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Abstract. We consider two versions of an oscillating compound Poisson process
with reflections from two boundaries. The versions are constructed from an upper
continuous compound Poisson process ξ(t) and two functionals of it, namely the exit
time from an interval and first upcrossing or downcrossing times from the upper or
lower boundaries, respectively. The basic characteristics of the processes considered
in the paper are given in terms of the potential and resolvent of the process ξ(t)
introduced earlier by V. S. Korolyuk.

Risk problems for compound Poisson processes with an upper reflecting boundary are
considered in [1, 2]. We study other versions of the classical risk process

ξu(t) = u+ ξ(t), u > 0, t ≥ 0, ξ(0) = 0,

where ξ(t) is a compound Poisson process with the cumulant

ψ(α) = iαa+
∫ 0

−∞
(eiαx − 1)Π(dx),

∫ 0

−1

|x|Π(dx) <∞, a > 0,

E eiαξ(t) = etψ(α), Imα = 0.

We introduce two versions of the risk process by using the reflections of ξu(t) from
the boundaries x = 0 and x = B inside the interval [0;B]. To construct these versions
we use the exit functionals from the interval [0;B] for the process ξu(t):

(1)



τB(u) = inf{t : ξu(t)∈[0;B]}, 0 ≤ u ≤ B,

τ+(v) = inf{t : ξ(t) ≥ v}, v = B − u,

τ−(−u) = inf{t : ξ(t) ≤ −u}.
The first version ζB,u(t) of the process with reflections from two boundaries is defined as
an oscillating process

(2) ζB,u(t)
·=



ξu(t), τB(u) > t,

ζB,u(t− τ+(v)), τ+
B (u) = τ+(v) < τ−(−u),

ζB,0(t− τ−(−u)), τ−B (u) = τ−(−u) < τ+(v)
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28 D. V. GUSAK

for u ∈ [0;B]. It follows from the definition (2) that ζB,u(t) is permanently reflecting
from B to 0 after the moment when the process assumes the value 0 for the first time.
This case is partially treated in [3].

The second version ζuB,u(t) of the process with reflections from two boundaries is
defined by

(3) ζuB,u(t)
·=



ξu(t), τB(u) > t,

ζuB,u(t− τ+(v)), τ+(u) < τ−(−u),
ζuB,0(t− τ−(−u)), τ−(u) < τ+(v),

where the superscript u for ζuB,u and ζuB,0 means that the reflection from B to the initial
state u > 0 is permanent and that ζuB,0(t) is given by

(4) ζuB,0(t)
·=



ξ(t), τB(0) > t,

ζuB,u(t− τ+(B)), τ+(B) < τ−(−0),
ζuB,0(t− τ−(−0)), τ−(−0) < τ+(B).

Using relations (3)–(4) we derive a pair of integral equations for characteristic functions

ϕt,B,u(α) = E eiαζ
u
B,u(t), ϕt,B,0(α) = E eiα

u
B,0(t).

These are convolution type equations, namely

ϕt,B,u(α) = E
[
eiαξu(t), τB(u) > t

]
+

∫ t

0

E
[
eiαζ

u
B,u(t−y), τ+(v) ∈ dy, τ−(−u) > y

]

+
∫ t

0

E
[
eiαζ

u
B,0(t−y), τ−(−u) ∈ dy, τ+(v) > y

]
,

(5)

ϕut,B,0(α) = E
[
eiαξ(t), τB(0) > t

]
+

∫ t

0

E
[
eiαζ

u
B,u(t−τ+(B)), τ+(B) ∈ dy, τ−(−0) > y

]

+
∫ t

0

E
[
eiαζ

u
B,0(t−τ−(−0)), τ−(−0) ∈ dy, τ+(B) > y

]
.

(6)

We denote by

ξ±(t) = sup
0≤u≤t

(inf)ξ(u), ξ± = sup
0≤t<∞

(inf)ξ(u)

the extrema of ξ(t), and let θs be an exponential random variable, independent of ξ(t):

P{θs > t} = exp{−st}, t ≥ 0, s > 0.

Further, we introduce the following notation for the distributions:

P (s, x) = P{ξ(θs) < x}, −∞ < x <∞;

P (s, x) = 1 − P(s, x); P±(s, x) = P{ξ+(θs) < x}, ±x > 0,

and for the corresponding characteristic functions:

ϕ(s, α) = E eiαξ(θs) =
s

s− ψ(α)
, ϕ±(s, α) = E eiαξ

±(θs).
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VERSIONS OF A COMPOUND POISSON PROCESS 29

Let ρ(s) be a root of the equation ψ(−iρ) = s,

ρ(s) = P ′(s,+0)P
−1

(s, 0);

Π(s) =
∫ x

−∞
Π(dy), x < 0,

K(s, x) = ρ(s)
∫ x

−∞
e−ρ(s)(x−y)Π(y)dy, x ≤ 0,

K(s, α) =
∫ 0

−∞
eiαxK(s, x) dx, k(s, α) =

∫ 0

−∞

(
eiαx − 1

)
dK(s, x).

Here are three auxiliary results.

Lemma 1. Let ξ(t) be an upper continuous process with the cumulant (1). Then the
following main factorization equality holds for the characteristic function ϕ(s, α):

ϕ(s, α) = ϕ+(s, α)ϕ−(s, α), Imα = 0.

The components of this equality are defined by

ϕ+(s, α) =
ρ(s)

ρ(s) + iα
; ρ(s)p−(s) =

s

a
,(7)

ϕ−(s, α) =
[
1 − s−1k(s, α)

]−1
, p−(s) = P{ξ−(θs) = 0} > 0.(8)

If m1 = E ξ(1) > 0, then ρ(s) −→
s→0

0, ρ′(0) = m−1
1 > 0, and the absolute minimum ξ−

has a nondegenerate distribution such that

p− = P{ξ− = 0} > 0

and the characteristic function is given by

(9) ϕ−(α) = E eiαξ
−

=
[
1 − ρ′(0)

∫ 0

−∞
(eiαx − 1)Π(x) dx

]−1

.

Note that the characteristic function ϕ−(s, α) of an upper continuous process ξ(t)
can be expressed in terms of the distribution of negative values of ξ(t) (see relation (3),
Lemma 1 in [1]) or in terms of k(s, α) defined in (8). The limit value of ϕ−(s, α) as s→ 0
determines the characteristic function of the absolute minimum according to relation (9),
whence one can easily obtain the Pollaczek–Khinchin formula.

Following [4, 5, 6] we denote by τ(x, T ) the first exit time of the process ξ(t) from the
interval [x− T, x], where 0 < x < T ,

τ(x, T ) =

{
τ+(x, T ) = τ+(x), A+(x),
τ−(x, T ) = τ−(x− T ), A−(x),

A±(x) =
{
ω : τ+(x) ≶ τ−(x− T )

}
.

The corresponding characteristic functions of the process before the exit and at the exit
time from the interval are denoted by

V (s, α, x, T ) = E
[
eiαξ(θs), τ(x, T ) > θs

]
,

V+(s, α, x, T ) = E
[
eiαξ(τ

+(x,T ))−sτ+(x), A+(x)
]
,

V−(s, α, x, T ) = E
[
eiαξ(τ

−(x,T ))−sτ−(x), A−(x)
]
.
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30 D. V. GUSAK

For an upper continuous process ξ(t) we make use of the representation for its resolvent

(10)
Rs(x) = s−1ρ(s)

∫ x

−0

eρ(s)(x−y) dP{−ξ−(θs) < y},
R(x) = lim

s→0
Rs(x), x > 0

(see [4, 5, 6]; the definition of the potential and resolvent can be found in [4, 5]).
The following result is a corollary of the projection relations obtained in [7].

Lemma 2. If ξ(t) is an upper continuous process with the cumulant (1), then the fol-
lowing relations (called projection relations) hold:

(11)




V−(s, α, x, τ) = ϕ−1
− (s, α)

× [
ϕ−(s, α)(1 −QT (s, T − x))eiαx

]
(−∞,x−T ]

, Imα ≤ 0,

V (s, α, x, τ) = ϕ+(s, α)
× [

ϕ−(s, α)(1 −QT (s, T − x))eiαx
]
[x−T,∞)

, Imα = 0,

where ϕ±(s, α) are defined by (7)–(8) and

QT (s, T − x) = V+(s, 0, x, T ) = E
[
e−sτ

+(x,T ), A+(x)
]
.

We use the notation related to the walk of the process ξu(t) in the interval [0;B] for
0 < u ≤ B and v = B − u:

τB(u) =

{
τ+
B (u) = τ+(v) < τ−(−u), A+

B ,

τ−B (u) = τ−(−u) < τ+(v), A−
B ,

A±
B =

{
ω : τ+(v) ≶ τ−(−u)

}
.

Let

QB(s, u) = E
[
e−sτ

+
B (u), A+

B

]
,

QB(s, u) = E
[
e−sτ

−
B (u), A−

B

]
,

Q(B, s, u) = E e−sτB(u) = QB(s, u) +QB(s, u),

P (B, s, u) = P{τB(u) > θs} = 1 −Q(B, s, u)

be the moment generating functions of the first exit time from the interval. The following
lemma follows from Korolyuk’s results [4] and Lemma 2.

Lemma 3. If ξ(t) is an upper continuous process, then{
QB(s, u) = Rs(u)R−1

s (B), 0 ≤ u ≤ B,

QB(s, u) = P{ξ−(θs) < −u} −QB(s, u)P{ξ−(θs) < −B},(12)

Q(B, s, u) =

{
1 − s

(
QB(s, u)

∫ B
0 Rs(y) dy −

∫ u
0 Rs(y) dy

)
,

P{ξ−(θs) < −u} +QB(s, u)P{ξ−(θs) ∈ [−B, 0]},
(13)

P (B, s, u) = P{−ξ−(θs) ∈ [0, u]} −QB(s, u)P{−ξ−(θs) ∈ [0, B]},(14)

E
[
eiαξu(θs), τB(u) > θs

]
=

ρ(s)eiαu

ρ(s) − iu

[
ϕ−(s, α)(1 −QB(s, u)eiαv)

]
[−u,v] .(15)
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The density of the distributions of ξ(θs) and ξu(θs) until the first exit from the interval
is given by

(16)

∂

∂x
P{ξ(θs) < x, τB(u) > θs} = sQB(s, u)Rs(v − x) − sRs(−x)δ(x < 0),

∂

∂x
P{ξu(θs) < x, τB(u) > θs} = sQB(s, u)Rs(B − x) − sRs(u− x)δ(u > x).

Let
ϕB,u(s, α) = E eiαζB,u(α),

pB,u(s, x) =
∂

∂x
P{ζB,u(θs) < x}, 0 ≤ x ≤ B,

be the characteristic function and the density of the distribution for the first version of
the process ζB,u(t) (see (2)).

Theorem 1. Let ξ(t) be an upper continuous process with the cumulant (1). Then the
characteristic functions of ϕB,0(s, α) and ϕB,u(s, α) are given by

ϕB,0(s, α) = E
[
eiαξ(θs), τB(0) > θs

]
P−1(B, s, 0)

= ϕ+(s, α)

×
{
p−(s) − (aRs(B))−1 E

[
eiα(ξ−(θs)+B), ξ−(θs) ∈ [−B, 0]

]}
× P−1(B, s, 0),

(17)

ϕB,u(s, α) =
(
1 −QB(s, u)

)−1

×
{
QB(s, u)ϕB,0(s, α)

+
ρ(s)eiαu

ρ(s) − iα

[
ϕ−(s, α)

(
1 −QB(s, u)eiαv

)]}
[−u,v]

(18)

where QB(s, u), QB(s, x), and P (B, s, u) are defined in Lemma 3, while ϕ±(s, α) is
defined in Lemma 2. The densities of the distributions of ζB,0(θs) and ζB,u(θs) are
defined as follows:

pB,0(s, x) = sQB(s, 0)Rs(B − x)P−1(B, s, 0), 0 < x < B,(19)

pB,u(s, x) =
(
1 −QB(s, u)

)−1

× {
QB(s, u)PB,0(s, x)

+ sQB(s, u)Rs(B − x) − sRs(u− x)δ(x < u)
}
.

(20)

Proof. Relation (2) for ϕB,u(s, α) implies that

(21) ϕB,u(s, α) = E
[
eiαξu(θs), τB(u) > θs

]
+ ϕB,0(s, α)QB(s, u) + ϕB,u(s, α)QB(s, u),

whence it follows for u = 0 that

ϕB,0(s, α)
(
1 −QB(s, 0) −QB(s, 0)

)
= E

[
eiαξ(θs), τB(0) > θs

]
.

The latter equation together with relation (15) for u = 0 imply (17). Inverting with
respect to α and using the first relation in (16) and (17) we find the density pB,0(s, x)
(see (19)). Similarly, inverting (18) with respect to α we obtain relation (20) for pB,u(s, x).
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32 D. V. GUSAK

Now we introduce the notation for the characteristic functions in the case of the second
version of the process ζuB,u(t) (see (3)–(4)):

ϕuB,u(s, α) = E
[
eiαζ

u
B,u(θs)

]
, ϕuB,0(s, α) = E

[
eiαζ

u
B,0(θs)

]
,

h̃s(α, u,B) = E
[
eiαξu(θs), τB(u) > θs

]
,

h̃s(α, 0, B) = E
[
eiαξu(θs), τB(0) > θs

]
.

The following notation is useful when evaluating the characteristic functions ϕuB,u(s, α)
and ϕuB,0(s, α) from integral transforms of equations (5)–(6):

∆(s, u,B) =
∣∣∣∣1 −QB(s, 0) −QB(s, 0)
−QB(s, u) 1 −QB(s, u)

∣∣∣∣
= (1 −QB(s, 0))P (B, s, u) +QB(s, u)P (B, s, 0),

∆̃1(s, α, u,B) =
∣∣∣∣h̃s(α, 0, B) −QB(s, 0)
h̃s(α, u,B) 1 −QB(s, u)

∣∣∣∣
= h̃s(α, 0, B)(1 −QB(s, u)) + h̃s(α, u,B)QB(s, 0),

∆̃2(s, α, u,B) =
∣∣∣∣1 −QB(s, 0) h̃s(α, 0, B)
−QB(s, u) h̃s(α, u,B)

∣∣∣∣
= h̃s(α, u,B)(1 −QB(s, 0)) + h̃s(α, 0, B)QB(s, u).

An application of equations (5)–(6) completes the proof. �

Theorem 2. If ξ(t) is an upper continuous process with the cumulant (1), then the
characteristic functions ϕuB,0(s, α) and ϕuB,u(s, α) are given by

(22)

{
ϕuB,0(s, α) = ∆̃1(s, α, u,B)∆−1(s, u,B),
ϕuB,u(s, α) = ∆̃2(s, α, u,B)∆−1(s, u,B).

The densities of the distributions ζuB,0(θs) and ζuB,u(θs) are obtained by inverting re-
lations (22) with respect to α as follows:

(23)




∂
∂x P{ζuB,u(θs) < x}

= ∆−1(s, u,B)
{
hs(x, 0, B)

(
1 −QB(s, u)

)
+ hs(x, u,B)QB(s, 0)

}
,

∂
∂x P{ζuB,0(θs) < x}

= ∆−1(s, u,B)
{
hs(x, u,B)

(
1 −QB(s, 0)

)
+ hs(x, 0, B)QB(s, u)

}
,

0 < x < B.

The densities of the distributions hs(x, 0, B) and hs(x, u,B) are expressed in terms of
the resolvent Rs(·) according to (16) and Corollary 1 of [3]:

(24)



hs(x, 0, B) = ∂

∂x P{ξ(θs) < x, τB(0) > θs}
= sQB(s, 0)Rs(B − x) − sRs(−x)δ(x < 0),

hs(x, u,B) = ∂
∂x P{ξu(θs) < x, τB(u) > θs}

= sQB(s, u)Rs(B − x) − sRs(u− x)δ(u > x).

Proof. The integral convolution type equations obtained from (3)–(4) (see (5)–(6)) be-
come, after the integral Laplace–Carson transform,{

ϕuB,u(s, α) = h̃s(α, u,B) + ϕuB,u(s, α)QB(s, u) + ϕuB,0(s, α)QB(s, u);
ϕuB,0(s, α) = h̃s(α, 0, B) + ϕuB,u(s, α)QB(s, 0) + ϕuB,0(s, α)QB(s, 0),
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whence we obtain the system of equations

(25)

{
ϕuB,0(s, α)(1 −QB(s, 0)) − ϕuB,u(s, α)QB(s, 0) = h̃s(α, 0, B),
−ϕuB,0(s, α)QB(s, u) + ϕuB,u(s, α)(1 −QB(s, u)) = h̃s(α, u,B).

A solution of system (25) can be obtained with the help of relations (22), which are
easily inverted with respect to α. Inverting ∆̃1,2(s, α, u,B) we get the densities of the
distributions (23). Theorem 2 is proved. �

Applying the truncated Fourier transform to (24) we obtain relations determining
h̃s(. . . ):

(26)



h̃s(α, 0, B) =

∫ B
0
hs(x, 0, B) dx = sQB(s, 0)eiαBrBs (−α),

eiαBrBs (−α) =
∫ B
0
eiαxRs(B − x) dx,

h̃s(α, u,B) =
∫ B
0
hs(x, u,B) dx = sQB(s, u)eiαBrBs (−α) − seiαurus (−α).

The functions (26) allow one to find the limit density of the distribution and its charac-
teristic function.

Below are corollaries of Theorem 1 (depending to the sign of E ξ(1)).

Corollary 1. Let the assumptions of Theorem 1 hold. If

m1 = E ξ(1) > 0,

then the distribution of the absolute minimum is nondegenerate (see relation (9) in
Lemma 1). Moreover the potential is determined by the limit relation

(27) R(x) = R+(x) = lim
s→0

Rs(x) = m−1
1 P{−ξ− < x}, x > 0.

In addition, the characteristics

(28)

{
lims→0 s

−1P (B, s, u) = E τB(u) = QB(u)
∫ B
0
R(y) dy − ∫ u

0
R(y) dy,

QB(u) = R(u)
R(B) = P{−ξ−<u}

P{ξ−<B} , E τB(0) = QB(0)
∫ B
0
R(y) dy,

and limit characteristic function

(29)
ϕB,0(α) = lim

s→0
E eiαζB,0(θs) = ϕuB,u(α)

= (−iαm1 E τB(0))−1
{
p− −QB(0)E

[
eiα(ξ−+B), ξ− ≥ −B

]}
are expressed in terms of the distribution of the absolute minimum. The limit densities
are given by

(30)



pB,0(x) = lims→0 pB,0(s, x) = QB(0)R(B − x)[E τB(0)]−1,

pB,u(x) = pB,0(x) = R(B − x)
[∫ B

0 R(y) dy
]−1

, 0 ≤ x < B.

Proof. Relation (27) follows from equalities (10). It determines the potential, thus the
limit characteristics in (28) can be expressed in terms of the potential. Relation (29)
follows from (17) since

lim
s→0

s−1ϕ+(s, α) = lim
s→0

ρ(s)s−1

ρ(s) − iα
= −(iαm1)−1, p−(s) −→

s→0
p− > 0

for m1 > 0. Relation (30) follows from equalities (23) as s → 0. Relation (29) is
equivalent to the relation obtained from (21) for u = 0, and as s→ 0 we have

ϕB,0(α) = lim
s→0

h̃s(α, 0, B)P−1(B, s, 0) = h̃′0(α, 0, B)[E τB(0)]−1,
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34 D. V. GUSAK

where

h̃0(α, 0, B) = lim
s→0

s−1h̃s(α, 0, B) = m−1
1 QB(0)

∫ B

0

eiαx P{ξ− > B − x} dx.

Finally, all the characteristics in (28)–(30) are expressed in terms of the distribution
of the absolute minimum; in particular

QB(0) = p−[P{−ξ− < B}]−1, p− = P{ξ− = 0} > 0,

E τB(0) =
p−

m1 P{−ξ− < B}
∫ B

0

P{−ξ− < y} dy,

PB,u(x) = P{−ξ− < B − x}
[∫ B

0

P{−ξ− < y} dy
]−1

. �

Corollary 2. Let all the assumptions of Theorem 1 hold. If m1 = 0, then

lim
s→0

ρ(s)s−1/2 =

√
2

Dξ(1)
= k+ > 0,

lim
s→0

ϕ−(s, α)s−1/2 =
1

k+Π̃(0)
1

1 − ϕ∗−(α)
,(31)

where

ϕ∗
−(α) = Π̃(0)−1

∫ 0

−∞
eiαxΠ(x) dx, Π(x) =

∫ x

−∞
Π(dy), x < 0,

Π̃(u) =
∫ 0

−∞
euxΠ(x) dx, Π̃(0) =

∫ 0

−∞
Π(x) dx.

The potential R(x) is given by

(32) R(x) = R0(x) = lim
s→0

Rs(x) = Π̃(0)−1H∗(x), x > 0,

where

H∗(x) =
∞∑
k=0

F∗(x)∗k

is the renewal function for the distribution with the density

p∗(x) = Π̃(0)−1Π(−x), x > 0.

The limit characteristics QB(u), QB(u), and E τB(u) are expressed in terms of the re-
newal function H∗(x). In particular,

(33)



QB(u) = H∗(u)H−1

∗ (B),

E τB(u) =
[
QB(u)

∫ B
0 H∗(y) dy −

∫ u
0 H∗(y) dy

]
Π̃(0)−1,

pB,0(x) = pB,u(x) = H∗(B − x)
[∫ B

0
H∗(y) dy

]−1

, 0 ≤ x < B.

Proof. It follows from relation (8) that

lim
s→0

s−1/2ϕ−(s, α) = lim
s→0

(√
s− s−1/2k(s, α)

)−1

.

At the same time,

lim
s→0

s−1/2k(s, α) = lim
s→0

ρ(s)√
s

∫ 0

−∞

(
eiαx − 1

)
Π(x) dx

= k+Π̃(0)
∫ 0

−∞
(eiαx − 1)p∗(−x) dx = −k+Π̃(0)(1 − ϕ∗

−(α)).
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The latter two relations imply (31). Approaching the limit in (10) and (31) as s→ 0 we
obtain relation (32) for the potential in terms of the renewal function. In its turn, the
renewal function determines the limit density in (33) and other limit characteristics by
approaching the limit in (19)–(20) as s→ 0. �

Corollary 3. Let all the assumptions of Theorem 1 hold. If m1 < 0, then the distribution
of the absolute maximum is a nondegenerate exponential distribution, namely

(34)




lims→0 ϕ+(s, α) = E eiαξ
+

= ρ
ρ+iα ,

ρ = lims→0 ρ(s) > 0, P{ξ+ > x} = e−ρx, x > 0,
lims→0 s

−1 P{ξ−(θs) > −y} = E τ−(−y) = G(y), y > 0.

Passing to the limit, the potential is obtained as a convolution

(35) lim
s→0

Rs(x) = R−(x) = ρ

∫ x

−0

eρ(x−y) dG(y), x > 0.

The limit characteristics QB(u), QB(u), EτB(u), and limit density are expressed in terms
of the convolution (35); in particular

(36)



QB(u) = R−(u)R−1

− (B), 0 ≤ u < B,

E τB(u) = QB(u)
∫ B
0 R−(y) dy − ∫ u

0 R−(y) dy,

pB,0(x) = pB,u(x) = R−(B − x)
[∫ B

0
R−(x) dx

]−1

, 0 ≤ u < B.

Proof. It is well known that the distribution of the absolute maximum of an upper
continuous process is nondegenerate and exponential in the case of m1 < 0. The last
relation in (34) is obtained by passing to the limit:

lim
s→0

1
s

P{ξ−(θs) > −y} = lim
s→0

∫ ∞

0

e−st P{ξ−(t) > −y} dt

= lim
s→0

∫ ∞

0

e−st P{τ−(−y) > t} dt = E τ−(−y).

The potential R−(x) defined in (35) is obtained from (10) and (34) in terms of a convo-
lution. All other limit characteristics in (36) are also expressed in terms of this convolu-
tion. �

For an upper continuous process with the cumulant (1), the limit results of Corol-
laries 1–3 are expressed in terms of the representations for the potential R(x), x > 0,
depending on the sign of m1 (see relation (27) for m1 > 0, (32) for m1 = 0, and (35) for
m1 < 0), namely

(37) R(x) =



R+(x) = 1

m1
P{−ξ− < x}, m1 > 0,

R0(x) = [Π̃(0)]−1H∗(x), m1 = 0,
R−(x) = ρ

∫ x
−0 e

ρ(x−y) dG(y), m1 < 0, ρ > 0.

Theorem 2 for the second version of the process with reflections from two boundaries
(see (2)–(3)) imply results similar to those in Corollaries 1–3.

Corollary 4. Let all the assumptions of Theorem 2 hold. Then the limit distribution
of the processes ζuB,0(t) and ζuB,u(t) exists as t → ∞ and determines the characteristic
function

(38)

ϕuB,0(α) = lim
s→0

ϕuB,0(s, α) = lim
s→0

ϕuB,u(s, α) = ϕuB,u(α)

=
h̃′0(α, 0, B)QB(u) + h̃′0(α, u,B)QB(0)

E τB(u)QB(0) + E τB(0)QB(u)
,
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where

(39)



h̃′0(α, 0, B) = lims→0 s

−1h̃s(α, 0, B) = QB(0)eiαB
∫ B
0 e−iαxR(x) dx,

h̃′0(α, 0, B) = lims→0 s
−1h̃s(α, u,B)

= QB(u)eiαB
∫ B
0
e−iαxR(x) dx− eiαu

∫ u
0
e−iαxR(x) dx.

The limit densities are defined in terms of the potential R(x) with the help of represen-
tation (37) by

(40)

lim
s→0

∂

∂x
P{ζuB,u(θs) < x} = lim

s→0

∂

∂x
P{ζuB,0(θs) < x}

=
[
E τB(u)QB(0) + E τB(0)QB(u)

]−1

×
{
QB(0)R(B − x)QB(u)

+
[
QB(u)R(B − x) −R(u− x)δ(u > x)

]
QB(0)

}
.

If m1 > 0, then the limit characteristics

(41)

{
QB(u) = R(u)R−1(B), QB(u) = 1 −QB(u),
E τB(u) = QB(u)

∫ B
0
R(y) dy − ∫ u

0
R(y) dy, 0 ≤ u < B,

and limit density (40) are expressed in terms of the distribution of the absolute minimum
according to the representation of the potential in (37), namely:

If m1 > 0, then (40) is expressed according to the first relation in (37).
If m1 = 0, then (40) and (41) are expressed in terms of the renewal function in (32).
If m1 < 0, then (40) and (41) are expressed in terms of convolution (35).

Proof. Passing to the limit in relations (23) as s→ 0 we obtain (38) because

(42)

lim
s→0

s∆−1(s, u,B) = QB(0)E τB(u) +QB(u)E τB(0),

lim
s→0

s−1h̃s(α, 0, B) = QB(0)eiαB
∫ B

0

e−iαxR(x) dx,

lim
s→0

s−1h̃(α, u,B) = QB(u)eiαB
∫ B

0

e−iαxR(x) dx− eiαu
∫ u

0

e−iαxR(x) dx

according to equalities (26). The potential R(x) in relations (40) and (41) is chosen from
(37) according to the sign of m1: if m1 > 0, then

R(x) = R+(x)

(see (27)); if m1 = 0, then
R(x) = R0(x)

(see (32)); and if m1 < 0, then
R(x) = R−(x)

(see (35)). �

To deal with the case where the process ξ(t) is a mixture of a Poisson process with
cumulant (1) and a diffusion component, we consider a different kind of reflection from
both upper an lower boundaries to an initial state u > 0. The version of the process with
reflection from two boundaries is defined as follows. Let

ξu(t) = u+ ξ(t), t > 0, u > 0, ξ(0) = 0,
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where ξ(t) is an upper continuous process whose cumulant is

(43)
ψ(α) = iαa− σ2

2
α2 +

∫ 0

−∞
(eiαx − 1)Π(dx),

∫ 0

−∞
|x|Π(dx) <∞.

Then the process ηuB,σ(t) is given by

(44) ηuB,σ(t)
·=



ξu(t), τB(u) > t, 0 < u < B,

ηuB,σ(t− τ+(v)), τB(u) = τ+(v) < τ−(−u), τ+(v) < t,

ηuB,σ(t− τ−(−u)), τB(u) = τ−(−u) < τ+(v), τ−(−u) < t.

Theorem 3. If ξ(t) is an upper continuous process with cumulant (43), then the char-
acteristic function of the process (44)

ϕuB,σ(s, α) = E eiαη
u
B,σ(θs), 0 < u < B,

is defined by

(45) ϕuB,σ(s, α) = h̃s(α, u,B)
[
1 − E e−sτB(u)

]−1

where

h̃s(α, u,B) = sQB(s, u)
∫ B

0

eiαxRs(B − x) dx− s

∫ u

0

eiαxRs(u− x) dx.

The limit characteristic function of the process ηuB,σ(t) as t→ ∞ is given by

(46) ϕuB,σ(α) = lim
s→0

ϕuB,σ(s, x) =
h′0(α, u,B)
EτB(u)

where

(47)

{
h̃′0(α, u,B) = QB(u)

∫ B
0
eiαxR(B − x) dx− ∫ u

0
eiαxR(u− x) dx,

E τB(u) = QB(u)
∫ B
0
R(x) dx − ∫ u

0
R(x) dx

according to (42). The limit density of the distribution of this process with reflections
from two boundaries is

(48)
∂

∂x
P

{
ηuB,σ(∞) < x

}
=

[
QB(u)R(B − x) −R(u− x)δ(u > x)

]
[E τB(u)]−1

if 0 < u < B.

Proof. The following equality for the characteristic function of the modified process ηuB,σ
is a consequence of (44):

E eiαη
u
B,σ(t) = E

[
eiαξu(t), τB(u) > t

]
+

∫ t

0

E
[
eiαη

u
B,σ(t−y), τB(u) = τ+(v) ∈ dy

]

+
∫ t

0

E
[
eiαη

u
B,σ(t−y), τB(u) = τ−(−u) ∈ dy

]
.

Taking the Laplace–Carson transform for the characteristic function

ϕuB,σ(s, α) = s

∫ ∞

0

e−st E
[
eiαη

u
B,σ(t)

]
dt = E eiαη

u
B,σ(θs)

we obtain from the latter equation that

ϕuB,σ(s, α) = h̃s(α, u,B) + ϕuB,σ(s, α)
(
QB(s, u) +QB(s, u)

)
,
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whence (45) follows. Passing to the limit as s→ 0, the limit characteristic function (46)
is determined from (45). By inverting we get the density (48) according to relations (24).
In so doing we apply the corresponding representation in (37) for R(x) according to the
sign of m1. Namely, we substitute to the right-hand sides of (46)–(48)

R(x) = R+(x)

if m1 > 0 (the first case in (37)),

R(x) = R0(x)

if m1 = 0 (the second case in (37)), and

R(x) = R−(x)

ifm1 < 0 (the third case in (37)). Note that the sign “−” in the lower bound of integration
of the representation (10) disappears in the case of σ > 0, since the distribution of the
minimum of ξ−(θs) has no atom in this case. �
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