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AN ESSAY ON GNEDENKO’S THEOREM
UDC 519.21

A.YU. VERETENNIKOV

ABSTRACT. A local central limit theorem is established for a Markov chain on a
lattice under recurrence type assumptions and a simple additional assumption on
conditional distributions of the process. The main result extends, in particular,
the classical theorem by B. V. Gnedenko for the case of independent identically
distributed random variables (1948). Sufficient conditions for recurrence assumptions
are provided.

1. INTRODUCTION

In the famous textbook on probability by Boris Vladimirovich Gnedenko there is a
local central limit theorem for random variables on a lattice (see [B] §43, Theorem] or
[2]), which generalizes the local central limit theorem for Bernoulli random variables and
some other local theorems. This is a classical result obtained at the time of intensive
studies of independent and identically distributed random variables. (See [I3] Chapter 7]
for some generalizations.) Nowadays, recurrent Markov and stationary mixing processes
play an extremely important role in mathematical models. Hence it is natural to ask
what could be a version of the Gnedenko theorem today, in the setting of dependent
random variables, as a direct development of his ideas. This is the explanation of the
title of the paper.

In Section 2 we recall the Gnedenko result, Theorem 1, for the case of independent
identically distributed random variables. Section 3 contains the model of a Markov
chain and the main result, Theorem 2 (the local central limit theorem), in this setting;
naturally, this is an analogue of Theorem 1 for ergodic Markov chains. Section 4 is
devoted to the proof of the Theorem 2. Section 5 contains results on mixing and the
(integral) central limit theorem for ergodic Markov chains, mostly from [I5]; this section
is independent of the other parts of the paper. The main result, Theorem 2, states
that once a Markov process satisfies the central limit theorem, under certain additional
assumptions it must also satisfy the local central limit theorem with a corresponding
maximal span of the lattice. We present its simplest version, namely for R! and on a
fixed lattice (this version corresponds to Gnedenko’s Theorem 1). More challenging are
versions on a lattice with a small span depending on a parameter; we do not discuss
this problem here. The key point of the method is a regeneration of the Markov chain.
It is not clear whether this approach works for non-Markov stationary sequences with
mixing. Again we present the simplest version with a regeneration at one (initial) state.
This assumption can be relaxed by using the coupling (splitting) technique under wider
assumptions.
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18 A. YU. VERETENNIKOV

The results of Section 5 on the central limit theorem and mixing from [I5] are based on
the coupling method; in a certain nonstrict sense this method itself arose from the renewal
or regeneration theory. Hence this version of the central limit theorem, Proposition [4
below, relates to the results of Gnedenko’s (with coauthors) classical monographs on
queueing [5] and reliability theory [4].

Among the literature on local limit theorems for Markov chains we mention [8] con-
cerning the case of a finite state space, and [11] concerning uniformly ergodic, and hence
with an exponential convergence, infinite lattice case; the second paper uses essentially
Gnedenko’s ideas. Our case, roughly speaking, is nonuniform polynomial ergodic.

2. GNEDENKO’S THEOREM

Let h > 0 be a fixed real value and (&,, n > 0) a sequence of independent identically
distributed random variables with values in the lattice Z}L’a = {a,a £ hya £ 2h,...},
and put ¢, = > p_; &- It is a standing assumption that h is the maximal span of the
distribution of & (cf. B]). Put P, (k) = P(¢, = na + kh) and
an+kh— A,

B , A, =E(,, B? = Var((,).

Znk =

It is assumed that B? > 0.
Theorem 1 (Gnedenko, 1948). Let E¢2 < co. Then the relation

Pr(k) — exp (—274/2) — 0

1
h V271
holds uniformly in —oo < k < oo as n — oo if and only if the distribution span h is
mazimal.

3. ERGODIC MARKOV PROCESS SETTING

For simplicity we assume that a = 0 and Xy = 0. The main example is as follows.
Consider (X,,) defined by a stochastic difference equation

(1) Xr}zl+1 = Xﬁ + fu (Xr}zl) + Wr}LLJrl? n >0,

with Xo = 0, fn: Zh,o — Zp,0, and where Wf[ are independent identically distributed
random variables with values in Zj o. Put S, = ZZ=1 Xk, Pn(k) =P(S,, = kh), and
kh — A,
Znk = ————
nk Bn
(that is, both E and Var are taken with respect to the initial measure §({0})). It can be
shown that both normalizing constants can be calculated with respect to the invariant
measure instead, since the difference disappears in the asymptotic sense. However, from
the point of view of the proof, our choice is more convenient. As usual in central limit
theorems for dependent random variables, it is assumed that

(Hsigma) hm Bg/n = 0'2 > 0.

n—oo

, A, =ES,, B? = Var(S,)

Let 7 =inf(t > 1: X; =0), n =7, and 741 = inf(t > 7, +1: Xy =0), n > 1. The
following is the main recurrence assumption: there exist k > 0, b > %, and C' > 0 such
that

(Hye) P (Tjun) > n) < C/nb for all n > 1.

This can be relaxed to /n P(7j, > n) — 0 as n — oo; we use (Hy) because this
condition is satisfied for all our examples (see Section 5).
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AN ESSAY ON GNEDENKO’S THEOREM 19

The following is the main assumption concerning the span: for any k£ > 1 and any
e>0

(Hspan) sup ‘E (ei/\sf | T = k?)| < 1.
e<|A\|<27/h—¢

This condition essentially means that for each k& > 1, S;1(r = k) has the maximal
span h. (Notice that 7 = 1 means X; = 0, hence, there is no maximal span in this case.)
Condition (Hspan) can be relaxed to the same inequality for some k > 1 satisfying

P(r=k)>0

(see the proof). In the model (), for (Hspan) it suffices that P(W; = mh) > 0 for all
m=0,+1,+2, ...

Theorem 2. Let (Hspan) and (Hsigma) hold true, and S, satisfy the central limit theorem,
that is, (Sn, — A,)/Bn converges weakly to N'(0,02%) with 0® > 0. If the bounds (Hye)
hold true, then the relation

B, 1
Tpn(k) ~ o exp (—27,/2) = 0

holds uniformly in —oo < k < 00 as n — oo.

4. PROOF OF THEOREM 2

Let S, = S, — A, and ¢,(\) = Eexp(iAS,). Then Eexp(i\S,/B,) = én(\/B,).
Since S, satisfies the central limit theorem, for any A € R*

én(N/Bpn) — exp (—/\2/2) , n — 00.

Similarly to Gnedenko’s proof, we use the backward Fourier transform. Since
6u(X) = 32 PuR)e e
k
and kh = Bpznk + An, we get

he (™" iNkh+ixA ho /" Bz A
R =5 | IR =g | BaN)e P

h B,7m/h o
_ W(\/By)e~nk g
g L

(change of variables A — A/B,). We split the latter integral (without h/(2B,m)) into
three parts, namely

A

I = / e~ (A B) dA,
—A

Ty = / e~ g, (A By) dA,
A<|M|<eB,

Js = / e ¢, (A By) dA.
eB,<|\<7Bpn/h

Here A and € > 0 are constants to be chosen later.
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20 A. YU. VERETENNIKOV

J1. With any A, due to the central limit theorem for .S,, and uniformly with respect to k,

A

. 2

Jp — / e~ AT A/2 g\ 0, n — 0.
—A

If A is large enough, then this integral is close to

/OO e iEmA =N /2 g\ — /OO e~ OFizn)? /20200 /2 g\ = /27 e~ #n/?

— 00 — 00

uniformly with respect to z,5. Indeed,
/ exp (—)\2/2) dx — 0, A — oo.
Al>A

It remains to show that Jy and J3 tend to zero as n — oo.

J3. We represent ¢, (\/B,) in the following form, with 6 := \/B:
E ¢i05n — Eoi05n (T[;-m] < n) + EeiSn (T[nn] > n) .
According to (Hye),
‘Eeiegn L (Tjen) > n)‘ <Cn”*

where b > % ‘We use the notation
n
=Y (Xx —EXy) and Fy o = o{7j; Xg, 7 < k < oo}
k=m

Next,

05

Tlkn] @

E ¢i05n (Fiamy <) = Ee i0(Sn—S5r,.,1) 1 (Tien) < 1)

= Eei9§T1+l’T["’L] ew(gn_gr["”])ﬂ (T[nn] < ’I’L) (E (6195'7—1 | F71,00>) )

Indeed, all inner terms except one are measurable with respect to the o-field F;, o. Now
use the fact that the o-fields F, and F,, o are independent for any k, given 75. Thus,

E (ewg” |Fn,°°) - E( o |71) =: Yo(11).
For any 7 > 1,

sup [o(m1)] < 1;
e<0<(2m/h)—e

see (Hgpan). This implies that

(2) sup  Evg(m1)]> =i exp(—c.) < 1.
e<H<(2m/h)—e

By induction, we get

Eexp {ieglﬁ[w] } exp {i9 (gn [en] )} 1 (T[Fm] < n)

[kn]
= Eexp {0 (Sn — m)}]l Tiwn] < 710) (Hwa Tk — Th— 1))
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AN ESSAY ON GNEDENKO’S THEOREM 21

(We set 79 = 0 here.) Therefore

7]

<Cnb+ ‘Eexp {i6 (S, — ST[M])} 1 (Tjen) < 1) H Yo (T — Th—1)

‘E eit95'n
k=1

[kn] 1/2
<Cn '+ (E IT 1 — Tk1)|2>
k=1

[kn] 1/2
=Cn~"+ (H E [o (ke — Tk1)|2>
k=1
= Cn~" + (Efwo(r)2)""2,

since (73 — 7,—1) are independent and identically distributed.
Finally, due to (@),

‘Eeieg" < exp(—cc[kn]/2) + Cn~°.

Since b > %, this implies that
[Jal < OV (exp(—cclrn]/2) + Cn™") =0, n— s,

Ja. We use the same estimation method, now with [A\| < eB,,. Let § = A\/B,, again. Let
A =E(Sk | 7 =k) and dr = E ((Sk — Ag)? | 7 = k). With |f] < ¢ and sufficiently small
g, for any k > 1,

Go(k) = E (€95 | 7 = k) = ¥ E (95040 | £ — 1)
= e (1 - 6%d),/2 + 0(6?)) , 1] — 0.
So (always for k > 1), for |6] < <,
o)) = [E (7G| 7 = k)| <1023 /3.

Thus P(7 = ko) > 0 for some ko > 1 (otherwise 7 = 1 and there is no randomness, in
particular, (Hgigma) fails), whence

= 2
Efo(r)? = E[E (¢S | 7)[ < P(r = ko) (1 - 623/3) + Y P(r = k)
kKo
<1—6°d < exp (—0%d)

for || < e with e = g5 and d = d3 P(7 = ko) > 0. By virtue of ([B) we get

‘ E ewén

< Cn~" + exp (—c.[kn]6?d/2)
=Cn"" +exp (—c. ([kn]/B2) \?d/2)
< COn~b +exp (—c'E/\Q)

for |0| < e. Finally,

B, e’} R
| 2] < 2/ (exp (—cLA?) + C/nP) dX < Cn~0F1/2 —l—/ e~ =N d.
A A

The right-hand side is small if A and n are sufficiently large. This completes the proof
of the theorem.
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22 A. YU. VERETENNIKOV

5. MIXING AND THE CENTRAL LIMIT THEOREM

In this section we consider the main example and obtain the central limit theorem
for this case under certain ergodic assumptions. To use the general results from [7], we
establish a certain S-mixing rate. Ibragimov and Linnik [7] use the - and ¢-mixing; the
latter is uniform and so does not fit our setting, while the former does. Indeed, it is well
known that (for the stationary regime, as in [7]) the a-coefficient

at) = sup (P(AB) - P(4) P(B))
A€F§, BeFZ,
is less than or equal to the [J-coefficient, that is, to our 8#(t) (see below the explanation
of what F', is). Hence, once we get any bound for 3#(t), the same or better bound holds
for the a-mixing, and the general theorems from [7] are applicable. This method is used
in [15].
Let

(HD,IOC) P(Wl = kh) >0

for each integer k. This is a rather strong form of a local Doeblin type condition (see
below), which may be relaxed. The main result of this section is mixing bounds and a
central limit theorem for dependent random variables X,,. We assume also that there
exists mg > 0 such that

(HW) E|W1|m0 < Q.

The ergodic assumption is as follows:

(Horg) EW, =0, lim <M - 1> 2]? = —oc.

Assumptions (Hp ),.) and (Herg) can be relaxed: in fact, we do not need —oo as the
limit, but we do need that limsup is a large negative number; (Hp ),.) could be changed
to (Dy); see below. Under these assumptions it follows that (X,,) is ergodic, S-mixing
(see below), and possesses a unique invariant measure p. If the initial value is nonrandom
or it is a random variable with the distribution pu, that is,

(Hstat) Law(Xo) = u,

then the Markov chain (X,,) is stationary. Both versions are actually used in the proof
of Proposition 4 which can be found in [I5].

Denote by X the solution of (1) with the initial data z € Z', and let u¥ = L(XF) be
its marginal distribution and p the invariant probability measure. Recall the definition
of the B-mixing coeflicient:

BE(t) = sg;g E. Varpft“ (PgC (B | ng) — Px(B)) ,
o> <

where F'¥X is the o-field generated by the values {Xs, s € I}, and E, means the expecta-
tion for the process with the fixed initial data . We also use the stationary version of
this coefficient, namely
B (t) = sup E, Varpx (P. (B| F) —Pu(B))
=B, Varpx  (Pu (B| FZ,) = Pu(B)),

where E,, means the expectation for the process with the initial data X, whose distribu-
tion coincides with p, and the coefficient

5(t) = [ sup. Varpy  (Py (B FX) = Pu(B) utde) = [ 5°(0) uldo)
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AN ESSAY ON GNEDENKO’S THEOREM 23

(the version of the S-mixing coefficient introduced implicitly in [I4] and [15]). Note that

B () < B(t) + / Var (4 (t) — ) ulde),

sg}g/Ex VangtH (Px (B | ng) — PH(B)) p(dx)

< / sup E. Varpx (Po (B | F2,) = Pu(B)) p(dz).

To formulate the central limit theorem we need the S-mixing and convergence rate

bounds:

(4) Var (% (t) — p) < O(1+ |a|™)(1 + )~ *+D

for some C, m, and k > 0 (see the exact statements in what follows);
(5) B(t) < C(1+ [a™)(1 + ¢)~*+D),

and

(6) Bty < (1 +1)~*+D),

Let B = {z € R': |z| < R} and 7 = 7 = inf(t > 1: |X¢| < R) (the d-dimensional
setting is similar, but we deal with the case of d = 1 in this paper). Auxiliary bounds
worth mentioning are

(7) E. 7* D) < (1 + |z|™)
with some R > 0 and k,m > 0,

(8) supE, [Xy["1(t < 7) < C(1 + [2[™),
t>0

and
9) / 2™ () < oo

for each m’ > 0.

Consider the process (X;,t = 0,1,...) which satisfies () and condition (Herg). Let
B c R% and 7 := inf(t > 0: X, € B) and 7.5, := inf(t > 78 +1: X, € B). We
omit the superscript 7 if B is fixed. Put also 7 = 7% = inf(t > 1: X; € B). Define the
“process on B”, XP := X, p. Denote by PB(n,z,dz’) the n-step transition probability
of (XP).

We say that the local Doeblin condition holds for the process (X;) if for any sufficiently
large R > 0 the process on B = B := (y € R?: |y| < R) satisfies the following condition:
there exists an integer ng = ng(R) > 0 such that

B
o g, i { P AL PP (. d) = o) > 0.
where P(dy)/P’(dy) means the derivative of the absolutely continuous part of P with
respect to P’. The singular part may also exist. The assumption (D;) requires, in
particular, that the singular part is not close to 1. We recall that a simple sufficient
condition for (D;) is (Hp joc)-

We assume that (X;) satisfies the local Doeblin condition (D;). This implies the
irreducibility (see [I0]). Let r,, := (m — 1) E|W]2/2.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



24 A. YU. VERETENNIKOV

Proposition 1. Assume that the process (X;) satisfies conditions (1), (Herg), and the
local Doeblin condition (Dy). If mg > 2 and r > rp, with 2 < m < mq, then the (unique)
invariant measure p exists and @) is satisfied for this m. If mg > 2, 2 < m < my,
r>ry, and k < (m—2)/2, then (@) holds and @) is satisfied for m' =m —2. If mg > 4,
2<m<mg—2, and k < (m —2)/2, then (@) holds.

Let p™(dy) == (1 + [y|™) u(dy) and "™ (dy) == (1 + [y|™) uf (dy).
Proposition 2. Let mg > 4 and (Herg) be satisfied. Then for any

2<m<mg—2<mg—2

and k < (m — 2)/2 there exist C and ro > 0 such that
(10) Var (™ — u™) < C(1 + Jaf™)(1 + £)~(++D)
forallr > rg.

This estimate is a generalization of (H]) under a more restrictive assumption on my.
Proposition 3. Let mg > 4 and (Herg) be satisfied. Then for any

2<m<m;—2<mg—2

there exist C and ro > 0 such that
(11) SUpE, X" < C(1+ faf™)
for all v > ro. Moreover, for any 2 < m < mg —2 and k < (m — 2)/2 there exist r and
C > 0 such that inequalities (@) and (@) hold.

Let &, = g(X)) where the Borel function g is such that

l9(@)| < Cy(1+ [af?).

Put

n—1
S9:= > (& —3)
i=0
where g = [ g(z) p(dz). Note that g is finite.
Proposition 4. Let mg > 4 and (Herg) be satisfied. Then S9 satisfies the central limit
theorem, that is,

(12) n~1/289 = N(0, s?)

. 2 _ o0 - - N 173 2
where the variance s* =Y~ cov(&o,&;) is nonnegative and finite, and “cov” means
the covariance calculated in the stationary regime.

Hence we may apply Proposition @l for g(x) = x and then use this function in the local
central limit theorem.

Finally, we say a few words about the bounds (Hy.). These are the technical estimates
in the limit theorems of recurrence and large deviation theory. Often it is possible to
show more, namely, that for any ¢ > 0 and any b > 0 there exists a constant C' > 0 such
that

Tn/n —L=E,T, n — 0o,
P(|7n/n— £ >e) <C/n® foralln>1.
However we do not need this stronger form of the assumption and will not discuss it
here.

Lemma 1. Suppose the bound (@) holds for some k > 0 (see Proposition[ll). Then (Hye)
is satisfied for b= (1+k)/2 and some C > 0.

Though the lemma is standard, we give its short proof for completeness.
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AN ESSAY ON GNEDENKO’S THEOREM 25

Proof. We use the estimate for independent identically distributed random variables (;)
with E§; =0, b > 1,
P

j=1
(cf. [13] (3.5.15)—(3.5.16)]). Applying the latter estimate to {; = 741 —7j —cforc =Em
and b =1+ k, we get

b

E < Comb2E|g )

E|r, — en|' T8 < OnFR/2E |7 — ¢ TF,
Now, due to the Bienaimé—Chebyshev inequality we get
P(rn, —cn >en) < (En)_(l"’k)C'n(Hk)/2 E|ln|tth = Cn~(1+kR)/2
for all e > 0. If kK < 1/¢, then the desired inequality is satisfied. Lemma 1 is proved. O
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