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ASYMPTOTIC EFFICIENCY OF STATISTICAL ESTIMATES
IN A COMPOUND POISSON MODEL

UDC 519.21

O. G. KUKUSH AND YU. S. MISHURA

Abstract. We consider maximum likelihood statistical estimates for the number of
individuals in a biological population modelled by a compound Poisson process. We
prove the local asymptotic normality and asymptotic efficiency of the estimates.

1. Introduction

One of the models used to construct statistical estimates for the number of individuals
in a biological population was constructed by M. Thomas ([1]; see also [2]). This model
can be specified by the following assumptions: the number of clusters (or parent species)
has the Poisson distribution with parameter λp > 0; any parent organism generates,
independently of others, a random number of daughter species according to the Poisson
distribution with parameter λD > 0. Let X denote the total number of individuals in a
population. Then it has the Thomas distribution with parameters (λp, λD), namely

P{X = k} = e−λp
k∑
r=1

(rλD)k−r(λpe−λD )r(r! (k − r)!)−1,

k = 1, 2, . . . , P{X = 0} = e−λp .

The problem to be solved by a statistician is to construct estimates for the parame-
ters λp and λD and to study the behavior of the estimates. We consider a generalization
of the Thomas model specified by the following assumptions: the number of parent
species depends on time and is described by a homogeneous Poisson process N(t) with
parameter λp > 0; any parent organism generates ξk ≥ 0 daughter species; N(t) and ξk,
k ≥ 1, are mutually independent; ξk has the Poisson distribution with parameter λD > 0.
Then the total number of individuals in a population at a time t equals

X(t) =
N(t)∑
k=0

(1 + ξk),

which is a generalized point process with right continuous step trajectories that have the
jumps

∆X(t) = X(t)−X(t− 0) =
(
ξ(N(t)) + 1

)
I{∆N(t) = 1}, ∆X(t) ∈ N.
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It is clear that X(t) is a stochastically continuous homogeneous process with independent
increments. Denote by ν(t, A) the number of those jumps of the process X occurring up
to a moment t for which their heights belong to the set A ⊂N.

According to [3, §11, Theorems 1 and 2, and §14, Theorem 1], ν(t, A), t ≥ 0, is a
stochastically continuous homogeneous nondecreasing process with independent incre-
ments having the Poisson distribution and such that E ν(t, A) = Π(t, A), where Π(t, ·) is
a finite measure on the σ-field 2N.

At first glance, the problem of estimation of parameters of the process X(t) can be
decomposed into two classical problems:

(a) to estimate the parameter λp of the Poisson process N(t) by the moments of
jumps t1, t2, . . . , tk, k = N(t), and

(b) to estimate the parameter λD by the observations ξ1, ξ2, . . . , ξk.
However, k = N(t) is a random variable, and the problems (a) and (b) depend on each
other. In such a situation the construction of efficient estimates for the parameters λp
and λD becomes nontrivial.

2. Maximum likelihood estimates of parameters λp and λD

First we evaluate the measure Π.

Lemma 1. Π(t, {k}) = tλp exp{−λD}(λD)k−1/(k − 1)!, k ≥ 1.

Proof. It is clear that

(1)

P{ν(t, {k}) = 0} = P{N(t) = 0}+
∞∑
r=1

P
{
N(t) = r, ξ1 + 1 6= k, . . . , ξr + 1 6= k

}
= e−λpt +

∞∑
r=1

(λpt)r

r!
e−λpt

(
1− (λD)k−1

(k − 1)!
e−λD

)r

=
∞∑
r=0

[
(λpt)

(
1− (λD)k−1

(k−1)! e
−λD

)]r
r!

e−λpt

= exp
{
−λpt

(λD)k−1

(k − 1)!
e−λD

}
, k ≥ 1.

Since
P{ν(t, {k}) = 0} = exp{−Π(t, {k})},

the proof follows directly from (1). �

Remark. Since ν(t, {k}), t ≥ 0, is a homogeneous Poisson stochastic process,

Π(t, {k}) = t · λν ,

where λν = λp
(λD)k−1

(k−1)! e
−λD is the parameter of this process.

Now we consider the “unit” process X1(t) having the same structure as X(t), but with
parameters λp = λD = 1. Denote by Pλp,λD (t) and P1,1(t) the measures in the space
of step functions X(s), 0 ≤ s ≤ t, and X1(s), 0 ≤ s ≤ t, respectively. We evaluate the
likelihood ratio of these measures and present it in the following result.

Lemma 2. The measures Pλp,λD and P1,1 are equivalent. Moreover,

dPλp,λD (t)
dP1,1(t)

(X(t)) = exp
{ ∞∑
k=1

ln
(
λpe
−λD (λD)k−1

)
· ν(t, {k})− t(λp − 1)

}
.
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Proof. The parameter of the Poisson process ν(t, {k}), t ≥ 0, with λp = λD = 1 equals
λν1 = 1/(k− 1)! by the remark above. Therefore the measure Π(t, A) =

∑
k∈A Π(t, {k})

is equivalent to the measure Π1(t, A), and

ρ(t, k) :=
dΠ(t, {k})
dΠ1(t, {k}) = λp · e−λD (λD)k−1.

By [3, §46, Theorem] and [4, Theorem 11] the measures Pλp,λD and P1,1 are equivalent,
and their likelihood ratio equals

dPλp,λD (t)
dP1,1(t)

(X(t))

= exp
{∫ t

0

∞∑
k=1

ln
(
λpe
−λD (λD)k−1

)
· ν(ds, {k})−Π(t, [1,∞)) + Π1(t, [1,∞))

}

= exp
{ ∞∑
k=1

ln
(
λpe
−λD (λD)k−1

)
· ν(t, {k})− λpt+ t

}
,

whence the proof follows. Here we used the representation

Π(t, [1,∞)) =
∞∑
k=1

λpte
−λD (λD)k−1

(k − 1)!
= λpt. �

Now we are in a position to present the explicit formulas for the estimates.

Theorem 1. Maximum likelihood estimates of the parameters λp and λD constructed
from observations X(t) on the interval [0, t] are equal to

λ̂p(t) =
ν(t, [1,∞))

t
, λ̂D(t) =

∑∞
k=2(k − 1)ν(t, {k})
ν(t, [1,∞))

.

Here we assume that 0
0 = 0.

Proof. We transform the logarithm of the likelihood ratio obtained in Lemma 2:

f(t, λp, λD) =
∞∑
k=1

ln
(
λpe
−λD (λD)k−1

)
· ν(t, {k})− λpt+ t

= (lnλp)ν(t, [1,∞))− λDν(t, [1,∞))− λpt+ t+ (lnλD)
∞∑
k=1

(k − 1)ν(t, {k}).

Differentiating the latter expression we obtain

f ′λp =
1
λp
ν(t, [1,∞))− t,

f ′λD = −ν(t, [1,∞)) +
1
λD

∞∑
k=1

(k − 1)ν(t, {k}),

whence the proof follows. �

3. Consistency and asymptotic normality of estimates

Below we consider some properties of the estimates λ̂p(t) and λ̂D(t).

Lemma 3. The estimate λ̂p(t) is unbiased, E λ̂p(t) = λp. The estimate λD is asymptot-
ically unbiased, E λ̂D(t) = λD(1 − e−λpt).
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Proof. Put

αk = αk(t) =
tλp(λD)q−1

(q − 1)!
e−λD ,

βk = βk(t) =
∑

q∈N\{k}

tλp(λD)q−1

(q − 1)!
e−λD ,

γ = γ(t) = αk + βk = λpt.

Then E λ̂p(t) = t−1Π(t, [1,∞)) = λp, E λ̂D(t) =
∑∞

k=2(k − 1) E ν(t,{k})
ν(t,[1,∞)) , and

E
ν(t, {k})
ν(t, [1,∞))

=
∑

l≥1,r≥0

l

l + r
P{ν(t, {k}) = l} · P{ν(t,N \ {k}) = r}

= e−γ
∑

l≥0,r≥0

1
l + r + 1

· α
l
k

l!
· β

r
k

r!
= αke

−γ
∞∑
n=0

n∑
l=0

1
n+ 1

· α
l
kβ

n−l
k

l! (n− l)!

= αke
−γ

∞∑
n=0

1
(n+ 1)!

γn =
αke

−γ

γ
(eγ − 1) =

(λD)k−1

(k − 1)!
e−λD(1 − e−λpt),

whence

E λ̂D(t) =
∞∑
k=2

(k − 1)
(λD)k−1

(k − 1)!
e−λD(1 − e−λpt) = λD(1− e−λpt).

The lemma is proved. �

Theorem 2. The estimates λ̂p(t) and λ̂D(t) are strongly consistent: λ̂p(t) → λp and
λ̂D(t)→ λD with probability 1 as t→∞.

Proof. The proof for λ̂p(t) follows immediately from Lemma 3 and [3, §24, Theorem 1].
Thus it is sufficient to check that λ̃D(t) := t−1

∑∞
k=2(k − 1)ν(t, {k}) → λpλD with

probability 1 as t→∞. Note that

Y (t) :=
∞∑
k=1

(k − 1)ν(t, {k})

is a stochastically continuous homogeneous process with independent increments such
that

EY (1) =
∞∑
k=2

(k − 1)λp exp{−λD}
(λD)k−1

(k − 1)!
= λpλD.

The rest of the proof follows again from [3, §24, Theorem 1]. �

Further we evaluate the covariance matrix of the estimates λ̂p(t) and λ̂D(t).

Lemma 4.

E
(
λ̂p(t)− λp

)2

=
λp
t
, E

(
λ̂p(t)− λp

)(
λ̂D(t)− λD(t)

(
1− e−λpt

))
= λpλDe

−λpt,

E
(
λ̂D(t)− λD

(
1− e−λpt

))2

= λDe
−λpt

∫ λpt

0

ex − 1
x

dx+ λ2
De
−λpt (1− e−λpt)

≤ λD
λpt

+
λ2
D

eλpt
.

Corollary. λ̂p(t)→ λp and λ̂D(t)→ λD in the mean-square sense, and these estimates
are asymptotically uncorrelated.
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Proof of Lemma 4. The proof is clear for λ̂p(t), since ν(t, [1,∞)) has the Poisson distri-
bution with parameter λpt. Further,

E
(
λ̂p(t)− λp

)(
λ̂D(t)− λD

(
1− e−λpt

))
=

1
t

E

( ∞∑
k=2

(k − 1)ν(t, {k})
)
− λpλD

(
1− e−λpt

)
=

1
t

∞∑
k=2

(k − 1)αk − λpλD
(
1− e−λpt

)
= λpλDe

−λpt

and

E

(
ν(t, {k})
ν(t, [1,∞))

)2

= e−γ
(
α2
k

∞∑
n=0

γn

n! (n+ 2)2
+ αk

∞∑
n=0

γn

n! (n+ 1)2

)
,

E
ν(t, {k})ν(t, {l})
ν2(t, [1,∞))

= e−γ
∞∑
n=0

γn

n! (n+ 2)2
.

Therefore

E
(
λ̂D(t)

)2

= λ2
D(1− e−γ) + λDe

−γ
∞∑
n=0

γn+1

(n+ 1)! (n+ 1)

= λ2
D(1− e−γ) + λDe

−γ
∫ γ

0

et − 1
t

dt,

whence the proof follows. �

Denote by I the unit 2× 2 matrix and by N(0, I) the Gaussian distribution with zero
mean and covariance matrix I. The symbol “⇒” stands for the weak convergence in
distribution.

Theorem 3. The central limit theorem holds in the following sense:(√
t

λp

(
λ̂p(t)− λp

)
,

√
tλp
λD

(
λ̂D(t)− λD

))
⇒ N(0, I), t→∞.

Moreover,

(2)

sup
ε≤λp,λD≤ε−1

∣∣∣∣∣E exp

{
iλ1

√
t

λp

(
λ̂p(t)− λp

)
+ iλ2

√
tλp
λD

(
λ̂D(t)− λD

)}

− exp

{
−λ

2
1

2
− λ2

2

2

}∣∣∣∣∣
≤ Cε−rt−1/2

for all λ1, λ2 ∈ R, for some r > 0 and constant C independent of ε and t. Inequality (2)
means that the convergence of the characteristic functions is uniform on any rectangle,

(λp, λD) ∈ Kε =
[
ε,

1
ε

]2

, 0 < ε < 1.
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Proof. For all λ1, λ2 ∈ R,

ξ := λ1

√
t

λp

(
λ̂p(t)− λp

)
+ λ2

√
tλp
λD

(
λ̂D(t)− λD

)
= λ1

√
t

λp

(
ν(t, [1,∞))

t
− λp

)
+ λ2

√
tλp
λD

(∑∞
k=1(k − 1)ν(t, {k})
λDν(t, [1,∞))

− λD
)

= λ1
1√
tλp

∞∑
k=1

ν(t, {k})− λ1

√
tλp + λ2

√
tλp
λD
·
∑∞

k=1(k − 1− λD)ν(t, {k})
ν(t, [1,∞))

=
λ1√
tλp

∞∑
k=1

ν(t, {k}) + λ2
1√
tλpλD

∞∑
k=1

(k − 1− λD)ν(t, {k})

+ λ2

√
t

λpλD
·
∑∞
k=1(k − 1− λD)ν(t, {k})

ν(t, [1,∞))
·
(
λp −

ν(t, [1,∞))
t

)
− λ1

√
tλp .

Consider the term

η := λ2

√
t

λpλD
·
∑∞

k=1(k − 1− λD)ν(t, {k})
ν(t, [1,∞))

·
(
λp −

ν(t, [1,∞))
t

)

= λ2

√
t

λpλD
·
(
λ̂D(t)− λD

)
·
(
λp − λ̂p(t)

)
.

Taking Lemma 4 into account, we obtain that

(3)
sup

(λp,λD)∈Kε
E |η| ≤ sup

(λp,λD)∈Kε

λ2

√
t√

λpλD
·
√
λp
t
·

√
λD
λpt

+
λ2
D

eλpt
+

λ2
D

e2λpt

≤ λ2√
t

√
1
ε

+
t

ε2eεt
+

t

ε2e2εt
≤ λ2√

t

√
1
ε

+
3

2ε3
.

Now we estimate the difference

(4)

∣∣∣E eiξ − e−λ2
1/2−λ2

2/2
∣∣∣

≤ E |η|+
∣∣∣∣∣E exp

{
i
∞∑
k=1

akν(t, {k})− iλ1

√
tλp

}
− e−λ2

1/2−λ
2
2/2

∣∣∣∣∣ ,
where

ak =
λ1√
tλp

+
λ2√
tλpλD

(k − 1− λD).

It is evident that

(5) a := exp{−iλ1

√
tλp} · E exp

{
i

∞∑
k=1

akν(t, {k})
}

= α ·
∞∏
k=1

E exp{iakν(t, {k})},

where α = exp{−iλ1

√
tλp}. Further, ν(t, {k}) are Poisson random variables, thus

E exp{iakν(t, {k})} = exp{αk[exp{iak} − 1]},

whence

a = α · exp

{ ∞∑
k=1

αk · exp{iak} − λpt
}
.
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Consider the series under the exponential,

b :=
∞∑
k=1

αk exp{iak} =
∞∑
k=1

λpt
(λD)k−1

(k − 1)!
e−λD exp

{
i

(
λ1 − λ2

√
λD√

λpt

)
+ i

λ2(k − 1)√
λpλDt

}

= λpt exp

{
i

(
λ1 − λ2

√
λD√

λpt

)}
e−λD ·

∞∑
k=1

(λD)k−1

(k − 1)!
exp

{
iλ2√
λpλDt

(k − 1)

}

= λpt exp

{
i

(
λ1 − λ2

√
λD√

λpt

)}
e−λD · exp

{
λD · exp(

iλ2√
λpλDt

)

}

= λpt exp

{
λD

(
cos

λ2√
λpλDt

− 1

)
+ i

(
λ1 − λ2

√
λD√

λpt
+ λD sin

λ2√
λpλDt

)}

= λpt exp

{
λD

(
cos

λ2√
λpλDt

− 1

)}
·
[

cos

(
λ1 − λ2

√
λD√

λpt
+ λD sin

λ2√
λpλDt

)

+ i sin

(
λ1 − λ2

√
λD√

λpt
+ λD sin

λ2√
λpλDt

)]
.

We treat the real and imaginary parts separately by using the Taylor formula,

(6)

Im b = λpt

(
1− λDλ

2
2

2λpλDt
+Oε

(
1
t2

))
×
(
λ1 − λ2

√
λD√

λpt
+ λD

λ2√
λpλDt

+Oε

(
1
t3/2

))

= λ1

√
λpt+Oε

(
1
t1/2

)
,

where ∣∣Oε (t−k)∣∣ ≤ Cε−rt−k as t→∞
for some r > 0. Further

(7)

Re b = λpt

(
1− λD

2
· λ2

2

λpλDt
+Oε

(
1
t2

))

×

1− 1
2

(
λ1 − λ2

√
λD√

λpt
+ λD sin

λ2√
λpλDt

)2

+Oε

(
1
t2

)
= λpt−

λ2
1

2
− λ2

2

2
+Oε

(
1
t1/2

)
.

Substituting expansions (6) and (7) into (5), we obtain

(8) a = exp
{
−λ

2
1

2
− λ2

2

2
+Oε

(
1
t1/2

)}
= exp

{
−λ

2
1

2
− λ2

2

2

}(
1 +Oε

(
1
t1/2

))
.

Using bounds (3), (4), and (8) we get

sup
ε≤λp,λD≤ε−1

∣∣∣∣E exp{iξ} − exp
{
−λ

2
1

2
− λ2

2

2

}∣∣∣∣ = Oε

(
1
t1/2

)
,

whence the theorem follows. �
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4. Local asymptotic normality of estimates

Let Θ = (0,∞) × (0,∞) and note that θ = (λp, λD) ∈ Θ. Denote the measure
Pλp,λD(t) (see Section 2) by Pθ(t). According to [5, Definition 2.1], a family of measures
Pθ(t) is called locally asymptotically normal at the point θ ∈ Θ as t→∞ if

(9) Zt,θ(u) =
dPθ+A(t,θ)u(t)

dPθ(t)
(Xt) = exp

{
u1ξ

t,θ
1 + u2ξ

t,θ
2 −

1
2
u2

1 −
1
2
u2

2 + ξt(u, θ)
}

for some nonsingular 2× 2 matrix A(t, θ) and for all vectors u ∈ R2, where(
ξt,θ1 , ξt,θ2

)
⇒ N(0, I) as t→∞

with respect to the measure Pθ(t), and

ξt(u, θ)
Pθ(t)→ −→ 0 as t→∞

for all u ∈ R2. We say briefly that in this case the LAN property holds for the family
Pθ(t) at the point θ as t→∞.

Theorem 4. A family Pθ(t) is locally asymptotically normal at any point θ ∈ Θ as
t→∞, where the matrix A(t, θ) is of the form

A(t, θ) = (2t)−1/2

(
λ

1/2
p λ

1/2
p

λ
−1/2
p λ

1/2
D −λ−1/2

p λ
1/2
D

)
.

Proof. We use the likelihood ratio obtained in Lemma 2:

(10)

Zt,θ(u) =
dPθ+A(t)u(t)
dP1,1(t)

·
(
dPθ(t)
dP1,1(t)

)−1

= exp

{ ∞∑
k=1

(
ln
λ1
p

λ2
p

−
(
λ1
D−λ2

D

)
+ (k−1) ln

λ1
D

λ2
D

)
ν(t, {k})− t

(
λ1
p−λ2

p

)}
,

where

λ1
p = λp +

√
λp
2t
u1 +

√
λp
2t
u2, λ2

p = λp,

and

λ1
D = λD +

√
λD

2λpt
u1 −

√
λD

2λpt
u2, λ2

D = λD.

Substituting λip and λiD, i = 1, 2, into (10) we obtain

Zt,θ(u) = exp

{
ν(t, [1,∞))

[
ln
(

1 +
a1u1 + a2u2

λp

)
− (a3u1 + a4u2)

]

+ ln
(

1 +
a3u1 + a4u2

λD

)
·
∞∑
k=2

(k − 1)ν(t, {k})− t(a1u1 + a2u2)

}
,

where a1 = a2 = (λp/(2t))1/2 and a3 = −a4 = (λD/(2λpt))1/2. Put

α = ln(1 + (a3u1 + a4u2)/λD),

β = ln(1 + (a1u1 + a2u2)/λp)− a3u1 − a4u2.

Then

Zt,θ(u) = exp
{ ∞∑
k=1

((k − 1)α+ β)ν(t, {k})− t(a1u1 + a2u2)
}
.
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Consider an auxiliary random variable

ξt :=
∞∑
k=1

((k − 1)α+ β)ν(t, {k})− λpλDαt− λpβt

and evaluate its characteristic function E exp{iλξt}. Similarly to the proof of Theorem 3,

E exp{iλξt} = exp
{
λ exp{iβ}λpte−λD exp

{
λDe

iα
}
− λpt

}
· exp{iλ(−λpλDαt− λpβt)}

:= exp{δ}.
Moreover

Im δ = λ · λpt exp{λD(cosα− 1)} · sin(β + λD sinα)− λλpλDαt− λλpβt

= λλpt

(
1− λD

(
a3u1 + a4u2

λD

)2

+ o

(
1
t

))(
a1u1 + a2u2

λp
+ o

(
1
t1/2

))
− λt(a1u1 + a2u2) + o

(
1
t1/2

)
= o

(
1
t1/2

)
as t→∞, and

Re δ = λ · λpt exp{λD(cosα− 1)} · cos(β + λD sinα)

= λλpt

(
1− λD

2

(
a3u1 + a4u2

λD

)2
)(

1− 1
2

(
a1u1 + a2u2

λp
+ o

(
1
t1/2

))2
)

− λpt+ o

(
1
t1/2

)
= −λλpt

2λD
(a3u1 + a4u2)2 − λt

2λp
(a1u1 + a2u2)2 + o

(
1
t1/2

)
= −λ

4
(u1 − u2)2 − λ

4
(u1 + u2)2 = −λ

2
u2

1 −
λ

2
u2

2 + o

(
1
t1/2

)
as t→∞. Thus

(11) ξt ⇒ uTN(0, I).

Now we use the asymptotic expansions again and obtain

(12)

Zt,θ(u) = exp
{
ξt − t(a1u1 + a2u2) + λpλDαt+ λpβt

}
= exp

{
ξt −

λpt

λD
(a3u1 + a4u2)2 − λpt(a1u1 + a2u2)2 +

(
1
t1/2

)}
= exp

{
ξt −

u2
1

2
− u2

2

2
+ o

(
1
t1/2

)}
.

Relation (9) follows from (11) and (12) by setting

ξt,θ1 =
∞∑
k=1

[
(k − 1)

1√
2λpλDt

+
1√
2λpt

−
√

λD
2λpt

]
· ν(t, {k})−

√
λpt

2
,

ξt,θ2 =
∞∑
k=1

[
−(k − 1)

1√
2λpλDt

+
1√
2λpt

+

√
λD

2λpt

]
· ν(t, {k})−

√
λpt

2
.

The theorem is proved. �
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5. Asymptotic efficiency of the estimates

First we evaluate the inverse matrix of A(t, θ). Evidently,

A−1(t, θ) =

√
t

2

 1√
λp

√
λp
λD

1√
λp

−
√

λp
λD

 .

According to [5], an estimate {θt, t > 0} of a parameter θ is called asymptotically efficient
for a cost function w(A−1(t, θ)x) at the point θ if the LAN property holds and

(13) lim
δ→0

lim
t→∞

sup
|θ′−θ|<δ

EPθ′ (t) w
(
A−1(t, θ)(θt − θ′)

)
= Ew(N(0, I)).

Note that, under the LAN property,

lim
δ→0

lim
t→∞

sup
|θ′−θ|<δ

EPθ′ (t) w
(
A−1(t, θ)(θ̃t − θ′)

)
≥ Ew(N(0, I))

for all estimates θ̃t and cost functions w ∈ W , where W is a class of functions defined
on Θ and such that

1) w(u) ≥ 0, w(0) = 0, w is Borel and continuous at zero and is not identically zero;
2) w(u) = w(−u);
3) the set {u : w(u) < c} is convex for every c > 0.

Theorem 5. The estimate θt := (λ̂p(t), λ̂D(t)) of the parameter θ := (λp, λD) is asymp-
totically efficient on any rectangle θ ∈ Kε = [ε, 1/ε]2 for the cost function

w
(
A−1(t, θ)x

)
∈Wp,

where Wp ⊂W is the subclass of W consisting of functions with a polynomial dominant.

Proof. To prove the asymptotic efficiency of the estimate θt := (λ̂p(t), λ̂D(t)) of the pa-
rameter θ := (λp, λD) we use Theorem 1.3 in [5]. According to this result the asymptotic
efficiency of the estimate θt holds if the following conditions (A)–(C) are satisfied:

(A) there exists the limit

lim
t→∞

A−1(t, θ2)A(t, θ1) = B(θ1, θ2)

where the convergence is uniform in θ1, θ2 ∈ Kε;
(B) uniformly in θ ∈ Kε,

ζt(θ) := A−1(t, θ)(θt − θ)⇒ N(0, I) as t→∞
with respect to the measure Pθ(t);

(C) for every N > 0, the family of random variables

|A−1(t, θ)(θt − θ)|N

is Pθ(t)-integrable uniformly in θ ∈ Kε, t ≥ t0(N).
To check condition (A) we write

A−1(t, θ2)A(t, θ1) =


√

t
2λ2
p

√
λ2
pt

2λ2
D√

t
2λ2
p
−
√

λ2
pt

2λ2
D

 ·

√

λ1
p

2t

√
λ1
p

2t√
λ1
D

2λ1
pt
−
√

λ1
D

2λ1
pt



=


1
2

√
λ1
p

λ2
p

+ 1
2

√
λ2
pλ

1
D

λ1
pλ

2
D

1
2

√
λ1
p

λ2
p
− 1

2

√
λ2
pλ

1
D

λ1
pλ

2
D

1
2

√
λ1
p

λ2
p
− 1

2

√
λ2
pλ

1
D

λ1
pλ

2
D

1
2

√
λ1
p

λ2
p

+ 1
2

√
λ2
pλ

1
D

λ1
pλ

2
D

 .
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The matrix on the right-hand side does not depend on t, and condition (A) holds, indeed.
Now we check condition (B). By Theorem 7 [5, p. 480], the uniform weak convergence

of ζt(θ) to N(0, I) follows from the conditions

(B′), 1) supθ∈Kε Pθ{|ζt(θ)| > C} → 0 as C →∞;
2) for λ = (λ1, λ2),

EPθ(t) exp{i(ζt(θ), λ)} → exp
{
−λ

2
1

2
− λ2

2

2

}
, t→∞,

uniformly in θ ∈ Kε.

In order to check condition (B′), 1) we consider the vector ζt(θ) = (ζ1
t (θ), ζ2

t (θ)), where

(14)

ζ1
t (θ) =

√
t

λp

(
λ̂p(t)− λp

)
+
√
tλp
λD

(
λ̂D(t)− λD

)
,

ζ2
t (θ) =

√
t

λp

(
λ̂p(t)− λp

)
−
√
tλp
λD

(
λ̂D(t)− λD

)
.

Using Lemma 4 we estimate the moments of the right-hand side of (14):

(15) E

∣∣∣∣∣
√

t

λp

(
λ̂p(t)− λp

)∣∣∣∣∣
2

= 1, E

∣∣∣∣∣
√
tλp
λD

(
λ̂D(t)− λD

)∣∣∣∣∣
2

≤ 1 +
3λD
eλpt

≤ 1 +
3
ε
.

It is easy to see that inequality (B′), 1) follows from (15). Now we apply inequality (2):

EPθ(t) exp{i(ζt(θ), λ)} = EPθ(t) exp
{
iλ1ζ

1
t (θ) + iλ2ζ

2
t (θ)

}
= EPθ(t) exp

{
i(λ1 + λ2)

√
t

λp

(
λ̂p(t)− λp

)
+ i(λ1 − λ2)

√
tλp
λD

(
λ̂D(t)− λD

)}

→ exp
{
−λ

2
1

2
− λ2

2

2

}
,

where the convergence is uniform on Kε. Therefore condition (B′), 2) holds, whence (B)
follows.

Finally we check condition (C). It follows from representation (14) that the following
two conditions:

(16) sup
θ∈Kε
t≥t0(N)

EPθ(t)

∣∣∣∣∣
√

t

λp

(
λ̂p(t)− λp

)∣∣∣∣∣
2N

≤ CN,ε

and

(17) sup
θ∈Kε
t>t0(N)

EPθ(t)

∣∣∣∣∣
√
tλp
λD

(
λ̂D(t)− λD

)∣∣∣∣∣
2N

≤ CN,ε

for all N ≥ 1 are sufficient for (C), where the constants CN,ε depend on N and ε. In
what follows we omit the subscript Pθ(t). Note that

E

∣∣∣∣∣
√

t

λp

(
λ̂p(t)− λp

)∣∣∣∣∣
2N

=
t−N

λNp
E(ν(t, [1,∞))− λpt)2N .
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Let t0(N) = 1/ε, that is, λpt ≥ 1. The central moments of the Poisson distribution
satisfy the following recurrence formula:

(18) µk = λ
k−2∑
l=0

Clk−1µl, k ≥ 2,

where λ is the parameter of the distribution.
Assume that λ > 1 and for all k ≤ l

µk ≤ Ckλ(k+1)/2

for odd k, and

(19) µk ≤ Ckλk/2

for even k. For example, let l = 2p be an even number. Then it follows from (18) that

µl+1 = µ2p+1 ≤ λ
l−1∑
r=0

r is even

Crl Crλ
r/2 + λ

l−1∑
r=0

r is odd

Crl Crλ
(r+1)/2

≤ C2p+1t
p+1 = C2p+1λ

((2p+1)+1)/2,

and similarly

µl+2 = µ2p+2 ≤ λ
l∑

r=0
r is even

Crl+1Crλ
r/2 + λ

l∑
r=0

r is odd

Crl+1Crλ
(r+1)/2

≤ C2p+2λ
p+1 = C2p+2λ

(2p+2)/2.

The case of an odd number l = 2p+ 1 is considered similarly.
Since the assumption is true for k = 1 and k = 2, we obtain µk ≤ Ckλ

(k+1)/2 for
odd k, and µk ≤ Ckλk/2 for even k. In particular,

t−N

λNp
E(ν(t, [1,∞))− λpt)2N ≤ t−N

λNp
C2N (λpt)N ≤ C2N ,

whence (16) follows.
In order to prove (17) we write

(20)

E

∣∣∣∣∣
√
tλp
λD

(
λ̂D(t)− λD

)∣∣∣∣∣
2N

= tN
(
λp
λD

)N
E

∣∣∣∣∑∞k=1(k − 1− λD)ν(t, {k})
ν(t, [1,∞))

∣∣∣∣2N

≤ t−Nε−2N

(
E

∣∣∣∣ ∞∑
k=1

(k − 1− λD)ν(t, {k})
∣∣∣∣4N
)1/2

×
(

E

∣∣∣∣ t

ν(t, [1,∞))I

∣∣∣∣4N
)1/2

,

where I = I{ν(t, [1,∞)) ≥ 1}.
Consider the characteristic function

ϕ(λ) := E exp
{
iλ

∞∑
k=1

(k − 1− λD)ν(t, {k})
}

= exp
{
λpt
[
exp

{
λD
(
eiλ − 1− iλ

)}
− 1
]}
.

The function ϕ(λ) can be viewed as the characteristic function of the sum
∑µ
k=0 ψk,

where
ψk = ψk − Eψk
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are independent identically distributed centred random variables, ψk has the Poisson
distribution with parameter λD, and µ has the Poisson distribution with parameter λpt.
Therefore

E

∣∣∣∣ ∞∑
k=1

(k − 1− λD)ν(t, {k})
∣∣∣∣4N = E

∣∣∣∣ µ∑
k=0

ψk

∣∣∣∣4N =
∞∑
r=0

E

∣∣∣∣ r∑
k=0

ψk

∣∣∣∣4N (λpt)re−λpt

r!
.

According to the preceding estimates for central moments of the Poisson distribution we
obtain

E

∣∣∣∣ r∑
k=0

ψk

∣∣∣∣4N ≤ C4N (λDr)2N

for λDr > 1, since
∑r
k=0 ψk has the Poisson distribution with parameter rλD . The same

estimates applied to the case of λDr < 1 imply that E
∣∣∑r

k=0 ψk
∣∣4N ≤ C4N .

Thus

(21)

E

∣∣∣∣ ∞∑
k=1

(k − 1− λD)ν(t, {k})
∣∣∣∣4N ≤ C4N

∞∑
r=0

((λDr)2N ∨ 1)
(λpt)r · e−λpt

r!

≤ C4N

+ C4Nλ
2N
D

(
2N∑
r=1

(λpt)r · e−λpt
r!

(2N)2N

+
∞∑

r=2N+1

e−λpt(λpt)r−2N

(r − 2N)!
(λpt)2N ·

(
2N + 1

2

)2N
)

≤ C2Nλ
2N
D

(
(2N)2N +

(
2N + 1

2

)2N

· (λpt)2N

)

and

(22)

E

∣∣∣∣ t

ν(t, [1,∞))I

∣∣∣∣4N =
∞∑
r=1

(
t

r

)4N

· e
−λpt(λpt)r

r!
= t4Ne−λpt

∞∑
r=1

(λpt)r

r4N r!

≤ ε−4Ne−λpt
∞∑
r=1

(λpt)r+4N

r4N r!

≤ ε−4Ne−λpt(1 + 4N)4N
∞∑
r=1

(λpt)r+4N

(r + 4N)!

≤ ε−4N(1 + 4N)4N .

Substituting (20) and (21) into (19), we obtain (17). The theorem is proved. �
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5. I. A. Ibragimov and R. Z. Khas’minskĭı, Statistical Estimation: Asymptotic Theory, “Nauka”,

Moscow, 1979; English transl., Springer-Verlag, Berlin–Heidelberg–New York, 1981. MR
81h:62004

Department of Mathematical Analysis, Faculty for Mathematics and Mechanics, Kyiv

National Taras Shevchenko University, Academician Glushkov Avenue 6, Kyiv–127 03127,

Ukraine

E-mail address: Alexander Kukush@univ.kiev.ua

Department of Mathematical Analysis, Faculty for Mathematics and Mechanics, Kyiv

National Taras Shevchenko University, Academician Glushkov Avenue 6, Kyiv–127 03127,

Ukraine

E-mail address: myus@univ.kiev.ua

Received 7/MAY/2002

Translated by YU. MISHURA

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use

http://www.ams.org/mathscinet-getitem?mr=55:4371
http://www.ams.org/mathscinet-getitem?mr=81h:62004

	1. Introduction
	2. Maximum likelihood estimates of parameters p and D
	3. Consistency and asymptotic normality of estimates
	4. Local asymptotic normality of estimates
	5. Asymptotic efficiency of the estimates
	Bibliography

