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EXIT TIME FUNCTIONALS
FOR INTEGER-VALUED POISSON PROCESSES
UDC 519.21

D. V. GUSAK

ABSTRACT. The joint distribution of all exit time functionals is studied in this pa-
per for a fixed level z and integer-valued compound Poisson processes. An exact
formula for the distributions of these functionals is obtained in the case of semicon-
tinuous processes. Limit relations are obtained for the distributions of the exit time
functionals for x = 0 or as * — oo.

The distribution of exit time functionals is studied in [1]-[3] for homogeneous processes
with independent increments and with jumps whose distribution function is continuous.
The same problem is studied in [4], B] for integer-valued processes £(t) defined on finite
Markov chains. Moreover, limit distributions as * — oo (z is an integer) are given
in [4, [B] under the condition that m; = E£(1) > 0. We obtain an exact formula for
the distribution of exit time functionals in the case of semicontinuous compound Poisson
processes for both cases m; > 0 and my < 0. As a corollary of these relations we obtain an
assertion on the distribution of extreme values of a semicontinuous integer-valued Poisson
process. In particular, we obtain a discrete analogue of the Pollaczek—Khintchine formula
for the distribution of the global maximum in the case of m; < 0.

Consider an integer-valued Poisson process £(t), t > 0, such that £(0) = 0 and the
moment generating function and cumulant are given by

(1) pe(u) = Eut®) = (@), lu| =1,

and

ku) =AY (uF = 1)pe = Ap(u) = 1),  |u[=1, A>0,

E#£0
plu) =Y ubpr,  App=T{E}), Y p=1,
k0 k0

respectively, where A and p(u) = Eué* are the intensity and moment generating function
of the distribution function of jumps &, of the process £(t). Denote by 6, an exponential
random variable such that P{fs > ¢t} = e=%" for s > 0 and ¢ > 0. Assume that 6 is
independent of £(¢). Then

e [T st _ 3
(2) p(s,u) = Eu 5/0 e “'pg(u)dt k)

The lemma on the infinite divisibility holds for the moment generating function p(s,u)
(see [5] for the case of n = 1, where n is the number of states of the chain where the
Poisson process £(t) is defined).
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28 D. V. GUSAK

Lemma 1. The following factorization holds for the moment generating function p(s,u):

(3) p(sau) :er(Svu)p*(Svu)a |u| =1,
where

@ {ms,u) = exp { 0w’ — Dnf (5)}, Jul <1,

p—(s,u) = exp {Z,KO(uk - 1)n,;(s)}, lu] > 1,

ni(s) = /0 t et pyy(t) dt, k>0,
o0

pr(t) =P{Et) =k}, k=0,%1,...,  Pu)= > uFpu(t) =Eu®.

k=—0o0

The distribution of the extrema of the process,

5 (t)= sup €(u) and € (t)= inf £(u),
0<u<t

0<u<t

can be expressed in terms of the components of factorization (1) as follows:

(5) ps(s,u) = Euf™ () = 8/ Eut™ ®emst gt
0

Ifmi = E&(1) = AE& <0, then

o0
ZnZ(O) < o0, n;(O):/ t~pr(t) dt < oo
k>0 0

and the global mazimum

€ = sup &)= Jim €°()
0<t<oo —0

has a nondegenerate distribution with the moment generating function

(6) pt(u) = Eus' = exp{z (uk — 1) nZ‘(O)},

k>0
pe = PLEr =0} = 0) = exp{ = o nf 0} > 0.
k>0

If my >0, n, (0) < oo, and ), 1y (0) < oo, then the global minimum
- inf ~ i e
&= 0 = i)

has a nondegenerate distribution with the moment generating function

p_(u) =Eu® = eXp{Z (u¥ —1) nk(O)}7
k<0
(7)
p-=P{¢{ =0} = exp{—an(O)} > 0.
k<0
Relation (3) is called the first factorization identity.
In contrast to the case of processes with a continuous phase space, there are two
different versions of exit time moments in the case of processes with a discrete phase

space. Let

(8) H(2) = inf{t: £(t) > 2}, 7T (z) = inf{t: £(t) > x}, x> 0.

The random variables 77 (z) and 71 (z) are the first times when the process exits the sets
(—o0, x] and (—oo, x), respectively, x = 0,1,2,... . Thus there are two different versions
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EXIT TIME FUNCTIONALS 29

of the following functionals: the excess over a level at the exit time (y*(z) and *(z)),
the undershoot of = just before the exit time (v4(x) and 7, (z)), and the height of the
first jump over a level (v, and 7;"), where

() =M (T (@) — =, T () =7 (@) - =,
9) V+(x) =z = (rH(2) = 0), F(z) =2 (7 (2) —0),
v =7t @) + (@), Vi =7 (@) +7(2), >0

Let €, be a geometrical random variable such that
Ple, =k} =(1—-v)*, k>0, 0<v<l.

Assume that ¢, is independent of £(¢) and 5. Then the following equality, also known as
the second factorization identity, holds for {7+ (z),7"(z)} and {7*(z),57"(z)} (see []).

Theorem 1. The joint distribution of {7+ (z),y"(x)} and {7 (x),7"(x)} is given by

_ §+(95) —E £+(95)
7s‘r+(5u) ’Y+(5u) + = (1 V)U Eu -
(10) E |:€ u y T (eﬂ) < oo = u—v Eu§+(es) ’
B €(0:) _  E£T(0s)
st (en), A () =+ _1l-vuEu vEv
(11) Ele ul T (e) < oo = Eut" (62)

The proof of Theorem 1 is based on the following stochastic relations:

-+
T+(TL-|-Z);{ N

+

Tt(n+2) = T
n+2) {?w P - THE), THE) <

Denote by ¢; and & the time and height, respectively, of the first jump of the pro-
cess £(t); the joint moment generating function of {7+ (z), v (z), v+(z),v,} and its
moment generating transforms are denoted by

Vs,z,u,v,u) =E [e*S#(I)UW(I)vV*(I)uV;,T+(x) < ool ,

(12) v+(87ﬂ7u7v7/14):ZﬂzVJr(S,Z',U,’U,,u),

x>0
V+(s,m,u,v,,u) = V(s,x,u,v,u)é(x 2 O)a

respectively. It is clear that

’7'+((E) KN {Cla 51 >z,

Cla 51 Z xz,

G+7H(@—G), & <u, G+7Hx—-G), &<z,

’}/+($) - {51 -z, 51 >, { 51 > z,

’er(x_gl)v 51 <u, x_fl 51 <z,

(LL') = z, 51 > x,
T Ve —=¢&), &<,

512957
$—§1 €1<J3,

'Y+ = §17 51 >, 7-{- = §17 gl Z x,
* P)/;j_glv 51 < z, ¢ 7:_51a 51 <z
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30 D. V. GUSAK

Using these equalities we derive the following equation for Vi (s, x) = Vi (s, z,u, v, u):
(s—l—)\)VJr(s,x)—)\Zpkv+(s,x—k):Ax(u,v,u), x>0,
k0

Az (u,v,p) = A Z uF T ik py, x>0,
k>z+1

(13)

whence by taking the moment generating transforms in = > 0 we obtain the equation for

UJr(Saﬁ) :’UJF(S,ﬁ,U,U,,U)Z
(14) er(Svﬂ)(s - k(ﬂ)) = a(ﬁa U,’U,M) + )‘[p(ﬂ)er(svﬂ)]*v

where []+ and [-]% are the projectors defined by

{ Z ﬂkgk} = Z grv®, Z |gk| < o0,

k=—oc0 £ k>0 k=—00

[ > gkﬁ’f] => " ah aBuvp) = BT A (u v, p).
k=—o0 k>0 x>0

Put
F(s)=P{eX(0,) =k}, £k >0, pi(s) =ps(s),

G(S,QE,U,’U,M) = Z AI*k(uﬂ v, ,LL)p]; (S), x 2 0.
k<0

The following result follows from Lemma 1 and equality (14).

Theorem 2. The moment generating transform of the moment generating function of
the joint distribution of exit time functionals is given by the equality

(15) SV+ (ﬁa S, U, V, M) = [p— (57 ﬁ)a(ﬁ’ u, v, M)](J)rp+(57 6)7

whence it follows that
(16) SV+(8,.’E,’LL,’U,/J,) = Z G(S, r—ru,v, u)p;r(s), x> 0.

Proof. According to (3), equality (14) is equivalent to

svy (s, B)p3 ' (s, 8) = {a(B,u,v, n) + Alp(3 )]-}p—(s
Applying the projection operation [-]° to the latter equahty we get (15). Inverting (15)
with respect to 8 we prove (16). O

An integer-valued compound Poisson process £(t) is called lower continuous if the
cumulant k(u) in representation (1) for its moment generating function is given in terms
of the moment generating function of the jump as follows

o
u) = Z pkukv p—1> 07 Po = 0.
k=—1

Similarly, a process £(t) is called upper continuous if the moment generating function of
its jumps is given by
= Zpkukv p1 > Oa bo = 0.
k<1

Factorization (3) can be written in an explicit form for lower continuous processes
(see [6]).
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EXIT TIME FUNCTIONALS 31

Lemma 2. The components of decomposition (3) for a lower continuous process &(t) are

given by
() pols) = Eaf 0 = P ) = 1) ful 2 L
pe(s.u) = Euf" ) = P{g(0,) < 0pp () E [, £(6,) > 0]
(18)
— P{&(6.) < O} (5) E [u®) £(61) > 0]
pe(s) = PLE@) =K}, k=0.%1,..,  pals) = P{e*(6,) = 0},

1) = PAET(0.) = m} = p= ()pm(s) = Pross(8)] = psa(s)s  m >0,
If my <0, then p_(s) = 0, s 1p_(s) = p"_(0) > 0. Moreover, the distribution of the
global mazimum is nondegenerate and is given by
) {Eu§+ = ;O) f0°° [E (u$®), () > 0) — E (uO~1 ¢(2) > 1)] dt,
P{& =k} = 5y (00(0) = Pl1(0)), k>0,

_ —st _ / _ * _
pi(s) = s / P = Kbt k(0= [ PLew) = Ry
Applying (17), we find by inverting that
Py, () =p-(s)a="(s), k<o

This result makes the evaluation of G(s,z,u,v, u) easier (see (16)). In particular,

Gi(s,z,u) = G(s,,u,1,1) = Y Ay_j(u; 1;1)p; (s)

Jj<0

Ap*(s) k— k—x

=3 upg (U = qZ7(s)) x>0,
u=q-(s) k;l ( )
(20) (s,z,v) ZAQC —i(L,v,D)p; (s) = Ap—( Z T ) Qs
§<0 k>a+1
Qr = Zpra k>1,
r>k
Gs(s,z, ) =Y Aej(LLwpy (s) =X > pepf (1=¢57"(s5)), x>0
7<0 k>z+1

Therefore, the moment generating functions with respect to x can be written as follows:

él(svﬂv u)
_ v (eu [ (g (s)=w)(1=p) - p_(s)
s [=EHGmR Q) - =50 + 2555 QM)

Gi(s, 8,1) = p-(s)(1 = B)~H(Q(1) - Q(B)),

oy GalsB) = Moo 0-6) - B (@ (5) — Q8.
Q(B) = Zk>1 5 Qk,
Gia(s, B, 1)

A(l—ﬁ)(l—uq () Q(pg—(5)Q(rg—(8))-(1—)(g— (s)-B)Q(p)-p— (9)(1—H[3)Q(H5)
w(1-6)(g-(s)—B)

Gs(s,0,1) = p-(s)(a-(s) = B) "1 (Q(a-(5)) — Q(B)).

When evaluating the moment generating transforms we use the following notation and
relations:

Equ® =E[uf,¢ > 0], Ey(1-uf) =1 —uwu'Q(u).
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32 D. V. GUSAK

The function G(s,x,u, v, 1) and its moment generating function have a more compli-
cated form, namely

Gls, 0,0, 1) = Bl Sy ot [uF =2 (B) — g5 (s) (Bv)*]
é(87 ﬁ) ’U/, U7 /j/)

@ =ty [ - e
s [ Q0 (9) - Qe o) |

Denote by €3 a geometrical random variable with parameter 8, 0 < 8 < 1. Assume
that €3 is independent of £(t) and 6. It follows from P{7"(z) < t} = P{{"(¢) > x} that

E e @), 7 (@) < o] = P{£*(0.) > a}.
> E [e—”“%),#(gg) < oo} =P{ct(0,) >ep} =1-EpBS (@),
Similar relations hold for 71 (z):
P{ct(0,) > 2} =E [e—ﬁ”ﬂ,#(a:) < oo} ,
P{EF(05) 2 29} = E[e77 ) 7 (ep) < 00| =1 - BB,
It follows from (23) that

Vs, By, p0) = E e Cohn" (0600105 1 (25) < o
(24 . .
—E [uv (ea)yr+(ea) 0, 67(0,) > 55} )

Put y1(z) = 77 (2), 12(z) = 74+(2), 73(x) = 77, and w1 = u, up = v, and uz = 4,
respectively, for |ug| <1, k =1,2,3. Then

Vk(s,ﬁ,uk) —E |:e—ST+(SB)u’Y+(€ﬁ)7T+(€B) < OO} —E [qu(Eﬁ) /§+(93) > 6[3}

Vie(s, Byur)  Vi(s, B, uk)
P{T(0s) > e} 1 —EBET(0:)°

Corollary 1. If a process £(t) is lower continuous, then the moment generating function
of the joint distribution of {77 (5),7v" (¢5),7+(€p),72, } is given by

(26) SV(S,ﬂ,’LL,’U,/J,) :ﬂer(S,ﬂ)é(S,ﬁ,u,’U).

Moreover

(25)

(27)

{SVk(S,ﬁ,Uk) :ﬁp+(saﬁ)é(s76auk)7 k= 152735

(ep) st s, G s,B3,u
E[uzk s /€+(93)>55} — 5p1+7(E§2+(kgi)ﬁ k)

The proof of Corollary 1 follows from (16) by applying relations (21)—(25) and taking
the moment generating transforms with respect to z.

Corollary 2. Consider a lower continuous process. Then the distribution of £€7(0s) is
determined by its moment generating function:

pe(s.8) =1 (14 520 (s.8.1))

(28) .
pi(s) = pi(s,0) = [14+ 2280 _(s))] >0,
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EXIT TIME FUNCTIONALS 33
Ap—(s)
q—(s) — B

The distribution of the global mazimum £ is nondegenerate if my = AM(Q(1) —p_1) < 0.
In this case,

Gi(s,0,1) = (Qg—(s)) — Q(B))-

-1

EG = limamop(s.8) = |1 - 27 X0, (85— Q]
-1
p+=P{{r =0} = (1 + T Lkt Qk) = (1)

The proof of (28) is based on the first relation in (27) for u; = 1. Passing to the limit
as s — 0 we derive (29) from (28) if m; < 0. Relation (29) can be written in terms of
the cumulant of a nondecreasing integer-valued process £, (t) as follows:

_ A ko Eut) _ tu(B)
w*(ﬁ) - |m1| Z(ﬁ 1)Qk7 EB R et .

If P{61 >t} = exp{—t}, then

(29)

(30) Eg = (1— ()" = EFs) = / e—tett=(8) gt
0
Equality (30) implies a result of the Pollaczek—Spitzer type:
P+ Q) 1
31 ﬁ§+ b p*ﬁ = —=, pyr=—, g+ =1—p,.
Gy 1—qip.(B)’ ) Q1) T + +

Comparing (5) or (19) with (28), it is obvious that relation (28) is more convenient for
evaluating the distribution of £+ (). Similarly, relations (29)—(31) are more convenient
for evaluating the distribution of £t than relations (6) or (20) in the case of m; < 0.
Equating probabilities p4 from (20) and (29) for £ = 0 we prove that

(32) pL(0) = Ap-1[po(0) — p1(0)].

Now we consider the distributions of exit time functionals of {7 (0),, (0),k = 1,2,3}
and limit distributions of {7+ (z),7; (z)} as z — oo.

Corollary 3. The joint moment generating function of {77(0),7(0)}, k = 1,2,3,
E [6_87+(0)u7’“(0),7'+(0) < oo] =E [u”’“(o),£+(95) > O} ,
is given by

E [uW(O), £ (6,) > 0}

(33) < .
B S(uA]iJrq(—Z))(q_)(s) [up—(5)Q(4- () = (1~ u)q-(5)Q(w)],
(34)  P{y7(0) =7, &7 (0s) > 0} = Ap(s) 1Zq (8)Q;,  r=>1,

if 11(0) = 47(0), or by
(35) E [0 ©,67(0.) > 0] = dpi ()p-(s)s7" Zq 5051 Q.

(36) P {v(0) =k,&7(05) > 0} = Api(s)p—(s)s™ 1q5+1(a2k+1, k>0,
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34 D. V. GUSAK
if ¥2(0) = 7+(0), or by
(37) E {/ﬂg,E*( s) > 0} = Ap+(s Zpku (1-4%(s)),

(38) P{rg =k, E7(05) >0} = Apy(s)s™'pk (1 —d"(s)), k=1,
if13(0) = 75 -
Proof. According to (16), the moment generating functions

Vi(s,z,u) = E [6_37+(’”)u7"(’”),7+(x) < oo}

are given by
(39) sVi (s, x,u) ZGk ,u)pit(s), x> 0.

We get that for z =0
(40) sVi(s,0,u) = p4(s)Gi(s,0,u), k=1,2,3,

where G (s,0,u), k = 1,2, 3, are defined by (20). Relations (33), (35), and (37) follow
from (40). Inverting (33), (35), and (37) we obtain distributions (34), (36), and (38),
respectively. O

It follows from (34) for » = 1 (alternatively, from (35) for v = 1) that

5¢+(s)q—(s) = Ap—(s)p+(s)Q(q-(s))-

If my > 0, then p4(s) — 0, ¢+(s) = 1, p—(s) = p— >0, and g_(s) = ¢ > 0as s — 0.
From the latter relation we find that

,lii% s pi(s) = P (0) = (A-Q(g-)~"

If my = 0, then py(s) — 0 and gi(s) — 1 as s — 0. Since m; = AMQ(1) —p_1) =0
(p—1 = Q(1)), we find in the same way that p4(s) ~ Cy+/s and

tim s~'p (s)p- () = (AQ() ™" = (p1) ™!
Note that
P {’7’ ) < oo} =1
for my > 0, thus

Vie(s,z,ux) = E [6757+(I)u2’“( )} , k=1,2,3.

If my < 0, then

P{rf(z) <o} <1
and

P{r(z) <o} =0
as x — oo. We use relations (25) and (27) for conditional moment generating functions
to study the limit distributions of {77 (z),vx(x)} as * — oo. These limit distributions
can be found by passing to the limit as s — 0 and 8 — 1 for m; > 0. In the case

of m1 < 0, the conditional limit distributions can be found by passing to the limit in
relations (27) as s — 0 and § — 1.
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Corollary 4. Let my > 0. The joint distribution of {77 (5),vx(cp)} is given by
(41)  E|e™ Caly )| = (1 - B)s iy (s, B)Gr(s, Byu),  k=1,2,3,

(Gi(s, B, u) is defined by (21)) and

(42) Eu™E) = lim M k=1,2,3.
s—0 Gk(svﬂv 1)
Moreover if my > 0, then
p-(s) = p->0,  q-(s)—>q¢  (p-(s)+q-(s) =1),
and thus the right-hand sides of (42) take the form
él(svﬂvu) _ U (Q*_u)(l_ﬁ) _ 1—u _ *Q(Q*)
wy RGeS
- —f
) Q- QB
a i CaleB) 1 Q(s) = Qo) _ 1@QMa) = Q(A)
s=0 Gy(s, B,1)  vs=0 Qg-(s) —Qv) v Qg-)—Q(B) ’

; q3(87ﬂ7 D)
s=0 Gis(s, 3,1)
(1—6)(1 = pg)Qug-) — (1 — p)(q- = B)Qp) —p-(1 — pB)Q(Lu)
up-(1 = B)(Q(g-) — Q(B))
Approaching the limit in relations (42)—(45) as B — 1, we determine the moment gener-
ating functions v (00) in the case of mq > 0:

(45)

(46) B9 = = (@) ~ Qa-))(Q() ~ Qla-) ™,

(a7) £ = 2 (Qvg-) ~ Q))(Qla-) ~ Q1) ™
9] k

(49) et =S (k= o )it Q) - Q)
k=1 r=1

The distributions of yi(c0), k =1,2,3, are of the following form if my > 0:

P{y*(c0) =n} =350, Qrd" "1 (Q() = Q(g-))™, n>1,
(49) P{v+(00) =n} = Qus1 (1 — ") (Q(1) = Q(g-))~", n=>0,
Plhrl=nt=p. (n—37_,1¢7) (Q(1) - Qg-)™", n>1

Proof. Relation (41) follows from (39) by applying moment generating transforms with
respect to x. Then we have that for m; > 0,

E {6_37+(65)u7"(5f’),7+(€g) < oo}
50 -
( ) _E {675#(65)71%(6/1)} _ (1 — ﬁ)Gk~(5767 Uz) , k= 17 2, 3.

s+ (1 - ﬂ)Gk(svﬂv 1)

Now passing to the limit as s — 0 we prove (42) for my > 0. The limits (43)—(45) can be
evaluated for 8 < 1 from (21) for my > 0. Relations (43), (44), and (45) determine the
moment generating functions of vi(e5) = 77 (5), 12(es) = V+(gp), and v3(e) = 7,
respectively. Passing to the limit as  — 1 in (43)—(45), we obtain the moment generating

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



36 D. V. GUSAK

functions of vy,(c0) (k = 1,2,3). Relations (46)—(48) can be proved in the same way.
Inverting (46)—(48), we determine the distributions of v (c0) for m; > 0. O

Since
pi(s) =0 and gi(s)—1

as s — 0, we obtain the corresponding results for m; = 0.

Corollary 5. Let my = 0. The moment generating functions of vi(eg) are given by

u'y+(€5) — lim él(svﬁv U’) _ u(l — ﬁ) Q(u) — Q(ﬁ)
(51) E R G5 w—F Q-
(52)  EoC = pim 2800 Lo o)) - )

=0 Gy(s, 3,1) v
v i C:;B(Svﬂvu)
s—0 G3(s,3,1)
(1 —Bp)Qr) — (1 —B)(A — wpQ' (k) — (1 — pB)Q(13)
n(1—=6)(Q(1) — Q(B))

The moment generating functions of v (00) are given by

Eu?" ) = u(Q(1) — Q(u))[(1 —w)Q'(1)] ™,

(54) Evr+ () = Q'(1)Q' (1)1, P{ys(00) =0} = Q' (1)},
Eprm = [pQ' (1) — $p(1 — wQ"(m)] Q' (1)7".

The distributions of vi(c0), k =1,2,3, are of the form

P{yT(0) =n} =Q,Q ()", Q,=31",Qn n>1,
(55) P{7+(OO) = n} = (n + 1)pn+1Q/(1)_ ) n 2 Oa
P{vd =n} =n(n+1)p,Q" (1), n>1.

Proof. If my = 0, then the moment generating functions of v;(e3) can be determined
from (42) by passing to the limit as s — 0. Note that ¢_(s) =1—p_(s) - 1ass — 0
and thus it is easy to evaluate lim,_.q él(s, B,u) as well as to find the distribution of
~1(e3). When evaluating the limits lim,_.g é273(s,ﬁ,u)é£§(s,ﬁ, 1) one must take into
account that

Eu
(53)

Qug—(s)) = Qu) —up_(s)Q'(u) + o(p-(s)),  s—0,

whence relations (51)—(53) follow. Now we pass to the limit as 8 — 1 to determine the
moment generating functions of vy 2(c0) from (51)—(52) (see (54)). When passing to the
limit in (53) as 0 — 1 we use the expansion with respect to § =1 — 5 — 0, namely

Q) = Q(u) — udQ'(u) ~ 5u*6°Q"(u) + 0 ().

This allows us to obtain the last relation in (54). Indeed, inverting (54) we prove (55).
When inverting the moment generating function of v1 we use the equality

Pn = Qn — Qni1.
After some transformations of a relation for y3(c0) = 7% we obtain the last relation
n (54) from
. 0
Ep'> =Y nn+1)(Qn— Qui)u"Q'(1)~". 0
n=1
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Corollary 6. Assume that m; < oco. Then the conditional moment generating functions
of {77 (8),v(es)} are given by

() —s7T (e5) + _ B ék(svﬂvu)
(6) w0 [ o) <0 = e T 6 e D)
(57) E [uv+<°°>e—”*<°°> / 77 (c0) <es} = Gi(s,Lu) (sEET(0,)) ", k=123

The limit conditional moment generating functions of 1 (00) = y1(00), y2(00) = 4+ (00),
v3(o0) =%, and 7 (o) are such that

E[u? " (0)g=s7" () /7 (00) < 6] = WM[Q( ) — Q(a-(s))],
+ —s7 (0 5

E[p?" (<)e=s7" () / 7% (00) < 0,] = mreriiam[Qva-(9)) — Q)]

(58) E[,LLA/;e*ST'*'(oo) / T+(OO) < 95]

= ey

% |75 Q1) = Qa-(5)1m) + Qi) = Qla—(s)m) = (1 = Q' ()] -

The conditional moment generating functions of {vr(c0),k = 1,2,3} are given by
E [uv*<°°> / 7 (00) < 00| = S Q1) - Q(w)),

(59)  QE[v+) [ 7H(00) < 0o] = WL(0)(EET)T'Q(v), EET =N (0)Q'(1),

E |/ TH(o0) < oo} = WL (O)(EEH)  [Q(w) — $(1 - WQ" ()]

Proof. Using (27) and (28) we prove relations (56), whence (57) follows by passing to
the limit as 6 — 1. Applying (21) we find the functions

. _ A=) e - .
Gas.1.0) = 1Q() = Qa-(4),
~ (s ) — Ofw
GQ(S; 17U) - ’U(qf(s) _ 1) [Q( q—( )) Q( )]a
Gs(s,1, )
— o |EE QU ==L, (4) 4 ) - Qla- () — (1= W)@ ()|

These functions determine the right-hand sides of relations (58). Passing to the limit
in (58) as s — 0 and taking into account that p_(s) — 0 and

p_(0) = lin(l) s'p_(5)>0
S—

we find the conditional moment generating functions E[u7+(°°) / 7% (o0) < o0 in (59):

i 5~ G (s, 1) = 2= (Q(1) - Q)
lim 5™ Gia(5,1,0) = Ap_(0)Q' (v),

tim 5~ Gy, 1,10) = Ml (0) @) — (1 — 1)@ ()|

Relations (59) can be inverted in the same way as relations (54). Thus the conditional
distributions of 7y (00),

P{~k(c0 —n/T ) < oo}, k=1,2,3,
are determined for m; = (Q(1) — p_)X < 0 by the right-hand sides in (55). O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



38 D. V. GUSAK

Applying Theorem 1 one can derive for m; > 0 a relation between y*(0) and v (c0).
A similar result for processes with a continuous phase space is presented by Corollary 2.2
in [7].

Corollary 7. Let m1 > 0. Then

Eqy (o) — u 1—Euw @Y
(60) " E’y+(0)(1—u)( “ )

Proof. Let my > 0. Using relation (10) and approaching the limit as v — 0 we get
O] 2 _pi(s)
Ele ) 1 Eut (0
This means that for my > 0,
£7(0:) o p+(s)
s [ Ew®

Substituting the corresponding approximations for the moment generating functions of
£%(65) in (10), we obtain

as s —0.

£y ) (1-v)u g 1—Euw © (1 =v)u Euw (O —Ep (O
"  u—v C1-—EnO | T u—vw 1—Ev*
Passing to the limit as v — 1 we get (60). O

It is worth mentioning that the pair {71 (0),71(0)} has degenerate distribution, namely
P{7t(0)=75"(0) =0} =1.
The last result follows from the definition of the above functionals and agrees with a

relation obtained from (11) as v — 0.
We introduce the following notation:

V(s,z,u,v,u) =E [6_8?+(”)UW+(”)UW+(’”)MWI,F+(a:) < oof,
5+(8,ﬂ,u,’0,/1,) = Zﬂ”V(s,x,u,v,u).
x>0

Denote the functions that give the right-hand sides of equations similar to (13) but with
V (s, z) instead of V4 (s,z), by

(u, v, u) )\Zuk 0T 1P pr, x>0,

@UUM Zﬁx U'U:U/

x>0

é(svmvuvku) = szfw(ua v, u)p; (S)a x 2 0.
k<0

Similarly to Theorem 2 one can prove

Theorem 3. The moment genemting transform of the joint moment generating function
of the functionals {7+ (z),7"(z),k = 1,2,3} is given by

(61) SVJr(Sa 67 v, /j‘) = [p* (Sa 6)0’(6) u,v, M)]g—er(sa 6);

whence we get by inverting that

(62) sV (s, x,u, 1) ZG —ru,v, 1)p;t (), x> 0.
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Assuming that the process is lower continuous and using the moment generating trans-
forms

oo
G(sa 6a U, v, /’L) = Z ﬁxa(‘g) Z,u,v, /j/)
=0
one can derive analogs of Corollaries 1 and 4-6 from Theorem 3.

BIBLIOGRAPHY

1. D. V. Gusak, On the joint distribution of the first exit time and exit value for homogeneous
processes with independent increments, Teor. Veroyatnost. i Primenen. 14 (1969), no. 1, 15-23;
English transl. in Theor. Probab. Appl. 14 (1970), no. 1. MR [39:6395

, Distribution of overjump functionals of a homogeneous process with independent in-
crements, Ukrain. Mat. Zh. 54 (2002), no. 3, 303—322; English transl., Ukrain. Math. J. 54
(2003), no. 3, 371-397. MR [2003;:60067

3. N. S. Bratiichuk and D. V. Gusak, Boundary Problems for Processes with Independent Incre-
ments, “Naukova Dumka”, Kiev, 1990. (Russian) MR [91m:60139

4. D. V. Gusak and A. I. Tureniyazova, The distribution of some limit functionals for lattice
Poisson processes defined on a Markov chain, Asymptotic Methods in Studies of Stochastic
Models, Institute of Mathematics, Academy of Sciences of Ukrainian SSR, Kiev, 1987, pp. 21—
27. (Russian) MR 90£:60132

, On lattice semicontinuous processes defined on a Markov chain, Ukrain. Mat. Zh. 39
(1987), no. 6, 707-711; English transl. in Ukrain. Math. J. 39 (1988), no. 6. MR [89a:60172

6. D. V. Gusak, On a generalized semicontinuous integer-valued Poisson process with reflection,
Teoriya Imovir. ta Matem. Statist. 59 (1998), 41-46; English transl., Theor. Probability and
Math. Statist. 59 (1999), 41-46.

, The factorization method in boundary problems for homogeneous processes with inde-

pendent increments, Distribution of Some Functionals for Processes with Independent Incre-

ments, Preprint 85-43, Institute of Mathematics, Academy of Sciences of Ukrainian SSR, Kiev,

1985, pp. 3-42. (Russian)

INSTITUTE OF MATHEMATICS, NATIONAL ACADEMY OF SCIENCES OF UKRAINE, TERESHCHENKIVS’KA
STREET 3, Ky1v 01601, UKRAINE
E-mail address: random@imath.kiev.ua

Received 18/FEB /2002

Translated by V. SEMENOV

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=39:6395
http://www.ams.org/mathscinet-getitem?mr=2003j:60067
http://www.ams.org/mathscinet-getitem?mr=91m:60139
http://www.ams.org/mathscinet-getitem?mr=90f:60132
http://www.ams.org/mathscinet-getitem?mr=89a:60172

	Bibliography

