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APPLICATIONS OF ESTIMATES OF THE PROBABILITY
THAT A RANDOM k-DIMENSIONAL SUBSPACE

IS OF MINIMAL WEIGHT
UDC 519.21

V. V. MASOL

ABSTRACT. We find nontrivial estimates of the probability that a random k-dimensio-
nal subspace of an n-dimensional vector space over a finite field GF(q) is of minimal
weight. The conditions are ng"~" < 1 in Theorem 1 and k > n—k > 4 in Theorem 2.
Some applications of the estimates for finding the asymptotic behavior of the above
probability are given.

1. SETTING OF THE PROBLEM

Let ni.n be the weight of a subspace chosen at random and equiprobably from the
family of all k-dimensional subspaces V4 ,, of an n-dimensional vector space V,,, Vi, C Vp,,
over a finite field GF(q) of ¢ elements (g is a power of a prime number), 1 < k < n. It
is known (see, for example, [I p. 215]) that the total number of elements in the above
family is [ ], where

n Mg
(1) |:k:|q:H7—]_, k::1,2,,n

Therefore

(2) PNy = w} = [Z w] <[ZL>1 w=1,2,.. . n,

where [Z ‘ w] is the total number of all k-dimensional subspaces Vj , of weight w, 1 <
k<mn,1<w<n. (Recall that the minimal weight of nonzero vectors v € V}, ,, is called
the weight of the subspace Vj ,,; the number of nonzero components of a vector is called
its weight.) We are interested in finding estimates for the probability P{ny , = 1} and
to obtain some applications of these estimates.

2. ESTIMATES OF THE PROBABILITY P{n;, = 1}

Let m denote the difference m = n — k where the integers k and n are such that
1<k<n.

Theorem 1. If
(3) ng " <1,
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130 V. V. MASOL

then

) Plmsn =1} =ng ™™ (L—q") (1—q7") " Alh.n)

where (1 — q_m)k_1 Hi:ll (1-q¢ % (- q_"*‘i)_1 < A(k,n) <1
Here and in what follows H?:1 =1

Corollary 1. If k =1, then P{n, =1} =n(qg—1)(¢" — 1)~ ",

Theorem 2. The following estimates hold for the probability of the event {ng, = 1}:
(i) if k > m >4, then

(5) Pt =1} <1—(1=¢™)" ™ (g, m)
where
1
rlm)=1-75 (¢—q ™t —1)
B m B q C2m(g—1)+1
(g —1)(g—1) gt m(g—1) g™ 'm(qg—1)
(ii) if k > m > 3, then
(6) Plmhn =1} >1— (1—q¢ ™) " 1(g,m)

where [(q,m) = 1+q ™ +2 (q — gt — 1)_1 (q—1)2—mg ™[], (1—q%).
3. ProoF or THEOREM [I
It follows from () that

(7) mq =q"" (f[l (1- q‘”)) ) kf[l (L=g7").

=0
Relation () together with the inequality

n 1—q "t
< (k} 1 m
®) lk ] nq H =
obtained in [2] imply that
m _ a1
9) P{tkn =1} <ng™™ (1-¢%) (1-¢7")

in view of equality (2) for w = 1.

Using (@) we find that ng=™ (1 —¢~*) (1 —¢ ™) ' <1forn>1 Thus (@) is a
nontrivial estimate of the probability P{n, = 1}.

Representation (@) and the inequality

(10) [’,;‘

1] 2 nq(kfl)m (1 _ qu)kfl

proved in [2] imply that

k—1 -1 g
(11)  Plga =1 >ng ™ (1-q¢ )" (H (1- qn“)) [Ta-a9

i=0 i=1
by taking into account equality (@) for w = 1. Combining (@) and (II) we obtain
relation (@l). Theorem 1 is proved. O
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4. AUXILIARY RESULTS FOR THE PROOF OF THEOREM 2

Lemma 1. Let

“Lk-m

(12) o1 = <[ZL> 2 lkﬁ;il (¢" 1"
If
(13) 2<m<k,
then
(14) o1 <(1- g g (q —g 1)71 .

(Here and in what follows 2221 =0.)
Proof. 1t is known that

m
(15) [Z] = [[(@¢-a"@-1"
q s=1

Then
(16) o1 < 0q.
The sum &7 can be represented as follows:
k— m—1 —k+p—1

51 = q_k (qm _ 1) (qm _ q—k)—l Z (q_ q—m-{—l)l‘«*l H q —4q

_ gk
=1 ° —q

p=1
whence
k—m
(17) G1<q ™Y (g—q )

Evaluating the right-hand side of ([[7) as a sum of a geometric series and taking into
account conditions (I3)), ¢ > 2, and (I6) we obtain ([4]). Lemma [[]is proved. O

Lemma 2. Let

S (A =

If

(19) 1<m<k,

then

(20) or<1—(1—g ™" ™.
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132 V. V. MASOL

Proof. Tt follows from (I3 that

k—m u1 m ¢ —1
Yy (-a) H(l—m)-
p=1 s=1
Using ([9) we get
k—
<gmy (1—g ) == (1)
1

3

w

Lemma [2] is proved.

Lemma 3. Let
(21) o3 = ([ﬂ q) B mz_:l(qm ke ([m:' 1/] q Lty

v+1
v=0

If condition ([[9) holds, then
o3 < (1—g ™)F ™ —1)""!
x[(g=1D)7m (20 -1-2¢""") + (- 1) (¢ —q" )]

Proof. Inequality (8) yields

(22)

(23) g3 § 53
where
o (M ) S e VIR P (Rl
q V=0 q j=1

Using equality (I5) we reduce the sum &3 to the following form:

m—1

:(1_q—mk mzl_qm—
v=0
¢ —q”
24
(24) [H pr—
v ] —1 m _
+(m+v)g" (H (1- q‘j)> [[@-D@-a*) |
j=1 s=1
Since m < k, we have for v < m that
(25) M@ -a") (- g <
s=1
Further,
-1
v m 1 m m
[MTa-¢?) ) J[@-D(@-a*) =] a-a)H]J0-a"")
7j=1 s=1 s=v—+1 s=1
m 1 m—1 k—1
< H (1 q—e—k)_ _ (1 q—n+z) < (1 q—n+z)
s=1 =0 =0
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for v < m in view of condition (I9). Combining (24]) and (25) we obtain

m—1 k—1
(26) Gs<(1—q ™ g™ Q- ™) |1+ m+v)g [Ja—g !
v=0 i=0
Applying
n n
(27) [Ta-z)>1-> 2, 0<az;<1,i=12..n,
i=1 i=1
k—1
") ¢ <q",
=0
and
(1—g¢g ™)™ <(1—qg ™) ™ 0<v<m-—1,
to inequality (26), we get
m—1
(28) o3 < (1— q_m)k_m_lq_m Z [1 + (m+ Z/)q_”].
v=0

Inequalities (23) and [28)) together with

m—1

S i+m+v)g ] =m@2¢-1-2¢"") (g-1)"+(g—¢ ™) (¢—1)?

v=0
imply (22). Lemma B is proved. a
Lemma 4. If k> m > 2, then
(29) (L—q ™" ™r(g,m) < 1;
while if m > 4, then
(30) r(g,m) > 0.

Proof. Tt is clear that inequality (29) follows from the estimates
(L—g ™) m<1
for k> m > 1, and
(@—¢ ™ =1)71>0,  Xg,m) >0,
for m > 2 where
2m(qg—1 1
Ag,m)=2¢—-1+ m(qq_ 0 qm—((lzm(q)—+1)'
Let ¢ > 3 and m > 3. Then ¢"™(q — ¢~™** —1)~? < 1/51 and
mAg,m)(¢™ — 1) (g—1)"'<m@B™-1)"' (5+3/2m)27! < 1/3.
This implies that r(g,m) > 11/17. Thus relation ([30) holds for ¢ > 3 and m > 3. If
g=2and m >5, then ¢~™ (¢ — ¢ ™" — 1)71 < 1/30 and

m(g™ =1)7H g = 1) Mg,m) <m(2™ — 1)1 (3+2/m) <17/31.

Therefore inequality (B0) holds for ¢ = 2 and m > 5. Finally, inequality (BQ) is easy to
check for ¢ = 2 and m = 4. Lemma[4 is proved. O
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Lemma 5. Let

(31) S, = <[Z] q) B zk: (" — 1) {Z - ﬂ .

p=1
Then

(32) S121-(1=¢ ™) [1+q ™ 2= 1) (g =g =1) 7]
form > 2.

Proof. Using representation (I:IE) we rewrite the sum S in the following form:
. —m .U' 1 q/“' -1
z ey L (- ).
s=1
Applying [27) again we get

m

(33) 5121_(1_q7mk_ erIZ m+1/l«1 1_q Z k+s_

p=1 s=1
It is clear that

m m m

S -1) <Y @ )T <q gD Y gt < g (g - 1)

s=1 s=1 s=1
and for m > 2
k
Sla—a ) T - <la—a ) (a—g -1
p=1

Substituting these two estimates into (B3) we obtain (B2). Lemmal[d is proved.

Lemma 6. Let

-1k
o s=([]) Sl

p=1
If
(35) k>m >3,
then
—m\k —m s —s
(36) Se> (1—q ™) mg ™ [T (1—q7).
s=2
Proof. 1t follows from (I0) that
(37) Sy > S,

where

= ([]) St -
q pn=1

Using (7)) we get

(38) So=q " (1—q ™) (=g o) [[@ -1 (¢ —a") "
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where

—m+1\ H

I PN Y s
p(n)=> (n—p) T

It is clear that

)
i i '
o(n) =v n;v“_l - <H§::Ow>

where / denotes the derivative with respect to v, v = (q — q_m‘H) (1 — q_m+1)_1. After
an easy calculation we get

39) o) =md T q-1)"(1—g ™) 1—g ™) (14 mg—1)""f(n))

where
—m-+1

k
1—
fn)=1—q ™~ (Jﬁ) g (1—qg ™ +n(g-1).
If (B5) holds, then

(40) f(n) > 0.

Indeed,
_ mmAlNF
Sl B N e
1 _ q_m Y )

and (B3] implies that
(41) f(n)>3/4—q " (1+2k(g—1)).

The maximum of ¢~ % (1 +2k(¢ — 1)) for k > 4 is attained at k = 4. This means
that (@0) holds for k > 4 and ¢ > 2.

Let k = 3. Then ({I)) implies Q) if ¢ > 3. Finally, f(n) = f(6) by condition (35 if
k =3 and ¢ = 2. Since f(6) > 0, relation (0] is proved.

It follows from (BR)—HD) that

G —-m —m\k . s s —ky—1
Sy >mg™ ™ (1—q™™) H(q—l)(q —q")
s=2
The latter inequality implies (36) in view of ([31). Lemma [f]is proved. O
Lemma 7. If 33) holds, then
(42) 0< (1—q_m)kl(q,m) < 1.

Proof. Since (1 — q’m)k >0form>0and ¢>1andl(gm)>1—2¢2 (1 — q’z) >0
for m > 2 and ¢ > 2, we have

(43) (1- q_m)k l(g,m) > 0.
Now we show that
(44) (1—q ™" 1(g,m) < 1.
Indeed,
(45) d1(g,m) — da(gq,m) < —1
for m > 3 and q > 3 where di(q,m) = ¢*(¢—1)"2 (¢ — ¢ ™" - 1)_1 and
da(g,m) =m [ (1-¢7),
5=2
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136 V. V. MASOL

since dq (g, m) < 81/68 and da(g,m) > 3[[sey (1 — ¢~%). Thus

o0

[[T(a-37)>5/6

s=2

by inequality (27).
It follows from (@5) that

(=g ™ lgm) = (1—¢ ™) {1+¢ ™ [di(g,m) —ds(q,m)]} <1,

that is, (#4]) holds for £k > m > 3 and ¢ > 3.
Let ¢ = 2. Then

di(g,m) <32/7, and dy(q,m) =4[ (1-27%) > 2
s=2

for m > 4, whence
(46) l(gm) <1+27™.18/7.

Estimate (6] together with the equality

In(l+2) =Y (1", o] <1,
n=1

implies [@4]) for k > m >4 and ¢ = 2.
Finally, let ¢ =2, m = 3, and &k > m. Then

3
di(q,m) =16/3,  da(gm)=3[[(1-27%),  (1-¢™)"U(g,m) < 0.96.

Thus estimate (E4) is proved. Relation 2] follows from #3) and (@4). Lemma [7 is
proved. O

5. PROOF OoF THEOREM [2

Applying @) for w = 1 together with the equality

1] —é(ﬂ—l)’“([ﬁijﬁ]ﬁ

proved in [3] we obtain

n—pu

k—p+1 1

(47) [Z

)

(48) P{nk,n = 1} =01 + 02 + 03

where 01, 02, and o3 are defined in ([2), (I8), and ([22)), respectively. With the help of
equality ([48) and Lemmas[d], 2, and[3 we get estimate (&), which is nontrivial in view of
Lemmal[d Further, equality (48] can be rewritten as follows:

(49) P{kn =1} = 51+ 52

according to (A7) where Sy and Ss are defined in (BI) and (34)), respectively. Equality (49)
together with Lemmas[Bl B, and [[imply the nontrivial estimate (G)). Theorem [2lis proved.
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6. APPLICATIONS OF THEOREM [I]

Theorem 3. (i) If

(50) k¢ —x

asn — oo where 0 < x <1 andm > 1, then

(51) P{ngn =1} <z, n — oo;
(i) if

(52) k¢ —x

asn — oo for some 0 < x < 0o, and

(53) q — 00, n — 00,

then

(54) P{nkn =1} > ze™", n — 00;
(i) if (B2) holds and q = const, then

oo
(55) P{nk,n =1} > ze™® H (1-q¢7"), n — oo.

i=1
Proof. Condition (B0) implies that
(56) q" — oo, n — oo.
Since n = k + m, we have
(57) ng " — x, n — oo.

Using (57) and @) we prove (BI)), since (1 —¢~*) (1 — q*")71 — lasn — oo. The
latter relation follows from ¢~ — 0 as n — oo and ¢~% — 0 as n — oo, since k > m
by (B6). Condition (B0) implies that k¢g~™ — 0 as n — oo if k < m. Thus ng~™ — 0 as
n — oo, whence (BI)) follows according to @) (the values of lim,, . ¢~* and lim,, o, ¢~ %
do not matter in this case).

Let conditions (52)) and (B3)) hold. Then relation (57) holds and moreover

k—1
(58) H (1- q*”“)f1 >1, n — 00,
i=0
since [[52,) (1- q_"*"')_1 > exp{—kq~"} and
k
(59) H (1-q¢%) —1, n — oo.
i=1
The latter relation follows from the inequality
k A 1A
[Ma-¢%)=1- EZqT
i=1 i=0
which, in turn, is a consequence of [21)). Now we apply (), (EZ)—EJ), and

(1—q*m)k_1 — e ", n — 0o,

and obtain estimate (G4)).
Now let (52) hold and ¢ = const. Then (&), (E8]), and

[MTa-a¢)=][0-a7)

k [eS)
=1 i=1
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138 V. V. MASOL

hold. This easily implies bound (B3) in view of (IIl). Theorem[3 is proved. O
Corollary 2. If kg™ — 0 as n — oo, then
(60) P{nkn=1} -0, n — oo.

Moreover, in this case relation (@) provides upper and lower estimates for the rate of
convergence in (G0).

7. APPLICATIONS OF THEOREM
Put 6(m,x) = P{np—mn =1} —1+e€ " for m > 0 and z € [0, c0).
Theorem 4. If
(61) kg™ — =z, n — 0o,

for some 0 < x < 00 and m > 1, then

(62) d(m,z) — 0, n — oo,
and moreover
(63) S(m,r) <e * — (1 — q_m)k_m r(q,m)
form > 4;
(64) e " —(1- q*m)k l(g,m) < do(m,x)
form > 3; and
(65) d(m,z) <e ™ —(1- q_3)n_3 r(q)
form = 3, where the functions r(q,m) and (g, m) are defined in ([B) and @), respectively,
and
r(g) =1- i:qz {(q —g =) g (1—¢2) (1 + q_l)} :

Proof. Relation (£2) is proved in [4] for m =1 and m = 2. Let m = 3. The parameter g
increases as n — oo if condition (&Il) holds, and thus

(66) l(g,3) =1, n—oo,
(67) r(q) — 1, n — oo.

Note that estimate (B5) is obtained in [4], while inequality (G4]) is proved in Theorem[2]
Thus (64)—(E7) complete the proof of Theorem [ for m = 3.

Now let m > 4. Then condition (GIl) implies that ¢" — oo as n — oo, whence
r(g,m) — 1 and l(g,m) — 1 as n — oo. Since 0 < z < oo, we have k > m as n — o0,

and it follows from Theorem [ that relations (63) and (64) hold for m > 4. Estimates (63))
and (64) and the limits of the functions r(g, m) and I(q,m) as n — oo lead to (62) for

m > 4. Theorem [ is proved. O
Theorem 5. If conditions (61) and (B3) hold, then (62)—(G5) hold and moreover
(68) P{t-mn =2} —€e % n— oo

Proof. The equality

n n n
(69) qu lk L+ | 2]
holds if and only if
1—qg™™ n
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(see [3]). Using conditions (61l) and (B3] we derive estimate ([{0) as n — oo and therefore

(71) P{nn—m,n = 1} + P{nn—m,n = 2} =1, n — oo,

by (69) and (). Now Theorem [l follows from Theorem [4 and equality (T)). O
Theorem 6. If

(72) kg™ — x, n — 0o,

for some (q—1)"! < & < oo where q is a fived number, then estimates (63) and (64) are
satisfied and relations (62) and @) hold as n — co.

Proof. Tt is easy to check that m — oo and k > m as n — oo under the assumptions
of Theorem [@ Thus Theorem [l implies estimates (@3]) and (@4)). If (22) holds, then so
does (EI). As proved in Theorem B this implies (62)). Relation (Z2) implies that (Z0)
holds as n — oo. Thus relation (7]) follows. Taking (71) and (62) into account we
get (G68)). Theorem [ is proved. O

Put §(m) = P{np—mn =1} —1, m > 0.
Theorem 7. If

(73) kqg™™ — oo, n — oo,
for m >0, then

(74) d(m) — 0, n — 00.
Moreover

(75) o(m) < — (1—g~™)" " 1(q,m)
form > 4;

(76) —(1=q7™)" (g, m) < d(m)
form > 3; and

(77) 5(m) < —(1—¢7%)" " r(g)

for m = 3 where the functions r(q,m), I(qg,m), and r(q) are defined in Theorem[d]
Proof. The following equalities are proved in [4]:
P{npn =1} =1,
Pt =11 =1-(¢=1)" (" - 1),
P{—on=1}=1-(1— q72)n
~(+a )@= @ =) @ -
<[l —1ra) (kg 1),

These three equalities prove ([(4) for m € {0,1, 2} if condition (73) is satisfied.
Estimates ([75) and (@) are obtained in Theorem [Z, while estimate ([77) is proved
in [4].
Since the functions I(q,m), m > 3, are bounded by a constant independent of the
parameter n, we apply (@) and find under condition ([Z3)) that
d(m) >0, n — 0o,

for m > 3. The latter inequality and the estimate d6(m) < 0 for m > 0 complete the
proof of Theorem [7 O
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