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EXPLICIT EXTRAPOLATION FORMULAS
FOR CORRELATION MODELS OF HOMOGENEOUS ISOTROPIC

RANDOM FIELDS
UDC 519.21

N. V. SEMENOVS’KA AND M. I. YADRENKO

Abstract. For some correlation models of homogeneous isotropic random fields, we
obtain explicit formulas for linear extrapolation of a random field to the center of a
sphere from observations on the sphere.

1. Homogeneous isotropic random fields on Rn

A random function ξ(x) (x ∈ Rn) is called a homogeneous isotropic random field
if E ξ(x) = const (in what follows we assume that E ξ(x) = 0), E ξ2(x) < ∞, and
E ξ(x)ξ(y) = ϕ(r) depends only on the distance r = |x − y| between points x and y.

The correlation function ϕ(r) of a homogeneous isotropic random field admits the
following representation (see, for example, [1, 2]):

(1) ϕ(r) = 2(n−2)/2Γ
(n

2

)∫ ∞

0

J(n−2)/2(λr)
(λr)(n−2)/2

dF (λ)

where F is a nondecreasing bounded function on [0, +∞] and J is the Bessel function
of a real argument. Relation (1) is called the spectral representation of the correlation
function of the homogeneous isotropic random field, while the function F (λ) is called
the spectral function of the field. If F (λ) is absolutely continuous, that is, there exists a
function f(λ) such that

F (λ) =
∫ λ

0

f(u) du,

then f(λ) is called the spectral density of the homogeneous and isotropic random field.
Relation (1) in the case of n = 1 is reduced to the well-known expansion

ϕ(r) =
∫ ∞

0

cos(λr) dF (λ)

of the correlational function of a real stationary process.
The spectral density f(λ) can be expressed in terms of the correlational function ϕ(r),

namely

(2) f(λ) =
∫ ∞

0

√
λrJ(n−2)/2(λr)

(λr)(n−1)/2

2(n−2)/2Γ(n/2)
ϕ(r) dr.
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The spectral function F (λ) can also be expressed in terms of ϕ(r) as follows:

(3) F (λ) =
1

2(n−2)/2Γ(n/2)

∫ ∞

0

√
λrJ(n−2)/2(λr)(λr)n/2 ϕ(r)

r
dr

(see [1]). Note that relation (1) implies that ϕ(0) = F (+∞).
Let Φn be the class of correlation functions of mean square continuos, homogeneous

isotropic random fields defined on the Euclidean space Rn. The classes Φn are nonin-
creasing in n,

(4) Φ1 ⊃ Φ2 ⊃ Φ3 ⊃ · · · ⊃ Φn ⊃ · · · .

The class
Φ∞ =

⋂
n≥1

Φn

consists of functions ϕ(r) of the following form:

(5) ϕ(r) =
∫ ∞

0

e−λ2r2
dF (λ)

(see [1]).
Assume that a homogeneous isotropic random field ξ(x) is observed on a sphere and

the problem is to find the linear extrapolation formula for ξ(0) that is the best estimator
for ξ(0) in the sense of the minimum mean square error.

The following result is obtained in [1].

Theorem 1. The extrapolation to the center O of the sphere

Sr = {x : |x| = r}
of a mean square continuous and homogeneous random field ξ(x) defined on the n-
dimensional Euclidean space and observed on the sphere Sr is given by

(6) η(0) =
r(n−2)/2

2πn/2
·
∫∞
0 λ(2−n)/2J(n−2)/2(λr) dF (λ)∫∞

0 λ2−nJ2
(n−2)/2(λr) dF (λ)

∫
Sn

ξ(x) dmn

where mn(·) is Lebesgue measure on the unit sphere in Rn. The mean square error of
extrapolation

σ2(0, r) = E[ξ(0)]2 − E[η(0)]2

is given by

(7) σ2(0, r) = F (+∞) −
[∫∞

0
λ(2−n)/2J(n−2)/2(λr) dF (λ)

]2∫∞
0 λ2−nJ2

(n−2)/2(λr) dF (λ)
.

Using (1) we rewrite η(0) and σ2(0, r) as follows:

η(0) =
1

2n−1πn/2Γ(n/2)
· rn−2B(r)∫∞

0 λ2−nJ2
(n−2)/2(λr) dF (λ)

∫
Sn

ξ(x) dmn,(8)

σ2(0, r) = F (+∞) − 1
2n−2Γ2(n/2)

· rn−2B2(r)∫∞
0 λ2−nJ2

(n−2)/2(λr) dF (λ)
.(9)

Note that one must calculate the integral

(10)
∫ ∞

0

λ2−nJ2
(n−2)/2(λr) dF (λ)

to evaluate η(0) and σ2(0, r) according to (8) and (9), respectively, in the case of a known
correlation function.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



FORMULAS FOR CORRELATION MODELS OF RANDOM FIELDS 177

Table 1. Buell’s list of correlation functions.

Index Model ϕ(r) Membership in Φn

1 e−r2
belongs to Φ∞

2 (1 + r2)−ν belongs to Φn if ν ≥ 0
3 (1 + r + κr2)e−r belongs to Φn if − 1

n ≤ κ ≤ 1
3

3a (1 + r)e−r belongs to Φ∞
3b (1 + r + r2/3)e−r belongs to Φ∞
3c (1 + r − r2/2)e−r belongs to Φ2

4 (ae−br − be−ar)/(a − b) belongs to Φn if b �= a = 0 or
a �= b = 0 or a > b > 0 or
b > a > 0

5 sin r/r belongs to Φ3

6 21/3

Γ(2/3)r
2/3K2/3(r) belongs to Φ∞

2. On models of correlation functions of homogeneous and isotropic

random fields

Isotropic random fields play an important role in modeling various spatial phenom-
ena in natural science and engineering. Isotropic correlation models are used in various
branches of science, for example, in geodesy, geology, geomorphology, hydrology, mete-
orology, agronomy, and geophysics. Buell’s list of “empirical correlation functions” ([3,
p. 53]) became a standard source of correlation models in meteorology. Consider the
Whittle–Mattern class of correlation functions

(11) ϕν(r) =
21−ν

Γ(ν)
(r)νKν(r)

where K is the modified Bessel function, ν > 0. If

ν = k +
1
2

and k is a positive integer, then (11) can be written as the product of the exponent
e−r and a polynomial of order k with respect to r (see [4, 8.468]). For example, the
correlation functions

ϕ1/2(r) = e−r

and
ϕ3/2(r) = (1 + r)e−r

can be obtained in this way for ν = 1/2 and ν = 3/2, respectively.
In this paper we consider the Whittle–Mattern and Buell correlation models and, for

all of them, find spectral densities and extrapolation formulas for the center of a sphere
from observations of the field on the sphere.

Note that the Whittle–Mattern class contains the correlation functions of homoge-
neous isotropic random fields that are solutions of the following stochastic equation:

(12)
(
∆ − c2

)m
ξ(x) = w′(x)

where ∆ is the Laplace operator on Rn and w′(x) is the white noise on Rn ([1, 5]).
Buell [3] proposed to apply the correlation models shown in Table 1 in meteorology.
Now we turn to the Whittle–Mattern family of correlation functions (11). If ν = 2/3,

3/2, or 5/2, then formula (11) coincides with the Buell model of indices 6, 3a, or 3b,
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respectively (see [4, 8.468]). Note that the Buell model of index 3 can be written as a
linear combination of the Whittle–Mattern models for ν = 3/2 and 5/2, namely

(13)
(
1 + r + κr2

)
e−r = (1 − 3κ)ϕ3/2(r) + 3κϕ5/2(r).

3. Explicit extrapolation formulas for some correlation models

First we prove the following auxiliary result.

Lemma 1. If n > ν > 0, then∫ ∞

0

J2
(n−2)/2(λr)

λ

(λ2 + a2)n/2+ν
dλ

=
rn−2B(1/2, (n − 1)/2 + ν)

2π

×
(

B((n − 1)/2, ν)
a2νΓ(n − 1)

· 1F2

(
(n − 1)/2; 1− ν, n − 1; a2r2

)
+

r2νΓ(−ν)
Γ(n + ν − 1)

· 1F2

(
(n − 1)/2 + ν; n + ν − 1ν + 1; a2r2

))
,

(14)

where pFq is the generalized hypergeometric series

pFq(a1, . . . , ap; b1, . . . , bq; z) =
∞∑

k=0

(a1)k · · · (ap)
(b1)k · · · (bq)

· zk

k!
.

Proof. We use the following integral representation for the product of Bessel functions:

Jµ(z)Jν(z) =
2
π

∫ π/2

0

Jµ+ν(2z cos θ) cos(µ − ν)θ dθ,

and a representation of an integral of a Bessel function in terms of a sum of hypergeo-
metric functions∫ ∞

0

J2
(n−2)/2(λr)

λdλ

(λ2 + a2)n/2+ν
=

2
π

∫ π/2

0

∫ ∞

0

Jn−2(2λr cos θ)
λdλ dθ

(λ2 + a2)n/2+ν

=
2
π

∫ π/2

0

(
rn−2B(n/2, ν)
2a2νΓ(n − 1)

cosn−2 θ · 1F2

(
n/2; 1 − ν, n − 1; a2r2 cos2 θ

)
+

rn−2+2νΓ(−ν)
2Γ(n + ν − 1)

cosn−2+2ν θ

× 1F2

(
n/2 + ν; n + ν − 1, ν + 1; a2r2 cos2 θ

))
dθ

(see [6]). We consider separately the integrals

∫ π/2

0

cosn−2 θ · 1F2

(
n/2; 1 − ν, n − 1; a2r2 cos2 θ

)
dθ

and ∫ π/2

0

cosn−2+2ν θ · 1F2

(
n/2 + ν; n + ν − 1, ν + 1; a2r2 cos2 θ

)
dθ.
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Using the definition of the generalized hypergeometric series pFq we expand the integrand
into the series, integrate the series term by term (see [4]), and then evaluate its sum:∫ π/2

0

cosn−2 θ · 1F2

(
n/2; 1 − ν, n − 1; a2r2 cos2 θ

)
dθ

=
∞∑

k=0

(n/2)k

(1 − ν)k(n − 1)k

(
a2r2

)k
k!

∫ π/2

0

cosn−2+2k θ dθ

=
∞∑

k=0

(n/2)k

(1 − ν)k(n − 1)k

(
a2r2

)k
k!

· 1
2
B(1/2, (n− 1)/2 + k)

=
1
2
B(1/2, (n− 1)/2) · 1F2

(
(n − 1)/2; 1 − ν, n − 1; a2r2

)
,∫ π/2

0

cosn−2+2ν θ · 1F2

(
n/2 + ν; n + ν − 1, ν + 1; a2r2 cos2 θ

)
dθ

=
∞∑

k=0

(n/2 + ν)k

(n + ν − 1)k(ν + 1)k

(
a2r2

)k
k!

∫ π/2

0

cosn−2+2ν+2k θ dθ

=
∞∑

k=0

(n/2 + ν)k

(n + ν − 1)k(ν + 1)k

(
a2r2

)k
k!

· 1
2
B(1/2, (n− 1)/2 + ν + k)

=
1
2
B(1/2, (n− 1)/2 + ν) · 1F2

(
(n − 1)/2 + ν; n + ν − 1, ν + 1; a2r2

)
.

Now relation (14) follows easily. �

Model 1. Consider a homogeneous isotropic random field whose correlation function is
given by (11). The spectral density for this model is of the form

(15) fν(λ) =
2λn−1

B(ν, n/2)(λ2 + 1)n/2+ν
, n > ν.

Using (14) we obtain for a = 1 that∫ ∞

0

λ2−nJ2
(n−2)/2(λr) dF (λ)

=
B(1/2, (n − 1)/2 + ν)rn−2

πB(ν, n/2)

×
(

B((n − 1)/2, ν)
Γ(n − 1)

· 1F2

(
(n − 1)/2; 1 − ν, n− 1; r2

)
+

r2νΓ(−ν)
Γ(n + ν − 1)

· 1F2

(
(n − 1)/2 + ν; n + ν − 1, ν + 1; r2

))
.

(16)

Let

G1(r) =
B((n − 1)/2, ν)

Γ(n − 1)
· 1F2

(
(n − 1)/2; 1− ν, n − 1; r2

)
,

G2(r) =
Γ(−ν)

Γ(n + ν − 1)
· 1F2

(
(n − 1)/2 + ν; n + ν − 1, ν + 1; r2

)
.

According to (8) the extrapolation formula for the center of a sphere is of the following
form:

(17) η(0) =
22−n−νπ(2−n)/2

Γ (n/2 + ν)B (1/2, (n− 1)/2 + ν)
· Kν(r)
r−νG1(r) + rνG2(r)

∫
Sn

ξ(x) dmn.
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As was mentioned before, F (+∞) = 1. According to (9), the mean square error of the
extrapolation is

(18) σ2(0, r) = 1 − π24−n−2νΓ (n/2 + ν)
Γ(n/2)Γ(ν)B(1/2, (n − 1)/2 + ν)

· K2
ν (r)

r−2νG1(r) + G2(r)
.

Model 2. Let ϕ(r) = exp{−r2}. Using relation (2) and formula (10) of Section 8.6 in
[7] we get the spectral density

f(λ) =
λn−1 exp

{−λ2/4
}

2n−1Γ(n/2)
.

Taking into account relation (39) of Section 4.14 in [7], we get∫ ∞

0

λ2−nJ2
(n−2)/2(λr)f(λ) dλ =

e−2r2
I(n−2)/2

(
2r2
)

2n−2Γ(n/2)
.

After simple calculations we obtain from (8) the following extrapolation formula for the
center of the sphere:

η(0) =
1

2πn/2
· rn−2er2

I(n−2)/2(2r2)
·
∫

Sn

ξ(x) dmn.

In view of (9) the mean square error of the extrapolation is given by

σ2(0, r) = 1 − 1
Γ(n/2)

· rn−2

I(n−2)/2 (2r2)
.

Model 3. Let
ϕ(r) = (1 + r2)−ν , ν > 0.

We apply (2) to find the spectral density. Using relation (20) of Section 8.5 in [8] we get

f(λ) =
λ(n−2)/2+νKn/2−ν(λ)

2(n−2)/2+ν−1Γ(n/2)Γ(ν)
.

According to equality (25) of Section 10.3 in [8],∫ ∞

0

λ2−nJ2
(n−2)/2(λr)f(λ) dλ =

22−nrn−2

Γ2(n/2)
F

(
n − 1

2
, ν; n − 1;−4r2

)
where F is the Gauss hypergeometric series

F (a, b; c; z) = 2F1(a, b; c; z).

After a simple calculation we obtain from (8) the following extrapolation formula for the
center of the sphere

η(0) =
Γ(n/2)
2πn/2

· (1 + r2)−ν

F ((n − 1)/2, ν; n − 1;−4r2)

∫
Sn

ξ(x) dmn.

In view of (9) the mean square error of the extrapolation is given by

σ2(0, r) = 1 − (1 + r2)−2ν

F ((n − 1)/2, ν; n− 1;−4r2)
.

Model 4. Let ϕ(r) = (1 + r)e−r . As mentioned before, this correlation model corre-
sponds to the Whittle–Mattern model ϕ3/2(r). Thus we use (15) and obtain

f3/2(λ) =
2λn−1

B(3/2, n/2) (λ2 + 1)(n+3)/2
, n > 3/2.
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It follows from (16) that∫ ∞

0

λ2−nJ2
(n−2)/2(λr) dF (λ) =

nrn−2

π

(
G1(r) + r3G2(r)

)
where

G1(r) =
B((n − 1)/2, 3/2)

Γ(n − 1)
· 1F2

(
n − 1

2
;−1

2
, n − 1; r2

)
,

G2(r) =
4
√

π

3Γ(n + 1/2)
· 1F2

(
n

2
+ 1; n + 1/2,

5
2
; r2

)
.

Since K3/2 = (π/(2r3))1/2(1+r)e−r, we obtain from (17) the linear extrapolation formula
for the center of the sphere:

η(0) =
π(2−n)/2

2nΓ(n/2 + 1)
(1 + r)e−r

(G1(r) + r3G2(r))

∫
Sn

ξ(x) dmn.

The mean square error of the extrapolation is equal to

σ2(0, r) = 1 − π21−n

Γ(n/2)Γ (n/2 + 1)
· (1 + r)2e−2r

(G1(r) + r3G2(r))

(see (18)).

Model 5. Let ϕ(r) = (1 + r + r2/3)e−r. This correlation model corresponds to the
Whittle–Mattern model ϕ5/2(r). It follows from (15) that

f5/2(λ) =
2λn−1

B(5/2, n/2)(λ2 + 1)(n+5)/2
, n > 5/2.

Relation (16) implies that∫ ∞

0

λ2−nJ2
(n−2)/2(λr) dF (λ) =

n(n + 2)rn−2

3π

(
g1(r) − r5g2(r)

)
where

g1(r) =
B((n − 1)/2, 5/2)

Γ(n − 1)
· 1F2

(
(n − 1)

2
;−3

2
, n − 1; r2

)
,

g2(r) =
8
√

π

15Γ(n + 3/2)
· 1F2

(
n

2
+ 2; n +

3
2
,
7
2
; r2

)
.

According to (17) the linear extrapolation formula for the center of the sphere is given
by

η(0) =
3π(2−n)/2

2n+1Γ(n/2 + 2)

(
1 + r + r2/3

)
e−r

(g1(r) − r5g2(r))

∫
Sn

ξ(x) dmn,

since

K5/2 =
(
π/
(
8r5
))1/2

(
1 + r +

r2

3

)
e−r.

The mean square error of the extrapolation is equal to

σ2(0, r) = 1 − 3π2−n

Γ(n/2)Γ(n/2 + 2)
·
(
1 + r + r2/3

)2
e−2r(

g1(r) − r5g2(r)
)

(see (18)).
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Model 6. Consider the following correlation model:

ϕ(r) =
(
1 + r + κr2

)
e−r.

As mentioned before, this model is a linear combination of the models ϕ3/2(r) and
ϕ5/2(r), namely (

1 + r + κr2
)
e−r = (1 − 3κ)ϕ3/2(r) + 3κϕ5/2(r).

Thus the spectral density f(λ) of this correlation model is the linear combination of
ϕ3/2(r) and ϕ5/2(r) with the same coefficients. Thus

f(λ) =
2(n + 1)λn−1

B(1/2, n/2)(1 + λ2)(n+5)/2

(
(1 − 3κ)λ2 + nκ + 1

)
by the results obtained for the two preceding models. The same arguments yield∫ ∞

0

λ2−nJ2
(n−2)/2(λr) dF (λ)

=
n

π
rn−2

(
(1 − 3κ)

(
G1(r) + r3G2(r)

)
+ κ(n + 2)

(
g1(r) − r5g2(r)

))(19)

where

G1(r) =
B((n − 1)/2, 3/2)

Γ(n − 1)
· 1F2

(
(n − 1)

2
;−1

2
, n − 1; r2

)
,

G2(r) =
4
√

π

3Γ(n + 1/2)
· 1F2

(
n

2
+ 1; n +

1
2
,
5
2
; r2

)
;

g1(r) =
B((n − 1)/2, 5/2)

Γ(n − 1)
· 1F2

(
(n − 1)

2
;−3

2
, n − 1; r2

)
,

g2(r) =
8
√

π

15Γ(n + 3/2)
· 1F2

(
n/2 + 2; n +

3
2
,
7
2
; r2

)
.

Now we obtain from (8) the extrapolation formula for the center of the sphere:

η(0) =
2−nπ(2−n)/2

Γ(n/2 + 1)

× (1 + r + κr2)e−r(
(1 − 3κ)(G1(r) + r3G2(r)) + κ(n + 2)(g1(r) − r5g2(r))

)∫
Sn

ξ(x) dmn.

(20)

The mean square error of the extrapolation is given by

σ2(0, r) = 1 − π21−n

Γ(n/2)Γ(n/2 + 1)

×
(
1 + r + κr2

)2
e−2r(

(1 − 3κ)(G1(r) + r3G2(r)) + κ(n + 2)(g1(r) − r5g2(r))
)(21)

(see (9)).

Model 7. Consider the following correlation model:

ϕ(r) =
(
1 + r − r2/2

)
e−r, n = 2.

This is the preceding model with κ = −1/2, and we may use the preceding results:

f(λ) =
15
2

λ3
(
1 + λ2

)−7/2
.

Similarly we obtain from (19) that∫ ∞

0

λ2−nJ2
(n−2)/2(λr) dF (λ) =

2
π

(
5
2
(
G1(r) + r3G2(r)

)
+ 2

(
r5g2(r) − g1(r)

))
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where

G1(r) =
π

2
· 1F2

(
1
2
;−1

2
, 1; r2

)
,

G2(r) =
25

5 · 32
· 1F2

(
2;

5
2
,
5
2
; r2

)
;

g1(r) =
3π

4
· 1F2

(
1
2
;−3

2
, 1; r2

)
,

g2(r) =
26

52 · 32
· 1F2

(
3;

7
2
,
7
2
; r2

)
.

The extrapolation formula for the center of the sphere is found from (20):

η(0) =
(1 + r − r2/2)e−r(

5(G1(r) + r3G2(r)) + 4(r5g2(r) − g1(r))
)∫

Sn

ξ(x) dmn.

The mean square error of the extrapolation is given by (21) as follows:

σ2(0, r) = 1 − π

2
·

(
1 + r − r2/2

)2
e−2r(

5/2(G1(r) + r3G2(r)) + 2(r5g2(r) − g1(r))
) .

Model 8. Consider the following correlation model:

ϕ(r) =
(
ae−br − be−ar

)
/(a − b).

Let ϕa(r) = e−ar and ϕb(r) = e−br, and let the respective spectral densities be fa(λ)
and fb(λ). The correlation function ϕ(r) is a linear combination of the functions ϕa(r)
and ϕb(r). Thus the spectral density f(λ) corresponding to the correlation function ϕ(r)
is a linear combination of the functions fa(λ) and fb(λ). Using (2) and relation (4) of
Section 8.6 in [8] we obtain

fa(λ) =
2aΓ((n + 1)/2)√

πΓ(n/2)
· λn−1

(λ2 + a2)(n+1)/2
.

We use equality (14) to evaluate the integral∫ ∞

0

λ2−nJ2
(n−2)/2(λr)fa(λ) dλ.

We have ∫ ∞

0

λ2−nJ2
(n−2)/2(λr) · aΓ((n + 1)/2)√

πΓ(n/2)
· λn−1 dλ

(a2 + λ2)(n+1)/2

=
arn−2

π

(
B((n − 1)/2, 1/2)

aΓ(n − 1) 1F2

(
n − 1

2
;
1
2
, n − 1; a2r2

)

− 2
√

π

Γ(n − 1/2)
r1F2

(
n

2
;
3
2
, n − 1

2
; a2r2

))
.

Let

L(a, r) =

(
B((n − 1)/2, 1/2)

aΓ(n − 1) 1F2

(
n − 1

2
;
1
2
, n − 1; a2r2

)

− 2
√

π

Γ (n − 1/2)
r1F2

(
n

2
;
3
2
, n − 1

2
; a2r2

))
.

Then ∫ ∞

0

λ2−nJ2
(n−2)/2(λr)fa(λ) dλ =

arn−2

π
L(a, r).
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Similarly

fb(λ) =
2bΓ((n + 1)/2)√

πΓ(n/2)
· λn−1

(λ2 + b2)(n+1)/2

and ∫ ∞

0

λ2−nJ2
(n−2)/2(λr)fb(λ) dλ =

brn−2

π
L(b, r)

where

L(b, r) =

(
B((n − 1)/2, 1/2)

bΓ(n − 1) 1F2

(
n − 1

2
;
1
2
, n − 1; b2r2

)

− 2
√

π

Γ (n − 1/2)
r1F2

(
n

2
;
3
2
, n − 1

2
; b2r2

))
.

Thus the spectral density of the correlation model under consideration is of the following
form:

f(λ) =
2ab

a − b

Γ((n + 1)/2)√
πΓ(n/2)

(
λn−1

(λ2 + b2)(n+1)/2
− λn−1

(λ2 + a2)(n+1)/2

)
.

Moreover ∫ ∞

0

λ2−nJ2
(n−2)/2(λr)f(λ) dλ =

abrn−2(L(b, r) − L(a, r))
π(a − b)

.

The linear extrapolation formula (8) takes the form

η(0) =
21−nπ(2−n)/2

Γ(n/2)
· ae−br − be−ar

abrn−2(L(b, r) − L(a, r))

∫
Sn

ξ(x) dmn.

The mean square error of extrapolation is given by (9) as follows:

σ2(0, r) = 1 − π22−n

(a − b)Γ2(n/2)
· (ae−br − be−ar)2

ab(L(b, r) − L(a, r))
.

Model 9. Let ϕ(r) = sin(r)/r, n = 3. This is the so-called Markov type field. The
problem of extrapolation for the Markov type field in Rn (and, in particular, in R3) is
considered in [1].

Model 10. Let ϕ(r) = 21/3r2/3K2/3(r)/Γ(2/3). This correlation model corresponds to
the Whittle–Mattern model ϕ2/3(r). Thus (15) implies that

f2/3(λ) =
2λn−1

B(2/3, n/2)(λ2 + 1)n/2+2/3
, n > 2/3.

Let

G1(r) =
B((n − 1)/2, 2/3)

Γ(n − 1)
· 1F2

(
(n − 1)/2; 1/3, n− 1; r2

)
,

G2(r) =
Γ(−2/3)

Γ(n − 1/3)
· 1F2

(
n/2 + 1/6; n− 1/3, 5/3; r2

)
.

The extrapolation formula is given by

η(0) =
21/3−nπ(2−n)/2

Γ(n/2 + 2/3)B(1/2, n/2 + 1/6)
· K2/3(r)
r−2/3G1(r) + r2/3G2(r)

∫
Sn

ξ(x) dmn.

The mean square error of the extrapolation is given by (18) as follows:

σ2(0, r) = 1 − π28/3−nΓ(n/2 + 2/3)
Γ(n/2)Γ(2/3)B(1/2, n/2 + 1/6)

·
K2

2/3(r)

r−4/3G1(r) + G2(r)
.
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