
.

Proof. Using (27) and (28) we prove relations (56), whence (57) follows by passing to
the limit as β → 1. Applying (21) we find the functions

G̃1(s, 1, u) =
λp−(s)
u− q−(s)

[Q(u)−Q(q−(s))],

G̃2(s, 1, v) =
λp−(s)

v(q−(s)− 1)
[Q(vq−(s)) −Q(v)],

G̃3(s, 1, µ)

= λ

[
(1− µ)(Q(µ)−Q(q−(s)µ))

µ
p−(s) +Q(µ)−Q(q−(s)µ)− (1− µ)Q′(µ)

]
.

These functions determine the right-hand sides of relations (58). Passing to the limit
in (58) as s→ 0 and taking into account that p−(s)→ 0 and

p′−(0) = lim
s→0

s−1p−(s) > 0

we find the conditional moment generating functions E
[
uγ

+(∞)
/
τ+(∞) <∞

]
in (59):

lim
s→0

s−1G̃1(s, 1, u) =
λp′−(0)u

1− u (Q(1)−Q(u)),

lim
s→0

s−1G̃2(s, 1, v) = λp′−(0)Q′(v),

lim
s→0

s−1G̃3(s, 1, µ) = λp′−(0)
[
µQ′(µ)− 1

2
µ(1− µ)Q′′(µ)

]
.

Relations (59) can be inverted in the same way as relations (54). Thus the conditional
distributions of γk(∞),

P{γk(∞) = n
/
τ+(∞) <∞}, k = 1, 2, 3,

are determined for m1 = (Q(1)− p−)λ < 0 by the right-hand sides in (55). �
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Applying Theorem 1 one can derive for m1 ≥ 0 a relation between γ+(0) and γ+(∞).
A similar result for processes with a continuous phase space is presented by Corollary 2.2
in [7].

Corollary 7. Let m1 ≥ 0. Then

(60) Euγ
+(∞) =

u

E γ+(0)(1− u)

(
1− E uγ

+(0)
)
.

Proof. Let m1 ≥ 0. Using relation (10) and approaching the limit as ν → 0 we get

E
[
e−sτ

+(0)uγ
+(0)

]
= 1− p+(s)

Euξ+(θs)
.

This means that for m1 ≥ 0,

E uξ
+(θs) ≈ p+(s)

1− E uγ+(0)
as s→ 0.

Substituting the corresponding approximations for the moment generating functions of
ξ+(θs) in (10), we obtain

Euγ
+(εν) =

(1− ν)u
u− ν

[
1− 1− E uγ

+(0)

1− E νγ+(0)

]
=

(1− ν)u
u− ν

E uγ
+(0) − E νγ

+(0)

1− E νγ+(0)
.

Passing to the limit as ν → 1 we get (60). �

It is worth mentioning that the pair {τ+(0), γ+(0)} has degenerate distribution, namely

P
{
τ+(0) = γ+(0) = 0

}
= 1.

The last result follows from the definition of the above functionals and agrees with a
relation obtained from (11) as ν → 0.

We introduce the following notation:

V (s, x, u, v, µ) = E
[
e−sτ

+(x)uγ
+(x)vγ+(x)µγ

+
x , τ+(x) <∞

]
,

v+(s, β, u, v, µ) =
∑
x≥0

βxV (s, x, u, v, µ).

Denote the functions that give the right-hand sides of equations similar to (13) but with
V (s, x) instead of V+(s, x), by

Ax(u, v, µ) = λ

∞∑
k=x

uk−xvxµkpk, x ≥ 0,

a(β, u, v, µ) =
∑
x≥0

βxAx(u, v, µ),

G(s, x, u, v, µ) =
∑
k≤0

Ak−x(u, v, µ)p−k (s), x ≥ 0.

Similarly to Theorem 2 one can prove

Theorem 3. The moment generating transform of the joint moment generating function
of the functionals {τ+(x), γ+(x), k = 1, 2, 3} is given by

(61) sV +(s, β, v, µ) = [p−(s, β)a(β, u, v, µ)]0+p+(s, β),

whence we get by inverting that

(62) sV (s, x, u, µ) =
x∑
r=0

G(s, x− r, u, v, µ)p+
r (s), x ≥ 0.
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Assuming that the process is lower continuous and using the moment generating trans-
forms

G̃(s, β, u, v, µ) =
∞∑
x=0

βxG(s, x, u, v, µ)

one can derive analogs of Corollaries 1 and 4–6 from Theorem 3.
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