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WAVELET ORTHOGONAL APPROXIMATION OF FRACTIONAL
GENERALIZED RANDOM FIELDS ON BOUNDED DOMAINS

UDC 519.21

J. M. ANGULO, M. D. RUIZ-MEDINA, AND V. V. ANH

Abstract. We consider a class of generalized random fields defined on bounded
domains, which admit a white-noise linear filter representation in terms of linear op-

erators of fractional order. We obtain two-sided estimates of the eigenvalues defining
the pure point spectra of the associated class of covariance operators. We next derive
an orthonormal basis of the reproducing kernel Hilbert space from an orthonormal
basis of wavelet functions. An alternative orthogonal expansion to the Karhunen–
Loève expansion is then obtained in terms of wavelet functions. The results derived
can be applied to compute, in particular, the mean-square solution to fractional-order
integro-differential equations, and to approximate least-squares linear estimates for
the class of random fields considered.

1. Introduction

The theory of generalized random fields defined on Sobolev spaces of fractional or-
der provides a suitable framework to study random fields with (positive or negative)
fractional regularity order, particularly those defined as the mean-square solutions of
fractional-order integro-differential equations (see [50, 51]). We refer to these as frac-
tional generalized random fields (FGRFs). In the case where these random fields are
defined on Rd, their second-order structure can be characterized in terms of the con-
tinuous spectrum of the covariance operator, or equivalently, the continuous spectrum
of the operator generating the bilinear form defining the inner product of the associ-
ated reproducing kernel Hilbert space (RKHS) (see, for example, [9, 42], in the ordinary
case, and [5], in the generalized case). In the stationary case, the continuous spectrum
of the covariance operator coincides with the spectral density of the random field. In
the bounded domain case, under certain conditions, the second-order structure can be
characterized in terms of the pure point spectrum of the covariance operator.

This paper is concerned with generalized random fields defined on fractional Sobolev
spaces on bounded domains characterized, in the weak sense, by their fractional-order
pure point spectra. Specifically, we assume that the norm of their RKHS is equivalent
to the norm defined on a fractional Sobolev space of a certain order. This condition is
equivalent to the existence of a dual generalized random field, and to the existence of
a white-noise linear filter representation (see [50, 51]). Indeed, such a representation is
derived from the covariance factorization of the dual random field. We prove that the
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spectral properties of the corresponding class of covariance operators are equivalent to
those presented by compact embeddings between fractional Sobolev spaces on bounded
domains (see [28, 55] and [56, pp. 162–168]).

Wavelet-based methods have been used to represent random fields and solutions of
integral and differential equations ([2, 18, 36, 53]). In particular, the discrete wavelet
transform of a d-dimensional random field induces a 2d-dimensional discrete wavelet
transform of its covariance function and a wavelet-based representation of the corre-
sponding covariance operator (see [34, 35, 39, 58]). The associated random wavelet
coefficients provide a scale-space local description of the second-order properties of the
random field. However, a certain degree of redundancy is present in the information
given by such random coefficients since they are not uncorrelated.

In the ordinary case, an alternative approach to remove redundancy, based on the
diagonalization of the covariance function using wavelets, has been proposed in [9, 60]
for the unbounded domain case, and in [4] for the bounded domain case. In this paper, we
study such wavelet-based orthogonal approximations for FGRFs defined on a bounded
domain. The orthonormal bases constructed for the RKHSs of a FGRF and its dual
provide a non-redundant description of the second-order structure of the FGRF. Such
bases then allow the definition of an orthogonal expansion in terms of wavelets for the
FGRFs considered. This type of expansion provides an alternative to the Karhunen–
Loève expansion useful in the cases where the second-kind Fredholm integral equation
defining the covariance eigenfunction system is not explicitly solvable.

2. Preliminaries

In this section, we introduce some preliminary definitions on multiresolution approxi-
mations and the basic elements and results derived in [50, 51] in relation to the fractional
generalized random field theory.

Definition 2.1. Let {φm : m ∈ N} be a spanning set of a Hilbert space H of functions.
We say that the system {φm : m ∈ N} constitutes a Riesz basis of H if

(i) there exist constants C ′ > C > 0 such that, for every sequence of scalars
{cm : m ∈ N},

(2.1) C
∑
m

|cm|2 ≤
∥∥∥∥∑

m

cmφm

∥∥∥∥2

H

≤ C ′
∑
m

|cm|2,

(ii) the vector space of finite sums
∑

m cmφm (on which (2.1) is tested) is dense in H.

If {φm : m ∈ N} is a Riesz basis of H, it has a unique dual Riesz basis

{φm : m ∈ N} ⊂ H∗

such that

(2.2) φm(φn) = 〈φm, (φn)∗〉H = δm−n for all m, n ∈ N,

where ∗ stands for the duality between Hilbert spaces. Every function f ∈ H can then
be represented, in the weak sense, as

(2.3) f (ψ) =
∑
m

f (φm)φm (ψ) =
∑
m

f∗ (φm)φm (ψ∗) ,
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WAVELET ORTHOGONAL APPROXIMATION 3

for all ψ ∈ H∗. In the case where H = L2(T ), T ⊂ Rd, and f is defined in the strong
sense, Eq. (2.3) can be rewritten as

f(x) =
∑
m

〈f, φm〉L2(T ) φm(x)

=
∑
m

〈f, φm〉L2(T ) φm(x) for all x ∈ T.
(2.4)

The concept of multiresolution approximation of L2(Rd) provides a multiscale and local
description of functions belonging to this space (see, for example, [10, 19, 33, 38]).

Definition 2.2. A multiresolution approximation of L2(Rd) is defined as an increas-
ing sequence {Vj : j ∈ Z} of closed linear subspaces of L2(Rd) satisfying the following
properties:

(i)
⋂∞

−∞ Vj = {0},
⋃∞

−∞ Vj is dense in L2(Rd);
(ii) f(x) ∈ Vj if and only if f(2x) ∈ Vj+1, for all x ∈ Rd and j ∈ Z;
(iii) f(x) ∈ V0 if and only if f(x− k) ∈ V0, for all x ∈ Rd and k ∈ Z

d;
(iv) there exists a function g(·) ∈ V0 such that the sequence

{
g(x− k) : k ∈ Z

d
}

is a
Riesz basis of V0.

Different approaches have been followed in the construction of an orthonormal basis
of wavelet functions from a multiresolution analysis of L2(Rd). In particular, from a
Riesz basis

{
g(x − k) : k ∈ Z

d
}

of V0, an orthonormal basis of wavelet functions can be
constructed using the spectral theory of L2([0, 2π)d)-functions (see, for example, [38]).

In this paper, we consider generalized and ordinary random fields defined on a bounded
domain T ⊂ Rd. In the derivation of a mean-square orthogonal expansion for these ran-
dom fields, in terms of wavelets, we will start from a multiresolution approximation of
L2(T ). We will assume that T satisfies the conditions that allow the construction of such
an approximation (see, for example, [15, 17], in the one-parameter case, and [30, 16],
in the multiparameter case). More specifically, in [30], the existence of orthonormal
wavelet bases in L2(T ) is established for any given open subset T of R

d, with any given
degree of smoothness m ≥ 1. In the special case where T satisfies the outer cone condi-
tion, multiscale decompositions of functions in Hölder–Zygmund and fractional Sobolev
spaces defined on T are derived, and characterizations of these spaces are carried out con-
sidering appropriate mixed norm summability conditions on the corresponding wavelet
coefficients. In [16], a multiresolution approximation of L2(T ), with T being a general do-
main with sufficiently regular boundary, is constructed, preserving the important features
of one-dimensional multiresolution analysis, including local polynomial reproduction and
locally supported stable bases. Multiscale decompositions and characterizations of func-
tion spaces on a domain T , satisfying the assumed regularity conditions on its boundary
(for example, satisfying the uniform cone condition) are also obtained, in particular, for
fractional Besov spaces.

We next outline some definitions and fundamental results from [50, 51] in relation to
generalized random fields defined on fractional Sobolev spaces on bounded domains.

Let D(Rd) be the space of C∞-functions with compact support contained in Rd, and
let S(Rd) be the space of C∞-functions with rapid decay at infinity. The duals of these
spaces are respectively the space of distributions, D′(Rd), and the space of tempered
distributions, S ′(Rd). For a domain T ⊆ Rd, we denote by D(T ) the space of infinitely
differentiable functions with compact support contained in T , and by D′(T ) the space of
distributions on T (see, for example, [20, 55]).
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Definition 2.3. For s ∈ R, Hs(Rd) is the space of tempered distributions u such that(
1 + |ξ|2

)s/2

û ∈ L2(Rd), ξ ∈ Rd.

Definition 2.4. Let T be an open bounded C∞-domain in Rd. For s ∈ R, the following
spaces are defined on T :

H
s
(T ) =

{
f ∈ Hs

(
Rd

)
; supp f ⊆ T

}
,

Hs(T ) =
{
u ∈ D′(T ); there exists U ∈ Hs

(
Rd

)
with u = UT

}
,

where UT denotes the restriction of U to T . With the quotient norm

‖u‖Hs(T ) = inf
{U ;UT =u}

‖U‖Hs(Rd) ,

Hs(T ) is a Hilbert space ([20, p. 118]).

Remark 2.1. Note that

H
s
(T ) = D(T )

‖ · ‖
Hs(Rd) ⊆ D(T )

‖ · ‖Hs(T )
.

The spaces given by Definition 2.4 are related by duality (see [55, p. 332]). Specifically,[
H

s
(T )

]∗ = H−s(T ), s ∈ R, and [H−s(T )]∗ =
[
[H

s
(T )]∗

]∗ = H
s
(T ), with H∗ denoting

the dual of the Hilbert space H. Moreover, the spaces H
s
(T ) and H−s(T ) can be iso-

morphically related in terms of positive and negative s-powers of the negative Laplacian
on the bounded domain T (the negative T -Laplacian) (−∆)T (see [55, pp. 335–336], and
[56, pp. 214–215]).

We will denote by Uα the space H
α
(T ), and by Vα the space H−α(T ).

Let (Ω,A, P) be a complete probability space, and let L2(Ω,A, P) be the Hilbert space
of real-valued zero-mean random variables defined on (Ω,A, P) with finite second-order
moments and with the inner product defined by

〈X, Y 〉L2(Ω) = E[XY ], X, Y ∈ L2(Ω,A, P).

Definition 2.5. For α ∈ R, a random function Xα from Uα into L2(Ω,A, P) is said to be
an α-generalized random field (α-GRF) if it is linear and continuous in the mean-square
sense with respect to the Uα-topology.

Remark 2.2. The FGRF Xα defines the weak-sense restriction to the domain T of a
random distribution on Rd for α ≥ 0, and of an ordinary random field on Rd for α < 0.

The second-order regularity and singularity properties of an α-GRF are characterized
in terms of two associated Hilbert spaces: the Hilbert space of random variables

H(Xα) = spL2(Ω,A,P) {Xα(ϕ) : ϕ ∈ Uα} ,

and the RKHS H(Xα) generated by the covariance function Bα of Xα, constituted by
the functions of Vα satisfying the following condition:

f ∈ H(Xα) ↔ f(φ) = E [XXα(φ)] for all φ ∈ Uα and for a certain X ∈ H(Xα).

Specifically, H(Xα) is the closed span in L2(Ω,A, P) of the random variables X in H(Xα)
defining the functions of Vα satisfying the above condition.

From the Kernel Theorem (see [29]), the covariance function Bα of Xα admits the
representation

Bα(ϕ, φ) = E [Xα(ϕ)Xα(φ)] =
〈
[Rαϕ]∗ , φ

〉
Uα

=
∫

T

Rαϕ(z)φ(z) dz, ϕ, φ ∈ Uα,
(2.5)
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WAVELET ORTHOGONAL APPROXIMATION 5

in terms of a symmetric positive continuous linear operator Rα from Uα into Vα. In the
ordinary case, Rα is an integral operator with kernel given by the covariance function
of the corresponding ordinary random field Xα defined, in the weak sense, by Xα. We
therefore refer to this operator as a covariance operator.

The following concept of duality defines a class of FGRFs with RKHS norm equivalent
to the norm of the space Vα. This condition also implies the ellipticity of the covariance
operator Rα of Xα.

Definition 2.6. For α ∈ R, we say that the generalized random field

X̃α : [Uα]∗ → L2(Ω,A, P)

is the dual relative to Uα of the α-GRF Xα : Uα → L2(Ω,A, P) if

(i) H(Xα) = H
(
X̃α

)
, and

(ii)
〈
Xα(φ), X̃α(g)

〉
H(Xα)

= 〈φ, g∗〉Uα
=

∫
T

φ(z)g(z) dz, for φ ∈ Uα and g ∈ Vα,
with g∗ being the dual element of g with respect to the Uα-topology.

The dual X̃α has support contained in T , and its fractional regularity order is α. We
consider the space H

(
X̃α

)
defined as the closed span in L2(Ω,A, P) of{

X̃α(g) : g ∈ Vα

}
,

and the RKHS H
(
X̃α

)
of X̃α constituted by the functions of Uα defined from the elements

of H
(
X̃α

)
as follows: For each Y ∈ H

(
X̃α

)
, Y defines the function φY ∈ Uα of H

(
X̃α

)
as

φY (g) = E
[
Y X̃α(g)

]
for all g ∈ Vα.

Obviously, the spaces H(Xα) and H
(
Xα

)
, and correspondingly H

(
X̃α

)
and H

(
X̃α

)
,

are respectively related by the isometric isomorphisms

J : H(Xα) → H (Xα) and J ′ : H
(
X̃α

)
→ H

(
X̃α

)
,

which are defined as

Y → JY, with (JY ) (φ) = E Y Xα(φ) for all φ ∈ Uα,

Z → J ′Z, with (J ′Z) (g) = EZX̃α(g) for all g ∈ Vα.

As H(Xα) ⊆ Vα and H
(
X̃α

)
⊆ Uα, the following operators can be defined:

K : H(Xα) → Vα, with g → Kg = g,

K ′ : H
(
X̃α

)
→ Uα, with φ → K ′φ = φ.

Under the duality condition, the operators K and K ′ are bicontinuous (see [51]). Thus,
the operators Sα and S′

α, defined as

Sα := KJ : H(Xα) → Vα,

S′
α := K ′J ′ : H

(
X̃α

)
→ Uα,

are isomorphisms. The covariance operators Rα and R̃α then admit the following fac-
torizations in terms of Sα and S′

α.
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6 J. M. ANGULO, M. D. RUIZ-MEDINA, AND V. V. ANH

Proposition 2.1 (Covariance factorization). Let Xα be a FGRF. Assume that the dual
random field X̃α exists. Then, the covariance operator Rα of Xα and the covariance
operator R̃α of X̃α can be factorized respectively as

Rα = Sα (S′
α)−1

,(2.6)

R̃α = S′
αS−1

α .(2.7)

Proof. See [50]. �

In the study of the spectral properties of Rα and R̃α (see Proposition 3.1), we will
consider the entropy numbers {en(Rα)}n∈N of Rα, defined as

(2.8) ek(Rα) = inf
{

ε > 0: Rα(UUα
) ⊂

2k−1⋃
j=1

(bj + εUVα
) for some b1, . . . , b2k−1 ∈ Vα

}
,

with UH denoting the unit ball in the Hilbert space H. From Carl’s inequality (see
[28]), {en(Rα)}n∈N

provides an upper bound sequence for the modulus of the eigenvalues
{λn(Rα)}n∈N

of Rα, that is,

(2.9) |λk(Rα)| ≤ 21/2ek(Rα), k ∈ N.

In the case where the operator Rα is a positive compact and selfadjoint operator on
L2(T ), its sequence of eigenvalues coincides with its sequence of approximation numbers
{an(Rα)}n∈N

, given by (see [56, pp. 191–193])

ak(Rα) = inf
{
‖Rα − L‖ : L ∈ L(L2(T )), rank L < k

}
, k ∈ N,

where rankL is the dimension of the range of L, and L(L2(T )) denotes the space of linear
and bounded operators on L2(T ).

From Eqs. (2.6) and (2.7), Rα = R̃−1
α . Let {Yn}n∈N

and {ϕn}n∈N
be two orthonormal

bases of the spaces H(Xα) = H
(
X̃α

)
and Uα, respectively. We define the isometric

isomorphism

(2.10) I :
(
Uα, 〈·, ·〉Uα

)
→

(
H(Xα), 〈·, ·〉H(Xα)

)
by

ϕn → Iϕn = Yn for all n ∈ N.

The operator L on Uα given by
L := S′

αI
then defines an isomorphism satisfying

〈XαL(φ), XαL (ϕ)〉H(Xα) = 〈XαS′
αI(φ), XαS′

αI(ϕ)〉H(Xα)

= 〈I(φ), I (ϕ)〉H(Xα)

= 〈φ, ϕ〉Uα
for all φ, ϕ ∈ Uα.

(2.11)

From Eq. (2.11),

(2.12) Xα (Lφ) =
m.s.

εL2(T )

(
(I − ∆)α/2

T φ
)

for all φ ∈ Uα,

where εL2(T ) represents a generalized random field satisfying

E
[
εL2(T )(f)εL2(T )(g)

]
= 〈f, g〉L2(T ) for all f, g ∈ L2(T ),

and (I −∆)α/2
T denotes the fractional power of order α/2 of the operator (I −∆)T , given

in terms of the negative T -Laplacian.
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WAVELET ORTHOGONAL APPROXIMATION 7

Similarly, X̃α satisfies

(2.13) X̃α (L′g) = εL2(T )

(
(I − ∆)−α/2

T g
)

for all g ∈ Vα,

where L′ = RαLIVα
, with IVα

: Vα → Uα being the isometric isomorphism defined by the
Riesz Representation Theorem.

The formal inversion of Eqs. (2.12) and (2.13) respectively leads to the following
identities:

(2.14) Xα(φ) = εL2(T )

[
(I − ∆)α/2

T L−1φ
]

for all φ ∈ Uα,

and

(2.15) X̃α (g) = εL2(T )

[
(I − ∆)−α/2

T (L′)−1g
]

for all g ∈ Vα.

The covariance operators Rα and R̃α of Xα and X̃α then admit the representations

Rα =
[
(I − ∆)α/2

T L−1
]∗ [

(I − ∆)α/2
T L−1

]
= T T ∗,(2.16)

R̃α =
[
(I − ∆)−α/2

T (L′)−1
]∗ [

(I − ∆)−α/2
T (L′)−1

]
= T̃ T̃ ∗,(2.17)

in terms of the isomorphisms T : L2(T ) → Vα and T̃ : L2(T ) → Uα.
In the ordinary case, α < −d/2, the representation (2.12) of Xα becomes

(2.18) L∗Xα(z) = (I − ∆)α/2
T ε(z) for all z ∈ T,

where {Xα(z), z ∈ T} is the ordinary random field associated with the α-GRF Xα, and L∗

is the adjoint of L. The right-hand side of (2.18) can be interpreted as fractional inte-
gration of generalized white noise.

In the case where α > d/2, the representation (2.13) admits an ordinary solution X̃α

satisfying

(2.19) (L′)∗ X̃α(z) = (I − ∆)−α/2
T ε̃(z),

where, as before, (L′)∗ represents the adjoint of the operator L′, and the right-hand side
of (2.19) is interpreted as fractional integration of generalized white noise.

Further specific examples of fractional-order differential and integral equations are
provided in [50, 51]. For example, from the equivalent definitions of the spaces

Vs = Hs(T ), s > 0,

as restrictions of the Lebesgue–Sobolev spaces L2,s(Rn), s > 0, and as restrictions of the
Bessel-potential spaces L2,s(Rn), s > 0 (see [55]), the following family of fractional-order
differential models can be obtained from Eq. (2.12):

(2.20) a(z)(I − ∆)β/2
T (−∆)γ/2

T Xα(z) = ε(z), β + γ = −α > 0,

where (−∆)γ/2
T represents the fractional power of order γ/2 of the negative T -Laplacian,

and a(z) is a tempered distribution.

3. Spectral properties and wavelet-based orthogonal expansion of FGRFs

The spectral properties of the class of covariance operators introduced, under the dual-
ity condition, are characterized in this section. Specifically, we obtain two-sided estimates
for the eigenvalues of the operators Rα and R̃α. We derive a biorthogonal decomposition
of the spaces Uα and Vα, in terms of two dual Riesz bases, obtained by applying to a
given orthonormal wavelet basis of L2(T ) the linear operators T and T̃ , respectively
defined in Eqs. (2.16) and (2.17). We then prove that these bases are orthonormal bases
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8 J. M. ANGULO, M. D. RUIZ-MEDINA, AND V. V. ANH

of the RKHSs H(Xα) and H(X̃α), respectively, and provide orthogonal representations,
i.e., with uncorrelated coefficients, of Xα and X̃α.

The uncorrelatedness of the random coefficients defining the wavelet-based orthogonal
expansion derived guarantees a non-redundant description of the second-order properties
of the model considered. Furthermore, the dual Riesz bases constructed belong to dual
fractional Sobolev spaces where the covariance operator of a FGRF and its inverse are
bounded. Therefore, in terms of these bases, a stable inversion (stability of the corre-
sponding inverse integral operator) of the Wiener–Hopf equation, defining the solution
to the least-squares linear (direct and inverse) estimation problems associated with the
class of models considered, can be obtained. Truncation of the wavelet-based orthogonal
expansions derived also provides a finite-dimensional approximation of these problems,
which allows the computation of their solutions. Applications in environmental sciences
can be found in [11, 12, 13].

3.1. Spectral properties. We first characterize the spectral properties of the opera-
tors Rα and R̃α.

Proposition 3.1. Assume that the dual random field X̃α of Xα exists. Then, the follow-
ing inequalities hold for the eigenvalues {λn(Rα)}n∈N of Rα, and {λn(R̃α)}n∈N of R̃α:

(i) For α < 0,

|λk(Rα)| ≤ C2k
2α/d, k ∈ N,(3.1)

|λk(R̃α)| ≥ C̃1k
−2α/d, k ∈ N,(3.2)

and for α > 0,

|λk(Rα)| ≥ C ′
1k

2α/d, k ∈ N,(3.3)

|λk(R̃α)| ≤ C̃ ′
2k

−2α/d, k ∈ N.(3.4)

(ii) In the case where T is a compact set, we also have, for α < 0,

|λk(Rα)| ≥ C1k
2α/d, k ∈ N,(3.5)

|λk(R̃α)| ≤ C̃2k
−2α/d, k ∈ N,(3.6)

and for α > 0,

|λk(Rα)| ≤ C ′
2k

2α/d, k ∈ N,(3.7)

|λk(R̃α)| ≥ C̃ ′
1k

−2α/d, k ∈ N.(3.8)

Proof. (i) For α < 0, the entropy numbers {en(idT )}n∈N of the embedding

idT : H−α(T ) → L2(T )

satisfy
ek(idT ) ≤ ckα/d, k ∈ N,

for certain positive constants c. Then,

ek

(
T : L2(T ) → L2(T )

)
= ek

(
idT ·

(
T : L2(T ) → H−α(T )

))
≤ ek(idT )e1

(
T : L2(T ) → H−α(T )

)
≤ Ckα/d, k ∈ N.

Therefore, from Carl’s inequality (2.9), T defines a compact operator on L2(T ), and,
from Eqs. (2.16) and (2.17), Eqs. (3.1) and (3.2) hold.
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WAVELET ORTHOGONAL APPROXIMATION 9

Similarly, for α > 0, Eqs. (3.3) and (3.4) are obtained from the following identities
and inequalities:

ek

(
T̃ : L2(T ) → L2(T )

)
= ek

(
(idT : H̄α(T ) → L2(T )) · (T̃ : L2(T ) → H̄α(T ))

)
≤ ek

(
idT : H̄α(T ) → L2(T )

)
e1

(
T̃ : L2(T ) → H̄α(T )

)
≤ C̃ ′

2k
−α/d, k ∈ N.

(3.9)

(ii) Since, for α < 0, Rα is a compact and selfadjoint operator on L2(T ), we have

(3.10) ak

(
Rα : L2(T ) → L2(T )

)
= |λk(Rα)| for all k ∈ N,

where
{
an

(
Rα : L2(T ) → L2(T )

)}
n∈N

denotes the sequence of approximation numbers
of Rα on L2(T ). Since T is a compact set, we may assume that∫

T

dz = 1.

We can find an optimal covering of T given by Mj disjoint balls of radius ρ = 2−j , for a
certain j ∈ N \ {0}, where Mj satisfies

c12jd ≤ Mj ≤ c22jd,

with c1 and c2 satisfying 0 < c1 ≤ c2 < ∞. Then, considering an appropriate orthonormal
basis of wavelet functions of L2(T ) with support contained in T , for each j ∈ N \ {0}, we
can define a bounded linear operator Kj which associates with each function f ∈ L2(T )
the Mj-tuple (fj:1, . . . , fj:Mj

), defined by

fj:λ =
∫

T

f(z)ψj:λ(z) dz, λ = 1, . . . , Mj ,

of the linear space l
Mj

2 , constituted by Mj-vectors y = (y1, . . . , yMj
) with the norm

(3.11) ‖y/l
Mj

2 ‖ =
(Mj∑

j=1

|yj |2
)1/2

.

Thus, for each j ∈ N \ {0}, Kj is defined from L2(T ) into l
Mj

2 . Here, we assume that,
for each scale j, the wavelet functions

{
ψj:λj

: λj = 1, . . . , Mj

}
have disjoint supports.

Moreover, for each j ∈ N \ {0}, we can also define a bounded linear operator Hj which
associates with each Mj-tuple x = (xj:1, . . . , xj:Mj

) of the space 2−j2αl
Mj

2 the function g

of H−2α(T ) given by

g(z) =
Mj∑
λ=1

xj:λψj:λ(z),

where (Mj∑
λ=1

|2−j2αxj:λ|2
)1/2

< ∞.

Finally, we can define the embedding idj : 2−j2αl
Mj

2 → l
Mj

2 as

(3.12) idj = Kj · idT · Hj ,

where idT denotes the compact embedding from H−2α(T ) into L2(T ). Therefore, from
the properties of approximation numbers (see [56, pp. 191–192]), we have, for each k ∈ N,

ak(idj) ≤ Cak(idT ) = Cak

(
(Rα : L2(T ) → L2(T )) ·

(
R̃α : H−2α(T ) → L2(T )

))
≤ C ′ak

(
Rα : L2(T ) → L2(T )

)
= C ′|λk(Rα)|.

(3.13)
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Since ak(idj) ∼ 22αj (see [56, p. 192]), and considering k = Mj − 1 ∼ 2jd, we obtain

22αj ≤ C ′′|λc2jd(Rα)|, j ∈ N,

and hence
|λk(Rα)| ≥ C1k

2α/d, k ∈ N.

Thus, we have Eqs. (3.5) and (3.6). In a similar way, Eqs. (3.7) and (3.8) are obtained
using the properties of approximation numbers and the fact that R̃α is, for α > 0,
a compact and selfadjoint operator on L2(T ), with R̃−1

α = Rα bounded from H̄2α(T )
into L2(T ). �

3.2. Multiresolution-like approximation. We consider an orthonormal basis of a
space L2(T ), with T being a C∞-bounded domain of Rd, constituted by an orthonor-
mal scaling function basis

{
φk : k ∈ ΓT

0

}
of the coarsest scale space V T

0 ⊂ L2(T ), and
orthonormal wavelet bases

{
ψj:λ : λ ∈ ΛT

j

}
, j ≥ 0, of the spaces WT

j ⊂ L2(T ), j ≥ 0,
respectively, with

(3.14) L2(T ) = V T
0

⊕
j≥0

WT
j .

Here, ΓT
j and ΛT

j , j ∈ Z, are finite index sets, since we are considering scaling and
wavelet functions with compact support contained in T .

In the following proposition, we describe the properties of the sequences of subspaces
of Vα, T

(
V T

j

)
, j ∈ Z, and T (WT

j ), j ∈ Z, and the properties of the sequences of subspaces
of Uα, T̃ (V T

j ), j ∈ Z, and T̃ (WT
j ), j ∈ Z, where V T

j , j ∈ Z, are respectively generated
by

{
φj:k : k ∈ ΓT

j

}
, j ∈ Z, and provide a multiresolution approximation of L2(T ), and

WT
j ⊂ L2(T ), j ∈ Z, are respectively generated by

{
ψj:λ : λ ∈ ΛT

j

}
, j ∈ Z.

Proposition 3.2. Let T and T̃ be the operators defined in Eqs. (2.16) and (2.17), re-
spectively. Then, the following assertions hold:

(i) The sequences of spaces
{
Mj = T

(
V T

j

)
: j ∈ Z

}
and

{
M j = T̃

(
V T

j

)
: j ∈ Z

}
are

increasing sequences of closed and disjoint subspaces whose unions are respectively dense
in the spaces Vα and Uα.

(ii) The systems
{
ϕj:k := T (φj:k) : k ∈ ΓT

0

}
and

{
ϕj:k := T̃ (φj:k) : k ∈ ΓT

0

}
respec-

tively generate the subspaces Mj and M j, for each j ∈ Z. Furthermore,

Mj+1 = Mj + Nj , j ∈ Z,

M j+1 = M j + N j , j ∈ Z,

where Nj = T (WT
j ) is generated by

{
γj:λ := T (ψj:λ) : λ ∈ ΛT

j

}
, and N j = T̃

(
WT

j

)
is

generated by
{
γj:λ := T̃ (ψj:λ) : λ ∈ ΛT

j

}
.

(iii) The systems
{
ϕk := T (φk) : k ∈ ΓT

0

}
∪
{
γj:λ := T (ψj:λ) : λ ∈ ΛT

j , j ≥ 0
}

and{
ϕk := T̃ (φk) : k ∈ ΓT

0

}
∪
{
γj:λ := T̃ (ψj:λ) : λ ∈ ΛT

j , j ≥ 0
}

are dual Riesz bases with
respect to L2(T ). Thus, for each g ∈ Vα and φ ∈ Uα,

〈g, φ∗〉Vα
=

∑
k∈ΓT

0

g
(
ϕk
)
φ (ϕk) +

∑
j≥0

∑
λ∈ΛT

j

g
(
γj:λ

)
φ (γj:λ)

=
∑

k∈ΓT
0

g∗ (ϕk)φ∗ (ϕk
)

+
∑
j≥0

∑
λ∈ΛT

j

g∗ (γj:λ) φ∗ (γj:λ
)

= 〈g∗, φ〉Uα
,

(3.15)

where ∗ represents, as before, duality between Hilbert spaces.
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The two decompositions

(3.16) Vα = M0

⊕̃
j≥0

Nj and Uα = M0
⊕̃
j≥0

N j

are biorthogonal, with
⊕̃

denoting the non-orthogonal direct sum of subspaces.

Remark 3.1. In the case where the operators T and T̃ are homogeneous the biorthogonal
decomposition defined in the above proposition provides a multiresolution-like approxi-
mation to Vα and Uα (see, for example, [22]).

Proof. Under the existence of the dual random field X̃α, the operators T : L2(T ) → Vα

and T̃ : L2(T ) → Uα are isomorphisms. The points (i) and (ii) then follow. Also we
have that the function systems in (iii) satisfy conditions (i) and (ii) in Definition 2.1.
Moreover,〈

ϕk,
[
ϕl
]∗〉

Vα

=
〈
T (φk) ,

[
T̃ (φl)

]∗〉
Vα

=
〈
T −1T [φk] , φl

〉
L2(T )

= 〈φk, φl〉L2(T )

= δk,l for all k, l ∈ ΓT
0 .

(3.17)

Similarly, it can be proved that the systems
{
T (ψj:λ) := γj:λ : λ ∈ ΛT

j , j ≥ 0
}

and{
T̃ (ψj:λ) := γj:λ : λ ∈ ΛT

j , j ≥ 0
}

are biorthonormal.
For each g ∈ Vα,

g(ϕ) = g0(ϕ) +
∑
j≥0

gj(ϕ)

=
∑

k∈ΓT
0

T −1g(φk)T φk(ϕ) +
∑
j≥0

∑
λ∈ΛT

j

T −1g(ψj:λ)T ψj:λ(ϕ)

=
∑

k∈ΓT
0

g
(
ϕk
)
ϕk(ϕ) +

∑
j≥0

∑
λ∈ΛT

j

g
(
γj:λ

)
γj:λ(ϕ)

=
∑

k∈ΓT
0

g∗ (ϕk)ϕk (ϕ∗) +
∑
j≥0

∑
λ∈ΛT

j

g∗ (γj:λ) γj:λ (ϕ∗) = g∗ (ϕ∗) ,

(3.18)

for all ϕ ∈ Uα, with g0 ∈ M0 and gj ∈ Nj , for all j ≥ 0, and where g∗ and ϕ∗ denote the
dual elements of g and ϕ, respectively. Similarly, for each φ ∈ Uα,

φ(f) = φ0(f) +
∑
j≥0

φj(f)

=
∑

k∈ΓT
0

T̃ −1φ(φk)T̃ φk(f) +
∑
j≥0

∑
λ∈ΛT

j

T̃ −1φ(ψj:λ)T̃ ψj:λ(f)

=
∑

k∈ΓT
0

φ (ϕk) ϕk(f) +
∑
j≥0

∑
λ∈ΛT

j

φ (γj:λ) γj:λ(f)

=
∑

k∈ΓT
0

φ∗ (ϕk
)
ϕk (f∗) +

∑
j≥0

∑
λ∈ΛT

j

φ∗ (γj:λ
)
γj:λ (f∗) = φ∗ (f∗) ,

(3.19)

for all f ∈ Vα, with φ0 ∈ M0 and φj ∈ N j , for all j ≥ 0, and where φ∗ and f∗ denote
the dual elements of φ and f , respectively.

From Eqs. (3.18) and (3.19), Eq. (3.15) is obtained, and the biorthogonality of the
decomposition in Eq. (3.16) follows. �
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In the following section, we apply Proposition 3.2 to obtain, under the existence of the
dual field X̃α of Xα, a wavelet-based orthogonal expansion of Xα (resp. X̃α) in terms of
the two dual Riesz bases defined in Proposition 3.2.

3.3. Generalized wavelet-based orthogonal expansion. The following theorem pro-
vides an alternative to the Karhunen–Loève expansion to construct orthonormal bases of
the RKHS of a random field. More specifically, the Karhunen–Loève expansion provides
the following orthonormal bases of the RKHSs H(Xα) and H(X̃α), respectively:

ϕm = (λm(Rα))1/2φm, m ∈ N,

ϕm = (λm(R̃α))1/2φm = (λm(Rα))−1/2φm, m ∈ N,(3.20)

where {λn(Rα)}n∈N
and

{
λn(R̃α)

}
n∈N

respectively denote the eigenvalues of Rα and R̃α,
and {φn}n∈N

denotes the associated system of eigenfunctions (see [2], for the generalized
case). The following result provides orthonormal bases for the spaces H(Xα) and H(X̃α)
constructed from an orthonormal basis of wavelet functions.

Theorem 3.1. Assume that the conditions of Proposition 3.2 hold. Then, the dual Riesz
bases

{
ϕk := T (φk) : k ∈ ΓT

0

}
∪
{
γj:λ := T (ψj:λ) : λ ∈ ΛT

j , j ≥ 0
}

and{
ϕk := T̃ (φk) : k ∈ ΓT

0

}
∪
{
γj:λ := T̃ (ψj:λ) : λ ∈ ΛT

j , j ≥ 0
}

are respectively orthonormal bases of the RKHSs of Xα and X̃α.

Proof. From the duality condition (see Definition 2.6), the inverses S−1
α and (S′

α)−1 of
the isomorphisms Sα = KJ : H(Xα) → Vα and S′

α = K ′J ′ : H(X̃α) → Uα (see Section 2)
can be respectively written as

S−1
α (g) = X̃α(g) for all g ∈ Vα,(3.21)

(S′
α)−1(φ) = Xα(φ) for all φ ∈ Uα.(3.22)

Eqs. (3.21) and (3.22) respectively provide the random variables defining each element
of the RKHSs of Xα and X̃α. Hence, for all g, f ∈ H(Xα), and for all φ, ϕ ∈ H(X̃α),

〈g, f〉H(Xα) =
〈
X̃α(g), X̃α(f)

〉
H(Xα)

= B̃α(g, f),(3.23)

〈φ, ϕ〉H(X̃α)
= 〈Xα(φ), Xα(ϕ)〉

H(X̃α)
= Bα(φ, ϕ).(3.24)

Therefore,

〈ϕk, ϕl〉H(Xα) = B̃α(ϕk, ϕl) = δk,l, k, l ∈ ΓT
0 ,〈

γj:λ, γp:λ′
〉
H(Xα)

= δj,p · δλ,λ′ , j, p ∈ N, λ ∈ ΛT
j , λ′ ∈ ΛT

p ,

〈ϕk, γj:λ〉H(Xα) = 0, k ∈ ΓT
0 , λ ∈ ΛT

j , j ≥ 0.(3.25)

Similarly, from Eq. (3.24),
{
ϕk : k ∈ ΓT

0

}
∪
{
γj:λ : λ ∈ ΛT

j , j ≥ 0
}

is an orthonormal sys-
tem in H(X̃α).

Furthermore, from Eqs. (2.14)–(2.17),

Xα(φ) = εL2(T )(T ∗φ) for all φ ∈ Uα,(3.26)

X̃α(g) = εL2(T )(T̃ ∗g) for all g ∈ Vα.(3.27)
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From Eqs. (3.21) and (3.27), for each g ∈ H(Xα), the following identities hold:

〈g, ϕk〉H(Xα) = E
[
X̃α(g)X̃α(ϕk)

]
= E

[
εL2(T )

(
T̃ ∗g

)
εL2(T )

(
T̃ ∗ϕk

)]
=
〈
T̃ ∗g, T̃ ∗ϕk

〉
L2(T )

=
〈
T −1g, T −1T φk

〉
L2(T )

=
〈
T −1g, φk

〉
L2(T )

= ϕk(g) for all k ∈ ΓT
0 ,

(3.28)

〈g, γj:λ〉H(Xα) = γj:λ(g) for all λ ∈ Λj , j ≥ 0.(3.29)

Similarly, from Eqs. (3.22) and (3.26), for each φ ∈ H(X̃α), we have〈
φ, ϕk

〉
H(X̃α)

= E
[
Xα(φ)Xα(ϕk)

]
= E

[
εL2(T ) (T ∗φ) εL2(T )

(
T ∗ϕk

)]
=
〈
T ∗φ, T ∗ϕk

〉
L2(T )

=
〈
T̃ −1φ, T̃ −1T̃ φk

〉
L2(T )

=
〈
T̃ −1φ, φk

〉
L2(T )

= ϕk(φ) for all k ∈ ΓT
0 ,

(3.30)

〈
φ, γj:λ

〉
H(Xα)

= γj:λ(φ) for all λ ∈ Λj , j ≥ 0.(3.31)

From Eqs. (3.21)–(3.31), the systems{
ϕk : k ∈ ΓT

0

}
∪ {γj:λ : λ ∈ Λj , j ≥ 0}

and {
ϕk : k ∈ ΓT

0

}
∪
{
γj:λ : λ ∈ Λj , j ≥ 0

}
constitute orthonormal bases of the spaces H(Xα) and H(X̃α), respectively, if and only
if, for each g ∈ H(Xα), and for each φ ∈ H(X̃α),

E

[
X̃α(g) −

∑
k∈ΓT

0

ϕk(g)X̃α(ϕk) +
M∑

j=0

∑
λ∈ΛT

j

γj:λ(g)X̃α(γj:λ)

]2

→ 0 as M → ∞,

E

[
Xα(φ) −

∑
k∈ΓT

0

ϕk(φ)Xα(ϕk) +
M∑

j=0

∑
λ∈ΛT

j

γj:λ(φ)Xα(γj:λ)

]2

→ 0 as M → ∞.

From Parseval’s identity, the above limits hold since

E

⎡⎣X̃α(g) −
∑

k∈ΓT
0

ϕk(g)X̃α(ϕk) −
M∑

j=0

∑
λ∈ΛT

j

γj:λ(g)X̃α(γj:λ)

⎤⎦2

= B̃α(g, g) −

⎡⎣ ∑
k∈ΓT

0

[
ϕk(g)

]2 +
M∑

j=0

∑
λ∈ΛT

j

[
γj:λ(g)

]2⎤⎦
=
∥∥T̃ ∗

α (g)
∥∥2

L2(T )
−

∑
k∈ΓT

0

[
T̃ ∗

α (g)(φk)
]2 − M∑

j=0

∑
λ∈ΛT

j

[
T̃ ∗

α (g)(ψj:λ)
]2

,

(3.32)
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E

⎡⎣Xα(φ) −
∑

k∈ΓT
0

ϕk(φ)Xα

(
ϕk
)
−

M∑
j=0

∑
λ∈ΛT

j

γj:λ(φ)Xα

(
γj:λ

)⎤⎦2

= Bα(φ, φ) −

⎡⎣ ∑
k∈ΓT

0

[ϕk(φ)]2 +
M∑

j=0

∑
λ∈ΛT

j

[γj:λ(φ)]2

⎤⎦
= ‖T ∗

α (φ)‖2
L2(T ) −

∑
k∈ΓT

0

[T ∗
α (φ)(φk)]2 −

M∑
j=0

∑
λ∈ΛT

j

[T ∗
α (φ)(ψj:λ)]2. �

(3.33)

Corollary 3.1. Assume that the conditions of Theorem 3.1 hold. Then, Xα can be
represented by the following expansion, in the mean-square sense:

(3.34) Xα(φ) =
∑

k∈ΓT
0

Xα

(
ϕk
)
ϕk(φ) +

∑
j≥0

∑
λ∈ΛT

j

Xα

(
γj:λ

)
γj:λ(φ)

for all φ ∈ Uα. All the random coefficients
{
Xα

(
ϕk
)

: k ∈ ΓT
0

}
and{

Xα

(
γj:λ

)
: λ ∈ ΛT

j , j ≥ 0
}

are uncorrelated.
Parallelly, the dual field X̃α admits the following representation, in the mean-square

sense:

(3.35) X̃α(g) =
∑

k∈ΓT
0

X̃α (ϕk)ϕk(g) +
∑
j≥0

∑
λ∈ΛT

j

X̃α (γj:λ) γj:λ (g) ,

for all g ∈ Vα, with uncorrelated random coefficients.

Remark 3.2. From Eqs. (2.14)–(2.17), we have

Xα(ϕk) = εL2(T )

(
(I − ∆)α/2L−1ϕk

)
= εL2(T )

(
(I − ∆)α/2L−1L(I − ∆)−α/2φk

)
= εL2(T ) (φk) , k ∈ ΓT

0 ,

X̃α(ϕk) = εL2(T )

(
(I − ∆)−α/2(L′)−1ϕk

)
= εL2(T )

(
(I − ∆)−α/2(L′)−1L′(I − ∆)α/2φk

)
= εL2(T ) (φk) , k ∈ ΓT

0 ,

Xα

(
γj:λ

)
= εL2(T ) (ψj:λ) , λ ∈ Λj , j ≥ 0,

X̃α (γj:λ) = εL2(T ) (ψj:λ) , λ ∈ Λj , j ≥ 0.(3.36)

The wavelet-based orthogonal expansions given in Corollary 3.1 then provide a wavelet-
vaguelette decomposition, in the mean-square sense, of the generalized linear filters (2.14)
and (2.15) respectively relating Xα and X̃α with εL2(T ) (see [22] on wavelet-vaguelette
decompositions for the inversion of deterministic linear filters).

Proof. The orthonormality of the random coefficients in expansions (3.34) and (3.35)
follows from the orthonormality of the bases

{
ϕk : k ∈ ΓT

0

}
∪
{
γj:λ : λ ∈ ΛT

j

}
and{

ϕk : k ∈ ΓT
0

}
∪
{
γj:λ : λ ∈ ΛT

j

}
in the RKHSs of X̃α and Xα, respectively. The convergence in the mean-square sense of
such expansions also follows from the proof of Theorem 3.1. �
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The results derived also provide a multiresolution-like approximation of

H(Xα) = H(X̃α)

in terms of the random wavelet-like basis{
εL2(T ) (φk) ,k ∈ ΓT

0

}
∪
{
εL2(T ) (ψj:λ) : λ ∈ Λj , j ≥ 0

}
,

which leads to a multiscale description, in the mean-square sense, of any random function
whose random components belong to this space. Under the duality condition, the gener-
alized random function Xα has mean-square coefficients

{
ϕk : k ∈ ΓT

0

}
∪
{
γj:λ : λ ∈ ΛT

j

}
with respect to such a random basis. Similarly, X̃α has mean-square coefficients{

ϕk : k ∈ ΓT
0

}
∪
{
γj:λ : λ ∈ ΛT

j , j ≥ 0
}

with respect to
{
εL2(T ) (φk) : k ∈ ΓT

0

}
∪
{
εL2(T ) (ψj:λ) : λ ∈ Λj , j ≥ 0

}
.
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32. K. Karhunen, Über Lineare Methoden in der Wahrscheinlichkeitsrechung, Ann. Acad.: Sci.
Fennicae 37 (1947), 1–79. MR0023013 (9:292i)

33. S. G. Mallat, Multiresolution approximations and wavelet orthonormal bases of L2(R), Trans.
Amer. Math. Soc. 315 (1989), 69–87. MR1008470 (90e:42046)

34. S. G. Mallat, A theory for multiresolution signal decomposition: The wavelet representation,
IEEE Trans. Patt. Anal. Mach. Intell. 11 (1989), 674–693.

35. S. G. Mallat, Multifrequency channel decomposition of images and wavelet models, IEEE Trans.
Acoust., Speech, Sig. Proc. 37 (1989), 2091–2110.

36. V. Maz’ya, Approximate wavelets and the approximation of pseudodifferential operators, Appl.
Comput. Harmon. Anal. 6 (1999), 287–313. MR1685407 (2000g:42054)

37. R. Metzler, E. Barkai, and J. Klafter, Anomalous transport in disordered systems under the
influence of external fields, Physica A: Stat. Mech. Appl. 266 (1999), 343–350.

38. Y. Meyer, Wavelets and Operators, Cambridge University Press, 1992. MR1228209 (94f:42001)
39. E. L. Miller and A. S. Willsky, A multiscale approach to sensor fusion and the solution of linear

inverse problems, Appl. Comput. Harmon. Anal. 2 (1995), 127–47.
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