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INCONSISTENCY OF THE ORTHOGONAL REGRESSION
ESTIMATOR FOR THE VECTOR NONLINEAR
ERRORS-IN-VARIABLES MODEL
UDC 519.21

G. S. REPETATS’KA

ABSTRACT. We prove that the orthogonal regression estimator for the vector errors-
in-variables model is inconsistent and study its asymptotic deviation from the true
value of the parameter. We also propose another estimator whose deviation from the
true value is smaller than that for the orthogonal regression estimator.

1. INTRODUCTION

Consider a nonlinear errors-in-variables model

yi = 9(&, Bo) + 6,
xi:£i+8iv izlv"'7na

where (z;,y;) € R? x R® are known observations, &; are unknown nonrandom constants,
{(6F,eD)T,i > 1} are independent identically distributed errors, and 3y is the parameter
to be estimated. All the parameters are vector-valued.

We study the orthogonal regression estimator and its asymptotic properties as n — oc.
This estimator, widely used in the literature and in practice, is consistent for the linear
model. Moreover it coincides with the maximum likelihood estimator if the errors have
the normal distribution. The linear model is analyzed in the book [I]. The estimator is
consistent for the nonlinear model under additional restrictions if & are known to have
some specific properties. This holds, for example, in the case of repeated observations [2]
or in the case where the errors tend to zero [IJ.

In the general case, if the regression function is nonlinear in £, the estimator is inconsis-
tent and is isolated from the true value even if the errors are small (and fixed). Section 2
contains the proof of the inconsistency of the estimator. We obtain the principal term
of the asymptotic deviation between the estimator and the true value in Section 3. We
propose a new estimator in Section 4; the order of the asymptotic deviation between this
estimator and the true value is smaller if the errors are small.

The current paper continues the investigations of [4] where the asymptotic deviation
is studied for the scalar model, as well as those of [3] where the inconsistency is proved
for the model with scalar variables y; and vector variables £;. We extend the latter result
to the general vector model and study the asymptotic deviation for this model. We also
obtain a new estimate for the variance constructed with the help of a goal function.
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164 G. S. REPETATS’KA

2. THE INCONSISTENCY OF THE ORTHOGONAL REGRESSION ESTIMATOR

By I, and O we denote the unit n x n matrix and the zero matrix of an arbitrary
order, respectively. The symbol || - || stands for the Euclidean norm, U, (x) means the r-
neighborhood of a point x. Vectors and the regression function are understood as column
vectors throughout the paper. On the other hand, the derivatives are understood as row
vectors. The superscript denotes the (vector) variable used to evaluate the derivative.
For example, ¢” is the Jacobi matrix for the vector function g with respect to the vector
argument §. In what follows we also use the derivatives ¢¢¢, ¢%¢, ¢%¢¢ of vector-valued
functions g with respect to vector arguments, where ¢¢¢, ¢%¢, and ¢%¢¢ are a symmetric
bilinear operator assuming values in R?, a bilinear operator assuming values in R®, and
a symmetric trilinear operator, respectively. The mathematical expectation and the
variance of a random variable ¢ are denoted by E { and Var ¢, respectively.

Now we introduce some notation for sequences of random vectors depending on pa-
rameters 3 € © and o > 0.

Definition 2.1. We write 1,(3,0) = Op(1) if

lim sup sup sup P ([|[7,(3,0)|| > ¢) =0,
=00 n>1 €O >0

where Op(1) is a stochastically and uniformly bounded sequence of random vectors.
Definition 2.2. We write 7,,(8) = op(1) if n,,(8) — 0 in probability for all 5 € ©.
Definition 2.3. We write 7,,(8,0) = 0,p(1) if

lim sup P <sup 7 (8,0)|| > c) =0
Be©

o— 0+ n>1
for all ¢ > 0.

Below we list the assumptions imposed on the regression model.

(i) Bo € int © where © C RP is a compact set.
(ii) ||&|l < a, ¢ > 1, where a is an unknown positive number.
(iii) g: R? x U — R? is a three times continuously differentiable function, where U is
an open set, U D O.
(iv) [6F;eXT ~ N(0; 0T) where T is a known positive definite matrix, and ¢ > 0 is

an unknown number. We allow the errors e; and §; to be correlated. Without

LS ), where S € R**9.

loss of generality assume that I' = { ¢r I,

(v) lim, . [ul > 0, where

kn = % T (g€ H ) [I, — ST+ (¢F — S)(gf — §)T] ' ¢°

n

i=1 (€::80)
¢\ 9 o e T
H= ( ) rt ( ) , tr (gEEH_l) = (tr(gl H_l),...,tr(ggsH_l))
I I
The orthogonal regression estimator is defined by
T
~ 1 " (A u, T Uu,
(1) 8 € arg min — min (y 9 ﬂ)) r-! (y 9 ﬂ))
PEO N £ ueks Ti—U Ti—U

The matrix I'~! has the same block structure as I'. Its blocks are denoted by

1 Vll V12
r—= < Vel oy22 )a
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INCONSISTENT ESTIMATORS 165

where V1 € R¥*s V22 € R9%4 and (V!2)T = V2L, We use these superscripts through-
out the paper to denote the corresponding blocks of (s + ¢) x (s + ¢) block matrices. It
is easy to check that

1'\71_ Is S 71_ V —VS
“\st o, ) T\ —stv o I,+58Tvs )

where V := (IS — SST)fl. Note that the matrix I' is positive definite if and only if V' is
positive definite.
Consider the function

(Xm%ﬁm%z(y$%26vTF*(yx%zﬂD,

where z,u € R?, y € R* and § € ©.
We prove the existence and uniqueness of the minimum of the function G in u under
conditions (i)—(iii).
1) Ezistence. The minimum exists since the function G is continuous in v and therefore
lim G(z,y,5,u) = +o0.

llu]l—o0

Let h(z,y, 3) be one of the minimum points of the function G(z,y, 5,u) in u.
2) Uniqueness. The function G(z,y, 3, u) is differentiable with respect to u at the min-

imum point, whence G* |u:h(x,y)5) = 0. This means that h(z,y,3) is defined implicitly
by

)\ L (v-9hB)
@ Flewbh) = _%GUT(x’y’ﬂ’“)‘wh - (g (Ivﬁ)> " (y xg—(hﬂ)> =0.

Lemma 2.1. The function h(x,y, ) is uniquely defined by equation (2) and is twice
continuously differentiable in a neighborhood of the points (£, g(&,5),5). Moreover one
can choose a common diameter of the neighborhood for all & and 5 such that ||€|| < a
and B € ©, that is,

h: Uyy(€) % Uy, (9(€,8)) x Uy, (8) — RY.
Proof. We apply the implicit function theorem. It is known that

F(§7g(§76)5ﬁ7£) = 6

(447 (45)

q

+ (6w 8) " (VI y - g(u, B)) + V(2 — u))

p@&@m@@:(f%m>ﬂﬁ<f%m):H@@

is a positive definite matrix. According to the implicit function theorem, there is a neigh-

borhood Uu(&aﬁ) = Uu(&) X Uu(g(gaﬁ)) X Uu(ﬂ)ﬂ v= V(gvﬁ)v of the point (579(§7ﬁ)7ﬁ)

such that h: U, (£, 8) — R? is a single-valued continuously differentiable function. Since
the arguments £ and 3 vary in compact sets, one can choose v = vy > 0, common for all
points 8 € © and & if ||£|| < a. For any point of the graph

A:={(9(&0): €l <a, €06},

Moreover

and
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166 G. S. REPETATS’KA

there exists a neighborhood U, (§, 8) where h is single-valued. Note that
{U.(&8): [l¢ll < a,8 € O}

is an open covering of the compact set A and that it contains a finite subcovering. Thus
there is a common 1y for all points of the set. The lemma is proved. O

The following result is useful when constructing the asymptotic expansions.

Lemma 2.2. Let {a;: i > 1} be a bounded sequence of numbers, and let (; be independent
identically distributed random variables having finite second moments. If ¢ has the same
distribution as (;, then

1 & " Var
- Z aiGi = Z Op(1),
i=1 =
where the random variable Op(1) is stochastzcally and uniformly bounded in the sense of
Definition 2.1 with either Var ( = 02 or Var( = o*.

We consider the model for small ¢2. The errors are bounded stochastically; thus
h(z,y, ) is not always uniquely determined for large errors. To account for this phe-
nomenon we consider the set of indices By, (v) = {i =1,...,n: ||&] < v, ||d;|| < v}, where
the constant v € (0, ] is such that U, (5p) € int © and vy is defined in Lemma 2.1. Con-
sider the following goal function:

QUB) = QulB) ==+ Y a9,

where ¢(z,y, 8) := G(z,y, 8, h(x,y, 5)). Then estimator (1) can be rewritten as follows:
3 e i .
B € arg min Q(B)

Hence

Q=B+ Q) = Y awve )+ S awn i)

i€By, (V) i€ Bn (V)

where Q1(0) is the principal part, while Q2(03) is treated as a remainder.
Theorem 2.1. Let conditions (1)—(iv) hold for model (1). Then

Q Q) = Qi(5) + o*op(1),
(W Q) = 0%, + (5% + =) On(1) + 0,1,

where k, is defined by assumption (v).

Proof. We will omit the subscript ¢ for the variables x;, y;, &, &;, 0;, and h; := h(x;, yi, Bo),
i=1,...,n.
1) We prove that Q2(3) = 0*0,p(1). Consider q(x;,y;, 3):

(= 9(h(@,y,8), 0\ o1 (v — 9(h(z,y,5),5)
q“””“”‘( x—h(a:ym ) Fl( z— h(z,y,5) )

() e ()

( f 50) <£,ﬁ>))TF_1 (5+ (9(&. o) —g(ﬁ,m))

IN

3
<C ||<5||2+H€|| )+
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INCONSISTENT ESTIMATORS 167

where C' and D are universal constants. Now consider Q2(05):

1 1
Q2(8) = - Z q(xi,yi, ) < - Z (C (lle:ll* + 116:]1*) + D)
i¢Bn(v) i¢Bn(v)
o) o
<~ > (€ (lleill® + 16:017) + D) - (I(llell = v) + I(6:] = v)).-
i=1

Let &; :=¢;/0, 5; = 0; /o, and [(iT, é;f]T ~ N(ﬁ, I'). We estimate one of the terms on the
right hand side of (&):

~ B ot v .
Elleill*I(le:ll = v) = o E&IPT (&1 2 v*/0%) = 2 E —&lPT (I&1° = v*/0?)
1
< LE I (A1 = v2/o?) = a'of1),  o* =0+,

The other terms in (Bl are considered similarly. Thus
EQ2(B) = ato(1), c—0+.

It remains to show that 0 ~4Q2(3) = 0,p(1) to complete the proof of ().
By the Chebyshev inequality,

P(07'Q2(8) > C) <

Thus Q2(8) = otosp(1).

2) We prove equality {@]). We express the necessary terms by using errors ¢;, ¢; and
values of the function and its derivatives at points (&;, 5p). For the sake of brevity we
do not write the subscript ¢ assuming that ¢ € B, (). Recall that Lemma 2.1 holds for
i € Bp(v). Define A from the equality

h:h(ﬂf,y,ﬂo) :£+A
and note that A = O(Jle|| + ||0]]). Indeed,
[AI? = [|h =& <2(h =l + |lz — £11*) <2 (llel® + Gz, y, Bo, 1))
< 2(|lell” + G(z,y,50,€)) <2 (llel® + 1T (lell* + 1511%)) = O (llell* + [I5]1%) -

Now expand the functions into a Taylor series in a neighborhood of the points (&, 5p):

901, o) = 9(6, o) + 9°(E, Bo)A + 5 (AT (€, o)) + O(IAP),

g5 (R, Bo) = g* (&, Bo) + ATg* (&, Bo) + O(|| A1),
9 (h, Bo) = 9°(&, Bo) + ATg% (&, Bo) + O(| Al%).

Here and in what follows the symbol O(+) stands for a uniformly bounded variable, that
is,

EU_?2(ﬁ):0(1>—>O, oc—0+4.

C

oI < it
for all 3, &, o, ¢, and n. We treat the derivatives that cannot be represented in the matrix
form as operators applied to every component of the vector function g = (g1, ... 7gS)T.

For example,
T
AT GEA = (ATgffA,...,AngfA) .

We omit the argument of a function if it is evaluated at the point (£, 5p). Substituting
the above expansions in the equation for the implicit function we get

4 ATENT 75— EA — LAT A
) () o (TR IRYT) = odler + e

1, €—
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168 G. S. REPETATS’KA

Now we express A in terms of the errors ¢ and ¢:
(7) A= A1+ Ay +O(|lel’ + [16]%),
where A; is the linear part with respect to € and §, while A is the quadratic part. Then

Ar=O(lell +lIsl), Az =O([le]l* + 18]).

To determine A; we substitute (@) into (@), find the linear part, and equate it to zero:
T §— afA T s T 3
g -1 g1y g -1 _ (9 -1(9 _
(5) (i) o () (Q)- () r(5) -
AN 5
_g-1(9 -1
a-a (7)o Q).

To determine Ay, we again substitute (@) into (@), find the quadratic part, and equate
it to zero:

T
g° +ATGEN o1 (60— %A1 = 5ATGF AL — g* Az _
Iq (6 — Al) — AQ ’

T T
9*\ o1 (—3ATERA - gt A, n ATGE\ o (09501 _
Iq —AQ Oq €—A1 ’
T _LIATEEA AT €€ §— oA
_ 1| (9 -1 2219 1 19 -1 g~A1
o=t l(j) g ( 0 >+( Oq )F (5_A1)

Having obtained A with an essential precision we pass to the evaluation of ¢°(z,y, 3).
By definition,

q(z,y,08) = G(z,y, 8, h(z,y, B)),

whence we get that
qﬁ(xa y7/80) = Gﬁ($7y760a u)‘u:h + Gu(xa Y, ﬁo’u)|u:h . hﬂ(xayaﬁo)
T
_ _ o (y—9(h,Bo)\ -1 (9°(h, Bo)
= Gﬁ(x,y,ﬁo,u”u:h =-2 ( o h r 0

by (2). Now we substitute the above expansions into the latter expression:

5 — gEA — ;AT955A>TF1 <g,6 4+ AT g

o) =2 (78T o ")+ 0Ll +191P)

Using the expansion of A in terms of € and ¢ instead of A, we obtain the linear part L,
quadratic part W, and the remainder O (|[e]|® 4 [|6]|*). We treat the quadratic part W
and evaluate its mathematical expectation:

C 6N, — LATEEANT B §— aSAN\ T AT B¢
_ g-R2— 3508149 1 -1(9 g~ -1 19
e (PR e (6) - () ()

T B ATEEAN T B
_ T (9 -1(9 19 1 -1(9
21 () (5) - (9™) 7 (5)

§—gsA\ | oy (AT
+<€_A1) r- (2197,
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INCONSISTENT ESTIMATORS 169

Below are some technical calculations needed to find EW:

cas-enn ()0 () ()0 ()

gt
=g?H! ( ) r- 1( )HI—UZH 'HH ' = o?H 1,
q

cot-ea (1) 1 ()= (4 3
T
o (1) (0)-
s (1) v (o (1) (2
o (1))
Next we determine E(HAy) = HE Ay:

T
95 -t —%A1T9££A1 + A1T9££ -t 0 — 95A1
o 0] g — Al

E(HA,) = E [(1

ET
o?H 1,
6T

q

Each of the two terms is considered separately.
a)
T T
9%\ por (FEATORAN | 1 () o (A AT)
E r = E T
I, 0 2 ~\1, 0)

_ (6 o (W(eEHY
2\, @) ’

b) If the column i of a matrix X is denoted by X(;), then (AB);) = A - B for all
matrices A and B with appropriate sizes. Thus

T e\ T _
E (Alg ) rt (5 g Al) = E(¢%A1)" (VI8 — g* A1) + V(e — Ay))

Oq 57A1
—E Y (o8 - aalg ) VI HE DT g (A - AV
1<i<s 1<i<s
1<5<s 1<5<q
_ 2 133 -1 133 -1 11
ap> (gi (H™'g%) ;) =9, (H g)m)v
1<i<s
12525
2 133 —1 —1 12 _ A
vo? 3 gt (), — () Vit =0
1<i<s
1<5<q

The mathematical expectation of the second term in the expression for W can be
found similarly to a), while the expectation of the third term is zero (the reasoning is

similar to b)). Therefore

_ A1T9€€A1 B -1 96 T 95 * -1 96
EW_E( o r 0 +2EA, 1, T 0

B [ (o () 6)
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170 G. S. REPETATS’KA

Further, we find the left s x s block of the matrix in the braces:

() - (o 75905 () - (7 6629),

T T
() () (T e) (L T )
I I I,— ST (¢° = S) I, = ST (¢* = 9)
The left upper block of the same matrix can be found as follows. If A, B, C, D, and N
are matrices with agreed dimensions, then

5| ¥ 1= [ave Bvol

This implies that

¢ ¢ T 11
o (') vy
q q

This matrix is such that

T

8) V-V(F-S)H ' (¢*-8) V=_~I,-55T"+(¢* -9 -9)7)

Indeed, let A =V1/2(g¢ —S). Then H = I, + AT A and it is easy to check that
I, — A(I,+ ATA) ' A = (I, + AAT) 1
Then the left hand side of (§) equals
V2 (I, — A(I, + ATA) LAY V2 = V2 (1,4 AAT) T V2

1

= (Vv AATY ) (1 - SST (o - S)(gt - 8)T)

Hence EW = 02 tr T (5H1) - [I, — SST + (¢* — 9)(¢* — S)T]_l g”. Now we con-
sider the term

1 1
QY (Bo) = - > (@i i, Bo) = - S (Li+Wi)+ O (el + 116:]1°) = S1—S2+R,
i€B, (V) 1€By, (V)
where

1 < 1 < 1
slzﬁi;um;wi, SzszZ()(LwWi),

1
R== 3" O(lilf +]1°).
i€B, (V)
First we treat S;. Since E L; = 0, we obtain

n

1 < o 1 1 — o2 o
— L, =— 1 — W, =— EW, + — 1) =2k, + — 1),
- i:E 1 \/EOP( ), - E - izgl + \/ﬁOP( ) =0c"kn + \/ﬁOP( )

i=1

S, = Uzkn —+ %Op(l)

by Lemma 2.2.
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INCONSISTENT ESTIMATORS 171

Similarly to 1) we prove that Sy = 0%0,p(1). Next we consider the remainder R:

1 . 1
R[] = - Z O (|le:l® + ”51'”3) < const - Z (H€i||3 + H5i|\3)

1€EB, (v) 1€B, (V)
1« 1/, - .
< const 23 (Il + 3°) = const® 23 (I11 +18:0F) = a*0p (1),
Combining the latter relations we complete the proof of (). O

Theorem 2.2. Let conditions (i)—(v) hold for model (1). Then for an arbitrary € > 0
there are 7 > 0 and o, > 0 such that

lim P (|16, - Gl > o%7) > 1-¢
n—oo

for all o € (0,0.].

Proof. 1) The function Q?ﬂ(ﬂ), B € U,(fo), is bounded, since Lemma 2.1 holds for
B € U,(B) and all functions involved in the expression for q(x;,y;,3), i € B,(v), are
continuous and bounded.

2) Representation for Q(B). For 8 € U,(By) and AB = 8 — By, we write the Taylor
expansion of the function Q1 (f):

Q1) = @u() + QL (B0) A8 + 5AFTQY(B)AS,  where { € [fo, 5]
By Theorem 2.1,
Q(8) = Q(Bo) + (g%n +0%0p(1) + an*1/2op(1)) AB+O)[|ABI* 4 o*osp(1).

Let AB = 02A¢p. The latter equality implies that

@ A L

ol

1
kn+00p(1) + MOp(l)) Ap + O(l)HA(pH2 +oop(1).

Let 3 — By = AB = 02Ap. Then

Q(B) — Q(ho) 1 . 2
T = kn+0'0p(1)+m0p(1) A(p—l—O(l)HA(pH —|—00p(1).
Put Ay = —tk,, where t > 0 is a sufficiently small number. Since k,, is bounded,

B = Bo — tky, € U, (Bo) C © for small ¢t. Thus (@) implies
Q(Br) — Q(Bo) 2 1 2,2
= —lihn 1 n 1 n +p(1).
p [[Eon | t+a\/ﬁ0P( )k llt + OW)[1kn |7t + 05p(1)
By the definition of A,

M = p(A@) + Ri(t) + Ra(n) + R(0),

where p (A@) = k,A¢ + 0O0p(1)[|AQ| + O(1) [ Ag|?,
1
o\/n

0>

Ri(t) = [knl*t + O)[lkn|®t?,  Ro(n) =

R3(0) = 0sp(1).

Fix e > 0. Assumption (v) allows one to choose a sufficiently small number ¢ such
that

Op(1) (IAGI + [1knl[t) ,

Ri(t) >ty >0
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172 G. S. REPETATS’KA

for n > ng. For an arbitrary o, there exists n; = ni(e, o) such that
P(|R2(n)| <to/4) >1—¢/2

for all n > nj. There exists o. > 0 such that, for an arbitrary o € (0, o.], we have
P(|R3(0)| < to/4) >1—¢/2

starting with some number n; = nq(e,0). Therefore the probability that

p(AQ) < —to/2
is not smaller than 1 — ¢ for all o € (0,0.] and all n > N(e,0) := max(ng,n1). This

means that the probability that A is isolated from zero is not smaller than 1 — . In
other words,

PUAG >7)=1-¢
for some 7 > 0. This completes the proof of Theorem 2.2. O

3. ASYMPTOTIC DEVIATION

By Theorem 2.2, the estimator B is inconsistent and it is isolated from the true value
B if errors are small. Below we study the order of deviation between the estimator and
the true value of the parameter with respect to o and construct an estimator with a
smaller deviation than 3 for small o.

In what follows we need the following notation used for a sequence of random variables.

Definition 3.1. We write 7,,(¢) = Oy p(1) if for an arbitrary e > 0 there exists C' > 0
such that

lim lim P (||n.(0)]| > C) <e
0c—0+ n—oo

Definition 3.2. We write 7, (0) = 6,p(1) if
lim lim P (||n.(0)|| > C) =0

oc—0+ n—

for all C' > 0.

Note that n,(0) = 65p(1) if 9, (0) = 0,p(1). The converse is not always true.
Let M;(x;,y;) and M2 (&;,9(&:, Bo)) be points of the space RY x R?,

T = {(€,9(€,8)): € € RY)

be the graph of the regression function depending on a parameter 3, p be the Euclidean
distance, and p(M,T'3) be the distance between the point M and the graph of the func-
tion Fﬁ.

In what follows we also need the following contrast condition (in other words, the
condition of the asymptotic separation of the point By from the other points (3):

con for all § > 0, lim i > 0.
(con) n—oo 18— ﬁoll>5n Zp

The contrast condition guarantees that one can construct a consistent estimator of the
parameter (3 as the variance of errors tends to zero; namely, the following result holds.

Lemma 3.1. Let the contrast condition hold and let g € C(RY x ©). Then
B — Bo = 6ap(1).

We considered Q? (Bo) in the proof of the inconsistence of the estimator, while Qf A (Bo)
is used to estimate the deviation.
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INCONSISTENT ESTIMATORS 173

Theorem 3.1. Let assumptions (1)—(iv) hold. Then
QY (o) = 2V + 90p(1) + 0 00p (1),

where
n

3 00T (I~ 88T+ (¢ — 5)(gf — 9)T] ' g

i=1

V, =

1
n (51‘;50)'

Proof. Consider ¢°°(z;,y;, o) for i € B,,(v) (we do not write the subscript i):
0
0y, 0) = 55 (G798, by, 0)) = 6wy, Bu)| _ + Gy, Bou)| b7

_ (Gﬁﬁ o G,Bu(Guu)flGuB)

u=h(z,y,8)

Further, we find the second derivatives of the function G (its first derivatives were already
evaluated in the preceding section):

G5 _ g (gﬁ(g, ﬂ))TF1 (gﬁ(g, ﬂ)) Ly <y - g_(ulzm)Trl (gﬁﬁg,m> 7

aou— Do _y (gﬂ%, ﬂ))TF_l (ﬂ;@ﬂ)) L (ﬁﬁ({;ﬁ))%_l (y - g(u,m) 7

ou q r—u

1, 1, 0 T —u '
Since I is a positive definite matrix, there exist positive numbers C and C such that
C(||y_g(h760)H2+Hx_h”2) < G(xay7ﬂ07h(xay7ﬂ0)) < G('ray7ﬂ0a§) < Cl(HgHZ_FH(SHZ)
Thus

ly = g(h(z,y, Bo), Bo)l + [l = Az, y, Bo)ll = O(llell + [[61]])-

The latter result helps us to obtain the principal part of g(x,y, By) by observing that all
x, y, and h(z,y, By) are bounded.
If f(t), t € U, is a function differentiable at the point ¢y € U, then

f(t) = f(to) = O([lt —toll) t — to.
Putting h = h(z,y, Bo) we get

T s

6 (oot =2(%) 17 (%) +0lel + o).
s\ T 3

6 toaniniy=2(%) T (4) + Ol + 18D,

T 3
G (oot =2 (%) 07 () + 0 lell + 1) =261 + Ol + a1,
where all functions are considered at the argument (£, 5y). Next,

¢’ (z,y, B) = (G — GP*(G**)~*G*P)

(%,y,60,h(2,y,50))

=2 (5) 1 (5) () = () () (0)
+O () + )
= 2" (V= V(s = STH " = 5)V) " + O ([l + 8] .
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Hence
2 _
QY (Bo) = " Z (V=V(* = 8)"H (¢ = V) ¢"| () + R
€B,
_ 2 - Tpp—1/,& 8 4
_EZ (V-V(*-8)"H (¢ -S)V)g |(§iﬁo)+a oop(1) + R,
where
C & 0
IR = Z O (lleill + l16:]1) < EZ lleall + 116:l]) = TZ(II&HHW 1
’LEB (V) i=1 i=1
= O’Op(l)
and C' > 0 is a constant. It remains to apply (8). |

The following condition plays an important role when studying the asymptotic devi-
ation between the estimator and the true value.

(vi) lim Amin (V) > 0, where A, is the minimal eigenvalue of the matrix V,.

—nNn—00

Theorem 3.2. Let conditions (1)—(vi) and the contrast condition (con) hold. Then
. 2
(10) B = Bo = Vi 'k + %6, (1),

Remark 3.1. If the conditions of Theorem 3.2 hold for the estimator 3, then
B — Bo = 0204p(1).
On the other hand, 3, — [ # 026,p(1).

Proof. 1) Lemma 3.1 implies that, given arbitrary € > 0 and v > 0, there are numbers
0s, > 0 and n., such that

P13 =Bl <v) >1-¢
for all o € (0,0.,] and n > n.,. In the proof below we assume that o € (0,0.,] and
n > ng,. Then the probability that 8 € U,(8p) is not less than 1 —e.
2) The function ¢(z;, y;, 3) is three times continuously differentiable in 3 for i € B,,(v);

thus [|Q7°7(3)| < const for 3 € U, (o), where Q7%?(8) is a symmetric trilinear form.
3) We expand Q1(5) by the Taylor formula for 8 € U, (8):

Q1(8) = Q1(Bo) + Q7T (Bo)AB + AﬁTQW (o) Aﬁ+ Z QP (B)AB: AB; ABr,

i,5,k=1

where A3 = 38— By and 3 € [By,3]. We use the expressions obtained in Theorems 2.1
and 3.1 instead of Q7 (3,) and Q7°(3):

Q(B) = Q1(B) + Q2(B)
— Qi) + (o%n +0%0p(1) + 7-0p(1) + a4ogp<1>> AB
+ ALY (Vo + 00p(1) + 0%0,p(1)) AB+ OL)|| AP + 005 (1) + Q2(0)
+(Q2(8) — Q2(o)) ,

Q(B) = Q) + (a%n L oR0p(1) + %opm) AG+ AFT (Vy + 00p(1)) A3
OWABI® + 0%, (1),
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Put AB = 02Ay in the latter formula:

Q(8) = Q(Bo) + o (kuldg + AP™Vo g + 00p(1) (1261 + | A1)

+ (WIAB]+O0W)lIAel? A5 +oop(1)),

1
0P
= knAp + Ap "V, Ap + c0p(1) (|| A + || Ap|?)

1 2
+ a7 0P IAA] + OB |AB] +0rp(1).

Since 3 — By = 6,p(1) by Lemma 3.1, we rewrite () for A = B=po.

o2

QB) — Q(B)
(11) o

QB Z QW) _ 1 Ap 4 ATV, AG + 00p (1) AG] + [AGI200 5 (1) + 05p(1)

(12) 1

<0.

Given arbitrary € > 0 one can choose oy and n, . such that
1
P <|(~)gp(1)| < 5/\min(Vn)> >1—¢

for o € (0,00] and n > ny . Then ([I2) implies that Ap = O,p(1). Hence

Q(B) — Q(bo)

(13) N

= knAQ 4+ APV, AQ + 65p(1).

Let z, := —3V, 'kT. By the definitions of V;, and k,, and by the assumptions of the
theorem, ||z,|| is bounded and asymptotically isolated from zero. Now we rewrite (LII)

for Ap = z,:

QU+ 0*20) — Q(B)
(14) o’

1
_ T -
= knzn + 2, Vozn + 00p(1) + 0,p(1) + m

Op(1)
=k,z, + ngnzn + 0,p(1).
Using the definition of B we obtain
QB) < Qo + 0%zn),

whence

Q(B) — Q(Bo + o°2)
0-4
= (AP — 2,) "V (AP — 2,) + 22X Vi, AG — 22 V2 + ki A@ — k2 + 05p(1)
= (A — zn)TVn(A§5 — Zn) + (ngvn —kn) (AP — 2,) + 65p(1)
= (A@ = 20) "V (AG — 2n) +0,p(1) <0
by (I3) and (I4).

Using condition (vi) we get lim
integer ng such that

0< (189 - 2lP3 < (A¢ = )T Vo (AP = 20) < 300 (1)

= koA 4+ AGTVLAG — kpzy — 2- Vizy + 05p(1)

Amin(V) = 7 > 0. Therefore there exists an

n—00

for all n > nyg.
~ 2
We have proved that A — z, = d,p(1), so that § = Gy — %Vn_lkg +0%0,p(1). O
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4. AN IMPROVED ESTIMATOR

Theorem 3.1 allows one to estimate the deviation between the orthogonal regression
estimator and the true value if 02~, ky,, and V,, are known with sufficient precision. Below
we introduce another estimator 3, as follows:

~ ~ A2 A~ ~
B = B+ VR,

where

1 -1
=y wl (gH ) [L- 55T+ (of - S)(g* = 9)"] g iy

3

(zi,8n)

We show that 3 — Bo = d%6,p(1).

Lemma 4.1. Let F € C*(RY x U), U D O, and let U be an open set. Assume that the
contrast condition (con) holds and that

|FE(E,B)|| < CelEl ¢ eRY, geeo,

for some constants C and A. Then
1 R 3
~ > F(wi,B) =~ > F(&, o) + oop(1).
i=1 i=1
Proof. Consider the difference

— Z ( 1‘1, (fuﬁo))
_1 Z ( (25,3 (5“5)) + ; i (F(&,B) — F(&»ﬁo)).

i=1

Every term is estimated separately. First,

%i( (2, 8) = F(&i, 3 ) ZF (&, B)os;| < Z\Ff

CU -
7 S exp(Alld] + ol 2] < const 23 eAwléd

&l

|&ill = 0Op(1) = 05p(1).

i=1 =1
For 8 € U,(Bo),
1< ; .
22 (FB = Fem)| < s IFHEA- 15 Al = 5or (),
=t BEU_ua(ﬁo)
since ||3 — Bo|| = 6op(1) by Lemma 3.1. O

Lemma 4.2. Let conditions (1)—(vi) and the contrast condition (con) hold. Then

o? = @ +0304p(1).
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Proof. Since
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A
it follows from (I3) that Q(3) — Q(fo) =

=0,
o0,
remains to prove that

>

p(1),

p(1). Thus Q(B) = Q(Bo) + ' O,p(1). Tt
Q(Bo) = 0”s + ;—;OP(U +0°0p(1) + 0%0,p(1) = 0”5 + 0°O,p(1).

The term Q(fFp) is expanded in the same way as Qf (Bp) in the proof of Theorem 2.1.
By @),

Q(Bo) = Q1(Bo) + o*o,p(1).
Considering Q1(3y) = n~* Zz‘eBn(u) q(wi, yi, Bo), we get

q(z,y,Bo) = ( Yy *xggl},fo) )TF_l < y —g(h, Bo)

x—h )
0 — g§A1 T F_l 0 — g§A1 10 3 5 3
- (0 It ) Ol + 1612
To evaluate the mathematical expectation of the first term, we apply the explicit expres-
sions for the mathematical expectations obtained in the proof of Theorem 2.1:
— AN
(2ar) o (

6 — gt Ay
g — Al g — Al
T T T
— 0 —1 (0 0 1 (4 T (9° (9
=F l<5> " <5> 2 (5) . (Iq Bit A I g I, =
T T T
_ S (0N (6 _1 (g 5 ¢\ o1 (9 T
—E ltrI‘ (E - 2trT I, AN - + tr 1, r 1, AA]

= o2tr(T'T) — 202 tr { I 9 g1 (9 : toted (& TF*1 9\ g
Iq Iq Iq Iq
T 3 3
:aQtr(Is+q)—202tr{<-gr) r-t (g)H_l}—FGQtr{(g
q q

-1 -1
W ()
=0’ tr(lpq) — o’ tr {HH '} = 0?s.
where

Similarly to the proof of Theorem 2.1, Q(8y) = o%s + (62/\/n)Op(1) + c*0,p(1) + R,

1
Bl=— 3 0 (leilf +)°) <

const
— o (el +16:0%)
i€Bn (V) i€Bn(v)
const 3 3 3 const - -3 <3 3
< — > (lel® + 16:11°) = & TZ(H&'H +16:[°) = o%0p(1). O
i=1 i=1
Below we state the main result on the improved estimator.
that

Theorem 4.1. Let conditions (i)—(vi) and the contrast condition (con) hold. Assume
197 (&, B)|| + [lg°°< (&, B)|| < Celiel,

£EeRY, fe0,
for some constants C and A. Then

Bn = 60 + 0250P(1)'
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Proof. If
lo”(& A + [lo* & B)| + [l (& B + 9 (&, B[ + (|9 (&, A < Celel

for £ € R? and § € ©, then k, = kn + 0sp(1) and V,, = Vi, + 0op(1) by Lemma 4.1. We
show that the latter condition follows from the hypotheses of the theorem (however, the
constants C' and A are different in the hypotheses of the theorem and in the condition
above). Let a function f be such that || f¢(¢, 3)|| < CeAllEll ¢ € R, 3 € ©. Then

13
/6 (51, 8). dt) = £(6.5) — 1(0.5)

and f(@, (), as a function of 3, is bounded on the compact set ©. Hence
|f(€7/8)| Solefh”&”y €€Rq7 5667
for some constants C; and A;.

Hence 02V, kT = 62V kT 4 626, (1), whence the theorem follows by (I0). O

Example. Consider the following errors-in-variables model with the regression function

B eB1&1+6282
9(&,8) = <92) N < B381 ) ’

where 3 = (81, B2, 83)T € R?, € = (£1,&)T € R?, and the covariance matrix of the vector
(6F,eN)T is 0214. Let the true values of the regressors be £(i) = (&1(i), &2(i ))T Then

[ ’L

h = (h1,h2)T is determined by the system of equations
(xl _ hl) 4 51(y1 _ 651h1+52h2>eﬁ1h1+ﬁ2h2 +ﬁ3(y2 _ ﬁghl) =0
(z2 — ha) + Ba(yr — ePtheh2)elrhathzhe —
Put L(¢,3) := 1+ (67 + 03) g7 + 533 (1 +5291) - Then
2(1+ 42)g° (1+85)&

n a9
7%2 51+62L 91 (1+ B2)& )
- — 01036 (¢(i).80)

1 g2 (1 + 63 (14 83)61& —B135&3
= - Z fl 1+ 83)6&  (1+63)86 —5108361&2 .
P —GiBsE BBl (B + B3+ 900 |(c0.0)

The estimator 3, is inconsistent if condition (v) holds. For example, this is the case if
all components of (i), i > 1, are positive and isolated from zero. Let k,, and V,, be the
corresponding estimators of k,, and V,,, respectively, and 62 = Q(Bn) /2. Then, for small
o, the improved estimator is given by

~ ~ 1 A A aa
5. CONCLUDING REMARKS

We considered the orthogonal regression estimator Bn for the vector errors-in-variables
model and proved that it is inconsistent for small but fixed o. We also proved that the
estimator belongs with a large probability to a neighborhood of the point 8y—o 2V, kT /2.
We introduced a new estimator Bn whose asymptotic deviation from the true value has
a smaller order with respect to o:

B — Bo = 60p(1), Bn — Bo = Oup(1).
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The estimator (3, approximates Gy better than (3, does for small fixed o and large n.
One can further improve the estimator by finding additional terms of the asymptotic
deviation with respect to o2.

Another question is that condition (v), basic for the proof of the inconsistency of the
estimator, does not hold for some nonlinear models. For example, if g = &; tan(31&2+ 52)
and S = O, then tr (gffol) = 0, whence k, = 0. It is interesting to find out whether
the estimator is consistent in this model and, if this is not the case, to obtain the deviation
between the true value and the estimator.
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