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ESTIMATES FOR THE DISTRIBUTION OF THE SUPREMUM
OF SQUARE-GAUSSIAN STOCHASTIC PROCESSES
DEFINED ON NONCOMPACT SETS
UDC 519.21

YU. V. KOZACHENKO AND T. V. FEDORYANICH

ABSTRACT. Estimates for the distribution of the supremum of square-Gaussian sto-
chastic processes defined on R are found in the paper. Using these results, we find
estimates for the deviation in the uniform metric between the correlogram and the
correlation function of a real stationary Gaussian stochastic process. A criterion for
testing a hypothesis concerning the correlation function is also constructed.

1. INTRODUCTION

Throughout the paper we use properties of square-Gaussian stochastic processes.
Square-Gaussian processes have been studied by many authors. For example, Kozachenko
and Oleshko [I] obtained some results concerning the distribution of the supremum of
such processes. Using the metric entropy, Kozachenko and Stadnik [2] found estimates
for the distribution of the supremum for a wide class of stochastic processes including
square-Gaussian processes. Similar estimates are obtained by Kurchenko [3] and Pono-
marenko [4].

In the current paper we consider the problem of estimating the distribution of the
supremum of square-Gaussian stochastic processes defined on noncompact sets. Using
these results, we find estimates for the distribution of the deviation in the uniform met-
ric in (0,4o00) between the correlogram and the correlation function for a real-valued
Gaussian stationary stochastic process and construct a criterion for testing a hypothesis
concerning the correlation function of the process on the interval (a,b).

2. ESTIMATES FOR THE DISTRIBUTION OF THE SUPREMUM OF SQUARE-(GAUSSIAN
STOCHASTIC PROCESSES DEFINED ON A SEPARABLE METRIC SPACE

Let {Q, B, P} be a standard probability space.

Definition 2.1 ([5]). Let T be some set of parameters and = = {&,t € T} a family
of jointly Gaussian random variables with E£; = 0 (for example, & can be a Gaussian
stochastic process). The family SGz(Q2) of random variables ¢ € SG=(Q2) that are either
of the form

(1) (=€TAE-EETAC
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82 YU. V. KOZACHENKO AND T. V. FEDORYANICH

or are mean square limits of sequences of random variables ¢, of the form (I):

is called the space of square-Gaussian random variables, where & = (&1,...,¢n)7 is a
Gaussian random vector for all N > 1, E{ = 0, the random variables &, i =1,..., N,
belong to =, and A is a symmetric matrix.

Definition 2.2 ([B]). A stochastic process ¢ =
with respect to Z if the random variable ((¢), ¢
supger EC2(t) < .

{¢(¢¥),t € T} is called square-Gaussian
€ T, belongs to the space SG=(2) and

Let (T, m) be a compact metric space equipped with the metric m and let X =
{X(t),t € T} be a separable square-Gaussian stochastic process.
Assume that there exists a continuous increasing function o = {o(h), h > 0} such that
o(h) —0ash— 0 and
sup  (E(X(8) — X(5))?)"/*
m(t,s)<h,t,s€T

< a(h).

Remark 2.1. If a process X (t) is continuous in the norm of the space Lg, then the function
1/2
o(h) = sup  (E(X(t) - X(s))?)
m(t,s)<h,t,s€T
satisfies the above property if ¢ is continuous and increasing.
In what follows we use the following notation:
eo = inf supm(t,s),
0= Eppms)

1/2
5o = sup (E|X(1)2)"*,
teT

o=V (h) is the inverse function to o (u), to = (o), N(¢) is the minimal number of closed
balls of radius e that cover (T, m), and let r(u) > 0, w > 1, be an increasing function
such that r(u) — oo as u — oo and r(e') is convex for ¢ > 0.

Lemma 4.1 in [6] implies the following result.

Theorem 2.1. If

/0 r (N(cr(_l)(v))) dv < 00,

then

uv/26 o uy/2t ’
0 A g <>> (%)
x (1) (@/O r (N(U(_l)(v))) dv)

for all p and u such that 0 < p <1 and

1 —
O<u< —pmin{i,i},
V2 do to
where

(3) R(z):(l—z)_l/Zexp{—g}, 0<z< 1.
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Corollary 2.1. Let the assumptions of Theorem 211 hold and zy = max(dg,to). Then

(4) Eexp {uigg |X(t)|} <2R (?{2;0) r(=1) <tolp /Otopr (N(a(*l)(v))) dv>

for
L-p
0<u< .
20V/2
Proof. Inequality (4) follows from Theorem 2] since the function R(z) increases for
0<z<1 0

Let (T, m) be a separable finite-dimensional metric space.
Assume that the space (T, m) can be represented as a countable union of compact

sets By, k=1,2,..., that is,
oo
T = U By
k=1

Consider a separable square-Gaussian stochastic process X = {X(¢),t € T}. Assume
that there are increasing functions oy, = {ox(h),h > 0} such that ox(h) — 0as h — 0

and
1/2
sup (E(X(t) — X(5))2)"* < on(h).
m(t,s)<h,t,s€By
Let
— inf t
cor = inf Sseugkm( ,8),
1/2
So = sup (E|X(¢)[?)"/?,
teBy

cr,(sl) be the inverse functions to oy, tor = ok(cok), 20x = max(dog, tox). Let Ni(u) be

the minimal number of closed balls of radius u that cover By, and let r(u) > 0, u > 1,

be an increasing function such that r(u) — oo as u — oo and 7(e') is convex for ¢ > 0.
Theorem 2.1] implies the following result.

Theorem 2.2. If
tok
/ T (Nk. (0,(6_1)(11))) dv < 00
0
for all k, then

1-p D
2 2
Eexp {u sup |X(t)|} <o(r w280 R w2t o
(5) teB;, 1—p 1-p
1 tokpP _
(-1) (=1
X r (tOkp/o T (Nk (o4 (v))) dv)
for all p and uw such that 0 < p <1 and

1-— 1 1
O<u<—pmin{—,—},
V2 dok tok

where R(z) is defined in @) for 0 < z < 1.

Theorem 2.3. Let c(t), t € T, be a continuous function such that c(t) > 0 for all t. Put

Y = sup [e(t)]-
tEBy
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84 YU. V. KOZACHENKO AND T. V. FEDORYANICH

If
(1) d= 3772, o < 00,
(2) pto’c (Nk(o*,g*l)( ))) dv < oo,
(3) for some 0 < p <1,
00 1 ptok B Vezok/d
-0 (_=- N (oD
1;[ (r (pt()k /0 r( k(ak (U))) dv)) < 00,
then
Eexp {u sup c(t)X(t)|}
© teT
oo zZ0 /d
udﬁ ( B 1 toxP 71 Yk 20k
<2R (1)(—/ r (N (oY (v dv
— ( p>]];[1 tOkp 0 ( k( k ( )))
for all
L—p
O<u< ——=.
dv/2
Proof. 1t is obvious that
?qu|6() ()|<sup sup le(t) |—Z’yk sup | X (t)
€
Then
(7) Eexp{usumc(t) (t >} < Eexp{uzwk sup X (¢ >|}
teT teB;,

for u > 0. Let 2o = max(dok, tox)- Since the function R(z) increases for 0 < z < 1, we
have

Eexp {u sup |X(t)|}

te By,

(8)
U\/—Z 1) tokp .
<2R ( ;k> <$/0 T (Nk (cr,(c )(v))> dv)

for all £ and

1-p 1
0<u<—=L—

\/5 20k

by Theorem and Corollary 211
Let {qx} be a sequence of real numbers such that g > 1 for all ¥ > 1 and

o0
doat=
k=1
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Bounds (7)) and (8) together with the Holder inequality imply that

Eexp {uigg le() X (t)] } <E H exp {U"/k sup | X (¢ )I}

k=1 tEBy,
[e%s) 1/qk
<] (EeXp {uvqu sup | X (¢ )I})
k=1 tE€Bk
[e%s} 1/qk
u'yqu\@zok (-1) < 1 /tokp ( (-1) ) >
< 2R ———— | r — r | Ng(o v dv
_kl:[l< ( 1—p ) toxp Jo Ko )
[e%s} [e%s} 1/qk
_ H 91/qx <R (u'Yka\/iZOk))
k=1 k=1 1=p
e 1) 1 tokp (-1) 1/qx
X r\= — r(Nk07 v )dv>>
,E( (tOkp/O (72 (v)
for u > 0 such that 0 < uyrqr < (1 —p)/(V2201), k = 1,2,... . The latter bound holds
for any u such that
O0<u< ﬂ 1
V2 20kVkGk

forall k=1,2,.... Put

oo
d= Z Tk 20k
k=1

and choose
o0
= such that >1 and I
qdk e ZoR qk kz:l 9y
Then
/2 2
R quwom/_ _nla dv2
1—-p 1—-p
and

1/qx 2hz1 Vak
qkYRZ0RV 2 dv2 dv2
(r(e52) - (e(5) o)

for any u such that

1-
O<u< d—\/é)
Thus
Eexp {u?gg |C(t)X(t)|}

<on (ud\/—> ﬁ < (1) < /t%pr (Nk(g(il)(v))) dv))'ykzok/d

= P lokp ;
for 1

O<u< d—\/g
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86 YU. V. KOZACHENKO AND T. V. FEDORYANICH

Theorem 2.4. If the assumptions of Theorem 23] hold, then

1/2
P {Sup|c(t)X(t)| > x} < 2exp{—M} 1+ M / 3(p)
teT h dv2 d
for arbitrary x > 0 and for the same 0 < p < 1 as in Theorem 2.3, where
_ 0 1 torp - Yk zok/d
so) =1 (5 [ r (el on) )
k=1 0

lokP
Proof. We obtain from Theorem 23] and the Chebyshev inequality that

P{ } < Eexp{usup,cp |c(t) X (t)|} <9R udy/2
teT N

sup [e() X (1)] > = ) exp{—uz}®(p)

- exp{uzx} (I1-p)
~1/2
201 udy?2 / e udy2 exp{—ux}®(p)
= - Xp{ —————— p exp{—
(1-p) Pl aa—p 7P g
for all z > 0 and )
- P
O<u< —=.
U NG
Put
D = d—\/i.
1-p
Then

P {Sup le(t) X ()] > x} < Z(u, 2)®(p)
teT

for 0 < w < D!, where
Z(u,z) = 2(1 —uD)" Y2 exp {—g(D + 2;10)} .

It is easy to check that this function attains its minimum in the interval 0 < u < D~!
at the point

1 1 - 1
U= —— —— < —.

D D+2x D

Therefore )
—1/2
T D
inf  Z(u,z) =2 {ff} .
oot Z(ww) =2exp (D n 2x>

This relation completes the proof of the theorem. O

3. ESTIMATES FOR THE UNIFORM DEVIATION BETWEEN THE CORRELOGRAM AND
CORRELATION FUNCTION OF A (GAUSSIAN STATIONARY STOCHASTIC PROCESS

Let £ = {£(t),t > 0} be a real-valued, mean-square continuous, stationary, Gaussian
stochastic process with E£(t) = 0 and the correlation function p(7) = E£(t + 7)&(¢). To
estimate p(7) we use the correlogram

prin) = | e e

This estimator is unbiased:
Epr(r) = p(1).
Assume that the spectral density of the stochastic process £(t) exists and denote it by

f={fA), A eR}.
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Assume further that f € Lo(R). In other words, f is square integrable, that is,
—+o0
/ F2(N) dX < oo

This implies that the correlation function p(7) of the stochastic process ¢ is also square-
integrable, that is,

“+o0
ol = [ p(rydr <o,
Let
X(T.7) = pr(r) - p(r).

Note that X (T, 7) is a square-Gaussian stochastic process. We estimate the moments
E(X(T,7))? and

E(X(T,7) — X(T1,m))"
Define the space (T, m) as follows:
T={(T,7): A<T <o00,a<7<b0<a<bA>0},
m((T', "), (T",7")) = max{|T" = T"|, |7 — 7"|}.

Lemma 3.1. Assume that

+o0o
(9) / F2(N) dX < oo
Then
o Ci
sup E(X(T,7))" = —,
(T, 7)eT T

where

Cr = (1+v2) 1ol

/OT/OTf(t—s)dtds:2/OT(T—u)f(u)du

for every even function f, we obtain from the Isserlis formula [7] that

E(X(T,7))* = Ep*(7) — (Ep(7))?

T
= %/o (T —u)(p*(uw) + p(u — 7)p(u + 7)) du.

It follows from p € Ly(R) that

Proof. Since

+o0 1 o0
p*(u) du = 7/ p*(u) du < oo

— 00

as p(7) is even. Then

+oo +oo
/ p(u—T)p(u—‘—T)duS\/ﬁ/ p*(v) dv < oo
0 0

for 7 > 0, whence

2
E(X(T,7)? = SRl

o0 2
SQ?ﬁA Swydu— VIR
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88 YU. V. KOZACHENKO AND T. V. FEDORYANICH

Consider a partition

T= U Bk‘a
k=1
where
By ={(T,7): Tp <T <Tgy1,a <7 < b}
is such that Tj, < Tjy1, Thy1 — Tk > const > 1, and T, — oo as k — oo.

Lemma 3.2. Let

—+oo
(10) / 2N (In(1 + [A))*® dA < o

for a > 0. Then
o\ 1/2
sup (E(xX(Tn) - x(@. 7)) " <onh),
(T,7),(T", 7)€ B, m((T,7),(T",7'))<h

where
cy/?

T2 (In (e + C/h))™/*

O’k(h) =

C > 0 is an arbitrary constant,

~ +oo 2
7= / 20 (In(e® + C|A/2))

— 00

Ca=tn l}*(m (e 55.)) + ||f|2f1/2]

) B ()
+2|pll3 (1 + + In (e + .
Hp”Q T Tlc2 T Tk-+1 — T

Proof. Let (T,7) € By, and (T",7") € By, be such that T' < T’. Then
E(X(T,7) - X(T",7"))°

(11)

T2// 2t —s)+p(t—s+7)p(t — s —7)] dtds

_ﬁ/o /O [p(t = s)p(t —s+7—7")+p(t — s +7)p(t —s —7)] dt ds

TZ// Pt—s)+pt—s+7)p(t —s—7)] dtds

+ %/o /0 [p(t = s)p(t —s+7—7")+p(t —s+7)p(t —s —7')] dt ds

-
7TT//0/0 [p(t—s)p(t—s+7—7)+plt—s+7)p(t—s—7")]dtds

1 T/ T/
+ ﬁ/ / [Pt —s)+p(t—s+7)p(t —s—1')] dids
0 0

T2// Pt—s)+pt—s+1)p(t—s—7)] dtds
T4 A+ Ay
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Now we estimate A, Ao, and I. We have

A= %/0 /0 [t = s)p(t —s+7—7') +p(t — s+ 7)p(t — s — )] dt ds

TT’// p(t —s)pt —s+7—7)+pt—s+7)p(t —s—7')] dtds

< E/T/O [p(t = s)p(t —s+7—=7") + p(t — s+ 7)p(t — s — 7')] dt ds

<T2_TT'>// pt=s)p(t —s+71—1)

+pt—s+7)p(t—s—1")] dtds

) T’ T T 1/2
S_2/ (/ P(t—S)dt/ p(t—s—i—T—T)dt) ds
=\ Jr 0 0
T’ T T 1/2
—|—/ (/ p2(t—8—|—7')dt/ p2(t—s—7')dt> ds
T 0 0
9 9 T/ T , T , 1/2
- = _ _ _ /
+ (TZ TT’) /0 A p (t s)th P (t S+ T T)dt ds

T T T 1/2
—l—/ </ pg(t—s—i—T)dt/ p2(t—s—7’)dt> ds]
o \Jo 0

’ oo 2 2 +oo 9
T2|T T|/ )du—i—’T2 ﬁ2T‘/_Oop(u)du

AT DT -T|,
- T2T! H ”2
21T T -T

< 4” ||2 k+1 | — |
T T

\ /\

Similarly

2

Tz// 2(t— )+ p(t — s+ 7)p(t — s — )] dt ds

o
T/2/ / t75)+/’(t*3+7)p(t*8*7)] dt ds

|T" —T| T+T T2
<2|pll3 T2 Lt ——+ 7
T —T| MM TP
<2|lpll3 .
o112 e 1+ Tt ¥
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Using a lemma in [7] we get

axmﬂ—xqu%ﬁ Q/mﬂQmﬁﬂ%;ﬁw}

T\l o
12
" e M=) 1
Al | [ oy 2 ),
where
+oo
193= [ PYd <.
Since
‘sing‘ < Infe? +u)
v In(e® + v)
for all w >0, v > 0, and a > 0 (see [§]), we have
AT —1) (In (e™ + C|A[/2))*

sin

2

= (In(e>+C/lr —7|)*"’

where C' > 0 is an arbitrary constant. Then we rewrite (I2)) in the following form:

1< V? P e+ %» Y P
1/2

il (/:Ofg“) ( <+C|2M>>dk> el

Inequality (I0) implies that

o0 2a
fz/j f%x)(m@u%)) i) < oo,

Thus .
Cs
1<
T (ln(e*+C/|r — 7))’
where
~ ra e ¢ - r1/2
Co=8m | f|In|e+ 77— + 11 fll2f
Hence .
Cs CHT — T
E(X(T,7) - X(T',7))* <
KO = XT ) S s/ T T2
for
6T}, T?
* 2 +1 k+1
=2l <1+ 7).
Since
(4 5) = e (e o))
su nle*+= = _ nfler = :
h<Tk+Il)—Tk h LTk Thr1 — Tk
we obtain
o\ 1/2
sup (E(X(T,T)—X(T/,T/)) ) < or(h),

(T,7),(T" ,7")EBy, m((T,7),(T',7"))<h
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where
L2
O'k(h) = 2 ,
Tkl/Q (ln (ea + C/h))oz/Z
~ Ty — Tk 1 a
Cy=Co+C Lk (e yp ——— ) . O
2 2+ T (n(e +Tk+1Tk>>
Keeping the above notation, we have
(1)
S0k = inf sup m((T’, 7_/)7 (T”, 7_//))

(T',7")EB, (T",7"")E By,
= max{(Tp41 — T1)/2, (b —a)/2},
1/2
(2) dox = supr gy, (EX(T7))2)"" = 01172,
(3) U,(;l)(v) is the inverse function for o (h),
(-1) ¢
exp {(02/(U2Tk))1/a} —exp{a}

(4) tor = or(cor),

(5) zor = max{tor, dok },

(6) Ng(e) is the minimal number of closed balls of radius € that cover By.
n

In what follows we choose C' = /b — a and assume that
Tk+1—Tk >b—a>1.

Lemma 3.3. Let
X(T,7) = pr(r) — p(7)
and let ¢ ={c(T),T € [A;+00)} be a continuous function such that ¢(T) > 0. Put

.= max c(T).
Yk TE[Tk;Tht1] ()

If

(1) >y vezok n(Thgr — Tx) < o0, and

(2) fj:oo F2(N) (In(1 4 [A))** dX < oo for some o > 2,
then

Eexp {u( sup |e(T)X(T, T)}

T,7)eT

udv/2 1 < 2P
<2R ( 1 p) GXP{E Z%ZOkln(Tkﬂ —T) + —}

2/« _
P p*e(1—-2/a)

(13)

for all real numbers p and u such that 0 < p <1 and

0<u<—2

dv2'’

where

d= i%zo;ﬁ P = SL;p (ln (eo‘ + 2\/E/(Tk+1 — Tk))) .
k=1
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Proof. Let
r(v) = (Inv)’, v>e 1< f<a/2
Since
r(zy) = (lnz + 1ny)f < of-1 ((lnx)f + (lny)f)
and

O_(_l) v Tk+1 — Tk b—a (Tk+1 — Tk)(b — a)
o) < (20,2‘%) " 1) (202‘%) ’ 1) = W)

for v < tor, we have

1 plok

_ 1
r (Nk(o—l(c 1)(@))) dv < @ A

ptok ; <(b —a)(Tgs1 — Tk)) dv
(o1 ()

1 [Plor (b= a)(Thi1 — Tk) oy \ Ve
< 2 d
~ Dptok Jo " < C? P <v2Tk) v

N
1 plox <1n (b—a)(Tkt1 — Tx) +2< Cs )1/ ) d

plok Jo

B ptor Jo C? 2T},
= (b—a)(Thsr — T f of @ fla  pptok 2t/
<2 In 5 + — v dv
i C ptor \ Tk 0

_ o1 | (g 0= &) (Thr1 — Ti) T2’ (pton)' =2/
- " 2 T 1-2f/a
Ti " plok

gt | (1 0= T ~ T\ 2105 (ptor) e
C? ka/a L=2f/a |

Since

f
f/ a 2v/b—
Qng/oc T a (ln (6 + Tk+1_%k))

<2/ | (In(Tpy1 — Tp))' +
Tg/apzf/a (1 _ %) Cg/‘*

2f
=2 | (In(Tpyr — Tp)) + —————— (m (ea +
()

for 1 < f < af2.
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Note that Inr(=D(z) = 2'/f. Letting f 1 1 we obtain

]}j (7“(—1) (1%% /Opto"‘ r <Nk (o,(;l)(v))) dv))

Yrzok/d

> Z
(14) < exp{Qll/f Z ’Y%JOk In(Tyt1 — Tk)

k=1

2 2v/b —
p2/a (1 _ 2_f) Thy1 — Ty
(6%

}

1 & 2P
S expq o > wzon n(Thpr — Ti) + e (1=2/a) [

2 (1—2/a)
where
~ 2vb—a >)
P=sup|(ln{e*+ ——+ .
v < ( Tpi1 — Tk
The latter inequality together with (@) completes the proof of the theorem. (I

Theorem 3.1. Let X(T,7) = pr(7) — p(7) and let ¢ = {c(T),T € [A;+)} be a
continuous function such that ¢(T) > 0. Put

.= a T).
Tk TG[%;%-FJC( )
If
(1) Yopei Wwzor In(Thyr — Tx) < 00, and
(2) fjof F2(N) (In(1 4 [A))*™ dA < 0o for some a > 2,
then
P< sup |e(T)X(T,7)| >z
(T,7)eT
~ 1/2
< 2ee z_, 2P <x>2/a x\/i/rf
eexp{ — ’
=IO TR T2/ \av2 d g
where

(o]
~ 2vb—a
d= E 20k P =su In{e*+ ))7
kzl% ok kp( ( Trv1 — Tk

~ 1
(]:)5 = exp {E Z"/kZOk 1n(Tk+1 — Tk)}

k=1

for any x > dv/2.
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94 YU. V. KOZACHENKO AND T. V. FEDORYANICH

Proof. The above inequality can easily be proved by substituting p = dv/2/z, > dv/2,
in (I4) and applying the Chebyshev inequality and Theorem 24l Indeed

P {( sup |e(T)X(T,7)| > x}

T,7)ET

1/2 ~
z(1—p) v/2(1 — p) 2P ~
<son{ZGR2} (10 2072 e g B

x 2P z \ V2 1/2~
SQeexp{—dﬂ+ (1= 2/a) <d\/§> } (T) ds5. O

Theorem 3.2. Let a function ¢(T) = TY?/(InT)? be defined for all T > e™ (here
m >4 is a fited number) and let 2 < B < m/2.

If

/M F200 (In(1 4+ A2 d) < oo

—00

for some a > 2, then

T T 2/a Z\/§ 1/2
P {(TS,B)I:;T le(T)X (T, )| > x} < 2eexp {M + D, (M) } (d) D

for any x > dv/2, where

@ 2vb—a o0
oo 2 <1n (e + em(e_(f)» D = ex e W
S ey R ’

- 1
— 1/2
d—c()e ;(m—f—k—'—l)ﬁ_l’

PR sy
k=1 (mTk+1)7

and Cy is a known constant.

Proof. Theorem follows from Theorem Bl Note that the function ¢(T) > 0 is
increasing for 5 < InT/2. Since § > 2, one can choose A = ™ for some m > 4. Now we
check the assumptions of Theorem 3.1l and obtain bounds for the probability

P { sup |c(T)X(T,7)| > x} .

(T,7)eT

First we choose the points T}, of the partition such that T, = e™t* £k =1,2,.... It is
clear that

Tk+1 — T, = em+k(e — ].) >1

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



ESTIMATES FOR THE SUPREMUM OF SQUARE-GAUSSIAN STOCHASTIC PROCESSES 95

and
Tkl/2 o(mtk+1)/2
= (Tisq) = LI , k=1,2,...,
Ve = c(Th41) (nTjs1)?  (m+k+1)P
/2 /2 Co
2ok = max{dox, tor} = max { ——, 2 = 7
T /2 1/9 o — /2 e(m+k)/2
k Tk/ <ln (e + 7Ti+v1bka>)
where
/1/2
CO = max 011/2, C 2 a/2
a 2v/b—a
(n (e + 2655))
~ C @ ~
Cy =8 lf <ln (ea + m)) + |f||2f1/2]
1 [0
Thus
o0 [e'e] 1
_ _ 1/2
d—Z'Ykzok—Coe 27(m+k+1)5<00 for g > 1,
k=1 k=1
0o foe) 1
_ 1/2 .
;%zmc In(Tyy1 — T) < Coe ; CFT S < oo for 3>2;

that is, assumption 1) of Theorem Bl holds.

Now we estimate 5 and P. We have

~ 1 21311 W
©5 =exp - > wzor In(Tppr — Ti) p < exp ;

> het G
k=1 (m+k+1)°

k=1
~ 2vb—a 2vb—a
P: S 1 « —_— = 1 @ —
EE‘E(“(e +ek<6_1)>) <“< +em<e—1>))’
whence
2/a \/7 1/2
T T V2
P sup |c(T)X(T,7)| > xp < 2eexp ———}—Da(—) i D
{(WTu) (T, 7) } { = = v
for
o 2vb—a oS}
2<1n (e Jrem(e—%)) Zk:lm
Da: s D:exp = T . O
(1-2/a) LK1 Gk

Theorem allows one to construct a criterion for testing a hypothesis concerning
the correlation function of a stochastic process.

Let £ = {£(t),t > 0} be a real-valued, mean square continuous, stationary, Gaussian
stochastic process with E£(¢) = 0. Denote its spectral density by f(A) and its correlation
function by

p(T) = E&(t + 1)), a<T7<bh

Assume that the stochastic process £ is observed on the interval [0, T+ b], where T > em
for some m > 4. We treat the correlogram pr(7) as an estimator for the correlation
function and assume that 7' > €™ (m > 4).
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Let H be the hypothesis that the correlation function of the stochastic process £(t)
coincides with p(7) for all @ < 7 < b. To test the hypothesis H we propose the following
criterion.

Criterion 3.1. Given v, 0 <y <1, find x such that

2/a \/_
T T Ty 2
A(.’E,y) = 266Xp —ﬁ + Da (d—\;?> Vd

where a > 2 satisfies

1/2
D =,

+oo
[ PO+ ax < o,

— 0o

2 (ln (ea + 62’"(2:‘11)))
(1-2/a) ’ S re TR
and the number d is defined in Theorem B2l The hypothesis H is accepted if

T1/2
sup —glor(T) —p(7)| <=
em<T<’1~“,a§T§b (ln T)B K

> bt TR
k=1 k+1)8-1 m
(mihtl) ) 2< ﬂ < 5,

D, = 5

D =exp

forem < T < T and a < 7 < b. Otherwise the hypothesis is rejected.

Note that the error of the first kind does not exceed  for this criterion.

4. CONCLUDING REMARKS

The bounds for the distribution of the supremum of a square Gaussian process are
found and a criterion for testing a hypothesis pertaining to the correlation function of a
stationary Gaussian stochastic process is constructed in this paper. The criterion is useful
for sufficiently large T (say, for T' > e, where m > 4). Its error of the first kind does not
exceed ~. If one simultaneously uses Criterion [3.]and other criteria constructed in other
papers (say, in [9]), then one can decrease essentially the error of the second kind when
testing hypotheses concerning the correlation function of a Gaussian stochastic process
by using observations of its trajectory on a finite interval of an arbitrary length.
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