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TWO-BOUNDARY PROBLEMS FOR A RANDOM WALK
WITH NEGATIVE GEOMETRIC JUMPS

T. V. KADANKOVA

ABSTRACT. Two-boundary problems for a random walk with negative geometric
jumps are considered, and the corresponding results for a usual semicontinuous ran-
dom walk are generalized for them. The following results are obtained: the prob-
ability distribution of ruin is found and expressed in terms of the lower and upper
boundaries; formulas are given for the joint distribution of the infimum, supremum,
and the walk itself at an arbitrary time instance; the transient probabilities and
ergodic distribution are evaluated for the process describing the evolution of the
random walk with two boundaries.

Two-boundary problems for random walks and stochastic processes have several ap-
plications in the queue theory, storage and inventory theories, reliability theory, and in
many other fields.

Two-boundary problems have been studied for semicontinuous random walks and
for semicontinuous stochastic processes. Several methods are known for solving those
problems, namely combinatorial [I], resolvent [2]-[6], factorization [7], and renewal [§]
methods.

In this paper we solve two-boundary problems for random walks with negative geo-
metric jumps. This model is a generalization of a usual model of semicontinuous random
walks.

1. MAIN NOTATION

Let o € {0,1,...} be a nonnegative integer-valued random variable,
(o]
E0°) =Y ai#', a;=Pla=d, Pla>1>0 |0 <L
i=0

Consider the random variable
E=a—0, £e{0,£1,...} =7Z,

where 3 € {1,2,...} is a positive integer-valued random variable distributed geometri-
cally with parameter b € [0, 1), that is,

PB=n]=00-0b""', n>0.
It is clear that
1— v & ,
E[0] = E[ga]w def Z b, 6] = 1.

1-b/6 —
An easy evaluation yields the distribution of the random variable &:
(1) pi=Ple=il=1-bb"LEPYa>i], ieZ.
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Some of the properties of the distribution p;, i € Z, are listed in the following result.
Lemma 1. For alli € Z,

0, i <0,

(2) bpi — pi—1 = {_(1 b, i>0,
bP[¢ > i —Pl{ >i—1] = —(1—b) Pl > 1],
bPIE <i] -P[f <i—1]=—(1-b)Pla <1,

where Pla. =m| =0 for m < 0.

These equalities follow from the explicit expression (1) for the distribution of the
random variable &.

Let {£,&[}, i > 0, be a sequence of independent identically distributed random vari-
ables and let &,, n > 0, be a random walk such that

=0, &=&++&, n>0.

The moment generating function of increments of the random walk &,, n > 0, satisfies

nZ%t”E[efn]:ﬁmz{l—w[ea]%}_ . |8l=1,te]o,1).

The equation
b t
1—=—(1-0b)-
0 ( )9
has a unique root § = c¢(¢) in the domain |#| < 1. Moreover the root is positive and
b < ¢(t) < 1. This result is well known for semicontinuous random walks [9]; the proof

for the case under consideration is similar.

E[6°] = 0

Definition 1. A sequence Ry(t), k > 0, is called the resolvent of the random walk &,,
n >0, if
-1

(3) R(0.t) = > 0*Ry(t) = [g +(1- b)% B — 1| . 16] < (t).
k=1

Since the right-hand side of (3) is analytic for |8] < ¢(t), it can be expanded in a power
series. In what follows we need the first term of the sequence Ry(t), k& > 0:

Ri(t) = (b+ (1 = b)tPla=0])"".

Definition 2. A sequence Ry, k > 0, is called the potential of the random walk &,,
n >0, if

00 —1
(4) R(O) =Y 60"Ry = {g +(1- b)% E[9°] — 1] . 0l <) <1
k=1

The following two equalities are used later when solving two-boundary problems.

Lemma 2. For all k > 0,

k
(5) Ri(t) +t(L=b)b " 1> "Ryt Ep™ a0 < k—i] = b~ F,
i=1
k
(6) Su(t) + 11— b)Y SO E < b — ] = b 1]
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where

Proof. Denote the left-hand side of (5) by Ag, k > 0. Then

E[0%]

1 B0
1-6/v

S R(0.1)

> 0% A, = R(0,t) + (1 —b) 6] < b.
k=1

It follows from the definition of the resolvent (3) that
R(0,1) [g +(1- b)% E[6°] — 1} =1, 0] < e(t),

whence
0 9 9 —1
kg — 2 _Z
ZeAk_b{1 b} , o] <b.
k=1

Comparing the coefficients for 6%, k > 0, on both sides of the latter equality, we get
Ap =b7% k > 0. Equality (6) is proved similarly. a

Now we turn to solving the two-boundary problems.

2. RUIN PROBLEM
Fix an integer N > 1 and put P[§o = k] =1, k€ {1,...,N — 1}. Let
T =1inf{n >0: &, ¢ {1,...,N —1}}

be the first moment when the random walk &,, n > 0, exits the set {1,...,N — 1}.
We also introduce the first moments when the random walk &,, n > 0, exits the set
{1,..., N — 1} through the upper and lower boundary, respectively:

o =inf{n>0:¢ ¢ {1,...,N-1},&, > N},

7, =inf{n >0:& ¢ {1,...,N —1},&, <0}.
Theorem 1. Let

E [0 | =El™56, <0l E[0F] —ER76, = N]
be the moment generating functions of the “ruin” times 7, and T,j, ke{l,...,N—1}.
Then
N
E [tTk'_} _ 7 Byilt)
1-b RN(bat)

g Bk [V ag (1
(7) E[t }71 B0 [1_b+(1 b)(1 t)SN(b,t)}—i—(l b)(1 — t)Sn_(t),

where Ry (t), k > 0, is the resolvent (3) of the random walk &,, n > 0,

Ry (b,t) = i VRi(t),  Sk(t)=)_ Ri(t),  Sn(bt)= i b S (t).
i=N i=N

Corollary 1. Let
P, =P[&, <0 and Pl =P[¢, > N]
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be the “ruin” probabilities corresponding to the lower and upper boundaries, respectively.
Denote by E[7;] the mean “ruin” time. Then

b Ry_y L. W Ry . .

= T 1= ’ - - T 1A - _Pa
M 1—bRy(b) k 1—b Ry(b) k

Ry_k
- Sn—1+ Rn—r — (1 —b)Sn_k,
Ry (D)

where Ry, k > 0, is the potential of the random walk &,, n > 0,

Ry(b) = i VR,  Sk=) R
i=N

i=1

E[Tk] = bN

Proof of Theorem 1. Let P[§o = N —k] =1,k € {1,..., N — 1}. By the full probability
formula, the functions

on(t) = E [tﬂh] . ke{l,...N-1}, teo,1),
satisfy the following system of equations:
N—1
(8) pr(t) =tPE <k =N+t Y @i(t)pe—i, ke{l....N-1}.
i=1
System (8) is regular, that is,
N—1
£ i < 1=tV 2ERY).
i=1

Therefore it has a unique solution (see [10]). We are going to find this solution in an
explicit form. When solving this problem we follow a method that was useful for solving
other two-boundary problems.

The functions byy1(t) are such that

N-1

bpri1(t) = thPlE <k+1—N]+1tb > @i(t)prs1—i,  k€{0,...,N -2}
i=1

Subtracting this equation from (8) and applying (2) we get

k+1
(9) bori1(t) — r(t) = —t(1— b)Y @i(t)ars1—i, ke f{l,...,N—2}.

Consider equation (9) for all k£ > 1:

k+1
(10) bpra(t) — or(t) = —t(1 =b) > pitars1,  k>1,

and solve it by using the moment generating function method. Put
(o]
0(0.0) =Y thgu(t). 0] < clh).
k=1
Rewriting equation (10) for the corresponding moment generating functions we obtain

(6, 1) (g (- b)% E[9°] — 1) =g <
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By the definition of the resolvent (3) we get from the latter equation that

Ry (t)
(11) orlt) = 1 p oy > 1.
The function ¢ (t) in (11) satisfies equation (10) for all £ > 1, thus it is a solution of
equation (9) for k € {1,..., N — 2}. A solution of initial equation (8) belongs to the set
of solutions of equation (9) for which the function ¢ (¢) is a free parameter. It remains to
find a function ¢j(¢) such that ¢ (t) defined by (11) satisfies equation (8). Substituting
the function ¢ (t) from (11) into the initial equation (8) and using Lemma 2 we get

N Ri(t) . > .
W)= ———T Rybt) = Ri(t)b.
A0 =gy 00— X RO
Thus N
- by Ri(t)
H=E [t~k =— T fpe{l,...,N -1},
oult) =E [ +] = T2 { }

and the first equality of Theorem 1 is proved.
Now we prove the second equality. Let P[{o = N —k] =1,k € {1,..., N —1}. By the
full probability formula, the functions

Up(t) =E[t™*: &, > N, te[0,1),

satisfy the system of equations
N-1
(12) Up(t) = tPE> R+t Y i(pre—i,  ke{l,...,N—1}
i=1
The equation for b1 (t) is given by
N-1
g1 (t) = tbPE > k+ 1]+ tb > i(tpry1—i» k€ {0,...,N -2},

i=1
Subtracting this equation from (12) we obtain that for all k£ > 1,

k+1
(13) bibisr(t) = dut) = —t1 =) S Gs(Darsios —t(1 D) Pla >k +1], k> 1.

i=1

Put -
V(o) =Y 0Fi(t), 0] <c(t).
k=1

Rewriting equation (13) for the corresponding moment generating functions and using
the definition of the resolvent (3) we get

0 Pi(t) —1 0
0.0)= 1o + P RO+ (=01~ DGR, <)
Comparing the coefficients for 8%, k > 0, on both sides of the latter equality we obtain
t)—1
1) a0 =1+ PO R+ - D080, k21

To find a function ] (¢t) such that 1 (¢) defined by (14) satisfies the initial system of
equations (12), we substitute the right-hand side of (14) into the system of equations (12)
and apply Lemma 2. Then we obtain the following relation:
Yi) -1 _ 1 by N
Ry (t) Ry(b,t) [1-0

(1= b)(1 = )Sn(b,t)| + (1= b)(1—1),
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where
RN(bat) = Z bsz(t)v S'N(bat) = Z szz(t)
Therefore - -
. Re(t) TN s v
() = 1= 0 [ (1= D= DSw(0.0)] + (1= D1 =150,

ke{l,...,N—1},

and the second equality of Theorem 1 is proved.

Further
- L—pu(t) = 9u(t) _ (1= b)Sn(b,t)
t"Plrny—k > n] = = - Ri(t) — (1 = b)Sk(t).
nz:% [TN—k > 1] 17 P (0.1) k(t) — (1 —0)Sk(t)
Since
(1 —b)Sn(b,t) = Ry (b, t) + b Sn_1 (1),
we have
- Ry (t
Ztn Plrn_k > n] = bNAk#SN_l(t) + Ri(t) — (1 — b)Sk(?),
n=0 RN(b’ t)
whence equality (7) follows. Corollary 1 follows from Theorem 1 for ¢t = 1. O
3. THE JOINT DISTRIBUTION OF inf{&p,...,&,}, sup{&o,...,&.}, AND &,, n >0

Assume that P[{p = 0] = 1 and consider the random variables

lu‘i :Sup{fov"wfn}v :u’?’: :Hlf{fo,,gn}
Let k and r be positive integers, R,,(t) =0, m < 0.

Theorem 2. The joint distribution
P?fr,k)[i] = P[_T<M;a£n :i,/ij; <k]7 _T<Z'<k7

of the random wvariables ., , &,, and ' satisfies

= : Ry (t)
t" PP, o] = o = Riyr(t) +bRiy1(t) — Ri(1), N=Fk+r
Dt Prli] =0 s B () 4 PRea (8) = Ra(t)

Proof of Theorem 2. Fix N > 1 and assume that P[{o = N—k] =1, ke {1,...,N—1}.
Let
TN —k :inf{n> 0: fn ¢ {1,...,N—1}}
be the first moment when the random walk &,, n > 0, exits the set {1,...,N — 1}.
Denote by
Qk,d(n)ZP[EnZN—d,TN_k>TL], dE{l,...,N—l},

the transient probability of the random walk £,, n > 0, on the interval 0 < n < 7n_.
By the full probability formula, the moment generating functions

Qla=Y t"Qraln),  kde{l,....N-1}, te[0,1),

n=0
satisfy the system of equations
N—-1
(15) Qha=0ka+td priQly  kef{l,... ,N-1},
i=1
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where 8y, is the Kronecker symbol. The corresponding equation for bQ} 41,418

N—-1
bQhi1.a=b0kira+1tb > pri1-iQly  ke€{0,...,N -2}

i=1

Subtracting this equation from (15) we obtain that for all k£ > 0,

k+1
(16) bQhs1.0 — Qha = bOhir.a — kg — t(1 —b) D anp1-iQl 4
i=1
Consider the moment generating function
Qu0) =D 0" Qha  16] < c(b).
k=1

Rewriting (16) for the corresponding moment generating functions we obtain

QL) = ( thl(’:) - b51,d> R(6,t) + b0 R(0,t) — 07 R(6,1), 0] < c(t),

where R(0,t) is the moment generating function of resolvent (3) for the random walk &,
n > 0. Comparing the coefficients for 0¥, k > 0, and putting R,,(t) = 0, m < 0, we get

(17) szd _ (Rll(’z) _ bél,d> Rk(t) + bRk_d_H(t) — Rk_d(t).

We look for a function Q’i’ 4= Qtl’d for which solution (17) of the infinite system
(16) is also a solution of the initial system. Substituting expression (17) into the initial
system (15) we get by Lemma 2 that

N RN—d(t)
RN(b, t) .

t
1,d

R, (t)

Combining this expression and (17) we obtain

(18)  Qf = oVl
’ Ry (b, t)
Now put P[§y = 0] =1, and let k and r be positive integers, N = k + r. Let
T=inf{n>0:& ¢ {—r+1,...,k—1}}
be the first moment when the random walk &,,, n > 0, exits the set
{-r+1,...,k—1}.

—bd1a=10

Ri(t) + bRi—a+1(t) — Rp—a(l), k.de{l,...,N—1}.

Denote by

P?_T,k)[i]zp[fn:i,7>n], —r<i<k,
the transient probability for the random walk &, on the interval 0 < n < 7. Since the
random walk &,, n > 0, is homogeneous, we find from (18) that

nz_%tn P?fr,k) [Z] = bN%Ri_Fr(t) + bRH_l(f,) — Ri(t), —r<i<k.
Since
Plr >n] =P [—r <pi,, ) <k,
we have
P?f,,’k)[i]:P[—r<u;,£n:i,/¢:<l<:], —r<i<k,
whence Theorem 2 follows. O
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4. A RANDOM WALK &,, n > 0, AND TWO ABSORBING BOUNDARIES

Fix a positive integer N and consider a random sequence X,, € {0,1,..., N}, n > 0,
whose one-step transient probabilities are given by

i, Pl¢=i—k], ie{l,...,N—1},
(19) k— 40, Pl{<—k]

for all k € {0,...,N}.

The homogeneous (discrete time) Markov process X,,, n > 0, describes the evolution
of the random walk &, n > 0, in the strip 0, ..., N with two reflecting boundaries with
absorption (the upper boundary is at the level N, while the lower one is at the level 0).

If the process X,,, n > 0, reaches the boundary 0 at a moment ny, it stays there for a
random time v(0) until the first positive jump of the random walk &, _,,, n > ng, occurs.
Then the process is “reflected” and appears at a state ¢ € {1,..., N —1} with probability
P[¢ = 7] (the probability of its appearing on the upper boundary is P[§ > NJ). It is clear
that v(0) is a geometric random variable and

P[v(0) = n] = Pl¢ > 0](Pl < 0])""Y,  n>o0.

If the process X,, n > 0, reaches the upper boundary N at a moment ny, it stays
there for a random time v(N) until the first negative jump of the random walk &, ,
n > ny, occurs. Then the process is “reflected” and appears at a state i € {1,..., N —1}
with probability P[¢ = ¢ — N] (the probability of its appearing on the lower boundary is
P[¢ < —NJ). It is clear that v(N) is a geometric random variable and

Plv(N) =n] =P <O](PE>0D)""', n>0.

Random walks with two reflecting boundaries are useful for queueing systems having a
bounded number of waiting places as well as in storage and inventory theories, and in
other applied probability fields.

4.1. Hitting the boundaries. Let P[Xy = k] =1, and let
) =inf{n > 0: X,, = 0}, ke{l,...,N},
be the first time when the process X,,, n > 0, reaches the lower boundary 0. Also let
7 =inf{n>0: X, =N}, ke{0,...,N—1},
be the first time when the process X,,, n > 0, reaches the upper boundary N.

Theorem 3. The moment generating functions of the random variables 70 and ¥ and
their means E[t0] and E[T}N] satisfy

. [tﬂ?} _oY 1+ (1 =b)(1 —t)Sy_i(t)
L—bpN/(1—b)+ (1 -b)(1—1t)Sn(b,t)’
E[rf] = (1—b) [ Ry (6) + Sn—1 — Sx—]

- n N _ _ RNJrl(bvt) o
;Ot Pl >n]=(1 b){RNH(b,t)_bRN(b,t)RNk(t) st(t)},

N Ry+1(b) B
Elne]=(01-0) {RN+1(b) B (D) Ry SNk} ;
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where
Ry(b,t) =Y bRi(t),  Rn(b)=Y_ bR;=Ry(1),
1=N i=N
0o k
Sn(b,t) =D U'Si(t),  S(t)=>_ Ri(t)
i=N i=1

Proof of Theorem 3. Let P[Xo = N — k] = 1. Using the transient probabilities (19) of
the process X,,, n > 0, we see that the moment generating function

on(t) =E [tf?v—k] . te(0,1), ke {0,...,N—1},

satisfies the system of equations
N—1
Gr(t) =tPE <k — N+ 1tGo(t)PE > k] +t Y &i(t)pr—i,

i=1

(20)
ke{0,...,N—1},
by the full probability formula. System (20) is strongly regular, that is,

N—-1
tPE >k +tY PlE=k—i]=tP[{>k—N]<1—tb"TE[b].
i=1
Therefore it has a unique solution (see [10]).
Using the transient probabilities (19) of the process X,,, n > 0, we prove that the
moment generating function

Dn(t) = E {tﬁvv—k} . ke{l,...,N}, te[o,1),

satisfies the system of equations

N
(21)  k(t) =tP[€ > K|+ tP[¢ <k — NJon(t) + 1) di(t)pr—s, ke {l,...,N},

by the full probability formula. The latter system is strongly regular, since
tP¢<k—N]+tPk—N<&E<k-1]<tPE<N-1<1-tE[1-b*"N,a> N].

Thus it has a unique solution (see [10]).
Applying to systems (20) and (21) the method used in the preceding sections for
solving corresponding systems of equations, we complete the proof of Theorem 3. g

4.2. Transient probabilities and ergodic distribution of the process X,,, n > 0.
Let N > 0 and let v be a geometric random variable with parameter ¢: Ply, = n] =
(I-t)t",n>0,t€0,1).
Theorem 4. Let P[Xog=k|=1, k€ {0,...,N —1}. Then
‘ VN Riya(t) — Rt
P[X,, =i] = a1 =Rl g gy - o)

L=b  Ryni1(b,t)

+ (1= t) PRi—p41(t) — Rimk(t)], i€{0,...,N -1},
_ Ryia(b,t) — bRy (b,t)

(1 -b)Rn+1(b,1)

Moreover there exists the ergodic distribution

I; = lim P[X, =i, i€{0,...,N},
n—oo

P[X,, = N]

[1+ (1= b)(1—)Sn_r()] — (1 — ) Ry_p(t).
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of the process X,,, n >0, such that
WV R - Ry ~ Ryy1(b) — bRy (D)
- 1=b Ryya(b) C (I=bRya®b)
Proof of Theorem /. Let P[Xg =N —k] =1,k €{0,...,N}. Denote by

Prr(n) =P[X, = N —r], re{0,...,N},

the transient probability of the process X,, n > 0. By the full probability formula
and (19), the functions

. ief{0,...,N—1}, Iy

%

P]ltc,r = Z " Pkr(n)a te [Oa 1)7
n=0

satisfy the system
N
o _ ¢ t ¢ .
(22) Pl = 0ky +tPY, PlE <k—N]+tP{ P& >k +t; P Dh—i,
k,re{0,...,N}.

This problem is the most complicated among similar problems considered in this paper.
Nevertheless the method used for solving the preceding two-boundary problems works in
this case, too.

The functions b PZHW ke{-1,...,N — 1}, satisty the following equations:

N
bPly1, = b0kyrs +thPY P& <k 41— N|+tbPy PE>k+1]+tb> Pl pry1i
i=1
Subtracting (22) from the latter equality we get that for k£ € {0,..., N — 1},
k+1
(23) DP}y 1, — Pl = b0k i1 — Ok —t(1=0) PG, Pla > k+1]—t(1=b) > P ari1i.
i=1

Put
(o]
P.(0,t) =Y 6FPL,,  [0] <c(t).
k=0
Solving equations (23) by the moment generating function method we obtain that for all
k>0,

PO,
1-0

P.(0,1) = [+ (1= b)(1 — )R(0,1)] + b(1 — 6,.0)0" " R(0,t) — 0" R(6, 1),

0] < c(t).
Comparing the coefficients for 8%, k > 0, on both sides of this equality, we see that
Pl = Pos[1+ (1= 0)(1 = )Sk(t)] + b(1 — 8r,0) Rir1-r(t) — Ri—r(2),
R, (t) =0, m < 0.

Now we find a function Pg,.(t) such that wa defined by (24) for k € {0,...,N} is a
solution of the initial system (22). Substituting the right-hand side of (24) into (22) and

applying Lemma 2 we prove that
Ry11(b,t) — bRy (b, 1)

PSo(t) = (1 _ b)(l — t)RN+1(b, t)7
e o BNTURN (1) — Ry (1)
POr(t) T 1-b (1 — t)RN+1(b7 t)

(24)

, re{l,...,N},
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where -
N(b,t) =D b Ri(1).
i=N

Substituting Pj,.(¢) into (24) we find that for all k,r € {0,..., N},
t pN ! RN+1—7"(t) — RN—T(t)

FTUl=b (1—t)Ry (bt
+bRgr1-r(t) — Ri—r (1), re{l,...,N},
Rny1(b,t) — bRy (b, t)
1—1)(1 = b)Ry1a(b,t)

[1+ (1 —=b)(1—1)5k()]

(25) Pio = ( 1+ (1 —=b)(1 —1)Sk(t)] — R(t).

Since
P[XVt :i]:(l_t)P]]t\ffk,Nfia kvie{ov"wN}v
the first two identities of Theorem 4 follow from (25).
The process X,,, n > 0, is a Markov chain with a finite set of states {0,...,N}. If
Pl > 1] > 0, then there exists ng such that ming , Py (n9) > 0. Then (see [II]) there
exists the ergodic distribution

I; = lim P[X, =i, i€{0,...,N}.

n—oo

To get the ergodic distribution in an explicit form, one needs to evaluate the limits
IT; = lim(1 — 1) Pl N_i> i€{0,...,N}.
Multiplying equalities (25) by (1 — t) and passing to the limits as ¢ — 1, we get by
changing » — N — i that
_ NP R - R _ Rn41(b) — bRy (D)
1—=b Ryy1(b) (1 —b)Rn+1(b)
where Ry, k > 0, is potential (4) of the random walk &,,, n > 0. Theorem 4 is proved. O

. ie{0,...,N—1}, Ty

)

Remark 1. Putting b = 0 in our theorems and corollaries we obtain the corresponding
results for a lower semicontinuous random walk &,, n > 0, whose increments have the
moment generating function

0o n —1
> thE[05] = {1 -5 E[ea]} . lol=1, te(0,1).

n=0
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