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JUSTIFICATION OF THE FOURIER METHOD FOR HYPERBOLIC
EQUATIONS WITH RANDOM INITIAL CONDITIONS
UDC 519.21

YU. V. KOZACHENKO AND G. I. SLIVKA

ABSTRACT. Conditions for the existence of a twice differentiable solution of a hyper-
bolic type partial differential equation with random strongly Sub(2) initial condi-
tions are found in the multidimensional case.

1. INTRODUCTION

We consider a boundary problem for a homogeneous hyperbolic partial differential
equation with random strongly Sub,(€2) initial conditions in the multidimensional case.
The main aim of the paper is to propose a new approach for studying partial differential
equations with random initial conditions and to apply this approach for the justification
of the Fourier method for solving hyperbolic type problems. We also find estimates for
the distribution of the supremum of a solution of such a problem.

Similar problems for the vibration of a homogeneous string, square membrane, and
round membrane with random strongly sub-Gaussian initial conditions are considered in
[11 O B]. Further references can be found in [I].

2. STOCHASTIC PROCESSES OF THE SPACE Sub,, ()

Definition 2.1 ([1]). Let T be a nonempty set. A function p: T'x T — [0, c0) is called
a pseudometric if

(1) p(t,s) =p(s,t), t,s € T}

(2) p(t,s) < p(t,v)+p(v,s), t,s,v €T}

(3) p(t,s)=0ift=s.

The pair (7, p) is called a pseudometric space.

Definition 2.2 ([1]). Let (7, p) be a nonempty metric space and let ¢ > 0. Denote
by N,(T,¢) the minimum number of points of an e-net of the set T with respect to the
pseudometric p. The function (N,(T,¢),e > 0) is called the massiveness of the set T
with respect to the pseudometric p.

Definition 2.3 ([2]). A continuous even function u(x), € R!, such that u(0) = 0,
u(z) > 0 for z # 0, and lim, o u(x)/z = 0, lim,; o u(z)/x = 0o is called an N-function.

Definition 2.4 ([1]). We say that an N-function u satisfies the g-condition if there exist
constants zg > 0, £ > 0, and A > 0 such that

u(z)u(y) < Au(kzy)
for all x > 2y and y > zp.
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68 YU. V. KOZACHENKO AND G. I. SLIVKA

Example 2.1. The function u(x) = B|z|* for B > 0 and « > 1 as well as
u(z) = exp {Alz]7} — 1
for A > 0 and « > 1 are examples of N-functions.
The function u(z) = exp {p(z)} — 1 also is an N-function if ¢(z) is an N-function.

Lemma 2.1. Let u(x) be an N-function. Then

(1) ulax) < au(z) for0<a<1andz €R;
(2) u(ax) > au(z) for a>1 and z € R;

(3) u(lal + lyl) < (2) + u(y) for o, € R;

(4) the function u(z)/x is nondecreasing for x > 0.

Lemma 2.2. Let u(™Y (x) be the inverse to an N -function u(z) forx > 0. Then u{~Y (z)
18 a convex increasing function such that

(1) uY(ax) < au"Y(z) for 0 < a <1 and z € R;

(2) u"Y(ax) > au"V(x) for a > 1 and x € R;

(3) uV (o] + Jyl) < ul=V (@) +u D (y) for z,y € R;

(4) the function u'=Y(x)/x is nonincreasing for x > 0.
Definition 2.5 ([2]). Let u(x) be an N-function. The function

u*(z) = sup(zy — u(y))
yeER

is called the Young—Fenchel transform of the function u(x).
The function u*(x) also is an N-function.

The Orlicz space of random variables generated by an N-function u(x). Let
{2, 3, P} be a probability space.

Definition 2.6 ([2,[1]). The set of random variables £ = {(w), w € €, is called the Orlicz
space L, () of random variables generated by the N-function u(x) if for any £ € L, ()
there exists a constant r¢ such that Eu({/r¢) < oo.

The Orlicz space L, () is a Banach space with respect to the norm

€N, = inf{r >0: Eu <§> < 1}.

Definition 2.7. A stochastic process X = {X(t),t € T} belongs to the Orlicz space
L, (92) if the random variable X (¢) belongs to L, () for all t € T.

The space Sub, ().

Definition 2.8 ([1]). Let ¢(z) be an N-function for which there exist constants xoy > 0
and ¢ > 0 such that ¢(z) = cz? for |z| < xg. The set of random variables £(w), w € Q,
is called the space Sub,(€2) generated by the N-function ¢(z) if E{ = 0 and there exists
a constant a¢ such that

Eexp {\} < exp{p (Aa¢)}
for all A € R!.

The space Sub,,({2) is a Banach space with respect to the norm

(=1)
0 (€) = sup ©=Y (InEexp {\¢})
A£0 RY

(see [ for the proof).
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JUSTIFICATION OF THE FOURIER METHOD 69

Definition 2.9. A stochastic process X = {X (t),t € T'} belongs to the space Sub,(f2)
(X € Sub,(2)) if X(t) € Sub,(2) for all t € T

Example 2.2. A Gaussian stochastic process X (¢) with zero mean belongs to Sub,(€2)
where p(x) = 22/2 and 7(X (1)) = (E(X(1))?)"/2.

A family of strongly Sub,,({2) random variables and a family of strongly Sub,(2)
stochastic processes.

Lemma 2.3 ([1]). If £ € Sub,(Q2), then there exists a constant C > 0 such that

(E(©)*)'/? < Crp(€).

Definition 2.10. A random variable & € Sub,(f2) is called strongly Sub,(£2) random

variable if 7, (§) = (E 52) /2 The space of strongly Sub,,(£2) random variables is denoted
by SSub,, (£2).

Properties and applications of SSub,, (£2) random variables and stochastic processes
can be found in [I].

Definition 2.11 ([3]). A family A of random variables £ of the space Suby(2) is called

SSub,, () family if
o 1/2
e (Z )\zfi) = (E(Z )\zfi) )
i€l il

for all \; € R where I is at most countable and & € A, i € I.

Theorem 2.1 ([3]). Let A be a strongly Sub, () family of random variables. Then the

linear closure A of the family A in the space L2(€)) and in the mean square sense is a
strongly Suby, () family.

Definition 2.12. A stochastic process X; = {X;(¢),t € T,i € I} is called an SSub,(Q2)
process if the family of random variables X; = {X;(t),t € T,i € I} is a SSub,,(£2) family.

Theorem 2.2 ([3]). Let X; = {X;(t),t € T,i € I} be a family of jointly SSub, () sto-
chastic processes. Then (T, 0, ) is a measurable space. If

{or; (), i e [LE=1,...,00}
is a family of measurable functions in (T, O, u) and the integral
6 = | o)X, (0 dut
is well defined in the mean square sense, then the family of random variables
Ae ={&,,iel,k=1,...,00}
is an SSuby, () family.
Remark. A Gaussian stochastic process with zero mean is an SSub,(€2) process for

u(z) = 2%/2.
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70 YU. V. KOZACHENKO AND G. I. SLIVKA

3. CONDITIONS FOR THE WEAK CONVERGENCE IN C(T)
OF SSub,(£2) STOCHASTIC PROCESSES

Theorem 3.1. Let T be a set of parameters, let X, = {X,(t),t € T} be a sequence of
stochastic processes belonging to the Orlicz space L, (), let the N-function u satisfy the
g-condition, and let || - ||, be the norm in L,()). Assume that

(1)
(3.1) sup sup || X, () — Xn(s)|l, < oo.

n>1s,teT

(2) A pseudometric p is defined on T as follows:
plt, 5) = sup pa(t, )
n>1
where (t,s) € T and

pn(t,s) = [ Xn(t) = Xn (s) 1, -

(3) The space (T, p) is compact and every process X, (t) is separable on (T, p).
(4) N(e) = N, (T,¢) is the metric massiveness of the space (T, p).
5

(3.2) /O+ U (N(e)) de < oo

where U1 () is the inverse to U(x) for x > 0.
Then for all § > 0

(3.3) limsupP ¢ sup |X,(t) — Xp(s)| > p =0.
20> t,s€T
p(t,s)<e

Proof. Theorem 3.1 is a variant of Theorem 3.5.1 and Corollary 3.5.2 in [I] for processes
in the Orlicz spaces. a

Theorem 3.2. Let (T, d) be a compact metric space, let
X, ={X,(t),teT}

be a sequence of stochastic process belonging to the Orlicz space L, (), and let the func-
tion u satisfy the g-condition. Assume that all the processes X, (t) are separable in (T, d)
and

pn(t,s) =1 Xn(t) — X0 (5) 1, -
Assume also that

(3.4) p(t,s) = sup pn(t,s) < Z (d(t,s))

where Z = {Z(x) > 0,2 > 0} is a function such that Z(x) — 0 as x — 0. Denote by
N,(e) the metric massiveness of the space (T, p). If

(3.5) /O+ UCD (N, (2)) d= < oo,

then

limsupP < sup |X,(t) — Xn(s)| >3 =0
e=0p>1 t,seT
d(t,s)<e

for all § > 0.
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JUSTIFICATION OF THE FOURIER METHOD 71

Proof. Condition (3.4) implies condition (3.1). Since (3.4) holds, the processes X, (t) are
separable in the space (T, p) (see [1] for the proof). Thus (3.5) implies (3.3). Condition
(3.4) yields that for any € > 0 there exists y(g) > 0 such that p(t,s) < y(e) if d(¢,s) < e.
Moreover, y(¢) — 0 as € — 0 in this case. Thus

(3.6) PJ sup [X,(t)—Xn(s)|>dp <P sup | Xn(t) — Xn(s)| > ¢

t,s€T t,s€T
d(t,s)<e p(t,s)<v(e)
Therefore (3.6) completes the proof of Theorem 3.2. O

Lemma 3.1 ([I]). Let (T, p1) and (T, p2) be two pseudometric spaces such that p; and
p2 are equivalent, that is, there are constants ¢ > 0 and cg > 0 for which

cipi(t, s) < pa(t,s) < caprl(t,s).
Then

(3.7) Ny (g) < No(u) < N <£)

1 C2

where N;(u) is the metric massiveness of the space (T, p;), i = 1,2.

Corollary 3.1. Conditions (3.7) and
/ U (N, (g)) de < oo
0+
hold for N-functions Ny (u) and Na(u) if and only if
/ U (N, (¢)) de < .
0+

Theorem 3.3. Let (T, d) be a compact metric space, and
X, ={X,(t),teT}

a sequence of stochastic processes belonging to the space Suby, (). Assume that all these
processes are separable on (T,d). Further let

man(t, ) = 7o (Xn (t) — Xn(s))
and

(3.8) m(t,s) = sup man(t,s) < z (d(t, s))

where z = {z(x) > 0,z > 0} is a function such that z(z) — 0 as x — 0. Denote by
Ny (u) the metric massiveness of the space (T, m). If

(3.9) /0+ U (N, (u) du < o0

where U(z) = z/o("V(2) and ¢~V (u) is the inverse to p(u) for u > 0, then

(3.10) limsupP ¢ sup |X,(t) — Xn(s)| >0, =0
e=0p>1 t,seT
d(t,s)<e
for all § > 0.
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72 YU. V. KOZACHENKO AND G. I. SLIVKA

Proof. Consider the Orlicz space L, (Q2) for the function u(x) = exp {¢*(z)} — 1 where
¢*(z) is the Young—Fenchel transform of the function ¢(z). It is shown in [I] that
§ € Suby(Q) if and only if £ € L,(2). Moreover the norms 7, (§) and |||, ~are
equivalent, that is, there are constants b; > 0 and bs > 0 such that

(3.11) bill€ll,, <7 (6) <b2l€ll,, -
Thus all stochastic processes X,,(t) belong to the space L, (£2). Put
pu(t:s) =[1Xa(t) = Xn(s)llL., ot 5) = suppn(t, ).
It follows from (3.11) that the pseudometrics m(t, s) and p(t, s) are equivalent, that is
(3.12) bip(t,s) < mf(t,s) < bap(t,s)
where by and be are defined in (3.11). Relations (3.12) and (3.8) imply
plt, ) < by 2 (d(t, ).
Note that the g-condition holds for the function u(z) = exp {¢*(z)} — 1 (see [I).
Let N,(u) be the massiveness of the space (T, p). According to Theorem 3.2, if

(3.13) /M UCDN, () du < oo,

then Theorem 3.3 is proved.
According to Corollary 3.1, condition (3.13) holds if and only if

(3.14) / U (N, (1)) du < 00
0+
where Ny, (u) is the massiveness of the space (T',m). If condition (3.14) holds, then

UV (2) = V" (In (2 + 1))

where ¢(~1*(z) is the inverse function to ¢*(z) for 2 > 0. Thus, condition (3.14) holds
if

/ eV (In(Npn (u) + 1)) du < oo,
0+

In its turn, the latter integral converges if

(3.15) / OV (H,p, (u)) du < 0o
0+
where H,,,(u) = In N, (u).
It follows from Lemma 3.4.1 of [1] that (3.15) holds if and only if (3.9) holds. O

Theorem 3.4. Let R¥ be the k-dimensional space, d(t,s) = maxi<i<k |t; — 84|,
T={0<t;<Tii=1,2,....k}, T;>0,

and let X,, = {X,,(t),t € T} € Sub, (). Let the processes X,,(t) be separable. Assume
that

(3.16) sup Ty (X, (t) — Xn(s)) < o(h)
d(t,s)<h

where a(h) is a monotone increasing continuous function such that o(h) — 0 as h — 0.

If
(3.17) /0+ v <ln ﬁ) de < o0
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JUSTIFICATION OF THE FOURIER METHOD 73

where U(u) = u/ "V (u) and o=V (g) is the inverse function to o(c), then

limsupP < sup |X,(t) — Xn(s)|>dp =0
—0 n>1 t,s€T
d(t,s)<e

for all § > 0.
Proof. Since m(t,s) = sup,, 7, (X, (t) — Xy (s)), it follows from [I] that

5)<ik1 (%(_Lli)(g)—kl).
()

where T = maxi<;<i 1;. Thus condition (3.9) follows from

319 K (M(L)(J & <.

It is easy to show that (3.18) follows from (3.17), and therefore Theorem 3.3 implies
Theorem 3.4. g

For sufficiently small £, we have

Theorem 3.5 ([1]). Let (T, d) be a compact space and C(T') the Banach space of contin-
uous functions equipped with the uniform norm. Let {X,(t),t € T}, n > 1, be a sequence
of random variables of the space C(T'). The sequence X, (t) converges in probability in
the space C(T) if

(1) the sequence (X, (t),n > 1) converges in probability for all t € Ts where Ty is an

arbitrary set dense in T;
(2) foralld >0

limsupP ¢ sup |X,(t) — Xn(s)| >4 p =0.
e—=0p>1 t,s€T
d(t,s)<e
The next result follows from Theorems 3.4 and 3.5.
Theorem 3.6. Let R* be the k-dimensional space, d(t,s) = maxj<i<k |t; — sil,
T={0<t<T;,1=1,2,...,k}, T;>0, Xy ={X,(t),t € T} € Sub,(Q).
Assume that the process X, (t) is separable and

sup Ty (Xn(t) — Xu(s)) < a(h)
d(t,s)<h

where o(h) is a monotone increasing continuous function such that o(h) — 0 as h — 0.

We also assume that )
/0+\I/ (h’lm) d€<OO

where U(u) = u/@"Y(u) and o=V (¢) is the inverse function to o(c). If the processes
X, (t) converge in probability to the process X (t) for all t € T, then X,,(t) converge in
probability in the space C(T).

Consider some sufficient conditions for the existence of continuous partial derivatives
of a random field of the space SSub,(€2).
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74 YU. V. KOZACHENKO AND G. I. SLIVKA

Theorem 3.7 ([4]). Let £(X) be an almost sure continuous random field such that
ES(X)=0 for X € T where T ={a; <xz; <b;,i=1,...,m}. Let
B(X,Y) =E{X)¢(Y)
be the correlation function of the field £(X), and let there exist partial derivatives
9’B(X,Y)
0X;0Y; ’
where By;(X,Y) are the correlation functions of square mean derivatives 0§(X)/0x;. If

there is a version of the field 0§(X)/0x;, i = 1,...,m, that is a continuous random field,
then this version is an ordinary partial derivative of the random field £(X).

B”(X,Y)Z i:l,...,m,

The following result contains conditions for the continuity of random fields of the space

Sub,, ().

Theorem 3.8 ([8]). Let (T,p) be a compact metric space, X(t), t € T, a separable
stochastic process, and X(t) € Sub, (). Assume that there exists a monotone increasing
continuous function o = (o(h),h > 0) such that o(h) — 0 as h — 0 and

sup T, (X(t) — X (s)) < o(h).
p(t,s)<h

/06 v (H (0(71)(1;))) du < 00

for all € > 0 where ¥(v) = v/ "V (v) for v > 0. Denote by H() the metric entropy of
the space (T, p). Then the stochastic process X (t), t € T, is continuous with probability
one.

Further assume that

The following result contains conditions for the existence of partial derivatives for
stochastic processes of the space SSub, ().

Theorem 3.9. Let T = {a; < x; < bj,i = 1,...,m}, and let &(X), X € T, be a
separable random field such that £(X) € SSub ¢(Q) Put Boooo(X,Y) = EE(X)E(Y) and
assume that the partial derivatives Bioio(X,Y) = 0?°B(X,Y)/02;0y;, i =1,...,m, and
0'B(X.Y)
ox; 8y18x;€8yk
exist. Let there exist a monotone increasing continuous function o,(h) > 0, h > 0,
such that o,(h) — 0 as h — 0 for z = (0,0,0,0), z = (¢,0,4,0), ¢ = 1,...,m; and
z= (i, k,i,k),i=1,...,m, k=1,...,m. Assume that

szzk (X Y)

(3.19) sup  (B.(X,X)+ B.(Y,Y) = 2B.(X,Y)"/? < 0.(h).
|x1 y1|<h
i=1,.

If

(3.20) /E v (ln (agfl)(u))) du < 0o
0

for all z and for sufficiently small € > 0 where ¥(u) = u/@ " (u), then with probability
one the partial derivatives

98(X) 9%¢(X)
8xi ’ 89@8% ’

exist and are continuous.

t,j=1,...,m,
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JUSTIFICATION OF THE FOURIER METHOD 75

Proof. Tt is sufficient to provide the proof of the theorem only for the first derivative.
If the derivative Byo0(X,Y), ¢ = 1,...,k, exists and is continuous, then the partial
derivative 9&(X)/0x;, ¢ = 1,...,m, exists in the mean square sense. The process £(x)
belongs to the space SSub,(€2), thus Theorem 2.1 implies that the process 0§(X)/0x;
belongs to the space SSub,(£2), too. Hence

() - ()

e <85<X>)2 LE (%(Y))Q g OEC0) 05(Y)

(%ci 8xi 8xi 89@

= (Bioio(X, X) + Bioio(Y,Y) — 2Bjoi0(X, Y))1/2 .

Thus it follows from (3.19) and (3.20) that the assumption of Theorem 3.8 holds for
&(X) (recall that £(X) is separable) and for a separable version of (X ) /0x;. Hence £(X)
is continuous with probability one and there exists a continuous version of 9¢(X)/0x;.
Theorem 3.7 implies that this version is a usual partial derivative of the field £(X). O

4. THE JUSTIFICATION OF THE FOURIER METHOD FOR A PARTIAL DIFFERENTIAL
EQUATION WITH RANDOM INITIAL CONDITIONS

Consider the equation

0%u
for
"~ 0 ou
i=1 j=1 Li Ly
The coefficients of the operator L are defined in a finite connected domain G of dimen-
sion n; let
X = (x1,22,...,%)

be an arbitrary point of G. Assume that

a(X) =0, aij = ji, Z aijivj = 042%27 a>0,
ij=1 i=1
in the domain G.

Consider the following problem for equation (4.1): solve equation (4.1) in the cylinder
Qr = G[0 < t < T for the initial conditions

ou
(42) uoo =€, S =u(x),
t=0
and the boundary condition
(4.3) uly =0, t € 10,77,

where S is the boundary of the domain G. Assume that the initial conditions
(£(X), X €G) and (n(X), X €@)

are jointly SSub,,(£2) stochastic processes.
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When solving similar problems by using the Fourier method, regardless of whether
initial conditions are random or nonrandom, we look for a solution of the form

(4.4) u(X,t) = i (Ak cos \/Tkt + By, sin \/ﬁt> v (X)
k=1

where
1
AkZ/ g(X)’Uk(X)dX, BkZ—/ U(X)’Uk(X)dX,
G VA Ja
and the Ay and v (X) are eigenvalues and eigenfunctions of the Sturm—Liouville problem
L(v)+Av=0
(see, for example, [0]).

Theorem 4.1. Let {(X), X € G, andn(X), X € G, be jointly SSub,(Q) stochastic pro-
cesses. In order that a twice continuously differentiable solution of problem (4.1)—(4.3)
exist with probability one in the domain 0 < x; < S;, 0 <t < T, (T is a positive con-
stant), and be represented in the form of a uniformly convergent in probability series (4.4),
it 1s sufficient that

(1) the continuous derivatives

0%§(X) In(X)
8337;8.13j ’ 8JLL'

exist with probability one;
(2) for all X € G and t € [0,T) series (4.4) and the series

(4.5) Z \/ﬁ (—Ak sin \/A—kt—i— By, cos \/)\—kt)vk(X),
k=1

(46) > (Awcos vVt + Bysin /) 22y

k=1

(4.7) 3 A (Ak cos \/Ast + By sin \/Tkt) s (X),
k=1

o0 2
(4.8) Z(Akcos vV Akt + By, sinVAﬂ)%, i,j=1,...,m,
10T

k=1

converge uniformly in probability.

Proof. Note that there exist subsequences of partial sums of series (4.4)—(4.8) that con-
verge uniformly in probability. The rest of the proof is the same as in the nonrandom
case. ]

Lemma 4.1. Let initial conditions
€(X), X €G) and (n(X),X €Gq)

be jointly SSub, () stochastic processes and assume that the hypotheses of Theorem
hold. Then the random series (4.4)—(4.8) also are jointly SSub,(Q) stochastic processes.

Proof. Tt follows from Theorem 2.2 that the family of random variables Ay, By, k > 1, is
a jointly Suby, () family. According to Theorem 2.1 random series (4.4)—(4.8) are jointly
SSub,, (2) stochastic processes. O
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JUSTIFICATION OF THE FOURIER METHOD s

For n > 0 put
SO)—Z(Akcos\/ Lkt + B sin /A t)vk
k=1

ST(LU = Z \/)\—k (—Ak sin \/gt + By, cos \/)\—kt)vk(X)
S,(LQ)—Z(Akcosft+Bk81n\/_t)avk t=1,...,m,

k=1

S,(f) = Z AL (Ak coS mt + By, sin mt) v (X
(4) aQUk ..
S, —Z(Akcos\/—t—l-Bksm\/_t) h,j=1,...,m.

k=1 i
Theorem 4.2. Let {(X), X € G, and n(X), X € G, be jointly SSub, () stochastic
processes. In order that a twice continuously differentiable solution of problem (4.1)—(4.3)
exist in the domain of variables (t,x1,...,x,) such that 0 <t <T,

G={0<z<S;,i=1,....,m}

(T is a positive constant), and be represented in the form of series (4.4), uniformly
convergent in probability, it is sufficient that

(1) the derivatives
2309 On(X)
8337;8.133‘ ’ 8$i
exist and are continuous with probability one;
(2) forall X € G and t € [0,1], the series

(oo}
Z vg ( [EAkAlcos \/7tcos \/_t—l-EBkBlsm \/_tsm \/_t
+ 2E A, B cos \/gt sin \/)\_lt},
8vgiX 5‘1)81( )[EAkAl coS \/—tcos \/_t—i— E BB sin \/_tsm \/—t
K3
+ 2E A B; cos \/ﬁt sin \//\_lt},
\//\_\/711;€ [EAkAlSID\/7t81n\/7t+EBkBlCOS\/_tCOS\/71‘,
— 2E A B cos \/gtsin \/)\_lt},
2 2
vk(X) O°ui(X) [E AR A cos \/)\—kt cos \/xlt + E B, B, sin \/gt sin \/)\_lt
8337;8.133‘ 83:1-8331-
+ 2E A B; cos \/ﬁt sin \//\_lt},
Z Z Ao (X))o (X) [E AR A cos \/ﬁt cos \//\_lt + E By, By sin \/Tkt sin \/)Tlt
+ 2E Ay B cos \/gtsin \/)\_lt}

%Mg

1

Mg

>

E
—
Il

—

hE
NE

=~
Il
i
Il
—

[M]8
[M]8

=~
Il
i
Il
—

converge,
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(3) form>1and k=0,1,2,3,4,

o 1/2
sup (E |9, — 5 v, ) ) < ou(h)
|zi—yi|<h

|t—s<h
where o (h) is a monotone increasing continuous function such that op(h) — 0
as h — 0; moreover

(4.9) /0+ v <ln m) de < o0

k
where U(u) = u/o~V(u) and a,(;l)(a) is the inverse function to oi(g).

Proof. Condition (2) implies that series (4.4) and (4.5)—(4.8) converge in the mean square
sense. According to Theorem 3.6 and Lemma 4.1, series (4.4)—(4.8) converge in proba-
bility in the space C(G x [0,T]).

Now Theorem 4.2 follows from Theorem 4.1. O

Remark 4.1. Condition (1) of Theorem 4.2 holds if Theorem 3.9 holds for stochastic
processes £(X) and n(X).

Example 4.1. Assume that {(X) and n(X) are jointly SSub,(§2) stochastic processes.
Then Theorems 2.2 and 2.1 (also see Lemma 4.1) imply that S%k)(t, X),k=1,...,5, are
jointly Sub,(€2) stochastic processes. Let ¢(x) be a function such that ¢(z) = |z for
some p > 1 and all |z| > 1. Then ¥(z) = 2'~'/? for 2 > 1 and condition (4.9) holds for
all € > 0:

1 1-1/p
0+ o, ()

Condition (4.10) holds if o4 (h) = Cy/ |In |h||(S for6 >1-1/pand Cy, >0,k =1,...,5.
In this case, assumption (3) of Theorem 4.2 is satisfied if for & = 1,...,5 there exist
constants Cj > 0 such that

N

o\ 1/2 c
(4.11) <E‘S§Lk)(t) —sg@(s)‘ ) < m

ford >1—1/p,alln=1,2,..., and sufficiently small |h|.

Lemma 4.2. Let

NE

Gn(X,t) = ({lcos\/)\_lt+nlsin\/)\71t) Z)(X), X e@G, te|o,T],

=1

let Z)(X) be a continuous function, and let & and n; be random wvariables such that
En? < oo and EE? < oo. If

(4.12) sup |Z1(X)| < dy,
Xea
(4.13) sup | Z(X) = Z(Y)| < a———, >0, [h] <1,
|7fini|§h |1I1 |h||
(4.14) > () + (En?)'") (21 + amN)°) < oc,

=1

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



JUSTIFICATION OF THE FOURIER METHOD 79

then
1/2 C
(4.15) sup  (E|Gn(X, 1) = Gu(Y,1)]?) 7 < 5
2 —yi|<h |In [Al]
\t s|<h
i=1,....m

for |h| < 1 where

C= Z(Efl )2 (En?)w<zl+5l<1n<@+e5)>6>>.

Proof. 1t is clear that

(E(Ga(X,8) = Gu(Y, 1))
(4.16) < Z[(E{f)lﬂ ‘COS VAtZi(X) = cos \/ESZZ(Y)‘
=1
+ (En?)"? |sin v/ Nt Z1(X) — sin \/)TZSZZ(Y)H .

Further,
‘cos VNEZ(X) — cos/ NsZi(Y) ‘
<|Zi(X ‘cos Vit —cos/ A s‘ + ‘cos VA s‘ |Z1(X) — Z,(Y)]

< §;2 [sin vu(t — s)
2 Y |h||
The inequality
s
In (|v] + e
(4.17) sin uv| < M, 0>0

(I [A[1)°
(see [7]) together with (4.16) implies that

5
(4.18) ‘COS\/)\_ltZl( ) — cos /Nt Z (Y ‘ T ln? |h||) <Zl+512 (1n@+65) )

Thus
)
1 A
(4.19) ‘sin \/)\—ltZl(X) — cos \/Etzl(y)‘ < W (zl +6;2 <ln g 4 e‘5> ) .
n
Now (4.16), (4.18), and (4.19) complete the proof of the lemma. O

As a corollary we obtain a set of conditions for the existence of a solution of problem
(4.1)—(4.3).

Theorem 4.3. Let {(X), X € G, and n(X), X € G, be SSub, () stochastic processes
where o(x) is a function such that p(x) = |z|P for some p > 1 and all |x| > 1. Set

B(X,Y) = Boooo(X,Y) = E§(X)E(Y),

R(X,Y) = Roooo(X,Y) = En(X)n(Y).
In order that a twice continuously differentiable solution of problem (4.1)—(4.3) exist
with probability one in the domain 0 <t < T, G ={0<uxz; < S;,i =1,...,m}, and be

represented in the form of series (4.4), uniformly convergent in probability, it is sufficient
that
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80 YU. V. KOZACHENKO AND G. I. SLIVKA

1. The partial derivatives

0’B(X,Y)
Bios X7Yz777 L =1,...,m,
oio ) 0x;0y; ' "
0*B(X,Y)
Bigs va :777 .7k:1a"'7 )
kY = rtydndm "
0’R(X,Y)
104 X;Y = 7’7 = ]-7 y 1Ty
Rioiol ) 0x;0y; "
exist for X,Y € G and are continuous, and
1/2 C.
(4.20) sup (B.(X,X)+ B.(Y,Y)—-2B,(X,Y))'" < 5
|zi—yi|<h |1n h|
i=1,....m
C,
(4.21) sup  (Ra, (X, X) + R., (V,Y) = 2R, (X,Y))"/? < ==L
|zi—yi|<h |ln h|
i=1,....m

for sufficiently small h where 6 > 1 — 1/p; z = (0,0,0,0); (¢,0,4,0), ¢ = 1,...

(i,k,i,k), i,k=1,...,m, z1 = (0,0,0,0), (4,0,7,0), i = 1,...,m.
2. The series

0o o0
(4.22) erkrl[lEAkA” + |EBkBl| +2|EAkBl|]
k=11=1

converges where ry, = MaxX; j—1,....m AUk, Vki, Ukij) and

Ovg (X Ovg(X
v = sup |vg(X)], Ui = Sup dvr(X) , Vkij = Su M‘
XeG xec| Oz xea| Oz
3. supxeq |[vi(X)] < oo,
o (X O%u (X
p u(X) < drio, sup gu(X) < iy,
xeq 0% xeq 07;07;
and
sup (X)) —u(Y)] < moo——
lzk—yk|<h [In A
k=1,....m
X Y 1
sup du(X)  Oul )‘<’Yli0—av i=1,...,m,
jon—yl<h| OFi O [In A
k=1,....m
82vl(X) 8201(Y)
Sup - S’Yli‘—, 7‘77 9 7m7
jen—yel<h | Oxi0z;  Owidr, "nh)°
k=1,....,m

S ((E43)"+ (E52)"*) A (b0 + (10 ) a0 ) < o0,
=1

hE

((E A%)UQ + (E Bl2)1/2) (5li0 + (ln >\l)67li0) < 00, 1= ]., e, M,

=1

NE

((E A?)UQ + (E Bl2)1/2) (5”]‘ + (ln )\l)é’ylij) < o0, i,j = ]., s,y
l

for arbitrary § > 1 —1/p and |h| < 1.

I
-
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Proof. Condition 1 of Theorem 4.3 implies condition (1) of Theorem 4.2. According to
Example 4.1, conditions of Theorem 3.9 hold for the processes {(X) and n(X) if

o.(h) = C: =, _1

[l [A]]
It is clear that the series in condition (2) of Theorem 4.2 converge if so do the series
in (4.22). Example 4.1 and Lemma 4.1 imply that condition (3) of Theorem 4.2 follows
from condition 3 of Theorem 4.3. O

Remark 4.2. Let CSSub,(£2) be the space of random variables of Sub,(2) such that

T, (; Ai&) <C <E <Z Ai§i>2> 1/2

i€l

for an arbitrary countable set I, & € CSSub, (), i € I, and for \; € R! where C' is a
positive constant. It is easy to see that CS Sub,(2) = SSub,, (2) for

p1(z) = p(Cx).
In the case of problem (4.1)—(4.3), if the processes £(X) and n(X) belong to the space
CS Sub,,(£2), then we may treat them as elements of SSub,,, (Q2) for ¢1(z) = ¢(Cx).

5. ESTIMATES OF THE DISTRIBUTION OF THE SUPREMUM OF A SOLUTION
OF THE BOUNDARY VALUE PROBLEM

Theorem 5.1. Let T be a set of parameters, let X = {X(t),t € T} be a stochastic
process such that X € Sub, (), and let p(t,s) = 7, (X (t) — X (s)). Assume that (T, p)
is a pseudometric compact space and the process X is separable on (T,p). Denote by
N(g) the metric massiveness of the space (T, p) and H(e) =InN(e). If

(5.1) g0 =sup 7, (X (1)) < o0, /60 V(H(e))de < o0
teT 0

where U(u) = u/e"V(u) and (=Y (u) is the inverse function to p(u) for u >0, then

P {sup (o) 2 = < 240u0)

for all u > 21,(0e0)/0(1 — 0) where

1 2 v
At =ep{-¢ (£ [ua-0-2rea] ). nw= [ e
0 0
Corollary 5.1. Let R be the k-dimensional space,
d(t, s) Joax. [t; — sil, T={0<t;<Ty;,n=1,2,...,k}, T;>0

Assume that X = {X(t),t € T'} is separable and X &€ Sub,(2). If

sup T, (X(t) — X (s)) <o(h)
d(t,s)<h

where o(h) is a monotone increasing continuous function such that o(h) — 0 as h — oo,

and .
/O+\I/ (h’lm) de < 00
where W(u) = u/p~Y (u), then

P {§3$ | X (t)] > u} < 24 (u,0)
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for all0 <0 <1 and u > 21,(0e0)/(6(1 — 0)) where

A(u,0) = exp {—<p* (% {u (1-6)— %fw (95)} ) } ,

g0 = sup (ElX(t)IQ)l/Q, I, (8) = /06 v @;m (%(LD(E) + 1)) de.

Proof. Corollary 5.1 follows from Theorem 5.1 for g = &p. It remains to prove that
I,(y) < I,(y). This inequality holds, since

N(E)Siljl(%#f)(g)—'—l)

by the assumptions of Theorem 5.1.

Put
un(X,t) = Z (Ak cos \/)\—kt + By, sin \/gt>vk(X).
k=n

As in Theorem 4.2, assume that

(=

where o (h) is a monotone increasing continuous function such that oo(h) — 0 as h — 0,

and
1
/ U (In ﬁ d€ < 00
0+ a, ()

where ¥ (u) = u/p(~V(u) and U(()_l)(€) is the inverse function to og(g). Then

o\ 1/2
SO0 - SO0 ) < ouln)

P {sup lun (X, )] > u} < 2A(u, )
teT

i e {- (2 [ut-0 - 20] )}

where

€0 = SUp ¢¢[0,77] (E |tn (X, t)|2)1/2, and
x,‘,E[O,S,‘,]
Oo k S
1,(0,&) = |1 1 1 . 1)]d O
w02 = [0 (g + )*;”<2a<><e>+ )
Remark. Since
1/2
2= swp (Elun(X,)°)
t€[0,T)
x,‘,E[O,S,‘,]
. o\ 1/2
= sup E Z (Akcos /At + By sin \/)\kt)vk(X)
t€[0,7] p—
x,‘,E[O,S,‘,]

oo 00 1/2
S<z:z:|vk(X)|'|U1(X)|(|EI‘1kAz|+|EB/€BZ|+2|EA/€BZ|)> =,

k=nl=n
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A (u,0) = exp {—p* <§ [u (1-6)— ;fq, (Gé)D} :
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