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APPLICATIONS OF ESTIMATES OF THE PROBABILITY
THAT A RANDOM k-DIMENSIONAL SUBSPACE

IS OF MINIMAL WEIGHT
UDC 519.21

V. V. MASOL

Abstract. We find nontrivial estimates of the probability that a random k-dimensio-
nal subspace of an n-dimensional vector space over a finite field GF (q) is of minimal
weight. The conditions are nqk−n ≤ 1 in Theorem 1 and k ≥ n−k ≥ 4 in Theorem 2.
Some applications of the estimates for finding the asymptotic behavior of the above

probability are given.

1. Setting of the problem

Let ηk,n be the weight of a subspace chosen at random and equiprobably from the
family of all k-dimensional subspaces Vk,n of an n-dimensional vector space Vn, Vk,n ⊆ Vn,
over a finite field GF (q) of q elements (q is a power of a prime number), 1 ≤ k ≤ n. It
is known (see, for example, [1, p. 215]) that the total number of elements in the above
family is [ n

k ]q where

(1)
[
n
k

]
q

=
k−1∏
i=0

qn−i − 1
qk−i − 1

, k = 1, 2, . . . , n.

Therefore

(2) P{ηk,n = ω} =

[
n
k

∣∣∣∣∣ ω

]([
n
k

]
q

)−1

, ω = 1, 2, . . . , n,

where
[

n
k

∣∣ ω] is the total number of all k-dimensional subspaces Vk,n of weight ω, 1 ≤
k ≤ n, 1 ≤ ω ≤ n. (Recall that the minimal weight of nonzero vectors v ∈ Vk,n is called
the weight of the subspace Vk,n; the number of nonzero components of a vector is called
its weight.) We are interested in finding estimates for the probability P{ηk,n = 1} and
to obtain some applications of these estimates.

2. Estimates of the probability P{ηk,n = 1}
Let m denote the difference m = n − k where the integers k and n are such that

1 ≤ k ≤ n.

Theorem 1. If

(3) nq−m ≤ 1,
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130 V. V. MASOL

then

(4) P{ηk,n = 1} = nq−m
(
1 − q−k

) (
1 − q−n

)−1
A(k, n)

where (1 − q−m)k−1∏k−1
i=1

(
1 − q−i

) (
1 − q−n+i

)−1 ≤ A(k, n) ≤ 1.

Here and in what follows
∏0

i=1 ≡ 1.

Corollary 1. If k = 1, then P{ηk,n = 1} = n(q − 1) (qn − 1)−1.

Theorem 2. The following estimates hold for the probability of the event {ηk,n = 1}:
(i) if k ≥ m ≥ 4, then

(5) P{ηk,n = 1} ≤ 1 − (1 − q−m
)k−m

r(q, m)

where

r(q, m) = 1 − 1
qm (q − q−m+1 − 1)

− m

(qm − 1)(q − 1)

[
2q − 1 +

q

m(q − 1)
− 2m(q − 1) + 1

qm−1m(q − 1)

]
;

(ii) if k ≥ m ≥ 3, then

(6) P{ηk,n = 1} ≥ 1 − (1 − q−m
)k

l(q, m)

where l(q, m) = 1+ q−m+2
(
q − q−m+1 − 1

)−1 (q− 1)−2−mq−m
∏m

s=2 (1 − q−s).

3. Proof of Theorem 1

It follows from (1) that

(7)
[
n
k

]
q

= qkm

(
k∏

ν=1

(
1 − q−ν

))−1 k−1∏
i=0

(
1 − q−n+i

)
.

Relation (7) together with the inequality

(8)

[
n
k

∣∣∣∣∣ 1

]
≤ nq(k−1)m

k−1∏
j=1

1 − q−n+j

1 − q−j

obtained in [2] imply that

(9) P{ηk,n = 1} ≤ nq−m
(
1 − q−k

) (
1 − q−n

)−1

in view of equality (2) for ω = 1.
Using (3) we find that nq−m

(
1 − q−k

)
(1 − q−n)−1

< 1 for n > 1. Thus (9) is a
nontrivial estimate of the probability P{ηk,n = 1}.

Representation (7) and the inequality

(10)

[
n
k

∣∣∣∣∣ 1

]
≥ nq(k−1)m

(
1 − q−m

)k−1

proved in [2] imply that

(11) P{ηk,n = 1} ≥ nq−m
(
1 − q−m

)k−1

(
k−1∏
i=0

(1 − q−n+i)

)−1 k∏
i=1

(
1 − q−i

)
by taking into account equality (2) for ω = 1. Combining (9) and (11) we obtain
relation (4). Theorem 1 is proved. �
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4. Auxiliary results for the proof of Theorem 2

Lemma 1. Let

(12) σ1 =

([
n
k

]
q

)−1 k−m∑
µ=1

[
n − µ

k − µ + 1

∣∣∣∣∣ 1
]

(qm − 1)µ−1
.

If

(13) 2 ≤ m ≤ k,

then

(14) σ1 ≤ (1 − q−m)k−mq−m
(
q − q−m+1 − 1

)−1
.

(Here and in what follows
∑0

µ=1 ≡ 0.)

Proof. It is known that

(15)
[
n
k

]
q

= qkm
m∏

s=1

(
qs − q−k

)
(qs − 1)−1

(see, for example, [1, p. 46]). Let

σ̃1 =

([
n
k

]
q

)−1 k−m∑
µ=1

[
n − µ

k − µ + 1

]
q

(qm − 1)µ−1
.

Then

(16) σ1 ≤ σ̃1.

The sum σ̃1 can be represented as follows:

σ̃1 = q−k (qm − 1)
(
qm − q−k

)−1
k−m∑
µ=1

(
q − q−m+1

)µ−1
m−1∏
s=1

qs − q−k+µ−1

qs − q−k
,

whence

(17) σ̃1 ≤ q−k
k−m∑
µ=1

(
q − q−m+1

)µ−1
.

Evaluating the right-hand side of (17) as a sum of a geometric series and taking into
account conditions (13), q ≥ 2, and (16) we obtain (14). Lemma 1 is proved. �

Lemma 2. Let

(18) σ2 =

([
n
k

]
q

)−1 k−m∑
µ=1

[
n − µ
k − µ

]
q

(qm − 1)µ−1
.

If

(19) 1 ≤ m ≤ k,

then

(20) σ2 ≤ 1 − (1 − q−m
)k−m

.
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Proof. It follows from (15) that

σ2 = q−m
k−m∑
µ=1

(
1 − q−m

)µ−1
m∏

s=1

(
1 − qµ − 1

qs+k − 1

)
.

Using (19) we get

σ2 ≤ q−m
k−m∑
µ=1

(
1 − q−m

)µ−1 = 1 − (1 − q−m
)k−m

.

Lemma 2 is proved. �

Lemma 3. Let

(21) σ3 =

([
n
k

]
q

)−1 m−1∑
ν=0

(qm − 1)k−ν−1

([
m + ν

ν

]
q

+

[
m + ν
ν + 1

∣∣∣∣∣ 1

])
.

If condition (19) holds, then

σ3 ≤ (1 − q−m)k−m(qm − 1)−1

× [(q − 1)−1m
(
2q − 1 − 2q−m+1

)
+ (q − 1)−2

(
q − q−m+1

)]
.

(22)

Proof. Inequality (8) yields

(23) σ3 ≤ σ̃3

where

σ̃3 =

([
n
k

]
q

)−1 m−1∑
ν=0

(qm − 1)k−ν−1


[m + ν

ν

]
q

+ (m + ν)qν(m−1)
ν∏

j=1

(1 − q−j)−1


 .

Using equality (15) we reduce the sum σ̃3 to the following form:

σ̃3 = (1 − q−m)k−1q−m
m−1∑
ν=0

(1 − q−m)−ν

×
[

m∏
s=1

qs − q−ν

qs − q−k

+ (m + ν)q−ν

( ν∏
j=1

(
1 − q−j

))−1 m∏
s=1

(qs − 1)
(
qs − q−k

)−1

]
.

(24)

Since m ≤ k, we have for ν ≤ m that

(25)
m∏

s=1

(
qs − q−ν

) (
qs − q−k

)−1 ≤ 1.

Further,
 ν∏

j=1

(
1 − q−j

)
−1

m∏
s=1

(qs − 1)
(
qs − q−k

)−1
=

m∏
s=ν+1

(1 − q−s)
m∏

s=1

(
1 − q−s−k

)−1

≤
m∏

s=1

(
1 − q−s−k

)−1
=

m−1∏
i=0

(1 − q−n+i)−1 ≤
k−1∏
i=0

(1 − q−n+i)−1
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for ν ≤ m in view of condition (19). Combining (24) and (25) we obtain

(26) σ̃3 ≤ (1 − q−m)k−1q−m
m−1∑
ν=0

(1 − q−m)−ν

[
1 + (m + ν)q−ν

k−1∏
i=0

(1 − q−n+i)−1

]
.

Applying
n∏

i=1

(1 − xi) ≥ 1 −
n∑

i=1

xi, 0 ≤ xi ≤ 1, i = 1, 2, . . . , n,(27)

q−n
k−1∑
i=0

qi ≤ q−m,

and
(1 − q−m)−ν ≤ (1 − q−m)−m+1, 0 ≤ ν ≤ m − 1,

to inequality (26), we get

(28) σ̃3 ≤ (1 − q−m)k−m−1q−m
m−1∑
ν=0

[
1 + (m + ν)q−ν

]
.

Inequalities (23) and (28) together with
m−1∑
ν=0

[
1 + (m + ν)q−ν

]
= m

(
2q − 1 − 2q−m+1

)
(q − 1)−1 +

(
q − q−m+1

)
(q − 1)−2

imply (22). Lemma 3 is proved. �

Lemma 4. If k ≥ m ≥ 2, then

(29) (1 − q−m)k−mr(q, m) < 1;

while if m ≥ 4, then

(30) r(q, m) > 0.

Proof. It is clear that inequality (29) follows from the estimates

(1 − q−m)k−m ≤ 1

for k ≥ m ≥ 1, and

(q − q−m+1 − 1)−1 > 0, λ(q, m) > 0,

for m ≥ 2 where

λ(q, m) = 2q − 1 +
q

m(q − 1)
− 2m(q − 1) + 1

qm−1m(q − 1)
.

Let q ≥ 3 and m ≥ 3. Then q−m(q − q−m+1 − 1)−1 ≤ 1/51 and

mλ(q, m)(qm − 1)−1(q − 1)−1 ≤ m(3m − 1)−1 (5 + 3/2m) 2−1 < 1/3.

This implies that r(q, m) > 11/17. Thus relation (30) holds for q ≥ 3 and m ≥ 3. If
q = 2 and m ≥ 5, then q−m

(
q − q−m+1 − 1

)−1 ≤ 1/30 and

m(qm − 1)−1(q − 1)−1λ(q, m) ≤ m(2m − 1)−1 (3 + 2/m) ≤ 17/31.

Therefore inequality (30) holds for q = 2 and m ≥ 5. Finally, inequality (30) is easy to
check for q = 2 and m = 4. Lemma 4 is proved. �
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Lemma 5. Let

(31) S1 =

([
n
k

]
q

)−1 k∑
µ=1

(qm − 1)µ−1

[
n − µ
k − µ

]
q

.

Then

(32) S1 ≥ 1 − (1 − q−m
)k [1 + q−m+2(q − 1)−2

(
q − q−m+1 − 1

)−1
]

for m ≥ 2.

Proof. Using representation (15) we rewrite the sum S1 in the following form:

S1 = q−m
k∑

µ=1

(
1 − q−m

)µ−1
m∏

s=1

(
1 − qµ − 1

qk+s − 1

)
.

Applying (27) again we get

(33) S1 ≥ 1 − (1 − q−m
)k − q−m+1

k∑
µ=1

(
q − q−m+1

)µ−1 (
1 − q−µ

) m∑
s=1

(
qk+s − 1

)−1
.

It is clear that
m∑

s=1

(
qk+s − 1

)−1 ≤ q−k
m∑

s=1

(qs − 1)−1 ≤ q−k(q − 1)−1
m∑

s=1

q−s+1 ≤ q−k+1(q − 1)−2

and for m ≥ 2
k∑

µ=1

(
q − q−m+1

)µ−1 (
1 − q−µ

) ≤ (q − q−m+1
)k (

q − q−m+1 − 1
)−1

.

Substituting these two estimates into (33) we obtain (32). Lemma 5 is proved. �

Lemma 6. Let

(34) S2 =

([
n
k

]
q

)−1 k∑
µ=1

(qm − 1)µ−1

[
n − µ

k − µ + 1

∣∣∣∣∣ 1

]
.

If

(35) k ≥ m ≥ 3,

then

(36) S2 ≥ (1 − q−m
)k

mq−m
m∏

s=2

(
1 − q−s

)
.

Proof. It follows from (10) that

(37) S2 ≥ S̃2

where

S̃2 =

([
n
k

]
q

)−1 k∑
µ=1

(qm − 1)µ−1 (n − µ)q(k−µ)(m−1)
(
1 − q−m+1

)k−µ
.

Using (15) we get

(38) S̃2 = q−n
(
1 − q−m+1

)k (
1 − q−m

)−1
ϕ(n)

m∏
s=1

(qs − 1)
(
qs − q−k

)−1
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where

ϕ(n) =
k∑

µ=1

(n − µ)
(

q − q−m+1

1 − q−m+1

)µ

.

It is clear that

ϕ(n) = v


n

k∑
µ=1

vµ−1 −
(

k∑
µ=0

vµ

)′
where ′ denotes the derivative with respect to v, v =

(
q − q−m+1

) (
1 − q−m+1

)−1. After
an easy calculation we get

(39) ϕ(n) = mqk+1(q − 1)−1
(
1 − q−m

)k+1 (1 − q−m+1
)−k (

1 + m−1(q − 1)−1f(n)
)

where

f(n) = 1 − q−m+1 −
(

1 − q−m+1

1 − q−m

)k

q−k
(
1 − q−m+1 + n(q − 1)

)
.

If (35) holds, then

(40) f(n) ≥ 0.

Indeed, (
1 − q−m+1

1 − q−m

)k

≤ 1, q ≥ 2,

and (35) implies that

(41) f(n) ≥ 3/4 − q−k (1 + 2k(q − 1)) .

The maximum of q−k (1 + 2k(q − 1)) for k ≥ 4 is attained at k = 4. This means
that (40) holds for k ≥ 4 and q ≥ 2.

Let k = 3. Then (41) implies (40) if q ≥ 3. Finally, f(n) = f(6) by condition (35) if
k = 3 and q = 2. Since f(6) > 0, relation (40) is proved.

It follows from (38)–(40) that

S̃2 ≥ mq−m
(
1 − q−m

)k m∏
s=2

(qs − 1)
(
qs − q−k

)−1
.

The latter inequality implies (36) in view of (37). Lemma 6 is proved. �

Lemma 7. If (35) holds, then

(42) 0 <
(
1 − q−m

)k
l(q, m) < 1.

Proof. Since (1 − q−m)k
> 0 for m > 0 and q > 1 and l(q, m) > 1 − 2q−2

(
1 − q−2

)
> 0

for m ≥ 2 and q ≥ 2, we have

(43)
(
1 − q−m

)k
l(q, m) > 0.

Now we show that

(44)
(
1 − q−m

)k
l(q, m) < 1.

Indeed,

(45) d1(q, m) − d2(q, m) < −1

for m ≥ 3 and q ≥ 3 where d1(q, m) = q2(q − 1)−2
(
q − q−m+1 − 1

)−1 and

d2(q, m) = m

m∏
s=2

(
1 − q−s

)
,
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since d1(q, m) ≤ 81/68 and d2(q, m) ≥ 3
∏∞

s=2 (1 − q−s). Thus

∞∏
s=2

(
1 − 3−s

) ≥ 5/6

by inequality (27).
It follows from (45) that(

1 − q−m
)k

l(q, m) =
(
1 − q−m

)k {1 + q−m [d1(q, m) − d2(q, m)]
}

< 1,

that is, (44) holds for k ≥ m ≥ 3 and q ≥ 3.
Let q = 2. Then

d1(q, m) ≤ 32/7, and d2(q, m) ≥ 4
∞∏

s=2

(
1 − 2−s

) ≥ 2

for m ≥ 4, whence

(46) l(q, m) ≤ 1 + 2−m · 18/7.

Estimate (46) together with the equality

ln(1 + x) =
∞∑

n=1

(−1)n−1 xn

n
, |x| < 1,

implies (44) for k ≥ m ≥ 4 and q = 2.
Finally, let q = 2, m = 3, and k ≥ m. Then

d1(q, m) = 16/3, d2(q, m) = 3
3∏

s=2

(
1 − 2−s

)
,

(
1 − q−m

)k
l(q, m) ≤ 0.96.

Thus estimate (44) is proved. Relation (42) follows from (43) and (44). Lemma 7 is
proved. �

5. Proof of Theorem 2

Applying (2) for ω = 1 together with the equality

(47)

[
n
k

∣∣∣∣∣ 1

]
=

k∑
µ=1

(qm − 1)µ−1

([
n − µ
k − µ

]
q

+

[
n − µ

k − µ + 1

∣∣∣∣∣ 1
])

proved in [3] we obtain

(48) P{ηk,n = 1} = σ1 + σ2 + σ3

where σ1, σ2, and σ3 are defined in (12), (18), and (22), respectively. With the help of
equality (48) and Lemmas 1, 2, and 3 we get estimate (5), which is nontrivial in view of
Lemma 4. Further, equality (48) can be rewritten as follows:

(49) P{ηk,n = 1} = S1 + S2

according to (47) where S1 and S2 are defined in (31) and (34), respectively. Equality (49)
together with Lemmas 5, 6, and 7 imply the nontrivial estimate (6). Theorem 2 is proved.
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6. Applications of Theorem 1

Theorem 3. (i) If

(50) kq−m → x

as n → ∞ where 0 ≤ x ≤ 1 and m ≥ 1, then

(51) P{ηk,n = 1} ≤ x, n → ∞;

(ii) if

(52) kq−m → x

as n → ∞ for some 0 ≤ x < ∞, and

(53) q → ∞, n → ∞,

then

(54) P{ηk,n = 1} ≥ xe−x, n → ∞;

(iii) if (52) holds and q = const, then

(55) P{ηk,n = 1} ≥ xe−x
∞∏

i=1

(
1 − q−i

)
, n → ∞.

Proof. Condition (50) implies that

(56) qm → ∞, n → ∞.

Since n = k + m, we have

(57) nq−m → x, n → ∞.

Using (57) and (9) we prove (51), since
(
1 − q−k

)
(1 − q−n)−1 → 1 as n → ∞. The

latter relation follows from q−n → 0 as n → ∞ and q−k → 0 as n → ∞, since k ≥ m
by (56). Condition (50) implies that kq−m → 0 as n → ∞ if k < m. Thus nq−m → 0 as
n → ∞, whence (51) follows according to (4) (the values of limn→∞ q−k and limn→∞ q−k

do not matter in this case).
Let conditions (52) and (53) hold. Then relation (57) holds and moreover

(58)
k−1∏
i=0

(
1 − q−n+i

)−1 ≥ 1, n → ∞,

since
∏k−1

i=0

(
1 − q−n+i

)−1 ≥ exp{−kq−n} and

(59)
k∏

i=1

(
1 − q−i

)→ 1, n → ∞.

The latter relation follows from the inequality
k∏

i=1

(
1 − q−i

) ≥ 1 − 1
q

k−1∑
i=0

q−i,

which, in turn, is a consequence of (27). Now we apply (11), (57)–(59), and(
1 − q−m

)k−1 → e−x, n → ∞,

and obtain estimate (54).
Now let (52) hold and q = const. Then (57), (58), and

k∏
i=1

(
1 − q−i

) ≥ ∞∏
i=1

(
1 − q−i

)
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hold. This easily implies bound (55) in view of (11). Theorem 3 is proved. �
Corollary 2. If kq−m → 0 as n → ∞, then

(60) P{ηk,n = 1} → 0, n → ∞.

Moreover, in this case relation (4) provides upper and lower estimates for the rate of
convergence in (60).

7. Applications of Theorem 2

Put δ(m, x) = P{ηn−m,n = 1} − 1 + e−x for m ≥ 0 and x ∈ [0,∞).

Theorem 4. If

(61) kq−m → x, n → ∞,

for some 0 < x < ∞ and m ≥ 1, then

(62) δ(m, x) → 0, n → ∞,

and moreover

(63) δ(m, x) ≤ e−x − (1 − q−m
)k−m

r(q, m)

for m ≥ 4;

(64) e−x − (1 − q−m
)k

l(q, m) ≤ δ(m, x)

for m ≥ 3; and

(65) δ(m, x) ≤ e−x − (1 − q−3
)n−3

r(q)

for m = 3, where the functions r(q, m) and l(q, m) are defined in (5) and (6), respectively,
and

r(q) = 1 − 1 − q−3

1 − q−n

[(
q − q−2 − 1

)−1 − q−1
(
1 − q−2

)2 (
1 + q−1

)]
.

Proof. Relation (62) is proved in [4] for m = 1 and m = 2. Let m = 3. The parameter q
increases as n → ∞ if condition (61) holds, and thus

l(q, 3) → 1, n → ∞,(66)

r(q) → 1, n → ∞.(67)

Note that estimate (65) is obtained in [4], while inequality (64) is proved in Theorem 2.
Thus (64)–(67) complete the proof of Theorem 4 for m = 3.

Now let m ≥ 4. Then condition (61) implies that qm → ∞ as n → ∞, whence
r(q, m) → 1 and l(q, m) → 1 as n → ∞. Since 0 < x < ∞, we have k ≥ m as n → ∞,
and it follows from Theorem 2 that relations (63) and (64) hold for m ≥ 4. Estimates (63)
and (64) and the limits of the functions r(q, m) and l(q, m) as n → ∞ lead to (62) for
m ≥ 4. Theorem 4 is proved. �
Theorem 5. If conditions (61) and (53) hold, then (62)–(65) hold and moreover

(68) P{ηn−m,n = 2} → e−x, n → ∞.

Proof. The equality

(69)
[
n
k

]
q

=

[
n
k

∣∣∣∣∣ 1

]
+

[
n
k

∣∣∣∣∣ 2

]

holds if and only if

(70)
1 − q−m

q − 1
<

n

qm
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(see [3]). Using conditions (61) and (53) we derive estimate (70) as n → ∞ and therefore

(71) P{ηn−m,n = 1} + P{ηn−m,n = 2} = 1, n → ∞,

by (69) and (2). Now Theorem 5 follows from Theorem 4 and equality (71). �

Theorem 6. If

(72) kq−m → x, n → ∞,

for some (q − 1)−1 < x < ∞ where q is a fixed number, then estimates (63) and (64) are
satisfied and relations (62) and (68) hold as n → ∞.

Proof. It is easy to check that m → ∞ and k ≥ m as n → ∞ under the assumptions
of Theorem 6. Thus Theorem 2 implies estimates (63) and (64). If (72) holds, then so
does (61). As proved in Theorem 2, this implies (62). Relation (72) implies that (70)
holds as n → ∞. Thus relation (71) follows. Taking (71) and (62) into account we
get (68). Theorem 6 is proved. �

Put δ(m) = P{ηn−m,n = 1} − 1, m ≥ 0.

Theorem 7. If

(73) kq−m → ∞, n → ∞,

for m ≥ 0, then

(74) δ(m) → 0, n → ∞.

Moreover

(75) δ(m) ≤ − (1 − q−m
)k−m

r(q, m)

for m ≥ 4;

(76) − (1 − q−m
)k

l(q, m) ≤ δ(m)

for m ≥ 3; and

(77) δ(m) ≤ − (1 − q−3
)n−3

r(q)

for m = 3 where the functions r(q, m), l(q, m), and r(q) are defined in Theorem 4.

Proof. The following equalities are proved in [4]:

P{ηn,n = 1} = 1,

P{ηn−1,n = 1} = 1 − (q − 1)n (qn − 1)−1
,

P{ηn−2,n = 1} = 1 − (1 − q−2
)n

− (1 + q−1
)
(q − 1)n (

qn−1 − 1
)−1

(qn − 1)−1

×
[(

q−1 − 1 + q−n
) (

1 + q−1
)n−1 − 1

]
.

These three equalities prove (74) for m ∈ {0, 1, 2} if condition (73) is satisfied.
Estimates (75) and (76) are obtained in Theorem 2, while estimate (77) is proved

in [4].
Since the functions l(q, m), m ≥ 3, are bounded by a constant independent of the

parameter n, we apply (76) and find under condition (73) that

δ(m) ≥ 0, n → ∞,

for m ≥ 3. The latter inequality and the estimate δ(m) ≤ 0 for m ≥ 0 complete the
proof of Theorem 7. �
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