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JUSTIFICATION OF THE FOURIER METHOD FOR HYPERBOLIC
EQUATIONS WITH RANDOM INITIAL CONDITIONS

UDC 519.21

YU. V. KOZACHENKO AND G. I. SLIVKA

Abstract. Conditions for the existence of a twice differentiable solution of a hyper-
bolic type partial differential equation with random strongly Subϕ(Ω) initial condi-
tions are found in the multidimensional case.

1. Introduction

We consider a boundary problem for a homogeneous hyperbolic partial differential
equation with random strongly Subϕ(Ω) initial conditions in the multidimensional case.
The main aim of the paper is to propose a new approach for studying partial differential
equations with random initial conditions and to apply this approach for the justification
of the Fourier method for solving hyperbolic type problems. We also find estimates for
the distribution of the supremum of a solution of such a problem.

Similar problems for the vibration of a homogeneous string, square membrane, and
round membrane with random strongly sub-Gaussian initial conditions are considered in
[1, 9, 8]. Further references can be found in [1].

2. Stochastic processes of the space Subϕ(Ω)

Definition 2.1 ([1]). Let T be a nonempty set. A function ρ : T × T → [0,∞) is called
a pseudometric if

(1) ρ(t, s) = ρ (s, t), t, s ∈ T ;
(2) ρ(t, s) ≤ ρ (t, v) + ρ (v, s), t, s, v ∈ T ;
(3) ρ(t, s) = 0 if t = s.

The pair (T, ρ) is called a pseudometric space.

Definition 2.2 ([1]). Let (T, ρ) be a nonempty metric space and let ε > 0. Denote
by Nρ(T, ε) the minimum number of points of an ε-net of the set T with respect to the
pseudometric ρ. The function (Nρ(T, ε), ε > 0) is called the massiveness of the set T
with respect to the pseudometric ρ.

Definition 2.3 ([2]). A continuous even function u(x), x ∈ R1, such that u(0) = 0,
u(x) > 0 for x �= 0, and limx→0 u(x)/x = 0, limx→∞ u(x)/x = ∞ is called an N -function.

Definition 2.4 ([1]). We say that an N -function u satisfies the g-condition if there exist
constants z0 > 0, k > 0, and A > 0 such that

u(x)u(y) ≤ Au(kxy)

for all x > z0 and y > z0.
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Example 2.1. The function u(x) = B|x|α for B > 0 and α > 1 as well as

u(x) = exp {A|x|α} − 1

for A > 0 and α > 1 are examples of N -functions.
The function u(x) = exp {ϕ(x)} − 1 also is an N -function if ϕ(x) is an N -function.

Lemma 2.1. Let u(x) be an N -function. Then
(1) u(αx) ≤ αu(x) for 0 ≤ α ≤ 1 and x ∈ R;
(2) u(αx) ≥ αu(x) for α > 1 and x ∈ R;
(3) u (|x| + |y|) ≤ u (x) + u(y) for x, y ∈ R;
(4) the function u(x)/x is nondecreasing for x > 0.

Lemma 2.2. Let u(−1) (x) be the inverse to an N -function u(x) for x > 0. Then u(−1)(x)
is a convex increasing function such that

(1) u(−1)(αx) ≤ αu(−1)(x) for 0 ≤ α ≤ 1 and x ∈ R;
(2) u(−1)(αx) ≥ αu(−1)(x) for α > 1 and x ∈ R;
(3) u(−1) (|x| + |y|) ≤ u(−1)(x) + u(−1)(y) for x, y ∈ R;
(4) the function u(−1)(x)/x is nonincreasing for x > 0.

Definition 2.5 ([2]). Let u(x) be an N -function. The function

u∗(x) = sup
y∈R

(xy − u(y))

is called the Young–Fenchel transform of the function u(x).

The function u∗(x) also is an N -function.

The Orlicz space of random variables generated by an N-function u(x). Let
{Ω,�, P} be a probability space.

Definition 2.6 ([2, 1]). The set of random variables ξ = ξ(ω), ω ∈ Ω, is called the Orlicz
space Lu(Ω) of random variables generated by the N -function u(x) if for any ξ ∈ Lu(Ω)
there exists a constant rξ such that E u(ξ/rξ) ≤ ∞.

The Orlicz space Lu(Ω) is a Banach space with respect to the norm

‖ξ‖Lu = inf
{

r > 0: Eu

(
ξ

r

)
≤ 1
}

.

Definition 2.7. A stochastic process X = {X(t), t ∈ T} belongs to the Orlicz space
Lu(Ω) if the random variable X(t) belongs to Lu(Ω) for all t ∈ T .

The space Subϕ(Ω).

Definition 2.8 ([1]). Let ϕ(x) be an N -function for which there exist constants x0 > 0
and c > 0 such that ϕ(x) = cx2 for |x| < x0. The set of random variables ξ(ω), ω ∈ Ω,
is called the space Subϕ(Ω) generated by the N -function ϕ(x) if E ξ = 0 and there exists
a constant aξ such that

E exp {λξ} ≤ exp {ϕ (λaξ)}
for all λ ∈ R1.

The space Subϕ(Ω) is a Banach space with respect to the norm

τϕ (ξ) = sup
λ�=0

ϕ(−1) (ln E exp {λξ})
|λ|

(see [1] for the proof).
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Definition 2.9. A stochastic process X = {X(t), t ∈ T } belongs to the space Subϕ(Ω)
(X ∈ Subϕ(Ω)) if X(t) ∈ Subϕ(Ω) for all t ∈ T .

Example 2.2. A Gaussian stochastic process X(t) with zero mean belongs to Subϕ(Ω)
where ϕ(x) = x2/2 and τ(X(t)) = (E(X(t))2)1/2.

A family of strongly Subϕ(Ω) random variables and a family of strongly Subϕ(Ω)
stochastic processes.

Lemma 2.3 ([1]). If ξ ∈ Subϕ(Ω), then there exists a constant C > 0 such that

(E(ξ)2)1/2 ≤ Cτϕ(ξ).

Definition 2.10. A random variable ξ ∈ Subϕ(Ω) is called strongly Subϕ(Ω) random
variable if τϕ (ξ) =

(
E ξ2
)1/2. The space of strongly Subϕ(Ω) random variables is denoted

by SSubϕ(Ω).

Properties and applications of SSubϕ (Ω) random variables and stochastic processes
can be found in [1].

Definition 2.11 ([3]). A family ∆ of random variables ξ of the space Subϕ(Ω) is called
SSubϕ(Ω) family if

τϕ

(∑
i∈I

λiξi

)
=

(
E

(∑
i∈I

λiξi

)2
)1/2

for all λi ∈ R1 where I is at most countable and ξi ∈ ∆, i ∈ I.

Theorem 2.1 ([3]). Let ∆ be a strongly Subϕ(Ω) family of random variables. Then the
linear closure ∆̄ of the family ∆ in the space L2(Ω) and in the mean square sense is a
strongly Subϕ(Ω) family.

Definition 2.12. A stochastic process Xi = {Xi(t), t ∈ T, i ∈ I} is called an SSubϕ(Ω)
process if the family of random variables Xi = {Xi(t), t ∈ T, i ∈ I} is a SSubϕ(Ω) family.

Theorem 2.2 ([3]). Let Xi = {Xi(t), t ∈ T, i ∈ I} be a family of jointly SSubϕ(Ω) sto-
chastic processes. Then (T, O, µ) is a measurable space. If

{ϕki(t), i ∈ I, k = 1, . . . ,∞}

is a family of measurable functions in (T, O, µ) and the integral

ξki =
∫

T

ϕk(t)Xj(t) dµ(t)

is well defined in the mean square sense, then the family of random variables

∆ξ = {ξki , i ∈ I, k = 1, . . . ,∞}

is an SSubϕ(Ω) family.

Remark. A Gaussian stochastic process with zero mean is an SSubϕ(Ω) process for

u(x) = x2/2.
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3. Conditions for the weak convergence in C(T )
of SSubϕ(Ω) stochastic processes

Theorem 3.1. Let T be a set of parameters, let Xn = {Xn(t), t ∈ T} be a sequence of
stochastic processes belonging to the Orlicz space Lu(Ω), let the N -function u satisfy the
g-condition, and let ‖ · ‖Lu be the norm in Lu(Ω). Assume that

(1)

(3.1) sup
n≥1

sup
s,t∈T

‖Xn(t) − Xn(s)‖Lu
< ∞.

(2) A pseudometric ρ is defined on T as follows:

ρ(t, s) = sup
n≥1

ρn(t, s)

where (t, s) ∈ T and

ρn(t, s) = ‖Xn(t) − Xn (s)‖Lu
.

(3) The space (T, ρ) is compact and every process Xn(t) is separable on (T, ρ).
(4) N(ε) = Nρ (T, ε) is the metric massiveness of the space (T, ρ).
(5)

(3.2)
∫

0+

U (−1) (N(ε)) dε < ∞

where U (−1)(x) is the inverse to U(x) for x > 0.
Then for all δ > 0

(3.3) lim
ε→0

sup
n≥1

P


 sup

t,s∈T
ρ(t,s)<ε

|Xn(t) − Xn(s)| > δ


 = 0.

Proof. Theorem 3.1 is a variant of Theorem 3.5.1 and Corollary 3.5.2 in [1] for processes
in the Orlicz spaces. �

Theorem 3.2. Let (T, d) be a compact metric space, let

Xn = {Xn(t), t ∈ T }
be a sequence of stochastic process belonging to the Orlicz space Lu(Ω), and let the func-
tion u satisfy the g-condition. Assume that all the processes Xn(t) are separable in (T, d)
and

ρn(t, s) = ‖Xn(t) − Xn (s)‖Lu
.

Assume also that

(3.4) ρ(t, s) = sup
n≥1

ρn(t, s) ≤ Z (d(t, s))

where Z = {Z(x) > 0, x > 0} is a function such that Z(x) → 0 as x → 0. Denote by
Nρ(ε) the metric massiveness of the space (T, ρ). If

(3.5)
∫

0+

U (−1) (Nρ(ε)) dε < ∞,

then

lim
ε→0

sup
n≥1

P


 sup

t,s∈T
d(t,s)<ε

|Xn(t) − Xn(s)| > δ


 = 0

for all δ > 0.
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Proof. Condition (3.4) implies condition (3.1). Since (3.4) holds, the processes Xn(t) are
separable in the space (T, ρ) (see [1] for the proof). Thus (3.5) implies (3.3). Condition
(3.4) yields that for any ε > 0 there exists γ(ε) > 0 such that ρ(t, s) < γ(ε) if d(t, s) < ε.
Moreover, γ(ε) → 0 as ε → 0 in this case. Thus

(3.6) P


 sup

t,s∈T
d(t,s)<ε

|Xn(t) − Xn(s)| > δ


 ≤ P


 sup

t,s∈T
ρ(t,s)<γ(ε)

|Xn(t) − Xn(s)| > ε


 .

Therefore (3.6) completes the proof of Theorem 3.2. �

Lemma 3.1 ([1]). Let (T, ρ1) and (T, ρ2) be two pseudometric spaces such that ρ1 and
ρ2 are equivalent, that is, there are constants c1 > 0 and c2 > 0 for which

c1ρ1(t, s) ≤ ρ2(t, s) ≤ c2ρ1(t, s).

Then

(3.7) N1

(
u

c1

)
≤ N2(u) ≤ N1

(
u

c2

)

where Ni(u) is the metric massiveness of the space (T, ρi), i = 1, 2.

Corollary 3.1. Conditions (3.7) and∫
0+

U (−1) (N1(ε)) dε < ∞

hold for N -functions N1 (u) and N2(u) if and only if∫
0+

U (−1) (N2 (ε)) dε < ∞.

Theorem 3.3. Let (T, d) be a compact metric space, and

Xn = {Xn (t) , t ∈ T}
a sequence of stochastic processes belonging to the space Subϕ(Ω). Assume that all these
processes are separable on (T, d). Further let

mn(t, s) = τϕ (Xn (t) − Xn(s))

and

(3.8) m(t, s) = sup
n≥1

mn(t, s) ≤ z (d(t, s))

where z = {z (x) > 0, x > 0} is a function such that z(x) → 0 as x → 0. Denote by
Nm(u) the metric massiveness of the space (T, m). If

(3.9)
∫

0+

Ψ (Nm(u)) du < ∞

where Ψ(z) = z/ϕ(−1)(z) and ϕ(−1)(u) is the inverse to ϕ(u) for u > 0, then

(3.10) lim
ε→0

sup
n≥1

P


 sup

t,s∈T
d(t,s)<ε

|Xn(t) − Xn(s)| > δ


 = 0

for all δ > 0.
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Proof. Consider the Orlicz space Lu(Ω) for the function u(x) = exp {ϕ∗(x)} − 1 where
ϕ∗(x) is the Young–Fenchel transform of the function ϕ(x). It is shown in [1] that
ξ ∈ Subϕ(Ω) if and only if ξ ∈ Lu(Ω). Moreover the norms τϕ (ξ) and ‖ξ‖Lu

are
equivalent, that is, there are constants b1 > 0 and b2 > 0 such that

(3.11) b1 ‖ξ‖Lu
≤ τϕ (ξ) ≤ b2 ‖ξ‖Lu

.

Thus all stochastic processes Xn(t) belong to the space Lu(Ω). Put

ρn(t, s) = ‖Xn(t) − Xn(s)‖Lu , ρ(t, s) = sup
n

ρn(t, s).

It follows from (3.11) that the pseudometrics m(t, s) and ρ(t, s) are equivalent, that is

(3.12) b1ρ(t, s) ≤ m(t, s) ≤ b2ρ(t, s)

where b1 and b2 are defined in (3.11). Relations (3.12) and (3.8) imply

ρ(t, s) ≤ b−1
1 z(d(t, s)).

Note that the g-condition holds for the function u(x) = exp {ϕ∗(x)} − 1 (see [1]).
Let Nρ(u) be the massiveness of the space (T, ρ). According to Theorem 3.2, if

(3.13)
∫

0+

U (−1)(Nρ(u)) du < ∞,

then Theorem 3.3 is proved.
According to Corollary 3.1, condition (3.13) holds if and only if

(3.14)
∫

0+

U (−1)(Nm(u)) du < ∞

where Nm(u) is the massiveness of the space (T, m). If condition (3.14) holds, then

U (−1)(x) = ϕ(−1)∗ (ln (x + 1))

where ϕ(−1)∗(x) is the inverse function to ϕ∗(x) for x > 0. Thus, condition (3.14) holds
if ∫

0+

ϕ(−1)∗(ln(Nm(u) + 1)) du < ∞.

In its turn, the latter integral converges if

(3.15)
∫

0+

ϕ(−1)∗(Hm(u)) du < ∞

where Hm(u) = lnNm(u).
It follows from Lemma 3.4.1 of [1] that (3.15) holds if and only if (3.9) holds. �

Theorem 3.4. Let Rk be the k-dimensional space, d(t, s) = max1≤i≤k |ti − si|,
T = {0 ≤ ti ≤ Ti, i = 1, 2, . . . , k} , Ti > 0,

and let Xn = {Xn(t), t ∈ T} ∈ Subϕ(Ω). Let the processes Xn(t) be separable. Assume
that

(3.16) sup
d(t,s)≤h

τϕ(Xn(t) − Xn(s)) ≤ σ(h)

where σ(h) is a monotone increasing continuous function such that σ(h) → 0 as h → 0.
If

(3.17)
∫

0+

Ψ
(

ln
1

σ(−1)(ε)

)
dε < ∞
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where Ψ(u) = u/ϕ(−1)(u) and σ(−1)(ε) is the inverse function to σ(ε), then

lim
ε→0

sup
n≥1

P


 sup

t,s∈T
d(t,s)<ε

|Xn(t) − Xn(s)| > δ


 = 0

for all δ > 0.

Proof. Since m(t, s) = supn τϕ (Xn(t) − Xn(s)), it follows from [1] that

Nm(ε) ≤
k∏

i=1

(
Ti

2σ(−1)(ε)
+ 1
)

.

For sufficiently small ε, we have

Nm(ε) ≤
(

T̃

σ(−1)(ε)

)k

where T̃ = max1≤i≤k Ti. Thus condition (3.9) follows from

(3.18)
∫

0+

Ψ

(
k ln

T̃

σ(−1)(ε)

)
dε < ∞.

It is easy to show that (3.18) follows from (3.17), and therefore Theorem 3.3 implies
Theorem 3.4. �
Theorem 3.5 ([1]). Let (T, d) be a compact space and C(T ) the Banach space of contin-
uous functions equipped with the uniform norm. Let {Xn(t), t ∈ T }, n ≥ 1, be a sequence
of random variables of the space C(T ). The sequence Xn(t) converges in probability in
the space C(T ) if

(1) the sequence (Xn(t), n ≥ 1) converges in probability for all t ∈ Ts where Ts is an
arbitrary set dense in T ;

(2) for all δ > 0

lim
ε→0

sup
n≥1

P


 sup

t,s∈T
d(t,s)<ε

|Xn(t) − Xn(s)| > δ


 = 0.

The next result follows from Theorems 3.4 and 3.5.

Theorem 3.6. Let Rk be the k-dimensional space, d(t, s) = max1≤i≤k |ti − si|,
T = {0 ≤ ti ≤ Ti, 1 = 1, 2, . . . , k} , Ti > 0, Xn = {Xn(t), t ∈ T} ∈ Subϕ(Ω).

Assume that the process Xn(t) is separable and

sup
d(t,s)≤h

τϕ(Xn(t) − Xn(s)) ≤ σ(h)

where σ(h) is a monotone increasing continuous function such that σ(h) → 0 as h → 0.
We also assume that ∫

0+

Ψ
(

ln
1

σ(−1)(ε)

)
dε < ∞

where Ψ(u) = u/ϕ(−1)(u) and σ(−1)(ε) is the inverse function to σ(ε). If the processes
Xn(t) converge in probability to the process X(t) for all t ∈ T , then Xn(t) converge in
probability in the space C(T ).

Consider some sufficient conditions for the existence of continuous partial derivatives
of a random field of the space SSubϕ(Ω).
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Theorem 3.7 ([4]). Let ξ(X) be an almost sure continuous random field such that
E ξ(X) = 0 for X ∈ T where T = {ai ≤ xi ≤ bi, i = 1, . . . , m}. Let

B(X, Y ) = E ξ(X)ξ(Y )

be the correlation function of the field ξ(X), and let there exist partial derivatives

Bii(X, Y ) =
∂2B(X, Y )

∂Xi∂Yi
, i = 1, . . . , m,

where Bii(X, Y ) are the correlation functions of square mean derivatives ∂ξ(X)/∂xi. If
there is a version of the field ∂ξ(X)/∂xi, i = 1, . . . , m, that is a continuous random field,
then this version is an ordinary partial derivative of the random field ξ(X).

The following result contains conditions for the continuity of random fields of the space
Subϕ (Ω).

Theorem 3.8 ([5]). Let (T, ρ) be a compact metric space, X(t), t ∈ T , a separable
stochastic process, and X(t) ∈ Subϕ(Ω). Assume that there exists a monotone increasing
continuous function σ = (σ(h), h > 0) such that σ(h) → 0 as h → 0 and

sup
ρ(t,s)<h

τϕ (X(t) − X(s)) ≤ σ(h).

Further assume that ∫ ε

0

Ψ
(
H
(
σ(−1)(u)

))
du < ∞

for all ε > 0 where Ψ(v) = v/ϕ(−1)(v) for v > 0. Denote by H(ε) the metric entropy of
the space (T, ρ). Then the stochastic process X(t), t ∈ T , is continuous with probability
one.

The following result contains conditions for the existence of partial derivatives for
stochastic processes of the space SSubϕ(Ω).

Theorem 3.9. Let T = {ai ≤ xi ≤ bi, i = 1, . . . , m}, and let ξ(X), X ∈ T , be a
separable random field such that ξ(X) ∈ SSubϕ(Ω). Put B0000(X, Y ) = E ξ(X)ξ(Y ) and
assume that the partial derivatives Bi0i0(X, Y ) = ∂2B(X, Y )/∂xi∂yi, i = 1, . . . , m, and

Bikik(X, Y ) =
∂4B(X, Y )

∂xi∂yi∂xk∂yk
, i = 1, . . . , m, k = 1, . . . , m,

exist. Let there exist a monotone increasing continuous function σz(h) > 0, h > 0,
such that σz(h) → 0 as h → 0 for z = (0, 0, 0, 0), z = (i, 0, i, 0), i = 1, . . . , m; and
z = (i, k, i, k), i = 1, . . . , m, k = 1, . . . , m. Assume that

(3.19) sup
|xi−yi|≤h
i=1,...,m

(Bz(X, X) + Bz(Y, Y ) − 2Bz(X, Y ))1/2 ≤ σz(h).

If

(3.20)
∫ ε

0

Ψ
(
ln
(
σ(−1)

z (u)
))

du < ∞

for all z and for sufficiently small ε > 0 where Ψ(u) = u/ϕ(−1)(u), then with probability
one the partial derivatives

∂ξ(X)
∂xi

,
∂2ξ(X)
∂xi∂xj

, i, j = 1, . . . , m,

exist and are continuous.
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Proof. It is sufficient to provide the proof of the theorem only for the first derivative.
If the derivative Bi0i0(X, Y ), i = 1, . . . , k, exists and is continuous, then the partial
derivative ∂ξ(X)/∂xi, i = 1, . . . , m, exists in the mean square sense. The process ξ(x)
belongs to the space SSubϕ(Ω), thus Theorem 2.1 implies that the process ∂ξ(X)/∂xi

belongs to the space SSubϕ(Ω), too. Hence

τϕ

(
∂ξ(X)
∂xi

− ∂ξ(Y )
∂xi

)
=

(
E

(
∂ξ(X)
∂xi

− ∂ξ(Y )
∂xi

)2
)1/2

=

[
E

(
∂ξ(X)
∂xi

)2

+ E

(
∂ξ(Y )
∂xi

)2

− 2 E
∂ξ(X)
∂xi

∂ξ(Y )
∂xi

]1/2

= (Bi0i0(X, X) + Bi0i0(Y, Y ) − 2Bi0i0(X, Y ))1/2 .

Thus it follows from (3.19) and (3.20) that the assumption of Theorem 3.8 holds for
ξ(X) (recall that ξ(X) is separable) and for a separable version of ∂ξ(X)/∂xi. Hence ξ(X)
is continuous with probability one and there exists a continuous version of ∂ξ(X)/∂xi.
Theorem 3.7 implies that this version is a usual partial derivative of the field ξ(X). �

4. The justification of the Fourier method for a partial differential

equation with random initial conditions

Consider the equation

(4.1)
∂2u

∂t2
= L(u)

for

L(u) =
n∑

i=1

n∑
j=1

∂

∂xi

(
aij (X)

∂u

dxj

)
− a(X)u.

The coefficients of the operator L are defined in a finite connected domain G of dimen-
sion n; let

X = (x1, x2, . . . , xn)

be an arbitrary point of G. Assume that

a(X) = 0, aij = aji,
n∑

i,j=1

aijγiγj ≥ α
n∑

i=1

γ2
i , α > 0,

in the domain G.
Consider the following problem for equation (4.1): solve equation (4.1) in the cylinder

QT = G[0 < t < T ] for the initial conditions

(4.2) u|t=0 = ξ(X),
∂u

∂t

∣∣∣∣
t=0

= η(X),

and the boundary condition

(4.3) u
∣∣
S

= 0, t ∈ [0, T ],

where S is the boundary of the domain G. Assume that the initial conditions

(ξ(X), X ∈ G) and (η(X), X ∈ G)

are jointly SSubϕ(Ω) stochastic processes.
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When solving similar problems by using the Fourier method, regardless of whether
initial conditions are random or nonrandom, we look for a solution of the form

(4.4) u (X, t) =
∞∑

k=1

(
Ak cos

√
λkt + Bk sin

√
λkt
)
vk(X)

where

Ak =
∫

G

ξ(X)vk(X) dX, Bk =
1√
λk

∫
G

η(X)vk(X) dX,

and the λk and vk(X) are eigenvalues and eigenfunctions of the Sturm–Liouville problem

L (v) + λv = 0

(see, for example, [6]).

Theorem 4.1. Let ξ(X), X ∈ G, and η(X), X ∈ G, be jointly SSubϕ(Ω) stochastic pro-
cesses. In order that a twice continuously differentiable solution of problem (4.1)–(4.3)
exist with probability one in the domain 0 ≤ xi ≤ Si, 0 ≤ t ≤ T , (T is a positive con-
stant), and be represented in the form of a uniformly convergent in probability series (4.4),
it is sufficient that

(1) the continuous derivatives

∂2ξ(X)
∂xi∂xj

,
∂η(X)
∂xi

exist with probability one;
(2) for all X ∈ G and t ∈ [0, T ] series (4.4) and the series

∞∑
k=1

√
λk

(
−Ak sin

√
λkt + Bk cos

√
λkt
)
vk(X),(4.5)

∞∑
k=1

(
Ak cos

√
λkt + Bk sin

√
λkt
)∂vk (X)

∂xi
, i = 1, . . . , m,(4.6)

∞∑
k=1

λk

(
Ak cos

√
λkt + Bk sin

√
λkt
)
vk(X),(4.7)

∞∑
k=1

(
Ak cos

√
λkt + Bk sin

√
λkt
)∂2vk(X)

∂xi∂xj
, i, j = 1, . . . , m,(4.8)

converge uniformly in probability.

Proof. Note that there exist subsequences of partial sums of series (4.4)–(4.8) that con-
verge uniformly in probability. The rest of the proof is the same as in the nonrandom
case. �

Lemma 4.1. Let initial conditions

(ξ(X), X ∈ G) and (η(X), X ∈ G)

be jointly SSubϕ(Ω) stochastic processes and assume that the hypotheses of Theorem 4.1
hold. Then the random series (4.4)–(4.8) also are jointly SSubϕ(Ω) stochastic processes.

Proof. It follows from Theorem 2.2 that the family of random variables Ak, Bk, k ≥ 1, is
a jointly Subϕ(Ω) family. According to Theorem 2.1 random series (4.4)–(4.8) are jointly
SSubϕ(Ω) stochastic processes. �
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For n ≥ 0 put

S(0)
n =

n∑
k=1

(
Ak cos

√
λkt + Bk sin

√
λkt
)
vk(X),

S(1)
n =

n∑
k=1

√
λk

(
−Ak sin

√
λkt + Bk cos

√
λkt
)
vk(X),

S(2)
n =

n∑
k=1

(
Ak cos

√
λkt + Bk sin

√
λkt
)∂vk(X)

∂xi
, i = 1, . . . , m,

S(3)
n =

n∑
k=1

λk

(
Ak cos

√
λkt + Bk sin

√
λkt
)
vk(X),

S(4)
n =

n∑
k=1

(
Ak cos

√
λkt + Bk sin

√
λkt
)∂2vk(X)

∂xi∂xj
, i, j = 1, . . . , m.

Theorem 4.2. Let ξ(X), X ∈ G, and η(X), X ∈ G, be jointly SSubϕ (Ω) stochastic
processes. In order that a twice continuously differentiable solution of problem (4.1)–(4.3)
exist in the domain of variables (t, x1, . . . , xn) such that 0 ≤ t ≤ T ,

G = {0 ≤ xi ≤ Si, i = 1, . . . , m}
(T is a positive constant), and be represented in the form of series (4.4), uniformly
convergent in probability, it is sufficient that

(1) the derivatives
∂2ξ(X)
∂xi∂xj

,
∂η(X)
∂xi

exist and are continuous with probability one;
(2) for all X ∈ G and t ∈ [0, t], the series
∞∑

k=1

∞∑
l=1

vk (X) vl(X)
[
E AkAl cos

√
λkt cos

√
λlt + EBkBl sin

√
λkt sin

√
λlt

+ 2 EAkBl cos
√

λkt sin
√

λlt
]
,

∞∑
k=1

∞∑
l=1

∂vk(X)
∂xi

∂vl (X)
∂xj

[
EAkAl cos

√
λkt cos

√
λlt + E BkBl sin

√
λkt sin

√
λlt

+ 2 EAkBl cos
√

λkt sin
√

λlt
]
,

∞∑
k=1

∞∑
l=1

√
λk

√
λlvk(X)vl(X)

[
E AkAl sin

√
λkt sin

√
λlt + E BkBl cos

√
λkt cos

√
λlt

− 2 EAkBl cos
√

λkt sin
√

λlt
]
,

∞∑
k=1

∞∑
l=1

∂2vk(X)
∂xi∂xj

∂2vl(X)
∂xi∂xj

[
E AkAl cos

√
λkt cos

√
λlt + EBkBl sin

√
λkt sin

√
λlt

+ 2 EAkBl cos
√

λkt sin
√

λlt
]
,

∞∑
k=1

∞∑
l=1

λkλlvk(X)vl(X)
[
E AkAl cos

√
λkt cos

√
λlt + EBkBl sin

√
λkt sin

√
λlt

+ 2 EAkBl cos
√

λkt sin
√

λlt
]

converge;
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(3) for n ≥ 1 and k = 0, 1, 2, 3, 4,

sup
|xi−yi|≤h
|t−s|≤h

(
E
∣∣∣S(k)

n (X, t) − S(k)
n (Y, s)

∣∣∣2)1/2

≤ σk(h)

where σk(h) is a monotone increasing continuous function such that σk(h) → 0
as h → 0; moreover

(4.9)
∫

0+

Ψ

(
ln

1

σ
(−1)
k (ε)

)
dε < ∞

where Ψ(u) = u/ϕ(−1)(u) and σ
(−1)
k (ε) is the inverse function to σk(ε).

Proof. Condition (2) implies that series (4.4) and (4.5)–(4.8) converge in the mean square
sense. According to Theorem 3.6 and Lemma 4.1, series (4.4)–(4.8) converge in proba-
bility in the space C(G × [0, T ]).

Now Theorem 4.2 follows from Theorem 4.1. �

Remark 4.1. Condition (1) of Theorem 4.2 holds if Theorem 3.9 holds for stochastic
processes ξ(X) and η(X).

Example 4.1. Assume that ξ(X) and η(X) are jointly SSubϕ(Ω) stochastic processes.
Then Theorems 2.2 and 2.1 (also see Lemma 4.1) imply that S

(k)
n (t, X), k = 1, . . . , 5, are

jointly Subϕ(Ω) stochastic processes. Let ϕ(x) be a function such that ϕ(x) = |x|p for
some p > 1 and all |x| > 1. Then Ψ(x) = x1−1/p for x > 1 and condition (4.9) holds for
all ε > 0:

(4.10)
∫

0+

(
ln

1

σ
(−1)
k (u)

)1−1/p

du < ∞.

Condition (4.10) holds if σk(h) = Ck/ |ln |h||δ for δ > 1−1/p and Ck > 0, k = 1, . . . , 5.
In this case, assumption (3) of Theorem 4.2 is satisfied if for k = 1, . . . , 5 there exist
constants Ck > 0 such that

(4.11)
(

E
∣∣∣S(k)

n (t) − S(k)
n (s)

∣∣∣2)1/2

≤ Ck

|ln |h||δ

for δ > 1 − 1/p, all n = 1, 2, . . . , and sufficiently small |h|.
Lemma 4.2. Let

Gn(X, t) =
n∑

l=1

(
ξl cos

√
λlt + ηl sin

√
λlt
)

Zl(X), X ∈ G, t ∈ [0, T ],

let Zl(X) be a continuous function, and let ξl and ηl be random variables such that
E η2

l < ∞ and E ξ2
l < ∞. If

sup
X∈G

|Zl(X)| ≤ δl,(4.12)

sup
|xi−yi|≤h
i=1,...,m

|Zl(X) − Zl(Y )| ≤ zl
1

|ln |h||δ
, δ > 0, |h| < 1,(4.13)

∞∑
l=1

((
E ξ2

l

)1/2
+
(
E η2

l

)1/2
) (

zl + δl(ln λl)δ
)

< ∞,(4.14)
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then

(4.15) sup
|xi−yi|≤h
|t−s|≤h
i=1,...,m

(
E |Gn(X, t) − Gn(Y, t)|2)1/2 ≤ C

|ln |h||δ

for |h| < 1 where

C =
∞∑
l=1

((
E ξ2

l

)1/2
+
(
E η2

l

)1/2

(
zl + δl

(
ln
(√

λl

2
+ eδ

))δ
))

.

Proof. It is clear that(
E(Gn(X, t) − Gn(Y, t))2

)1/2

≤
n∑

l=1

[(
E ξ2

l

)1/2
∣∣∣cos

√
λltZl(X) − cos

√
λlsZl(Y )

∣∣∣
+ (E η2

l )1/2
∣∣∣sin√λltZl(X) − sin

√
λlsZl(Y )

∣∣∣].
(4.16)

Further, ∣∣∣cos
√

λltZl(X) − cos
√

λlsZl(Y )
∣∣∣

≤ |Zl(X)|
∣∣∣cos

√
λlt − cos

√
λls
∣∣∣+ ∣∣∣cos

√
λls
∣∣∣ |Zl(X) − Zl(Y )|

≤ δl2
∣∣∣∣sin

√
λl(t − s)

2

∣∣∣∣+ zl
1

|ln |h||δ
.

The inequality

(4.17) |sin uv| ≤
(
ln
(|v| + eδ

))δ
(|ln |h||)δ

, δ > 0

(see [7]) together with (4.16) implies that

(4.18)
∣∣∣cos

√
λltZl(X) − cos

√
λltZl(Y )

∣∣∣ ≤ 1
(|ln |h||)δ

(
zl + δl2

(
ln

√
λl

2
+ eδ

)δ
)

.

Thus

(4.19)
∣∣∣sin√λltZl(X) − cos

√
λltZl(Y )

∣∣∣ ≤ 1
(|ln |h||)δ

(
zl + δl2

(
ln

√
λl

2
+ eδ

)δ
)

.

Now (4.16), (4.18), and (4.19) complete the proof of the lemma. �

As a corollary we obtain a set of conditions for the existence of a solution of problem
(4.1)–(4.3).

Theorem 4.3. Let ξ(X), X ∈ G, and η(X), X ∈ G, be SSubϕ(Ω) stochastic processes
where ϕ(x) is a function such that ϕ(x) = |x|p for some p > 1 and all |x| > 1. Set

B(X, Y ) = B0000(X, Y ) = E ξ(X)ξ(Y ),

R(X, Y ) = R0000(X, Y ) = E η(X)η(Y ).

In order that a twice continuously differentiable solution of problem (4.1)–(4.3) exist
with probability one in the domain 0 ≤ t ≤ T , G = {0 ≤ xi ≤ Si, i = 1, . . . , m}, and be
represented in the form of series (4.4), uniformly convergent in probability, it is sufficient
that
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1. The partial derivatives

Bi0i0(X, Y ) =
∂2B(X, Y )

∂xi∂yi
, i = 1, . . . , m,

Bikik(X, Y ) =
∂4B(X, Y )

∂xi∂yi∂xk∂yk
, i, k = 1, . . . , m,

Ri0i0(X, Y ) =
∂2R(X, Y )

∂xi∂yi
, i = 1, . . . , m,

exist for X, Y ∈ G and are continuous, and

sup
|xi−yi|≤h
i=1,...,m

(Bz(X, X) + Bz(Y, Y ) − 2Bz(X, Y ))1/2 ≤ Cz

|ln h|δ
,(4.20)

sup
|xi−yi|≤h
i=1,...,m

(Rz1(X, X) + Rz1(Y, Y ) − 2Rz1(X, Y ))1/2 ≤ Cz1

|ln h|δ
(4.21)

for sufficiently small h where δ > 1 − 1/p; z = (0, 0, 0, 0); (i, 0, i, 0), i = 1, . . . , m,
(i, k, i, k), i, k = 1, . . . , m, z1 = (0, 0, 0, 0), (i, 0, i, 0), i = 1, . . . , m.

2. The series

(4.22)
∞∑

k=1

∞∑
l=1

rkrl

[|EAkAl| + |EBkBl| + 2 |EAkBl|
]

converges where rk = maxi,j=1,...,m(λkvk, vki, vkij) and

vk = sup
X∈G

|vk(X)|, vki = sup
X∈G

∣∣∣∣∂vk(X)
∂xi

∣∣∣∣ , vkij = sup
X∈G

∣∣∣∣∂vk(X)
∂xi

∣∣∣∣ .
3. supX∈G |vl(X)| ≤ δl00,

sup
X∈G

∂vl(X)
∂xi

≤ δli0, sup
X∈G

∂2vl(X)
∂xi∂xj

≤ δlij ,

and

sup
|xk−yk|<h
k=1,...,m

|vl(X) − vl(Y )| ≤ γl00
1

|ln h|δ
,

sup
|xk−yk|<h
k=1,...,m

∣∣∣∣∂vl(X)
∂xi

− ∂vl(Y )
∂xi

∣∣∣∣ ≤ γli0
1

|ln h|δ
, i = 1, . . . , m,

sup
|xk−yk|<h
k=1,...,m

∣∣∣∣∂2vl(X)
∂xi∂xj

− ∂2vl(Y )
∂xi∂xj

∣∣∣∣ ≤ γlij
1

|ln h|δ
, i, j = 1, . . . , m,

∞∑
l=1

((
E A2

l

)1/2
+
(
E B2

l

)1/2
)

λl

(
δl00 + (ln λl)

δ
γl00

)
< ∞,

∞∑
l=1

((
EA2

l

)1/2
+
(
EB2

l

)1/2
) (

δli0 + (ln λl)δγli0

)
< ∞, i = 1, . . . , m,

∞∑
l=1

((
E A2

l

)1/2
+
(
E B2

l

)1/2
) (

δlij + (ln λl)δγlij

)
< ∞, i, j = 1, . . . , m,

for arbitrary δ > 1 − 1/p and |h| < 1.
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Proof. Condition 1 of Theorem 4.3 implies condition (1) of Theorem 4.2. According to
Example 4.1, conditions of Theorem 3.9 hold for the processes ξ(X) and η(X) if

σz(h) =
Cz

|ln |h||δ
, δ > 1 − 1

p
.

It is clear that the series in condition (2) of Theorem 4.2 converge if so do the series
in (4.22). Example 4.1 and Lemma 4.1 imply that condition (3) of Theorem 4.2 follows
from condition 3 of Theorem 4.3. �

Remark 4.2. Let CS Subϕ(Ω) be the space of random variables of Subϕ(Ω) such that

τϕ

(∑
i∈I

λiξi

)
≤ C

(
E

(∑
i∈I

λiξi

)2
)1/2

for an arbitrary countable set I, ξi ∈ CS Subϕ(Ω), i ∈ I, and for λi ∈ R1 where C is a
positive constant. It is easy to see that CS Subϕ(Ω) = SSubϕ1(Ω) for

ϕ1(x) = ϕ(Cx).

In the case of problem (4.1)–(4.3), if the processes ξ(X) and η(X) belong to the space
CS Subϕ(Ω), then we may treat them as elements of SSubϕ1(Ω) for ϕ1(x) = ϕ(Cx).

5. Estimates of the distribution of the supremum of a solution

of the boundary value problem

Theorem 5.1. Let T be a set of parameters, let X = {X(t), t ∈ T} be a stochastic
process such that X ∈ Subϕ(Ω), and let ρ(t, s) = τϕ (X(t) − X(s)). Assume that (T, ρ)
is a pseudometric compact space and the process X is separable on (T, ρ). Denote by
N(ε) the metric massiveness of the space (T, ρ) and H(ε) = lnN(ε). If

(5.1) ε0 = sup
t∈T

τϕ (X(t)) < ∞,

∫ ε0

0

Ψ(H(ε)) dε < ∞

where Ψ(u) = u/ϕ(−1)(u) and ϕ(−1)(u) is the inverse function to ϕ(u) for u > 0, then

P

{
sup
t∈T

|X(t)| ≥ ε

}
≤ 2A(u, θ)

for all u > 2Iϕ(θε0)/θ(1 − θ) where

A (u, θ) = exp
{
−ϕ∗

(
1
ε0

[
u (1 − θ) − 2

θ
Iϕ (θε)

])}
, Iϕ(y) =

∫ y

0

Ψ(H(ε)) dε.

Corollary 5.1. Let Rk be the k-dimensional space,

d(t, s) = max
1≤i≤k

|ti − si| , T = {0 ≤ ti ≤ Ti, n = 1, 2, . . . , k} , Ti > 0.

Assume that X = {X(t), t ∈ T} is separable and X ∈ Subϕ(Ω). If

sup
d(t,s)≤h

τϕ (X(t) − X(s)) ≤ σ(h)

where σ(h) is a monotone increasing continuous function such that σ(h) → 0 as h → ∞,
and ∫

0+

Ψ
(

ln
1

σ(−1)(ε)

)
dε < ∞

where Ψ(u) = u/ϕ(−1)(u), then

P

{
sup
t∈T

|X(t)| > u

}
≤ 2Ã (u, θ)
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for all 0 < θ < 1 and u > 2Iϕ(θε0)/(θ(1 − θ)) where

Ã (u, θ) = exp
{
−ϕ∗

(
1
ε̃0

[
u (1 − θ) − 2

θ
Ĩϕ (θε̃)

])}
,

ε̃0 = sup
t∈T

(
E |X(t)|2

)1/2

, Ĩϕ (δ) =
∫ δ

0

Ψ

(
k∑

i=1

ln
(

Ti

2ς(−1)(ε)
+ 1
))

dε.

Proof. Corollary 5.1 follows from Theorem 5.1 for ε0 = ε̃0. It remains to prove that
Iϕ(y) ≤ Ĩϕ(y). This inequality holds, since

N(ε) ≤
k∏

i=1

(
Ti

2σ(−1)(ε)
+ 1
)

by the assumptions of Theorem 5.1.
Put

un(X, t) =
∞∑

k=n

(
Ak cos

√
λkt + Bk sin

√
λkt
)
vk(X).

As in Theorem 4.2, assume that(
E
∣∣∣S(0)

n (X, t) − S(0)
n (Y, t)

∣∣∣2)1/2

≤ σ0(h)

where σ0(h) is a monotone increasing continuous function such that σ0(h) → 0 as h → 0,
and ∫

0+

Ψ

(
ln

1

σ
(−1)
0 (ε)

)
dε < ∞

where Ψ(u) = u/ϕ(−1)(u) and σ
(−1)
0 (ε) is the inverse function to σ0(ε). Then

P

{
sup
t∈T

|un (X, t)| > u

}
≤ 2Ã(u, θ)

where

Ã (u, θ) = exp
{
−ϕ∗

(
1
ε̃0

[
u (1 − θ) − 2

θ
Ĩϕ (θε̃)

])}
,

ε̃0 = sup t∈[0,T ]
xi∈[0,Si]

(
E |un(X, t)|2)1/2, and

Iϕ(θ, ε̃0) =
∫ θε̃0

0

Ψ

(
ln
(

T

2σ(−1)(ε)
+ 1
)

+
k∑

i=1

ln
(

Si

2σ(−1)(ε)
+ 1
))

dε. �

Remark. Since

ε̃0 = sup
t∈[0,T ]

xi∈[0,Si]

(
E |un(X, t)|2

)1/2

= sup
t∈[0,T ]

xi∈[0,Si]


E

∣∣∣∣∣
∞∑

k=n

(
Ak cos

√
λkt + Bk sin

√
λkt
)
vk(X)

∣∣∣∣∣
2



1/2

≤
( ∞∑

k=n

∞∑
l=n

|vk(X)| · |vl(X)| (|EAkAl| + |E BkBl| + 2 |E AkBl|)
)1/2

= ε̂,
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one has

Ã (u, θ) = exp
{
−ϕ∗

(
1
ε̂

[
u (1 − θ) − 2

θ
Îϕ (θε̂)

])}
.
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2. M. A. Krasnosel’skĭı and Ya. B. Rutickĭı, Convex Functions and Orlicz Spaces, Fizmatgiz,
Moscow, 1958; English transl., Noordhof, Gröningen, 1961. MR0106412 (21:5144)
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