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THE ITO FORMULA FOR FRACTIONAL BROWNIAN FIELDS
UDC 519.21

YU. S. MISHURA AND S. A. IL’CHENKO

ABSTRACT. We prove the existence of the stochastic integral of the second kind
constructed with respect to Holder fields, in particular, with respect to fractional
Brownian fields, and derive the Itd6 formula for a linear combination of fractional
Brownian fields with different Hurst indices H; € (%, 1),i=1,2.

1. MAIN NOTATION AND AUXILIARY RESULTS

Let Ri be the nonnegative quadrant and t = (¢1,t2) € Ri. Fractional Brownian fields
on the plane can be defined in different ways. We consider the fields with the pointwise
fractional Brownian property.

Definition 1. A random field B = {B;,t € R2} is called a fractional Brownian field
with the Hurst indices Hy and Ha, H; € (0,1), if

(1) B, is Gaussian such that B, = 0 for t € 9R?;

(2) EBy =0, EBBy = 3 [1,my o (857 + 577 — [t — siP70);

(3) the paths of B are almost surely continuous;

(4) the increments AgBy := By — Bg,t, — Bt,s, + Bs, s < t, are stationary.

Note that for any fixed t3 > 0 the process B., is a fractional Brownian motion with
the Hurst index Hi, and for any ¢; > 0 the process By, . is also a fractional Brownian
motion, but with the Hurst index Hy. We consider the case of H; € (%, 1),i=1,2.

Consider a rectangle P = @,_, ,[ai, bi] C R.

Definition 2. Let 0 < A\; < 2 and 0 < Ay < 2. A function f: P — R belongs to the
class H**2(P) (in other words, f is Holder continuous of orders A\; and Ay on P) if
there exists a constant C' > 0 such that

Agfil<C T =™,

@) () = F(s1,t2)] < Cltr — 510,
|f(t) — ft1,s2)] < Clta — s2)™

for all s,t € P such that s < t.
We write f € H**2(R%) if inequalities () hold for all s,¢ € R2.

According to the results of [1], the paths of the field B almost surely belong to the
class HHl_EhH?_”(Ri) forany 0 <e; < H;, i =1,2.
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154 YU. S. MISHURA AND S. A. IL’CHENKO

Definition 3. Let f: P — R. Assume that oy, as € (0,1). Then
-1
D1 f(s) = (I‘(l —ap)l(1 - 042))

X <f(8)(31 —a1)” " (s2 —ag)”
(2) +an(sy —az)”™ / (f(s) = flu,52)) (51 —u) ™' 7 du

al

baalsr = o) [ (6) = T2 — o) do

az

+ aran / Ay f(5)(s1 — u)_l_“1 (s2 — v)_l_“2 du dv) ,
[a,s]
s € P,
and

Dy f(s) = (D1~ an)D(1 — ) !

x (f(S)(ln ) by — )

b1
3) + a1(bg — s9)7* / (f(s) — f(u,52))(u—s1) ' " du

ba
+ag(by —s1)” " / (f(s) = f(51,0)) (v — s2) 7172 dv

S2

+ 041042/ A f(u,v)(u—s1)" 7 (v —52) " T du dv),
[s,0]
s € P,

are called the forward and backward derivatives, respectively, of the function f of orders
a7 and ae on the rectangle P if the right-hand sides of (2) and (B) exist for any s € P.

Definition 4. Let f € Li(P). Assume that ay, a2 € (0,1). Then

I3 f(s) = (T(e1)l(az))

a flu,v)(s1 —u) sy —v)*2 L dudv
[a;s]

and

T )= s) T w = s2)2 7 dudo,
[s,0]

s € P,

;2% f(s) = (T(e1)l(az))

are called the forward and backward integrals, respectively, of the function f of orders
and as on the rectangle P.
We write
f €I (Ly(P)) (respectively, f e I,"“*(L,(P)))

for some p > 1 if f can be represented as
f=171"¢ (respectively, f = I;""¢p)
for some ¢ € L,(P). The corresponding classes are denoted by
15 (Lplai, b)) and Iy (Lylas, bil),
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THE ITO FORMULA FOR FRACTIONAL BROWNIAN FIELDS 155

respectively. (The properties of one-parameter fractional integrals and derivatives can
be found in [2].)

Definition 5. Let f,g: P — R and g € C(P). Then

/ fdg = / Dy faq (u, v)D;:allfang_(u, v) du dv
P P
b1

(4) + D311+fa1+(uaa2)D;;fl A(lu,aQ)gbl—(u7b2) du
ay
bz

+ D322+fa2+(a17 U)D;;fz A(2a1,u)glm—(b1a U) dv + f(a)A(lg(b)

asz
is called the generalized Lebesgue—Stieltjes integral of the function f with respect to the
function g on the rectangle P where

Jat (u,v) = Ao fu,v), go—(u,v) = Ay 9(b),
far+(usa2) = Ay f(uya),  fays(a1,0) = Al f(ar,v),
9o — (U, b2) = =Af, 4,)9(b), 9o~ (u, a3) = —Af, 4,)9(b1, az),
gos— (b1,v) = =A%, 9(b),  go—(a1,v) = —AF, ) 9(a1,b2),
and the increments A' and A? are defined by
ALf(tr,s2) = f(tr,s2) — f(s)
and

A2 f(s1,t2) = f(s1,t2) — f(s),

' and Dg?, are forward derivatives, and D;l__o“ and D;Q__“ are backward
one-parameter fractional derivatives of the corresponding orders defined according to [2].

respectively; DY

In what follows we need the following results (see [3] for the proofs).

(1) The integral defined according to Definition [l is well defined in the sense that
the right-hand side of (@) does not depend on the choice of as, s € (0,1).
(2) The right-hand side of (#) is well defined if

far €131 (Lp(P)), gy € I~ "1 (Ly(P)),
faiJr('v aj) € I:,',i-i—(Lp[aia bl])v gbi*(.’ bj) € 11)17__0(7 (Lq[aiv bi])v

. . . 1 1
i=1,2, j=3—1, -4+ =<1, a; € (0,1).
p q
(3) The integral [}, f dg is an additive function of sets P.
(4) If g € H A2 (P), then g, € I;%*(Ly(P)) forallg>1and 0 < e; < A;, i = 1,2.
Moreover, Dj'?g,_ € HM~¢vA27¢2(P). In particular, D;'**g,_ € C(P) and
there exists a constant C' > 0 such that

sup [ Djt*2 g, _(s)| < C.
seP

(5) Let m,(P), n > 1, be a sequence of uniform partitions of the rectangle P, that
is,

s
ma(P) = {it = (opro)ott = an + L0,

55”:a2+7,0§i,k§n}.
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156 YU. S. MISHURA AND S. A. IL’CHENKO

Assume that f,g: P — R are nonrandom functions. Consider the sequence of integral
sums corresponding to the left endpoints of the intervals of partitions:

n—1
S, = Z f(SiLk)Ag;Lkg (Sil+1’k+1) )

i,k=0

It is proved in Theorem 7 of [3] that both the generalized Lebesgue—Stieltjes integral
I} p [ dg and limit lim,, ., S, exist, and moreover they are equal for functions

fer M (P),  geH"H2(P),  N+p>1, i=1,2

In particular, if

m 1oyl 1
g(t):ZalBtHl’HQ, H! e <§,1), a; € R,
1=1

is a linear combination of fractional Brownian fields, the function F': R — R is Lipschitz
continuous almost surely, and f(t) = F(g(t)), then the integral

/PF(Q) dg

exists almost surely and is equal to the limit of integral sums corresponding to the left
endpoints of the partition intervals.

2. THE EXISTENCE OF INTEGRALS OF THE SECOND KIND
WITH RESPECT TO FRACTIONAL BROWNIAN FIELDS

First we prove the corresponding result for nonrandom functions. Fix a rectangle
P=@,_,,0,T;] for T = (T1,1T3) € R? and consider a sequence of uniform partitions

%n(P) = 7T2n(P) = {S'ﬁlk = (Tli 227 Tok - 2—n), 0<i, k< 2”} .
Let the functions f,g: P — R be such that
fEHkh)\Q(P% gEHuhHQ(P)a f‘aRi :fOERa g|8]R3_ ZQOER-

Consider the sequence of integral sums of the second kind,

2n—1
i,k=0
where Ajyg = g(s;F1*) — g(s1) and Af g = g(s;"*1) — g(s)).-
Theorem 1. Let A;, p; > %, and \j + p1 + pe > 2, 1 = 1,2, Then the sequence
{Sn,n > 1} of integral sums of the second kind has the limit lim, . S, =: S. This
limit is called the integral of the second kind with respect to the functions f and g, and
is denoted by

S = / fdigdag.
P
Proof. Without loss of generality we assume that T3 = T = 1. Let m > n. We represent
the difference S,, — S,, as
Sn = Sm = Sn = Spm + Sp o — Sm
where

2" —1
S 3 3 F02 R ol + 12 k) — glr2 k2 )

i,k=0T€A;
x (g(r27™, (k+1)27") — g(r27=™, k27™))
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THE ITO FORMULA FOR FRACTIONAL BROWNIAN FIELDS 157

and

Ay = {r:i2™ " <r<(i+1)2" "}
The differences S, — S} ,,, and S}, — S, have the same structure and can be estimated
in a similar way, hence we estimate only S, — S}l’m. We have

[Sn = Snn| < |AnmS] + A7 0S|

where
2m—1 ‘
oS = Z Z f(5%) Aier g9,
i,k=0TEA;
S Z Z AzkrfAllcrgAirga
i,k=0TEA;
and

Aikrg = Aging (r27™, (k+1)27")
Alyg = A%TQ—"’ ko9 ((r +1)27™, k277,
Afrf = DG f (27, k277)
Afg = Al jo-myg (127", (k+1)277).

Now we rewrite A}, S as follows:

S_ Z Z f AkrgAzkrg

i,k=07T€A;
where
Akrg = Aga-m go-myg ((r+1)27™, (k+1)27") ,
1k
Azkrg A(rQ m g2-n)9 (S ( A )
Here the increments Ag,.g correspond to the rectangles
Apr = [r27", (r+1)27" [ x [k27", (k+1)27"]
such that
Akr N Ak’r’ =9

if (k,r) # (K',r") and Uy, . Ak = [0, 1[2. Therefore the sum A} .S can be represented
as the generalized Lebesgue—Stieltjes integral

A, LS = / Fonn dg
P

=D Fsi) Ay - I{s € Aur ).

i,k,r

where f,, ,, is a step function,

Since f and g are constant on 8R2 we obtain from (@) that

/ T dg = / g2 (F ot ()DIZ 12 g1 (s)ds + F o (0)Aog(1)

where 1 = (1,1) € RZ, 0= (0,0) € R%, and a; < \j, 1 — a; < g, i = 1,2. As before

D%—O(ll—omgli c Hu1+a1*17uz+a2*1(P)
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158 YU. S. MISHURA AND S. A. IL’CHENKO

by Theorem 4 in [3] for a; chosen in the specified way. In particular, there exists a
constant C' > 0 such that

‘Di:all*azgl,(s)‘ <C, se€P.
Further, f,, ,,(0) = f(0)(g(27™,0) — g(0)) — 0 as m — occo. Hence (B) implies
A, S| =0
if

1082 o ()] ds =0, i — .
P

According to equality (@) for fractional derivatives, it is sufficient to prove that

/ |30m,n,k(5)| ds — 0
P

as m,n — oo, k =1,2,3,4, where
-] ,— Q2

som”n‘il(s) = (7m,n)0+ (8)81 So y
SOmm,Q(S) = S;O‘Z /0 ((?m,n)@-ﬁ-(s) - (7m,n)0+(ua 52))(81 - U)ilial dU7

emnats) =57 [ (

Omona(s) = A(uyv)?mm(s)(sl — u)_l_“1 (89 — v)_l_“2 du dv.
[0,5]

fm,n)o-i' (5) - (7m,n)0+(817 U)) (52 - ’U)_l_OQ dv,

Note that the function f is bounded on P, that is, |f(s%*)| < C for some constant
C > 0. Since the functions f and g are Holder continuous, we get

[P 1 ()] < [ F(si) Afirg — F(0)Abrog| 57 s ¥ < C27 ™57 Mg,y 02,
whence

/ |om.n1(8)|ds — 0 as m,n — oo.
P

Further, if s € Ag,., then

k27"
|¢m7”12(s)| < Sgaz / |fm,n(8) - fm,n(u; 52)‘ (51 - 'U:)_l_al du
0

r27™
55 [ Fnls) = Fn(es)] (51 =) d
k

s
2—n

k2™ _ _
<55 [ (o) + Tl o1 =)

ro—m
+ Csy*? / |f(sﬁlk)‘ (51 —u 427" (s —u) " du

k2—n
< Csy ¥227™1 (89 — k277) 74 + Os, “(sp — r27M)M—

+ CsyM227 MM (g — r27 )74,
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Therefore
om—1
/ [Pm,n,2(s)|ds < C Z Z ( "’“/ S5 “2(s1 —427™") T dsy dsa
i,k=0rcA; A
+ / S5 (81 — 27T ds1 dso
Apr
+ 27 / S5 (81 —1r27™) T dsy d52>
Agr
1 277L+1
< C/ S5 “% dsa (2_"(‘“_1) / (s1—27") "% dsy
0 —n
g—m+1
+ Zm/ (s1 =271 7% dgy
g—m+1
+ 27m(u171) / (51 — zim)ial d81>
< C(Zn(alfm) + 2m(a1*/¢1)) — 0, m,n — oo,
for a;; such that
1
ap < 5 < 1.

Further, if s € Ay, then the estimate |f,, ,(s)] < C27™" s € P, implies that

k2—7l
[Pm.n,3(s)| < Csy™ / 27 (g9 — v)_l_“2 dv,
0

whence

(k+1)27" k2"
[ ommatslds < / T ds, / oy [ (s wyiomae
k2— 0

2—71+1

< ogni=m) / (59— 27™) 72 dsy = C2n(@27m) _, n — 0o,
2

—-n

if ap < 1 < pu.
It remains to prove that [, |@m,n 4(s)|ds — 0 as m,n — co. We have

e —
|m,n,a(s)] < C27MH / /Z (51 —u) 17 (59 — v 4 272212 gy gy

k27" 2™
+ C/ / §1 —u 2Ty (g gy 2TyHAN2 L= 02 gy gy
< C27M (51 — k27T M (59 — (1 — 1)27 )T
+ C(Sl — k27" 4+ 27m)u17a1 (82 —r27™m 4 2771)“2/\)‘270‘27
whence

[ lomnas)ds < cortestesmoi o, o,
P

Finally A}, ,,S| — 0 as m,n — co.
Now we prove that [A2 S| — 0 as m,n — occ.
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160 YU. S. MISHURA AND S. A. IL’CHENKO

We rewrite A2 | S in the form AZ S = 22 N AZK S where

2" —1

A%,]:ns - Z Z A’Lk?" rg ’ Allcrg'

i=0 reA;

The sum A%”’ﬁnS can be represented as the one-parameter generalized Lebesgue—Stieltjes
integral

/0 or(u) dig(u, k27")

where pg(u) = AL f-AZ g, if r27™ < u < (r+1)27™, ¢(0) = 0. It follows from
relation (22) in [4] that

1 1
/ or(u)dig(u, k27" / DY (or)o+ (W) D1=%g1— (u, k27™) du
0 0

1
:/ D3+<pk(u)D%:°‘gl,(u,k2*") du
0

where 1 — o < p3. It is evident that |D%:ag1,(u,k2_”)‘ < C, so it is sufficient to
establish the relation

2" -1

(6) Z/ |D0+g0k |du—>0 m,n — oo.

Note that

—1

0 D) = (0 - )™ () w o [t e - 27 )

Moreover, |¢g(u)| < C27 A 1+12) and

1 L
Z / |k (u)|u™%du < C/ w Y dy - 2M M) n — oo.
k=0 Y0 0

Ifi27" <r27m <u < (r+1)27™ < (i+1)27", then

w 2 "
[ tert N =7 o= [T o) =) s
(8)

+ [ ol - -2 e

—n

Note that |og(u) — @r(2)] < |or(u)| + |or(2)] < C27Ma+h2)  Thus

2" 1 (r+1)27™) 27"
Z / / (o (w) — or(2))(u — 2)"* " dz| du

i,k=0r€A;
(9) 2" —1 (r+1)27™
<C Z Z 2—n(>\1+u2)/ (u—i2~")"du
=0rcA; r2-m
< C2"(1+°‘_)‘1_“2) — 0, n — oo,

since one can choose the number o > 1—p1 such that 14+a—A A —pe < 0if Ay 4pq+po > 2.
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If 27" < 2z < u < (r+ 1)27™, then |pp(u) — pr(2)| < 27™2(u — 2z + 27™)* and

therefore
/(7"+1)2""
zk OTEA r2mm

2 -1
(10) on_1 (r4+1)2~™ /TQm

<Y Yo

[ G —enen 7 aw

—n

(u—r+2""M(u—2)"""1dzdu

i,k=07€A; r2om o
é CQn(l_lLQ)Qm(a_Al) é C2m(1+o¢—)\1—p2) _ O, m — oo.
Relations (d)—(I0) imply (@). Theorem 1 is proved. |
Remark 1. If f(s) = C for some constant C, then A2, S = 0 It is easily seen from the
estimates for A}, S that Theorem 1 remains valid if \; > £ Land p; > 3, i=1,2.

Now we improve Theorem [ for the case of related fields f and g, that is, we assume
that there exists a function F' such that f(t) = F(g(t)) and

(11) F:R—R, FecC*R), F" is Lipschitz continuous.
First we prove an auxiliary result.

Theorem 2. Let assumption (1) hold, and moreover g € H**2(R%) for \; > 1,
i=1,2. Then

a) lim, oo Zf;:é AL fAg = lim, Zf;;é A2 fAirg =0 where
Aikg = As‘kg ( Z+1k+1) ) A%kf = Aiikf(si;rlk)a Afkf = Aiikf(szwrl);
b) Ly —oe Y7t St Mg ALy = limy oo Y0420 firAirgAZg = 0 where
fie = f(siF);
c)

- on_1
nllngo Z Azlkf(A?kg)Q = nhj{.lo Z (Azlk ) Azkg
i,k=0 i,k=0
2" —1
= lim Z F"(gix) Alyg(Af9)* = 0;
n—oo
i,k=0
. 2" 1 ; 21
d) hmnaoo Zi,kz() reA; A,}kf(A}ﬂkg)Q = hmnaoo ZLk:O reA; f’LkArkgAylﬂkg =0

where
Arkg = g((r + 1)2—m7 kz_n) - g(r2m7 kzn)v Arkg = Aik-{-lg - A}“kg

Proof. First we prove a). We compute only the first limit; the second can be treated
similarly. As in the proof of Theorem [1] we write
271

ZAka (sitik) Akg—/fndg

i,k=0

where f,(s) = AL fif s € Ay =[i27", (i + 1)27" x [k27", (k + 1)27"[. Further,
/ I dg*/ D31 (fa)o+ () D=1 "2 g1_(s) ds

/D(()yiaqfn Dl apl— a2g17(8)d8

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



162 YU. S. MISHURA AND S. A. IL’CHENKO

and we need to prove the relation
/|D°‘1°‘2 fn o+ (s |ds—>0 n — oo,
which in turn follows from [}, [¢n,i(s)|ds — 0 where
Pna(s) = 8173 fuls),
pnals) =53 [ (o) = Ftssa)) (1~ )~ du
o) =51 [ (Fulo) = Fuor, ) (s2 = 0) 0

o (s) = / Ay Fa(5) (51 — 1) 717 (5 — 0) "1 dud.
[0,s]

The convergence [, [¢n,1(s)|ds — 0 is obvious.
Next,

712—77/
on2(s)] < 55 / (51 —u) 17 dy - 27N
0

for i27" < s < (i +1)27", whence

1
/ [on,2(s)|ds < C/ 552 dsy - gn(ar—A1) _, 0, N — 0.
P 0

The integral [, |¢n 3(s)| ds can be estimated in a similar way.
Finally,

[ fenatlds

2" —1 k2~ "

< (02 ™M Z / / / (57 —u) 1T (s — v+ 27”)’\27‘12*1 du dv dsq dss

— C2n(o¢1+(y2—kl—/\2) _ 0

as n — 00, where
Ajge =127, @+ 1)27") x [k27", (K +1)27").

Now we prove relation b). The structure of its terms differs from that in the case of
relation a), since now they involve fir. In other words, now we have f,(s) = firALg

if s € Ay, Substitute f,(s) to the integrals that correspond to the functions ©n,i(s),
i =2,3,4 (as before, [} |¢n,1(s)|ds — 0). Thus

Fu(s) = falu, sz)\ < fulu, sz)\ < C|Aakgl < c27mm

Fals)| +

This means that the estimates for ¢, 2 and ¢, 3 are similar to the preceding estimates.
Finally,

‘A(u,v)fn(s)‘ < 027 (89 — v)H2
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whence

/P [Pna(s)] ds

2" 1

/ / T (59 — )27 (g —u) T T dudv dsy dso
im0/ A J10,2- 7] x (0,527 7]

< C27 Z/ (81 —827™) 7Y (89 — k27™)*2 72 dgy dsg
i,k=0

< 02 lm—aatpe—az) _, n — 0.

Therefore b) is proved. The second limit in d) can be established similarly.
The second limit in ¢) and the first in d) are established analogously. It remains to
establish the first limit in ¢). We have

2" 1
2
lim Y f(i27",1) (A%ﬂ_n,l)g((i—i—1)27”,1)) < lim C272mm —

n—oo

The sum
on_1

= 3 56270 (Al oG+ 127 D)
=0

can be represented as follows:

2" -1

> (fik(Aikg)Q + 2firDirgAing

i,k=0

Sn

+ A% F(Aikg) + AL f(Airg)® + 2A?kaik9Azlk9>
!

where
S1 < o 2nGmtiz=1) _ g,

Similarly, S2 — 0 and S? — 0 as n — oco. Now S2 — 0 in view of b).
This gives S2 — 0 asn — oo, and the first limit in ¢) follows. Theorem 2 is proved. [

Remark 2. Analogously to the last limit in ¢), one can prove that

2m—1
lim Z H 9““ AlLg (Afkg)Q =0
i,k=0

for a Lipschitz continuous field H and points 6% € Ayy.
Theorem 3. Theorem [ holds under the assumptions of Theorem 2l and conditions ().

Proof. Since the estimates for A}l’mS hold for p;, A; > L

3, ¢ = 1,2, we only need to
estimate A2, S. We have

on_1 on_1

S_ Z Z A 7'1“" 7"g+ Z Z A krg) zkrfAkrg

i,k=0recA; i,k=0recA;
_ 2 1 2 2
— A2 ST+ A2 52
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It is clear that Al f = F'(gix)A}.,.g+ F”(Gik,«)(Amrg)Q, thus
AL St =42 ST+ AT ST

where
2" —1
Sll Z Z F glk AzkrgAkrgAzkg’
i,k=0r€A;
S = Z > F (i) (D)’ A9 Al
i,k=0rcA;
We get,
2" —1
‘A%,msu| < Z F/(gik)Azzkg Z A%krgAllm“g
i,k=0 reA;
277 1
== Z F'(gi) (Akg)” Zkg—— Z F'(g1) A% >~ (Ahg)?
zk 0 1,k=0 rcA;
277 1 277 1 , ,
=35 Z A zkg — Z FN ’Lk 'Lkg) (A?kg)
zk 0 zk 0
2" 1 0 1 2" —1
5 S ALF() YD (Ahe) + 7 O FUOw)(Ahe)? Y (ALg)* 0,
1k 0 reA; i,k=0 recA;

as n — oo due to the relations ¢) and d) of Theorem Bl Now, in order to estimate A? , S'?
one follows the argument used to estimate A2, S in Theorem [ The difference is that,
when showing (@) and (@0), the estimates for |¢, (1) —pr(2)| are of the form €27 (2ritnr2)
and thus the right-hand side of (@) is equal to C2"(1F=2m=k2) — 0 for py,ps > % and
% >« > 1— p;. This applies also to the estimates of (). This completes the proof of
Theorem 3. 0

3. THE ITO FORMULA FOR A LINEAR COMBINATION
OF FRACTIONAL BROWNIAN FIELDS

Let F: R — R be a function such that F' € C3(R) and F"” is Lipschitz continuous.
Assume that the field g(¢) is given by g(¢t) = >)°, aBHH: with H! > 1 i=12,
l=1,....m

Theorem 4. For every point T € Rﬁ_,
Flo(T) = FlaO) + [ Floydg+ [ Fg)digdag
T

where Pp = [0,T4] x [0, T3].

Proof. According to the one-parameter Ité formula [4],

F(g(T)) = F(g(0)) + / F/(g(s1,T»)) dag(s1, To)

2" —1
=F(g(0)) + lim Y F/(g(Tyi2 ", T2))Alpyign 1y)9(Ti(i + 1)27", T2)

n— o0
=0

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



THE ITO FORMULA FOR FRACTIONAL BROWNIAN FIELDS 165

almost surely. The sum under the limit sign can be rewritten as follows:
271

Y Flg(Tui2™" 1) Ay in-n 1y9(Ta(i + 127", Ty)

2" —1 2" -1
= > F(g(siF) Aing + D F" (9(siF)) AjygAlg
4, k=0 4, k=0
(12) . -
+ D F(a(si)) DikgAg + 5 Z F" (9(62)) (A%.9)" Abyg
i,k=0 zk 0
2"—1
+35 Z F" (9(01F)) (A%9)° Aing
i,k=0
where
Aikg = Dgirg (s

Other increments are defined in a similar way for
= (Tyi2™ "™, Tok2™"), 0% € Ny

According to Theorem 8 in [3] we have

1
> F (g(siF) Aing — | F'(g)dg.

i,k=0 Pr
It follows from Theorems Pl and 3 and Remark Blthat
2n 1
Z F" (g(siF)) AjrgAig — F'"(g) d1gdayg,
i, k=0 Pr

-1
Z F" (g(s%)) AiwgAdg — 0,
i\k=0

1% .

5 2 F000) (M%) Aug — 0,
i,k=0
2"—1

5 Z F" (9(6;%)) (Azkg) Ajg —0
zk 0

almost surely. Theorem [ is proved. O

Remark 3. Theorem [ holds for a function F' € C?(R) such that the derivative F” is a
Lipschitz function. To prove this result we rewrite the second and fourth terms on the
right-hand side of (I2)) as follows:

2" —1

Z F// gzk gAfkg

1,k=0

The existence of the limit of this sum can be proved similarly to Theorems [T and [3l The
third and fifth terms are represented as follows:

2" —1
> F (g(sih) AwgAlg
4, k=0

It is easy to prove that this sum equals 0.
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