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ESTIMATION OF THE DENSITY OF A DISTRIBUTION
FROM DATA WITH AN ADMIXTURE
UDC 519.21

N. LODATKO AND R. MAIBORODA

ABSTRACT. We consider the problem of estimation of a density from observations of
a two-component mixture with varying concentrations. It is assumed that the dis-
tribution of the first component is unknown, while a parametric model is (perhaps)
available for the second component. Applying the sieve maximum likelihood method
we construct histogram-type estimators for the densities of distributions of the com-
ponents and estimators for unknown parameters of the second component. We prove
the consistency of the estimators and obtain estimates for the rate of convergence.

1. INTRODUCTION AND SURVEY OF THE LITERATURE

The problem of the analysis of data with admixture appears quite often in biostatistics
and in medical statistics. Below we discuss one of the possible examples of such data.

Let N patients be under medical evaluation, since a preliminary diagnosis (say, “atyp-
ical pneumonia”) is made for all of them. A certain medical test is ordered for every
patient; let the result of the test be £. The complete blood count is an example of such
a test. The test results are given by a sample

EN = (51;-"35N)a

where ¢; is the value of £ for the patient j. Assume that the distribution of & for
atypical pneumonia patients is different from that for healthy persons. Denote the density
of the distribution of £ for atypical pneumonia patients by hy, and that for healthy
persons by ho. If all N persons are atypical pneumonia patients, then = is an ordinary
sample from the density h;. Unfortunately, atypical pneumonia is not always easily
distinguished from acute bronchitis and other respiratory infections. Thus it is likely
that the sample =y is mixed with observations &; from the density hy. However one can
estimate the probability w; that person j is an atypical pneumonia patient. This can be
done by a thorough study of the symptoms of person j. In such a case, the density of &;
is a mixture of the densities hy and hsy, namely

wjhl(:c) + (1 — wj)hg(a:)

How can one estimate h; in such a case?

This paper is devoted to the problem of the estimation of densities from data with
admixture for the case where the density hy of the principal component is unknown and
has to be estimated.
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The assumptions imposed on the density of the admixture ho may vary to some extent;
for example,

(1) hg is unknown like h; (the nonparametric case);

(2) hs is known; for example, it can be estimated from observations £ for persons
who do not suffer from atypical pneumonia (the deterministic case);

(3) hgo is known up to certain parameters (a parametric model of data with admix-
ture).

The third case appears if the distribution of £ in the sample for persons who are ill
but are not atypical pneumonia patients is of the same type as that for healthy persons.
One can assume, for example, that both distributions are Gaussian but that they have
different mean values.

Applying the sieve maximum likelihood method we construct estimators of the his-
togram type for all three cases mentioned above. For the third case, we also construct
estimators of unknown parameters of the distribution of the admixture. We prove that
the estimators are consistent and provide estimates for the rate of convergence of the
estimators to the true values.

The method of constructing the estimators is described in Section 2l The main results
are stated in Section Bl and the proofs are given in Section ?77.

The general approach to analyze mixtures with varying concentration is described
in [3]. The density of a distribution is estimated in [4} [2] with the help of kernel estimators
for the nonparametric case. Histogram estimators are studied in [5] for homogeneous
samples. A description of the sieve maximum likelihood method can be found in [6].

2. THE SETTING OF THE PROBLEM

For the asymptotic analysis of estimators, it is reasonable to view the sample Zx as an
element of a scheme of series, namely =y = ({1.n, - .-, En:n), where &;. 5 are independent
random variables for any fixed N, and

P{fj;N < :C} = wj;NHl(x) + (1 — wj:N)HQ(x),

where H; is the distribution function of the principal component, Hs is the distribution
function of the admixture, and wj.y is the concentration of the principal component in
the mixture when the observation j is made; that is, w;.y is the probability that the
observation j is taken from the principal component.

In what follows we assume that the supports of the distributions H; belong to a finite
interval. Without loss of generality, we assume that all the supports coincide with [0, 1].
We also assume that the densities h; of the distributions H; exist with respect to the
Lebesgue measure and moreover

(A) there are numbers 0 < u < U < oo such that v < h;(z) < U for all z € [0, 1].

To construct the estimators we follow the sieve maximum likelihood method. We seek
an estimator h (z) for h;(z) among step functions of the form

Ky
(1) gr(z) = ge H{z € A},

k=1
where K is the number of subintervals of the partition Ay, Ay = [tp—1,t;) for k =
1,....,KN — 1, Ak = [tky-1,tKy], tk = k/ Ky, and g; are arbitrary positive numbers
such that
1 &
_ -1
Kn kz::lgk
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ADULTERATED OBSERVATIONS WITH AN ADMIXTURE 101

Let 0 < uy < Uy < oo be some real numbers. We denote by Hy the set of all
functions () such that uy < gx <Upn, k=1,..., Kx. Let

Xrj = 1{&:n € Ar}.

If the true densities of the components are h; = g;(x) and

Kn
gi(z) = ngi {z € Ag},
k=1

then the logarithm of the likelihood function constructed from the sample =y is given
by

l(glaQQ) =

-

KN KN
In (wj:N > geixeg + (1 —wj.n) ZQkQij)

1 k=1 k=1

J

=
z

|
.MZ

-

Il
-
£l

I
-

Xk In(w;:ngr1 + (1 — wj.n)gr2)-

If both densities h; and hy are unknown, then one can choose the pair (iL{V ,izév ) €
Hy X Hy = H3 that maximizes [ on H%; as an estimator for (hi, ha):

(2) (ﬁ{v,ﬁév) = argmax [(g1,¢2).
(91,92)€H%

If argmax is attained at several pairs of functions, then any of them can serve as an
estimator for (hy, hs).

The sieve maximum likelihood method leads to histogram estimators of densities in
the case of homogeneous data, that is, in the case of pure samples. By analogy, any
estimator of the form () is called a histogram.

If the density of the second component hs is known up to a parameter i, then

ha(x) = ha(x;9),

where ¥ € O is the unknown parameter. Put

Kn
ﬁg(x,ﬁ) = Zﬁkg(’l?) H{I S Ak},
k=1

where
_ _ 1 2
s =hua(0) = = [ hal.0) o
SN Jtyp_
Let On = {0 € ©: ho(+,9) € Hy}. As an estimator for the pair of unknown parameters
of the distribution of (h1,1) we take

(3) (ﬁ{v,ﬁN) = argmax [(g1,h2(+7));

g1EHN,TEON
that is, we seek the maximum among those “histograms” whose second component is
obtained by averaging the density corresponding to the parametric model.

If hy is known, then one can use (B]) for the set © of parameters containing a single
element. Thus
hy = argmax(gy, ha(+))
g1€EHN

if hy is known.
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3. MAIN RESULTS

Let sy = 1/Kx be the length of the intervals of the partition Ay and let

| X
WN = N z:le:N
‘7:

be the “mean concentration” of the principal component in the mixture.
The following result contains conditions for the Lo[0, 1] consistency of histogram esti-
mators for the nonparametric case, that is, in the case of functions defined on [0,1] and

whose norm is given by
1
ol = ([ @*(@as)
0

Theorem 3.1. Let condition (A) hold. Assume that

(1) there exists ¢ > 0 such that N1 Zj-v:l(wj:N —wn)? > c for all N,
(2) sy — 0 and syN — 00 as N — o0,
(3) Uy — o0, up — 0,

1/2

U15v In? UN
— 0 N .
Nsyusy 0 syN - as iy el
Then R
|5 = hill, — 0

in probability as N — oo for the estimators izfv, 1 =1,2, defined by ([@).
In the case of a parametric model for the admixture, let
w(s) = sup sup lha(z,7) = ha(y,7)|
lz—y|<s T€EO

be the uniform modulus of continuity of the density hs for all possible values of the
unknown parameter.
The conditions for consistency are contained in the following result.

Theorem 3.2. Let condition (A) and assumptions (1)-(3) of Theorem Bl hold. More-
over, let

(1) w(s) =0 ass—0,

(2) © is a compact set in the semimetrics p(a, T) = ||ha(+, &) — ha(+, )2,

(3) p(1,9) >0 for T # 9.
Then ||hY — hY|s — 0 and p(9N,9) — 0 in probability as N — oo for the estimators hiY
and ON defined by (3).

Introducing extra conditions imposed on the densities h; and ho one can obtain the
rate of convergence of the estimators. For example, let
wi(s) = sup |hi(z) — hi(y)]-
lz—y|<s

Consider the nonparametric case. By the symbol C' we denote all positive finite constants;
C may even denote different constants in the same relation if this causes no confusion.

Theorem 3.3. Let condition (A) and assumption (1) of Theorem Bl hold. Moreover
assume that

(1) wi(s) < Cs” for some 3 >0,

(2) sy =CN~—® for some o > 0,

(3) Uy =ClnN and uy =C/In N.
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Then for the estimators defined by (@) and all v such that
0<v<apf, y<(1—a)/4,

there are constants C1,Co > 0 such that

Cl In N
N1=a(AN~7 — CyN-aB)4

P{IAN — hills > AN} <

for all A > 0 and all sufficiently large N.

4. PROOFS OF THEOREMS

For k1, Gk2 > 0, put

N
A 1
Ji(gr1, gr2) = N Zij ln(wj:Ngkl +(1— wj:N)ng)-
j=1
Then
1 X
Nl(gugz) = J(91,92) = > _ J(gr1, gr2).
k=1

In what follows we denote by the same symbol g; both the step function

Kn
ngi ]1{93 S Ak}

k=1

and the set of numbers (g, k=1,..., Ky).
Let n; be random variables with the distribution H;. Let

— 1 1 ti
SN

SN Jty_y
hi(z) =3 hei 1{z € Ay},
k=1
Ji(9r1s 9k2) = E Ji(gr1, gr2)

1 N

2|

j=1
Kn
J(91,92) = > Ji(gk1, gr2)-
k=1
Lemma 4.1. Let condition (A) hold. Then

P{ sup | J(g1,92) — J(g1,92)| > fs}
91,92€HN

AUy (U U?
S SNe? (ﬁ + 2% + max(an(uN),IDQ(UN))

for all e > 0.
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104 N. LODATKO AND R. MAIBORODA

Proof. Put f(gx1,gr2) = Jy (9k1, 9k2) — Ji(9k1, gr2). Applying twice the Newton—Leibniz
formula with respect to the variables t; and t5 we obtain

T2 [T 32
f(.’ﬂl,l'g) :/ / mf(tl,tQ) dtl dtQ

(4)
o 8 T a

+/ —f(UN7f2)dt2+/ —f(t1,un) dty + f(un,un).
uN atQ uNn 8t1

Now we use the Cauchy—Schwarz inequality for the first three terms in (@) and get

Un pUn 92 2 )
< - _
s NS </ .. (G toe) (o= )
s /g 9 1/2
+ (/ <8tf(uN’t2)) dto(Un — Un))
UN 2

; ( / . (a%fm,w))z dt: Uy — un>> " 4 Fowun)

N

1/2

We have
E Sl[lp ](f(xl,xg))Q §4(R1(UN—U7L)2+R2(UN—uN)+R3(UN—uN)+R4),
z1,22€[un,UNn

where

Un Un 2 Un a 2
R, = /UN/ <8t18t2 t17t2)> dty dto, RQ/uN (mf(UN7t2)> dia,

UN a 2
R3:/ ((’9_151 (t1,UN)> dt, Ry = f*(un,un).

N
Now we consider every term R;, 1 <1 < 4, separately. First,

N
wi:n (1 — wjn)win (1 — win)

Un Ux
vl
N E un Juy sz::l (wj.nt1 4 (1 = wjin)t2)?(wints + (1 — wy.n )t2)?

x E(xjx — Exjr) (xie — E xar) dty dto.

If 1 # j, then
EOGie — Exgr) (xie — Exax) =0,
while if [ = j, then
E(xjr — Exjr)(xie — Exie) < Exgke

Thus
Un pUn ,
R < WZ/uN / 4 SN wg ~Nhk1 + (1—w;. N)th) dty dty < N—uj{,'
Then we obtain for Re and R3 that
Un N w2 5 (U o )U
fie = = E(x;n — Exjp)?dty < SN2 N = 2N
°- /UN j=1 (wj:Ntl + (1 — wj:N)'u,N)Q (Xjk Xjk) 1> N’u,?v ,
and similarly
Ry < SNWUn —un)U
s = Nu3, :
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For Ry, we have
1 & 1
2 e 2 Lo
R, < N2 ]E—11n (un) E(xj:nv — Exginv)™ < N In*(un)snU.

Thus

A 2 syD
E  sup  |Ji(tr,t2) — Jr(ts, t2)]” < ]]Vv
t1,t2€un,UnN]
for

—un)d 2
D4U((UN 4UN) 1 oUn QUN) +1n2(uN)>,
Un Un

whence we obtain that

R 9 1/2
(E sup |J(t1,t2) - J(tl,t2)| >

g91,92€HN
. o\ 1/2
<|E (Z sup | Jk(g1k, gar) — Jk(glk792k)|>
b1 91k:92kE[un,UN]
Kn 1/2
- 2
<K~ E sup (Jk(g1ks 926) — Tr (9185 g21))
k=1 91k:926€[un,UN]
SND D
<4/K2 = :
- \/ NN sNN

Now we use the Chebyshev inequality:
R D
P sup Jtl,tg)—J(tl,tQ ZE} < —.
{91»92€HN‘ ( )| snNe?

Thus the lemma is proved. O

Proof of Theorem Bl Put

BN(5){ sup !f(gl,gz)J(ghgz)bs}.

91,92€HN
According to Lemma 1]
P{Bn(e)} -0 as N — o0
for all ¢ > 0. Denote by By(e) the complement of the event By (e). If the event By (e)
occurs, then

T (' h3') = T (' hy)] < e
and |J(hy,ha) — J(hi,ho)| < e. Thus
J(iLiv,iLév) Z j(;l{v, }Alév) — & 2 j(iLl, 712) — & 2 J(iLl, 712) — 25,
whence it follows that o -
0> J(hY,h)) — J(h1,ho) > —2e.
Let
i wen kY (@) + (1= wyn) Y (2)
PN = In = —
wjnhi(x) + (1 — wj.n)ho(x)
By the definition of J(hy, ha) we have

) (wjnhi(x) + (1 — wjon)ho(x)) da.

1 &
P1IN ‘= ‘NZP{N‘ S 2¢.
j=1
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106 N. LODATKO AND R. MAIBORODA

Every term p{ y in the latter sum is the Kullback-Leibler divergence between densities
wj;Nh{V(x) + (1 - wj;N)héV(x) and wj;Nﬁl(x) + (1 - wj;N)ﬁg(x). Using the relation
between the Kullback—Leibler divergence and the Hellinger distance [1] for

2

pgN — /01 (\/wj:Nh{V(x) +(1— wj;N)ﬁg(x) — \/wj;NiL{V(x) +(1- wj;N)hg(x)) dx

we get péN < p]iN and

N
]_ .
peN = 5 E phn < pin < 2e.

j=1
Let
) 1 . . _ _ 2
PN 52/0 ((wj:Nh{V(l’) + (1= wn)hy (2)) = (wjnha(z) + (1 - wj:N)h2(l"))) dz.
Since

Va — VBl = la - bl/(va+ VB) > |a - bl/ (2max(v/a, V5))

for all positive a and b, we get

N
1 ,
P3N = E pin < 2max(v/UnVU)pan < 44/Une
=1

if N is sufficiently large.
1N
Let bll =N 1 Zj:l w?:N,
N N

big = by = N! ij:N(l — WjiN ), by = N1 Z(l —wj.N)?,
j=1 j=1

and B = (bi)7 ,—,. We have

pan = by [ — ||+ 2y [ — B, - (| — ool + B[ — o[

Thus _ _
P3N > Amin (|1 — Ra |3 + [[he — hal]3),
where Apin and Apax are the minimal and maximal eigenvalues of the matrix B, respec-
tively. Since the entries of the matrix B do not exceed 1, we conclude that Apax < 2.
According to assumption (1),
)\min)\max =det B > )
whence Apin > ¢/2. Therefore

8vUn

Bi — AN 2 < .
-2 < B
Let z be an arbitrary positive number and e = ¢z/(8v/Uy). Applying Lemma [AT] we
prove that
- 36UUN (U U?
P{|h; = A2 > 2} < Z 0 (TN 427N 1 1p? :
6 (=1 > 2 < 2008 (T 2T ()

The right hand side of the latter inequality approaches zero as N — oo in view of
assumptions (2) and (3). Now we use Theorem 6 of [5] to show that

1
/ |hi(z) — hi(z)|dz — 0 as sy — 0.
0

Condition (A) yields
|hi(2)| < U;
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ADULTERATED OBSERVATIONS WITH AN ADMIXTURE 107

hence |h;(x)| < U. Thus
|7 = hal|, < 2U/ |hi(2) — hi(z)| dz — 0
0
as N — oo. Taking into account () we complete the proof of the theorem. O

Proof of Theorem B2l Similarly to the proof of Theorem B.I we apply Lemma [.] to
prove that || — hylla — 0 and ||ha(+, ) — ha(+,9)|2 — 0 as N — oco. Given arbitrary
x € [0,1] choose A; such that z € A;. Then

|ho(z,7) — ho(z,7)| < L/ |ho(y, ) — ha(z, 7)| dy < w(sy)
SN A;

for all 7 € ©. This implies that ||ha(+,7) — ha(+,7)[2 < w(sy) — 0 as N — oo and
[ha (-, 9N) = ha(-,9)||2 — 0 in probability. Taking into account assumptions (2) and (3)
we get 9N = ¥ in probability as N — oo.

The theorem is proved. ]

Proof of Theorem 3.3l Similarly to the proof of Theorem we obtain

i = hill2 < w(sy).

Thus
P{HB{V = hill2 > )‘N_W} < P{thv — Rill2 + |hs — hill2 > )\N‘W}
< P{|IAN — hill2 + w(sn) > AN~}
< P{IIAY — hills > ANTY = CN =7},
Applying (B) we complete the proof of the theorem. 0

5. CONCLUDING REMARKS

We constructed sieve maximal likelihood estimators for the densities of distributions
from data with admixture and proved their consistency. The inequality obtained in
Theorem B3 provides a rough upper bound for the rate of convergence of these estimators.
A further investigation is necessary to establish a better asymptotics of these estimators
and to study their behavior for small samples.
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