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ASYMPTOTIC EFFICIENCY OF STATISTICAL ESTIMATES
IN A COMPOUND POISSON MODEL
UDC 519.21

O. G. KUKUSH AND YU. S. MISHURA

ABSTRACT. We consider maximum likelihood statistical estimates for the number of
individuals in a biological population modelled by a compound Poisson process. We
prove the local asymptotic normality and asymptotic efficiency of the estimates.

1. INTRODUCTION

One of the models used to construct statistical estimates for the number of individuals
in a biological population was constructed by M. Thomas ([1]; see also [2]). This model
can be specified by the following assumptions: the number of clusters (or parent species)
has the Poisson distribution with parameter A\, > 0; any parent organism generates,
independently of others, a random number of daughter species according to the Poisson
distribution with parameter A\p > 0. Let X denote the total number of individuals in a
population. Then it has the Thomas distribution with parameters (Ap, Ap), namely

k
P{X =k} =e> (rAp)" " (e ") (! (k — 1)) 7,

E=1,2,..., P{X =0} =e .

The problem to be solved by a statistician is to construct estimates for the parame-
ters A, and Ap and to study the behavior of the estimates. We consider a generalization
of the Thomas model specified by the following assumptions: the number of parent
species depends on time and is described by a homogeneous Poisson process N (t) with
parameter A, > 0; any parent organism generates { > 0 daughter species; N (¢) and &,
k > 1, are mutually independent; &, has the Poisson distribution with parameter Ap > 0.
Then the total number of individuals in a population at a time ¢ equals

N()

k=0
which is a generalized point process with right continuous step trajectories that have the
jumps

AX () =X(t)— X(t—0)= (&N(t) + 1) I{AN(t) = 1}, AX(t) € N.
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68 O. G. KUKUSH AND YU. S. MISHURA

It is clear that X (¢) is a stochastically continuous homogeneous process with independent
increments. Denote by v(t, A) the number of those jumps of the process X occurring up
to a moment ¢ for which their heights belong to the set A C N.

According to [3} §11, Theorems 1 and 2, and §14, Theorem 1], v(¢t,A), t > 0, is a
stochastically continuous homogeneous nondecreasing process with independent incre-
ments having the Poisson distribution and such that Ev(t, A) = I1(¢, A), where II(¢, -) is
a finite measure on the o-field 2N,

At first glance, the problem of estimation of parameters of the process X (t) can be
decomposed into two classical problems:

(a) to estimate the parameter A, of the Poisson process N(t) by the moments of
jumps tq,to, ..., tk, k= N(t), and
(b) to estimate the parameter Ap by the observations &1, &, .. ., &.
However, k = N(t) is a random variable, and the problems (a) and (b) depend on each
other. In such a situation the construction of efficient estimates for the parameters A,
and Ap becomes nontrivial.

2. MAXIMUM LIKELIHOOD ESTIMATES OF PARAMETERS A, AND Ap
First we evaluate the measure II.
Lemma 1. II(¢, {k}) = tA\,exp{-Ap}(Ap)* "1 /(k - 1)!, k > 1.
Proof. 1t is clear that

P{u(t,{k}) =0} =P{N(t) =0} + Y P{N(t) =r&a+1#k, ...& +1#k}

At — (Apt)” Mt (1 ()t '
sy e (1 -1

r=1
o) (1= Q)]
r!

e P

o0
r=0

= exp {—/\pt%e_)@} , k>1.
Since
P{v(t, {k}) = 0} = exp{—TI(¢, {k})},
the proof follows directly from (1). O

Remark. Since v(t,{k}), t > 0, is a homogeneous Poisson stochastic process,
(L, {k}) =t - Ay,

k—
where A\, = )\p%e’)‘f’ is the parameter of this process.

Now we consider the “unit” process X1 (¢) having the same structure as X (t), but with
parameters A, = Ap = 1. Denote by Py, x,(t) and P (t) the measures in the space
of step functions X (s), 0 < s < ¢, and X;(s), 0 < s < ¢, respectively. We evaluate the
likelihood ratio of these measures and present it in the following result.

Lemma 2. The measures Py, », and Py 1 are equivalent. Moreover,

dep,)\D (t)

=ex 3 n(\e P k=1) ., B _ .
dPy 1 (t) (X(t) = p{kz_ll (Ape ™ (Ap)* 1) - w(t, {k}) —t(Ap 1)}
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ASYMPTOTIC EFFICIENCY OF STATISTICAL ESTIMATES 69

Proof. The parameter of the Poisson process v(t, {k}), ¢ > 0, with A, = Ap = 1 equals
Ay, = 1/(k —1)! by the remark above. Therefore the measure II(t, A) = >, - o II(t, {k})
is equivalent to the measure II; (¢, A), and
dli(t, {k})
By [3, §46, Theorem] and [4, Theorem 11] the measures Py, x, and Py ; are equivalent,
and their likelihood ratio equals

APy, 2, (1)
AP (X(1))

— e / Zln e () v(ds. 1) = 1, [1,00) + T 0, [1,50)) |

p(t k) := =\, -e 2 (\p)FL.

—exp{Zln (Ape 22 (Ap)F~1) - u(t, {k}) —)\pt—i—t},
whence the proof follows. Here we used the representation

k—1
ZAt‘AD >1) = M. 0

Now we are in a position to present the explicit formulas for the estimates.

Theorem 1. Mazimum likelihood estimates of the parameters A, and Ap constructed
from observations X (t) on the interval [0,t] are equal to

S, = Abloo) gy il Dyl ()

to v(t, [1,00))

Here we assume that % =0.

Proof. We transform the logarithm of the likelihood ratio obtained in Lemma 2:

F(t, Ap, AD) Zm Ao (D)) (it {k}) — At +t
= (In\p)v(t,[1,00)) — Apr(t, [1,00)) = Apt +E+ (InAp) i v(t, {k}).
k=1

Differentiating the latter expression we obtain

Fro = =00 1,50) + 3= S (k= D, (1))

k=

—

whence the proof follows. O

3. CONSISTENCY AND ASYMPTOTIC NORMALITY OF ESTIMATES

Below we consider some properties of the estimates :\\p(t) and Ap(t).

Lemma 3. The estimate Xp (t) is unbiased, EXp (t) = Ap. The estimate Ap is asymptot-
ically unbiased, EAp(t) = Ap(1 — e~ ?¢t).
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Proof. Put
_ _ tAp(AD)q_l —AD
ar = ag(t) = Q=1 e P,
_ o tAp(AD)q_l —AD
B = Br(t) = Z We ;
q€N\{k}

¥ =7(t) = ar + Bk = Apt.
Then Exp(t) = tilﬂ(tv [17 OO)) = >\p7 EXD(t) = Z;O:Q(k' - 1) E 7V(t’{k}) 5 and

v(t,[1,00))
v(t, {k}) l
v(t, [1,00)) l>lzr:>ol+’l“ {v(t,{k}) =1} P{v(t, N\ {k}) =r}
1 ol Br o N 1 al ﬂn—l
:6_’7 7._k,_k:ake—’y . Mk
ZZOZ;ZOZ—H“—Fl oo n§=:0z:on+1 I (n—1)!
—y ! are T (Ap)*t ) “Apt
R DI LT L
— (n+1)! ~y (k—1)!
whence

EAD(t):Z(k—l)me (1—6_)\pt):)\D(1—€_Apt).
The lemma is proved. O

Theorem 2. The estimates Xp(t) and Ap(t) are strongly consistent: Xp(t) — Ap and
Ap(t) = Ap with probability 1 as t — oo.

Proof. The proof for :\\p(t) follows immediately from Lemma 3 and [3 §24, Theorem 1].
Thus it is sufficient to check that Ap(t) := t7+> 72, (k — )v(t,{k}) — A\pAp with
probability 1 as ¢ — oco. Note that

Y(t) =) (k= 1)u(t,{k})
k=1
is a stochastically continuous homogeneous process with independent increments such
that
> ( >\D)k7 1
EY(l) = kz:;(k — 1)Ap eXp{—/\D}m = )\pAD.
The rest of the proof follows again from [3| §24, Theorem 1]. O

Further we evaluate the covariance matrix of the estimates Xp (t) and b (t).

Lemma 4.

E (X,,(t) - A,,)Q - % E (X,,(t) - A,,) (XD(t) ~Ap(t) (1- e_’\f’t)> = ApApe i,

~ 2 Art g ]
E(Rn(t) = Ap (1)) = ADe**pt/
0 x
Ap AL
< — .
At T

dx + )\QDe*)‘Pt (1 - e*)‘f’t)

Corollary. Xp(t) — Ap and b (t) = Ap in the mean-square sense, and these estimates
are asymptotically uncorrelated.
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ASYMPTOTIC EFFICIENCY OF STATISTICAL ESTIMATES 71

Proof of Lemma 4. The proof is clear for A,(t), since v(t,[1,00)) has the Poisson distri-
bution with parameter A,¢. Further,

E(R(0) ~ ) (AD<> Ap (1—e))
(i WD) ) = Ao (1= )

k=2

wln—

100
:ZZ — Dag, — MpAp (L —e M) = A pe !
k=2

and

E( <(t[1{2)>>> - (aim”’“im#n)

v(t,{k t,{l}) J
E({})({} Zn'n+2

V2(t,[1,00)
Therefore
0 ,ynJrl
]
o m+1D!n+1)
-1

)

whence the proof follows. O

Denote by I the unit 2 x 2 matrix and by N (0, I) the Gaussian distribution with zero
mean and covariance matrix /. The symbol “=" stands for the weak convergence in
distribution.

Theorem 3. The central limit theorem holds in the following sense:
t [/~ [tAp
< )\_p(Ap(t)_)‘IJ)a )\D ()\D( ) AD)) iN(OaI)a t — oo.
Moreover,

sup
e<Ap,Ap<e~!

5\ e
P
P
2 2 2
: =)

< C€7Tt71/2

for all A1, A2 € R, for some r > 0 and constant C' independent of € and t. Inequality (2)
means that the convergence of the characteristic functions is uniform on any rectangle,

1 2
(Ap,AD)eKE:{e,g] , 0<e< 1.
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Proof. For all A\, A2 € R,

€=y (olt) = 2p) + AQ\/% (Rp() ~Ap)

Ap
) B
: ot {k}) — Al\/Wj%z)\/i D —1[12;3))) v(t {k})
3 v(t, {k}) +)\2\/>\_>\DZ —1—Ap)v(t, {k})
A A,,tAD il 1/_(1&1 T ;J)))V(L =2, (Ap B M) =My
Consider the term

= o, /APLAD (o) = 2n) - (3 = 2(0)).

Taking Lemma 4 into account, we obtain that

MvE >\2 A2
sup Enl<  sup )2\ S \/ ey
VApAD

(Ap,AD)EK. (Ap,AD)EK,
t 1 3

(3)
\/ 6265t 52 2et = \[ + 9e3

Now we estimate the difference
E i€ _ ef,\f/zfxg/z‘

(o]
Eexp{iz arv(t, {k}) — iA1+ /t)\p} _ e M/2-X3/2 :

k=1

(4)
<Enl+

where
A1 Az —1-=Ap).

- k
> Wl s we

It is evident that

(5)  a:=exp{—iAi\/t\} - Eexp{iz arv(t, {k})} = a- [[ Eexpliarv(t, {k})},
k=1

k=1
where o = exp{—iA1+/t)\p}. Further, v(t,{k}) are Poisson random variables, thus
Eexpliarv(t, {k})} = exp{ax[exp{iar} — 1]},

whence

a = «-exp {Zak -exp{ia} — )\pt} .

k=1
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Consider the series under the exponential,

L« oy L) , —2V2p A2(k —1)
b:= ;ak exp{iar} = ;)\ptme AD oxp {z < > ) +1 oot }
B (M=o b o= (Ap) A2 _
)\ptexp{ < \/ﬂ )} A ; . exp{\/m(k' 1)}
= \ptexp < D)}e_)‘D -eXp{)\D-eXp(\/%)}

A= vAD . A2
= Aptexpd A S i | 2LE22VAD 4 sin— 22
v eXp{ P ( oy ADt ) ! < Nt Dl Ap)\Dt>}

= Apt exp )\D —1 - |cos M + )\D sin L
ot AD Nt MADt

73

+ 4 sin M= dovAp —|—)\DsmL )
i Dt

We treat the real and imaginary parts separately by using the Taylor formula,

)\D)\% 1
I = 1 - == =
mb /\pt( QAp)\Dt+O 2

A1 — AoV AD Ao ( 1 >

6 X | ————4+\p—+0. | —

() < )\pt D /\p)\Dt $3/2
o (1)

where
|O6 (tik)‘ <Ce "tk ast— oo

for some r > 0. Further

Ap A2 1
= 122 (=
v (1222, 2o (1))
2
- \vAD Y (1)
7 x[1-2 +Apsin——=— | +0. (=
(7) 2( i D sin /\p)\Dt> 2

222 1
Apt—7—5+05<m).

Substituting expansions (6) and (7) into (5), we obtain

DY 1 YT 1
(8) a—exp{—?l—f—i—Os(m)}—exp{—é—f}(1+O (t1/2>)
(

Using bounds (3),

4), and (8) we get

, DYDY 1
EeXP{Zf} _eXP{—?l - 72}‘ =0, (m) )

sup
e<Ap,Ap<e~!

whence the theorem follows. O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



74 O. G. KUKUSH AND YU. S. MISHURA

4. LOCAL ASYMPTOTIC NORMALITY OF ESTIMATES

Let © = (0,00) x (0,00) and note that 8 = (A\p,Ap) € ©. Denote the measure
Py, xp(t) (see Section 2) by Py(t). According to [5, Definition 2.1], a family of measures
Py(t) is called locally asymptotically normal at the point 8 € © as t — oo if

APy Aoyt L]
Woiaeont® ) — exp fungt + gt - 218 - 23 + 6.0
dPy(t)

271 2
for some nonsingular 2 x 2 matrix A(t,#) and for all vectors u € R?, where

(5?0@;70) = N(0,I) ast— oo

9) Zt,a(u) =

with respect to the measure Py(t), and

& (u,0) PO 0 ast— oo

for all u € R2. We say briefly that in this case the LAN property holds for the family
Py(t) at the point 6 as t — co.

Theorem 4. A family Py(t) is locally asymptotically normal at any point 0 € © as
t — oo, where the matriz A(t,0) is of the form

) AL/2 AL/2
A(t,0) = 2ty V2| 1% ey
A 1/2>\1D/2 Y 1/2>\}D/2

Proof. We use the likelihood ratio obtained in Lemma 2:

APy ayu(t) ([ dPs(t) \
Zio(u) = .
to(u) APy (t) APy (t)
(10) SR N
= exp{z (m X — (Ap—Ap) + (k—l)lnA—2D> v(t, {k}) —t (A;,—Ag)},

k=1 D

where
A A

A= H [ Grm e, A=,

and

)\D—AD-FHZ)\ “2/\ = Ap.

Substituting )\’ and %, i = 1,2, into (10) we obtain

ai1u1 + agug

Zyo(u) = exp{u(t, 1,00)) {m (1 + T) — (asur + a4u2)]

+1n (1 + %) D (k= Dot {k}) — tHarus + u>}

k=2
where a1 = az = (\,/(2t))}/? and a3 = —as = (Ap/(2A\,t))'/2. Put
a =1In(1 + (asuy + aqusz)/Ap),
B =1In(1+ (a1u1 + agu2)/N\p) — agur — asus.
Then

Zyo(u —eXp{i - Do+ B)v(t, {k})—t(a1u1+a2u2)}.

k=1
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Consider an auxiliary random variable

o0

&= (k= D+ B)w(t, {k}) — AApat — At

k=1
and evaluate its characteristic function E exp{i\;}. Similarly to the proof of Theorem 3,
Eexp{iA&} = exp {Nexp{iB}\,te P exp {Ape™®} — At} - exp{iA(—A\pApat — A\, Bt)}
= exp{d}.

Moreover
Imé = A Aptexp{Ap(cosa — 1)} - sin(B + Ap sina) — AApApat — A\, 0t

2
_ asul + agus 1 a1u] + asus 1

1
— M(ajuy + aguz) + 0 (—)

$1/2
_ 1
o\

as t — oo, and
Red = X - Aptexp{Ap(cosa — 1)} - cos(f + Ap sin )

Ap [ aszui + asus 2 1 [ aju1 + asus 1 2
=\t |[1l—-— | ————= 1—-=-(— —
(- () ) (-5 (o (s)
1
—)\pt+0<m)

AN\t At 1
E—_— 2)\’; (asur + a4uQ)2 - m(alul + agug)2 +o0 (m>
A 9 A 9 Ao A, 1
:—Z(ul—uQ) _Z(ul + u2) :—5u1—5u2—|—0 Vel
as t — oo. Thus
(11) & = u N(0,1).

Now we use the asymptotic expansions again and obtain

Zo(u) = exp{gt — t(arur + asuz) + ApApat + )\pﬁt}

Apt 1

u? u? 1
—exp{ft—?l—72+0<t17>}

Relation (9) follows from (11) and (12) by setting

. 1 1 Ap [ Apt
=2 [(k - 1)\/2)\,,)\[)75 Vo wi 2>\pt] VAEARY =y

k=1
> 1 1 [ A ] Aot
t,0 D P
) = —(k—-1) + + vt {k}) =/ =
; l V2 At /22Xt 2Mpt 2
The theorem is proved. O
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5. ASYMPTOTIC EFFICIENCY OF THE ESTIMATES
First we evaluate the inverse matrix of A(t,#). Evidently,
1 Ap

Al(t,é))—\/z \/E AD
2 1 _ /;\_p

Ve

According to [5], an estimate {0, > 0} of a parameter 6 is called asymptotically efficient
for a cost function w(A~1(t,0)x) at the point 6 if the LAN property holds and

(13) lim lim sup Ep,w (A_l(t,e)(et - 9/)) = Ew(N(0,I)).

0=0¢—o0 |g'—0|<s
Note that, under the LAN property,

lim lim  sup Ep,,()w (A*l(t,e)(ol - 9’)) > Ew(N(0,1))

6—0t—c0 |9/—g|<5

for all estimates 6, and cost functions w € W, where W is a class of functions defined
on © and such that

1) w(u) > 0, w(0) = 0, w is Borel and continuous at zero and is not identically zero;

2) wlu) = w(—u);

3) the set {u: w(u) < ¢} is convex for every ¢ > 0.
Theorem 5. The estimate 0; := (Xp(t),XD(t)) of the parameter 6 := (A, Ap) is asymp-
totically efficient on any rectangle 6 € K. = [e,1/¢]? for the cost function

w(A7'(t,0)z) € W),

where W, C W is the subclass of W consisting of functions with a polynomial dominant.
Proof. To prove the asymptotic efficiency of the estimate ; := (Xp(t), XD(t)) of the pa-

rameter 6 := (Ap, A\p) we use Theorem 1.3 in [5]. According to this result the asymptotic
efficiency of the estimate 6; holds if the following conditions (A)—(C) are satisfied:

(A) there exists the limit
tlim AT (t, GQ)A(t, 91) = B(91, 92)

where the convergence is uniform in 61,0, € K;
(B) uniformly in 0 € K.,

Ce(0) == A7 (t,0)(0; — 0) = N(0,I) ast— oo

with respect to the measure Py(t);
(C) for every N > 0, the family of random variables

AT, 0) (0 — O)™
is Py(t)-integrable uniformly in 6 € K, t > to(N).
To check condition (A) we write

A7t 02)A(t,0,) =

N
>+
= N
™
>
S
>

o
>
=
o~
N
>
S =
-

A2l

A2l

+

[N
s
S|

N[=
>

-
>

)
N[—=

N[
[ V]
ez | ez i
WS | SR
M |
N[
> >
Rl i V]
| >
oMo
N[
e %‘
W= BNE =
|
N—=
>
el ko]
S
sLu v}

N[=
>
e
>
UI\D
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The matrix on the right-hand side does not depend on ¢, and condition (A) holds, indeed.
Now we check condition (B). By Theorem 7 [5] p. 480], the uniform weak convergence
of ;(6) to N(0,I) follows from the conditions

(B"), 1) supgeg. Po{lG:(0)] > C} — 0 as C — oo;
2) for A = (A1, A2),

. AN
EPg(t) exp{z((t(f)), )‘)} — €Xp _? - 7 ) t— 0,

uniformly in 0 € K.
In order to check condition (B'), 1) we consider the vector ¢;(6) = (¢ (), ¢?(0)), where

610) = [ (olt) = ) + /22 (Ro(t) ~ ).
G2(0) = | (olt) = ) = /22 (Ro(0) -

Using Lemma 4 we estimate the moments of the right-hand side of (14):

(14)

2
=1

2
t tAp

N ()\p(t) - /\p) Ap ()‘D( )= AD)
It is easy to see that inequality (B’), 1) follows from (15). Now we apply inequality (2):

Ep, () exp{i(G(0), )} = Ep, oy exp {iM G (0) +iXaC2(0)}
—Epmexp{z'(mm\g (Ro® = 2) + i = 22) tj (Ro() - AD)}

DY R
enf4-4)

where the convergence is uniform on K. Therefore condition (B’), 2) holds, whence (B)
follows.

Finally we check condition (C). It follows from representation (14) that the following
two conditions:

3Ap 3

(15) E E SISl

)

2N
t o/~
(16) sup o [/ (Me(®) = A)| < O
0eEK,. P
t>to(N)
and
oW 2N
(17) sup Ep, 1 oy (AD() )\D) <Cn,e
0cK.
t>to(N)

for all N > 1 are sufficient for (C), where the constants Cny . depend on N and €. In
what follows we omit the subscript Py(t). Note that

2N

n -N
/5 (o =) = S B0, 11,00) ~ 0™
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Let to(N) = 1/e, that is, Ayt > 1. The central moments of the Poisson distribution
satisfy the following recurrence formula:
k—2

(18) pe =AY Ci_ym, k=2,
1=0

where A is the parameter of the distribution.
Assume that A > 1 and for all &k <

s < Ck/\(k+1)/2
for odd k, and
(19) pr; < CpAF/2

for even k. For example, let [ = 2p be an even number. Then it follows from (18) that

-1 -1
= popar XY CICNT2 X > CrC AU/
r=0 r=0
T is even r is odd

< Copai P = czpﬂ>\((2p+1)+1)/27

and similarly
! !

Hig2 = Hopya < A Z ClaCoA™2 4\ Z Cl  CAr /2

r=0 r=0
r is even r is odd

< 02p+2)\p+1 _ 02p+2)\(2p+2)/2.
The case of an odd number [ = 2p + 1 is considered similarly.

Since the assumption is true for k = 1 and k = 2, we obtain u < CpA*+tD/2 for
odd k, and py, < CxA*/2 for even k. In particular,

= NtV N
AN E(V(tv [17 OO)) - Apt)Q < AN CQN(Apt) < Caon,
P P

whence (16) follows.
In order to prove (17) we write

B o MY IS (k= 1= Ap)w(, (k) [N
A _ p -1 — 1 —=Ap)V(T,
E E(AD(t)—AD) =tV (g) E‘ - v(t, [1,00))
- AN 1/2
(20) <t Ne2N (E > (k=1 —Ap)w(t, {k}) )
k=1
; 4N\ 1/2

where I = I{v(t,[1,00)) > 1}.
Consider the characteristic function

o(\) = Eexp{i)\ > (k—1-Ap)v(t, {k})}
k=1
= exp {)\pt [exp {)\D (ei)‘ —-1- z)\)} - 1} } .
The function p(A) can be viewed as the characteristic function of the sum > ) _, ¥,
where

Yk =), — Ety,
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ASYMPTOTIC EFFICIENCY OF STATISTICAL ESTIMATES 79

are independent identically distributed centred random variables, 1, has the Poisson
distribution with parameter Ap, and u has the Poisson distribution with parameter Apt.

Therefore
oo 4N 2 4N )\ t)re= Mot
€[50 afm@%n:izwk:z;zm Qute,
k= k=0 r=0
According to the preceding estimates for central moments of the Poisson distribution we
obtain

< Cyn(Apr)?N

for A\pr > 1, since Y, _, ¢ has the Poisson distribution with parameter rAp. The same
estimates applied to the case of Apr < 1 imply that E}Z;ZO wk|4N < Cyn-

Thus
0 4N S _
)\ £ . Apt
Z —1=Ap)v(t. {k})| < Can D ((Apr)*N v 1)%
r!
k= r=0
S Can
2N
M) - —Apt
+ Can DY (Z Qpb)” e (2NN
(21) = "
et (A ) 2N v (2N 4+ 1\
LS (2
r=2N+1
2N +1\*"
< Con A <<2N>2N+( — ) -ww”)
and
N 4N B
L L o Y
v(t, [1,00))1 —\r r! = il
o0
_ B )\ t)’l"+4N
< AN =t (Ap
(22) e e )
& )\ t)r+4N
< —4N _—Xpt 1 AN AN ( '4
seler{L 44N ; (r - 4N)!
<e N 4NN
Substituting (20) and (21) into (19), we obtain (17). The theorem is proved. O
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