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FRACTAL PROPERTIES OF SOME BERNOULLI CONVOLUTIONS
UDC 519.21

YA. V. GONCHARENKO, M. V. PRATSYOVYTYĬ, AND G. M. TORBIN

Abstract. We study the structure and topological, metric, and fractal properties
of the distribution of the random variable

ξ =
∞∑

k=1

ξkak,

where
∑∞

k=1 ak is a convergent series of positive terms ak such that

a3k−2 = a3k−1 + a3k,

ai ≥ ai+1 + ai+2 + · · · , i �= 3k − 2, k ∈ N, and where ξk are independent random
variables assuming two values 0 and 1 with the probabilities p0k and p1k, respectively.
We prove that the distribution of ξ is either purely discrete or purely singularly
continuous. We obtain the criteria for a distribution to belong to each of these types.
The topological-metric structure of the distribution is studied in the continuous case.
The main result of the paper describes the fractal properties of the distribution
of the random variable ξ. The relations are obtained for the Hausdorff–Besicovitch
spectrum (the minimal closed support) of the random variable ξ and for the Hausdorff

dimension of the corresponding probability measure µξ.

1. Introduction

Let µξ be the probability measure generated by the random variable

(1) ξ =
∞∑
k=1

ξkak,

where

(2)

∞∑
k=1

ak = a1 + a2 + · · ·+ ak + · · ·

is a convergent series of positive terms, and ξk is a sequence of independent random
variables with the following distributions:

P{ξk = 0} = p0k ≥ 0 and P{ξk = 1} = p1k ≥ 0, p0k + p1k = 1.

The properties of the measure µξ are determined by those of an infinite stochastic
matrix ||pik|| and by the sequence {ak} and do not depend on the sum r0 of the series (2)
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(if we agree that equivalent distributions have the same properties). The Jessen–Wintner
theorem [4, 23] implies that ξ has a pure distribution (either purely discrete, or purely
absolutely continuous (with respect to the Lebesgue measure), or purely singularly con-
tinuous). The Lévy theorem [27] provides necessary and sufficient conditions for the
discreteness; namely, a measure µξ is discrete if and only if

M =

∞∏
k=1

max{p0k, p1k} > 0.

A criterion for the absolute continuity (as well as for the singularity) of the distribution
of ξ is not yet known.

Note that the distribution of the random variable ξ is a generalization of the symmetric
Bernoulli convolution, which is the distribution of the random variable ζ =

∑∞
k=1 ζkak

where the random variables ζk assume values −1 and 1 with equal probabilities 1
2 . The

symmetric Bernoulli convolution has been intensively studied since the 1930s [4, 13, 19,
21, 28, 30, 31, 36]. Unfortunately an exhaustive study of these distributions has not
been done so far even in the case of ak = λk, λ > 1

2 , p0k = 1
2 , although this was done

for some particular values of the parameter λ (see [19, 21]). The paper [29] contains a
survey of the problems and results concerning these distributions. Some applications in
harmonic analysis, the theory of dynamical systems, etc. are discussed in [16, 29]. A
survey of results for Bernoulli convolutions (not necessarily symmetric) can be found
in [5, 15, 18].

Recall [3] that ifM is a finite or infinite subset of the set of positive integer numbersN,
then the number

x = x(M) =
∑
n∈M

an

is called an incomplete sum of series (2). It is clear that

x(M) =

∞∑
n=1

εnan, where εn =

{
1 if n ∈ M,

0 if n �∈ M.

The set of all incomplete sums of series (2) is denoted by ∆′, that is,

∆′ :=

{
x : x =

∑
n∈M

an,M ∈ 2N

}
.

In particular, all partial sums Sm =
∑m

i=1 ai and all tails rm =
∑∞

i=m+1 ai of series (2)
(but not only them, of course) belong to the set ∆′, and ∆′ ⊆ [0, r0], where r0 denotes
the sum of series (2).

The topological properties of the set ∆′ are studied in detail (see [13]). This is not the
case as far as the metric and fractal properties are concerned. The study of the metric
and fractal properties is a separate problem; it is successfully solved for some particular
classes of series (see, for example, [3, 9]). The authors are unaware whether necessary
and sufficient conditions appear in the literature in the general case for the set ∆′ to be
of a zero measure (with respect to the Lebesgue measure) and of a formula for evaluating
its Hausdorff–Besicovitch dimension.

The distribution of the random variable ξ is a probability distribution defined on the
set ∆′ of incomplete sums of series (2). Moreover the spectrum Sξ of the distribution
of ξ coincides with ∆′ if pik > 0 for all i ∈ {0, 1}, k ∈ N.

The topological-metric and fractal properties of the Bernoulli convolution with ak ≥ rk
for all k ∈ N are well studied [4, 5, 18, 29, 34, 35]. A relative simplicity of this case is
explained by the fact that, for an arbitrary point u of the set ∆′, there are at most two
subsets of the set of positive integer numbers such that u = x(Mi).
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If the spectrum Sξ of the random variable ξ contains at least one point u such that
the equality u = x(Mi) holds for an infinite sequence of pairwise different sets Mi, then
the distribution of ξ is called a Bernoulli convolution with essential intersections. Such
distributions are more complicated and hence less studied. Nowadays many scientists
investigate these distributions (see [3, 29, 32]). The distributions considered below belong
to the class of Bernoulli convolution with essential intersections.

In this paper, we study the type and topological-metric and fractal properties of the
distribution of the random variable ξ if series (2) is such that

(3)

⎧⎪⎨⎪⎩
a3k−2 = a3k−1 + a3k,

r3k−1 ≤ a3k−1,

r3k ≤ a3k, k ∈ N.

In Section 2, we introduce the so-called cylindrical representation of numbers and that
of the random variable ξ defined by (1) and study the “geometry” of this representation.

In Section 3, we discuss the case where ξ is a random variable with independent Q̃-

symbols and where the matrix of distributions of its Q̃-symbols can be explicitly written

in terms of the elements of the initial matrix ‖pik‖. In Section 4, we use Q̃-representation
of the random variable ξ and prove that the distribution of ξ is purely singular in the
continuous case. This completely solves the problem on the Lebesgue structure of the
distribution of ξ.

Section 5 is devoted to studies of the structure of the random variable ξ whose distri-
bution is singular. We prove that the distribution of ξ is purely singular and belongs to
one of the three types, namely either to S-, or to C-, or to K-type, and give criteria for
belonging to each of these types.

Section 6 is the main section in this paper. We study the fractal properties of the
distribution of the random variable ξ. We solve the problem on the Hausdorff–Besicovitch
dimension of the spectrum of the distribution of ξ and the problem on the Hausdorff
dimension of the distribution of ξ; namely, we answer the question on the “minimal”
Hausdorff–Besicovitch dimension for which supports of the distribution of the random
variable ξ exist.

2. The cylindrical representation of the random variable ξ

In what follows we assume that the terms of series (2) satisfy conditions (3). The sum
of series (2) is denoted by r0 = 1. Thus the set ∆′ of its incomplete sums is well defined.

The set ∆′
c1...cm that contains incomplete sums of series (2) of the form

m∑
n=1

cnan +
∞∑

n=m+1

εnan, where εn ∈ {0, 1},

is called the cylinder of rank m with the base c1, . . . , cm.
The segment

∆c1...cm =
[
inf ∆′

c1...cm , sup∆′
c1...cm

]
=

[
m∑

n=1

cnan, rm +

m∑
n=1

cnan

]
is called the cylindrical segment of rank m with the base c1, . . . , cm. The interval with the
same endpoints as in ∆c1...cm is denoted by ∇c1...cm and is called the cylindrical interval
of rank m with the base c1, . . . , cm.

Depending on the sequence {an} and the set (c1, . . . , cm) both cases are possible where
∆′

c1...cm and ∆c1...cm coincide or where they do not coincide. Nevertheless, ∆′
c1...cm ⊂

∆c1...cm in either case.



42 YA. V. GONCHARENKO, M. V. PRATSYOVYTYĬ, AND G. M. TORBIN

The above definitions imply the following properties of the cylindrical sets:

1) inf ∆c1...cm = inf ∆′
c1...cm , sup∆c1...cm = sup∆′

c1...cm .

2) ∆c1...cm = ∆c1...cm0 ∪∆c1...cm1, ∆′
c1...cm = ∆′

c1...cm0 ∪∆′
c1...cm1.

3) inf ∆c1...cm = inf ∆c1...cm0 < inf ∆c1...cm1, sup∆c1...cm = sup∆c1...cm1.

4) |∆c1...cm | = rm → 0, m → ∞.

5)
⋂∞

m=1
∆c1...cm =

⋂∞

m=1
∆′

c1...cm ≡ ∆c1...cm... = x ∈ ∆′ ⊂ [0, 1].

It is easy to see that

6)
|∆c1...cmc|
|∆c1...cm | =

rm+1

am+1 + rm+1
=

1

δm+1 + 1
, where δm+1 =

am+1

rm+1
.

7) ∆c1...cm = ∆s1...sk ⇐⇒
{
m = k,∑m

n=1(cn − sn)an = 0.

8) ∆c1...cm0 ∩∆c1...cm1 =

⎧⎪⎨⎪⎩
∆c1...cm011 = ∆c1...cm100 if m = 3k,

∆c1...cm10...0... if am+1 = rm+1,

∅ if am+1 > rm+1.

Corollary. |∆c1...cm0 ∩∆c1...cm1| =
{
rm+3 if m ∈ {3k},
0 if m /∈ {3k}.

It follows from the definitions of the cylindrical sets (cylinders and segments) and from
properties 2, 4, and 5 that, for any arbitrary sequence {ck}, ck ∈ {0, 1},

∆c1 ⊃ ∆c1c2 ⊃ · · · ⊃ ∆c1...ck ⊃ · · · and ∆′
c1 ⊃ ∆′

c1c2 ⊃ · · · ⊃ ∆′
c1...ck

⊃ · · · .
Moreover, there exists a unique number x ∈ [0, r] such that

(4) x =
∞⋂

m=1

∆c1...cm =
∞⋂

m=1

∆′
c1...cm =

∞∑
k=1

ckak.

Representation (4) of a number x is called cylindrical. Equality (4) is formally written
as x = ∆c1...cm... and is called the cylindrical representation of a number (point) x. The
set of all points x ∈ [0, 1] that have the cylindrical representation coincides with the set
of incomplete sums of series (2).

The following assertion follows directly from the definition of the cylindrical represen-
tation of a number: the numbers u = ∆c1...cm... and v = ∆s1...sm... coincide if and only
if

∞∑
i=1

(ci − si)ai = 0.

The following results support the conjecture that the distribution of the random vari-
able ξ belongs to the class of Bernoulli convolutions with essential intersections. Con-
ditions (3) include an interesting case studied in the paper [3]. It is proved in [3] that
there exists only one convergent series with positive terms such that

(5)

⎧⎪⎨⎪⎩
a3k−2 = a3k−1 + a3k,

r3k−1 = a3k−1,

r3k = a3k,

for all k ∈ N. In this case, a3k−2 = 3
7k
, a3k−1 = 2

7k
, and a3k = 1

7k
, k ∈ N, and almost

every point (in the sense of the Lebesgue measure) of the set of incomplete sums of
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the series has a continuum of different cylindrical representations. At the same time,
there are points that have a unique representation or a finite or infinite set of different
representations.

Remark. The random variable (1) can be represented in the following form:

ξ = ∆′
ξ1ξ2...ξk...

= ∆ξ1ξ2...ξk...,

called the cylindrical representation of the random variable ξ.

The type of the distribution of ξ is sometimes determined by the properties of series (2).
The following result is helpful in such a case.

Theorem 2.1 ([3]). If series (2) satisfies conditions (3), then the Lebesgue measure of
the set ∆′ of its incomplete sums is evaluated as follows:

(6) λ(∆′) = lim
k→∞

7kr3k = 1−
∞∑
k=1

7k−1
[
2(a3k−1 − r3k−1) + 22(a3k − r3k)

]
.

3. Q̃-representation of the random variable ξ

Consider the Q̃-representation of numbers of the interval [0, 1] related to the cylindrical
representation of numbers determined by a series satisfying condition (3). We define the
sequence {mk} by

(7) mk =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
7 if a3k−1 = r3k−1, a3k = r3k,

9 if a3k−1 > r3k−1, a3k = r3k,

11 if a3k−1 = r3k−1, a3k > r3k,

13 if a3k−1 > r3k−1, a3k > r3k,

k ∈ N.

For all k ∈ N, define the numbers

δk =
r3k

r3k−3
, ρk =

a3k−1 − r3k−1

r3k−3
=

r3k−2 − 2r3k−1

r3k−3
,

σk =
a3k − r3k
r3k−3

=
r3k−1 − 2r3k

r3k−3

and the random column vector �qk = (q0k, q1k, . . . , q(mk−1)k), where

1) for mk = 7,

qik =
1

7
, i ∈ {0, 1, 2, 3, 4, 5, 6} = B7,

2) for mk = 9,

qik =

{
δk if i ∈ {0, 1, 3, 4, 5, 7, 8} = B9,

ρk if i ∈ {2, 6},

3) for mk = 11,

qik =

{
δk if i ∈ {0, 2, 3, 5, 7, 8, 10} = B11,

σk if i ∈ {1, 4, 6, 9},

4) for mk = 13,

qik =

⎧⎪⎨⎪⎩
δk if i ∈ {0, 2, 4, 6, 8, 10, 12} = B13,

ρk if i ∈ {1, 5, 7, 11},
σk if i ∈ {3, 9}.
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The “random matrix” Q̃ = ‖qik‖ whose k-th column coincides with the random vec-

tor −→qk determines the Q̃-representation [4, 12] of numbers of the interval [0, 1] defined
as follows. Let Ak = {0, 1, . . . ,mk − 1}. Consider a surjective mapping f of the space of
sequences L = A1 ×A2 × · · · ×Ak × · · · to [0, 1] defined as follows:

(8) f({γk}) = x = βγ11 +

∞∑
k=2

[
βγkk

k−1∏
i=1

qγii

]
,

where βγkk =
∑γk−1

j=0 qjk. The latter equality can be written more briefly as follows:

(9) x = ∆̃γ1...γk..., γk ∈ Ak.

Expression (9) is called the Q̃-representation of the number x, while γk is called the k-th

Q̃-symbol of the number x. The segment[
∆̃c1...cn00...0..., ∆̃c1...cn(mn+1−1)(mn+2−1)...(mn+k−1)...

]
is called the Q̃-cylindrical segment of rank n with the base c1, . . . , cn and denoted by

∆̃c1...cn . It is clear that

1) ∆̃c1...cn =
⋃mn+1−1

c=0
∆̃c1...cnc,

2) sup ∆̃c1...cnc = inf ∆̃c1...cn(c+1), c ∈ {0, 1, . . . ,mn+1 − 2},

3) |∆̃c1...cn | =
∏n

i=1
qcii.

Note that the set of incomplete sums of series (2) satisfying conditions (3) coincides
with the set

C
[
Q̃, {Bmn

}
]
=

{
x : x = ∆̃γ1...γn..., γn ∈ Bmn

}
.

It is not hard to prove that, for an arbitrary family c1c2, . . . , c3k−1c3k, ci ∈ {0, 1},
there exists a unique family γ1, . . . , γk, γi ∈ Bmi

such that ∆c1c2...c3k−1c3k = ∆̃γ1...γk
and

γi is a function ψ of the three symbols c3i−2, c3i−1, and c3i. The triples 011 and 100
define the same value γi (γi = 3 for mi = 7; γi = 4 for mi = 9; γi = 5 for mi = 11; and
γi = 6 for mi = 13).

Since the cylinders of rank 3k are disjoint or coincide, there exists a bijection between

the set of cylindrical segments ∆c1...c3k of rank 3k and the set of Q̃-cylinders ∆̃γ1...γk
,

γk ∈ Bmk
, generated by the mapping ψ(c3i−2c3i−1c3i) = γi.

Let

C = {000, 001, 010, 011, 100, 101, 110, 111}, C∗ = C \ {011, 100}.

Define the matrix P̃ = ‖p̃ik‖, 0 ≤ i ≤ mk − 1, k = 1, 2, . . . , by

(1) if i ∈ Ak \Bmk
, then

p̃ik = 0;

(2) if γk = ψ(c3k−2c3k−1c3k) and 011 �= c3k−2c3k−1c3k �= 100, then

p̃γkk = pc3k−2(3k−2)pc3k−1(3k−1)pc3k3k;

(3) if γk = ψ(011) = ψ(100), then

p̃γkk = p0(3k−2)p1(3k−1)p1(3k) + p1(3k−2)p0(3k−1)p0(3k).
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Let τk be a sequence of independent random variables assuming values 0, 1, . . . ,mk−1
of the set Ak with the probabilities p̃0k, p̃1k, . . . , p̃mk−1,k, respectively. Consider the
random variable

(10) ξ̃ = f(η1, η2, . . . , ηk, . . . ) = βη11 +
∞∑
k=2

[
βηkk

k−1∏
i=1

qηii

]
=: ∆̃τ1...τk....

Lemma 3.1. The random variables ξ and ξ̃ are identically distributed.

Proof. It is necessary to prove that

(11) P{ξ ∈ ∆c1...c3k} = P{ξ̃ ∈ ∆̃γ1...γk
}, where γi = ψ(c3i−2c3i−1c3i) ∈ Bmi

.

We follow the method of mathematical induction. Let k = 1. By the properties of
cylindrical segments and in view of the independence of ξ1, ξ2, and ξ3 for c1c2c3 ∈ C∗

we obtain

P{ξ ∈ ∆c1c2c3} = P{ξ1 = c1, ξ2 = c2, ξ3 = c3} = pc11pc22pc33,

while for c1c2c3 ∈ {011, 100}, it follows that

∆c1c2c3 = ∆011 = ∆100

and
P{ξ ∈ ∆c1c2c3} = P{ξ1 = 0, ξ2 = 1, ξ3 = 1 ∨ ξ1 = 1, ξ2 = 0, ξ3 = 0}

= p01p12p13 + p11p02p03.

The equality

P{ξ ∈ ∆c1c2c3} = P
{
ξ̃ ∈ ∆̃ψ(c1c2c3)

}
is obvious in this case.

Assume that equality (11) holds for k = n. For k = n+ 1, consider the following two
cases:

1) c3n+1c3n+2c3n+3 ∈ C∗,
2) c3n+1c3n+2c3n+3 ∈ {011, 100}.

For the first case,

P{ξ ∈ ∆c1...c3nc3n+1c3n+2c3n+3
}

= P{ξ ∈ ∆c1...c3n , ξ3n+1 = c3n+1, ξ3n+2 = c3n+2, ξ3n+3 = c3n+3}
= P{ξ ∈ ∆c1...c3n}pc3n+1(3n+1)pc3n+2(3n+2)pc3n+3(3n+3).

According to the induction assumption and to the definition of p̃γkk, the latter expression
is equal to

P
{
ξ̃ ∈ ∆̃γ1...γn

}
· p̃γn+1(n+1) = P

{
ξ̃ ∈ ∆̃γ1...γnγn+1

}
, where γn+1 = ψ(c3n+1c3n+2c3n+3).

Analogously, in the second case,

P{ξ ∈ ∆c1...c3n+3
}

= P{ξ ∈ ∆c1...c3n}
× P{ξ3n+1 = 0, ξ3n+2 = 1, ξ3n+3 = 1 ∨ ξ3n+1 = 1, ξ3n+2 = 0, ξ3n+3 = 0}

= P{ξ ∈ ∆c1...c3n}
(
p0(3n+1)p1(3n+2)p1(3n+3) + p1(3n+1)p0(3n+2)p0(3n+3)

)
= P{ξ̃ ∈ ∆̃γ1...γn

} · p̃γn+1(n+1) = P
{
ξ̃ ∈ ∆̃γ1...γnγn+1

}
,

where γn+1 = ψ(011) = ψ(100). Thus equality (11) holds for all k ∈ N. �
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4. The singularity of the distribution of ξ

Theorem 4.1. The random variable ξ has either a purely discrete (if M > 0) or a purely
singularly continuous (if M = 0) distribution.

Proof. According to the latter lemma and Lévy’s theorem, it is sufficient to prove that

the random variable ξ̃ has a singular distribution in the case of M = 0.

It is known (see [12]) that the random variable ξ̃, as a random variable having inde-

pendent Q̃-symbols, has an absolutely continuous distribution if and only if

(12)

∞∏
k=1

(
mk−1∑
i=0

√
qikp̃ik

)
> 0.

It is easy to see that

mk−1∑
i=0

√
qikp̃ik =

∑
i∈Bmk

√
qikp̃ik =

∑
i∈Bmk
p̃ik �=0

√
qikp̃ik =

√
δk

∑
i : p̃ik �=0

√
p̃ik.

Condition (3) implies the inequality δk ≤ 1
7 ; moreover, the equality here holds if and

only if mk = 7.
Consider the function ϕ(x0, x1, . . . , x6) =

√
x0 +

√
x1 + · · · + √

x6 in part G of the
hyperplane x0 + x1 + · · ·+ x6 = 1 belonging to the cube [0, 1]7.

Since
−−−−−−−−−−−−−−−→
(
√
x0,

√
x1, . . . ,

√
x6) ·

−−−−−−−−→
(1, 1, . . . , 1) ≤ |

−−−−−−−−−−−−−−−→
(
√
x0,

√
x1, . . . ,

√
x6) | · |

−−−−−−−−→
(1, 1, . . . , 1) | =

√
7

and the function ϕ is continuous in G, it attains the maximal value
√
7 at

x0 = x1 = · · · = x6 =
1

7
;

moreover, ϕ(x0, x1, . . . , x6) <
√
7 for all other points of the set G.

The condition √
δk

∑
i : p̃ik �=0

√
p̃ik → 1, k → ∞,

is necessary for the convergence of the product (12). Since δk ≤ 1
7 and∑

i : p̃ik �=0

√
p̃ik ≤

√
7,

the condition
∑

i : p̃ik �=0

√
p̃ik →

√
7, k → ∞, is necessary for the absolute continuity of

the distribution of the random variable ξ̃. The function ϕ(x0, x1, . . . , x6) is continuous
in G and the global maximum of ϕ is unique in G. Hence the condition∑

i : p̃ik �=0

√
p̃ik →

√
7, k → ∞,

is equivalent to p̃ik → 1
7 for all i ∈ B13. Therefore, if ξ̃ is absolutely continuous, then

p̃ikk → 1
7 , k → ∞, for an arbitrary sequence {ik}, ik ∈ Bmk

. In particular,

(13)

{
p̃0k = p̃ψ(000)k = p0(3k−2)p0(3k−1)p0(3k) → 1

7 ,

p̃ψ(001)k = p0(3k−2)p0(3k−1)p1(3k) → 1
7 ,

k → ∞.

It follows from (13) that
p0(3k)

p1(3k)
→ 1 and this is equivalent to p0(3k) → 1

2 as k → ∞. One

can show analogously that p0(3k−1) → 1
2 and p0(3k−2) → 1

2 as k → ∞.

Then p̃0k = p0(3k−2)p0(3k−1)p0(3k) → 1
8 �= 1

7 and this contradicts (13).
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Therefore the random variable ξ cannot have an absolutely continuous distribution
and the statement of the theorem follows, since the distribution of this random variable
is pure. �

5. Topological-metric structure of the distribution

of the random variable ξ

Recall [4] that a singularly continuous distribution is called a distribution of the pure
S-type if its support coincides with a union of intervals and every one of these intervals
belongs to the spectrum. A singularly continuous distribution is called a distribution
of the C-type if the Lebesgue measure of its spectrum is zero. A singularly continuous
distribution is called a distribution of the K-type if its spectrum is a nowhere dense set
of a positive Lebesgue measure.

Theorem 5.1. The continuous random variable ξ (M = 0) is of

– a singular distribution of the S-type if and only if there exists a number k0 ∈ N
such that

(14) a3k−1 − r3k−1 = a3k − r3k = 0 for all k ≥ k0

and the matrix ‖pik‖ contains a finite number of zeros;
– a singular distribution of the C-type if and only if

(15)
∞∑
k=1

[
(a3k−1 − r3k−1)

r3k−3
+

(a3k − r3k)

r3k−3
+ εk

r3k
r3k−3

]
= +∞,

where εk = 1 if there is at least one zero in the columns 3k − 2, 3k− 1, or 3k of
the matrix ‖pik‖, and εk = 0 otherwise;

– a singular distribution of the K-type if and only if series (15) converges and
contains an infinite number of positive terms.

Proof. According to Theorem 4.1, the random variable ξ has a singular distribution in

the continuous case. Since ξ is a random variable with independent Q̃-symbols, we apply
the result of [12] on the topological-metric structure of such random variables; namely,

the distribution of ξ is of the S-type if and only if the corresponding matrix P̃ does
not have an infinite number of columns containing zero elements. This is equivalent to
the combination of condition (14) and the condition that the matrix ‖pik‖ has a finite
number of zeros.

The random variable ξ has a distribution of the C-type if and only if
∞∑
k=1

∑
i : p̃ik=0

qik = +∞

(see [12]).
Let

tk =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 if the elements pi1(3k−2), pi2(3k−1), pi3(3k) are nonzero,

3 if there is only one zero among pi1(3k−2), pi2(3k−1), pi3(3k),

5 if there are exactly two zeros among pi1(3k−2), pi2(3k−1), pi3(3k),

6 if there are three zeros among pi1(3k−2), pi2(3k−1), pi3(3k).

Since ∑
i : p̃ik=0

qik = 4
a3k − r3k
r3k−3

+ 2
a3k−1 − r3k−1

r3k−3
+ tk

r3k
r3k−3

,

the random variable ξ has a distribution of the C-type if and only if condition (15) holds.



48 YA. V. GONCHARENKO, M. V. PRATSYOVYTYĬ, AND G. M. TORBIN

Finally, a random variable with independent symbols in the Q̃-representation has a

distribution of the K-type if and only if the matrix P̃ contains an infinite number of
columns with zero elements and

∞∑
k=1

∑
i : p̃ik=0

qik < +∞

(see [12]). The latter two conditions are equivalent to the combination of the following
two conditions:

(a3k − r3k) + (a3k−1 − r3k−1) + tk
r3k

r3k−3
> 0

for infinitely many indices k and

∞∑
k=1

(a3k−1 − r3k−1) + (a3k − r3k) + tkr3k
r3k−3

< +∞. �

6. Fractal properties of the distribution of the random variable ξ

If the set of incomplete sums of series (2) is of zero Lebesgue measure, then the
fractal measures and dimensions (Hausdorff measure, Hausdorff–Besicovitch dimension,
and their generalizations) are more subtle characteristics of the capacity of the spectrum
of the distribution of the random variable ξ. We recall the definitions of these important
notions.

Let E0 be some fixed subset of a metric space, Φ(E0) be a family of subsets of the
same metric space such that, for an arbitrary subset E ⊂ E0 and for an arbitrary ε > 0,
there exists an at most countable ε-covering {Ej} of the set E with the properties that
Ej ∈ Φ(E0) and |Ej | ≤ ε, where |E| denotes the diameter of the set E. For all subsets
E ⊂ E0 and for all α > 0 and ε > 0, we define the number

mα
ε (E,Φ(E0)) = inf

|Ej |≤ε

{∑
j

|Ej |α
}
,

where the infimum is evaluated over all at most countable ε-coverings of the set E such
that Ej ∈ Φ(E0).

The number

Hα(E,Φ(E0)) = lim
ε→0

mα
ε (E,Φ(E0)) = sup

ε>0
mα

ε (E,Φ(E0))

is called the α-dimensional Hausdorff measure of the set E with respect to a given family
of coverings Φ(E0).

If E0 is the unit interval and Φ(E0) is the family of all subsets of [0, 1], or the family
of all open (closed) subsets of [0, 1], or the family of all subintervals of [0, 1], then we
obtain the same measure, called Hausdorff measure. We denote it by Hα(E).

Definition 6.1. The positive number

α0(E,Φ(E0)) = sup{α : Hα(E,Φ(E0)) = +∞} = inf{α : Hα(E,Φ(E0)) = 0}

is called the Hausdorff–Besicovitch dimension of the set E with respect to a given family
of coverings Φ(E0).

If Φ(E0) is the family of all subsets of the interval [0, 1] or the family of all subinter-
vals of [0, 1], then we simply write α0(E). It is known [17] that, when evaluating the
Hausdorff–Besicovitch dimension of subsets of the unit interval, one can restrict consid-
eration to the case of coverings that include only s-adic intervals.
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The following auxiliary result shows that one can restrict consideration to a suffi-
ciently narrower class of coverings when evaluating the Hausdorff–Besicovitch dimension
of subsets of the set of incomplete sums of a series.

Let An be the family of cylindrical segments of rank 3n, that is,

An = {E : E = ∆α1...α3n
, αi ∈ {0, 1}, i = 1, 2, . . . , 3n}, A =

∞⋃
n=1

An.

Lemma 6.1. Let E be an arbitrary subset of the set ∆′ of incomplete sums. When eval-
uating the Hausdorff–Besicovitch dimension of the set E, one can restrict consideration
to the case of coverings of the family A, that is, α0(E,A) = α0(E).

Proof. The inequality α0(E,A) ≥ α0(E) is obvious, since the evaluation of the premea-
sure mα

ε (E,A) is reduced, generally speaking, to the evaluation of the infimum with
respect to a narrower class of coverings as compared to the evaluation of the premeasure
mα

ε (E).
We prove the converse inequality. Let {Ei} be an arbitrary ε-covering of the set

E ⊂ ∆′ by intervals Ei = (ai, bi), Ei ∩ E �= ∅. For every Ei, there exists a cylindrical
segment ∆ni

≡ ∆α1...α3ni
∈ Ani

such that

1) ∆α1...α3ni
⊂ Ei;

2) every one of the segments Ani−1 does not belong to Ei.
The set Ei∩E belongs to at most 13 cylindrical segments of rank 3ni that are adjacent

with ∆ni
. Thus |∆ni

| < ε and 13|∆ni
|α < 13|Ei|α.

Hence mα
ε (E,A) ≤

∑
i 13|∆ni

|α ≤
∑

i 13|Ei|α for all ε > 0 and α > 0 and for an
arbitrary ε-covering of the set E by intervals Ei. Thus

mα
ε (E,A) ≤ 13 ·mα

ε (E) and Hα(E,A) ≤ 13 ·Hα(E),

whence the inequality α0(E,A) ≤ α0(E) follows. �

The spectrum of a probability distribution describes its properties rather roughly;
however, the spectrum is an adequate characteristic for a narrower class of distributions.
For example, the classical Cantor set is the spectrum of a discretely distributed Bernoulli
convolution (corresponding to the case of ak = 2

3k
and p0k = 1

2k
) and, at the same

time, the spectrum for every member of the continual family of pairwise orthogonal (and
orthogonal to the Lebesgue measure, as well) Bernoulli convolutions ξp generated by the
series with ak = 2

3k
and p0k = p ∈ (0, 1)).

Much more information about the properties of a singular distribution can be obtained
by analyzing fractal properties of all its Borel supports.

The number
dimH(τ ) = inf

E∈Bτ

{α0(E), E ∈ B}

is called the Hausdorff dimension of the distribution of a random variable τ where B is
the Borel σ-algebra of subsets of the real axis and where Bτ is the class of all possible
supports (not necessarily closed) of the random variable τ ; that is,

Bτ = {E : E ∈ B, Pτ (E) = 1}.
If τ is a discrete random variable, then obviously dimH(τ ) = 0. Further, if τ is an

absolutely continuous random variable, then dimH(τ ) = 1. Finally, we have

0 ≤ dimH(τ ) ≤ 1

in the case of a singular random variable τ , and moreover the following general bound
holds:

(16) dimH(ν) ≤ α0(Sν).
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Now we evaluate the Hausdorff dimension of the distribution of the random vari-
able (1). First we recall the following definition.

Let ν be a continuous probability measure on Borel subsets of the unit interval [0, 1],
E0 be a fixed subset of the unit interval, and let Φ(E0) be a family of subintervals of
[0, 1] such that, given a subset E ⊂ E0 and an arbitrary ε > 0, there exists an at most
countable (ν− ε)-covering {Ej} of the set E such that Ej ∈ Φ(E0) and ν(Ej) ≤ ε. Then
the (ν − α)-Hausdorff measure of the subset E is defined as follows:

Hα(E, ν,Φ(E0)) = lim
ε→0

{
inf

ν(Ej)≤ε

∑
j

να(Ej)

}
= lim

ε→0
Hα(E, ν, ε,Φ),

where Ej ∈ Φ(E0) and
⋃

j Ej ⊃ E.

Definition 6.2. The number αν(E,Φ(E0)) = inf{α : Hα(E, ν,Φ(E0)) = 0} is called the
Hausdorff-Billingsley dimension of the set E with respect to a measure ν and a family of
coverings Φ(E0).

If E0 = [0, 1] and ν is Lebesgue measure on [0, 1], then

αν(E,Φ(E0)) = α0(E,Φ(E0)).

Put

hk = −
∑

γk∈Bmk

p̃γkk ln p̃γkk.

If p̃γii = 0, then we agree that p̃γii ln p̃γii = 0.

Theorem 6.1. The Hausdorff dimension of the distribution of the random variable ξ is
equal to

(17) dimH(ξ) = lim
k→∞

h1 + h2 + · · ·+ hk

− ln r3k
.

Proof. Recall that the distributions of the random variables ξ and ξ̃ coincide. One can
restrict consideration to the case of supports that are subsets of the spectrum of ξ when
evaluating the Hausdorff dimension of its distribution.

Let ∆Q̃
n (x) = ∆Q̃

α1(x)α2(x)...αn(x)
be a Q̃-cylindrical segment of rank n containing a

point x of the spectrum Sξ and let µ be the probability measure corresponding to the
distribution of the random variable ξ; that is,

µ(E) = P{ξ ∈ E}
for all E ∈ B, where λ is Lebesgue measure on [0, 1]. Then

µ
(
∆Q̃

n (x)
)
= p̃α1(x)1 · p̃α2(x)2 · · · p̃αn(x)n,

λ
(
∆Q̃

n (x)
)
= qα1(x)1 · qα2(x)2 · · · qαn(x)n = r3n.

Consider the ratio

lnµ
(
∆Q̃

n (x)
)

lnλ
(
∆Q̃

n (x)
) =

∑n
j=1 ln p̃αj(x)j

ln r3n
.

If x = ∆Q̃
α1(x)α2(x)...αn(x)...

is chosen at random according to the probabilities

P(αj(x) = i) = p̃ij

(that is, the distribution of the random variable x is described by the measure µ), then

{ηj} = {ηj(x)} := {ln p̃αj(x)j}



FRACTAL PROPERTIES OF SOME BERNOULLI CONVOLUTIONS 51

is a sequence of independent random variables with the following distributions:

P{ηj = ln p̃ij} = p̃ij , i = 0, . . . ,mj − 1,

E ηj =

mj−1∑
i=0

p̃ij ln p̃ij = −hj , |hj | ≤ ln 7,

E η2j =

mj−1∑
i=0

p̃ij ln
2 p̃ij ≤ c0 < ∞,

where the constant c0 does not depend on j, since the function ϕ(x) = x ln2 x is bounded
in the interval [0, 1]. Thus the Kolmogorov strong law of large numbers implies that

(18) lim
n→∞

(η1 + η2 + · · ·+ ηn)− E(η1 + η2 + · · ·+ ηn)

n
= 0

for µ-almost all points x ∈ [0, 1].
Note that E(η1 + η2 + · · ·+ ηn) = E η1 + E η2 + · · ·+ E ηn = −(h1 + h2 + · · ·+ hn).
Put Hn := h1 + h2 + · · ·+ hn and D = limn→∞

Hn

− ln r3n
. Consider the set

T =

{
x : lim

n→∞

(
η1(x) + η2(x) + · · ·+ ηn(x)

ln r3n
− Hn

− ln r3n

)
= 0

}
=

{
x : lim

n→∞

(η1(x)+η2(x)+···+ηn(x))−M(η1(x)+η2(x)+···+ηn(x))
n

1
n ln r3n

= 0

}
.

Since r3n ≤ 1
7n , the product 1

n ln r3n is separated from zero. Thus µ(T ) = 1, whence
αµ(T,A) = 1.

Consider the following sets:

T1 =

{
x : lim

n→∞

(
η1(x) + η2(x) + · · ·+ ηn(x)

ln r3n
− Hn

− ln r3n

)
= 0

}
,

T2 =

{
x : lim

n→∞

(
η1(x) + η2(x) + · · ·+ ηn(x)

ln r3n

)
≤ lim

n→∞

Hn

− ln r3n

}
=

{
x : lim

n→∞

lnµ(∆Q̃
n (x))

lnλ(∆Q̃
n (x))

≤ lim
n→∞

Hn

− ln r3n

}
,

T3 =

{
x : lim

n→∞

(
η1(x) + η2(x) + · · ·+ ηn(x)

ln r3n

)
≥ lim

n→∞

Hn

− ln r3n

}
=

{
x : lim

n→∞

lnµ(∆Q̃
n (x))

lnλ(∆Q̃
n (x))

≥ lim
n→∞

Hn

− ln r3n

}
.

It is obvious that T ⊂ T1. One can prove that T1 ⊂ T3 and T ⊂ T2 (see, for
example, [14]).

By Theorem 2.1 of [17], αλ(T2,A) ≤ D. Taking into account the inclusion T ⊂ T2,
we obtain

αλ(T,A) ≤ D.

Since

T ⊂ T3 =

{
x : lim

n→∞

lnµ(∆Q̃
n (x))

lnλ(∆Q̃
n (x))

≥ D

}
,

Theorem 2.2 of [17] implies that

αλ(T,A) ≥ D · αµ(T,A) = D · 1 = D.
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Thus αλ(T,A) = D. Since λ is the Lebesgue measure on [0, 1],

α0(T,A) = αλ(T,A) = D.

We have α0(T,A) = α0(T ) by Lemma 6.1. Thus α0(T ) = D.
Now we prove that the set T defined above is the minimal-dimensional support of the

measure µ. Let C be some support of the measure µ, that is, µ(C) = 1. It is clear that
C1 = C ∩ T is also a support of the measure µ and C1 ⊂ C. Thus α0(C1) ≤ α0(C) and
C1 ⊂ T . We prove that α0(C1) = α0(T ).

Since C1 ⊂ T , we get α0(C1) ≤ α0(T ) = D. On the other hand,

C1 ⊂ T ⊂ T3 =

{
x : lim

n→∞

lnµ(∆n(x))

lnλ(∆n(x))
≥ D

}
.

Thus Theorems 2.1 and 2.2 of [17] and Lemma 6.1 imply that

α0(C1) = αλ(C1,A) ≥ D · αµ(C1,A) = D · 1 = D.

Therefore α0(C1) = D = α0(T ). �

Corollary. If ξk are independent identically distributed random variables, then the Haus-
dorff dimension of the distribution of the random variable ξ is equal to

(19) dimH(ξ) = lim
k→∞

h1

− 1
k ln r3k

and, for an arbitrary series (2) satisfying condition (3), we have

(20) dimH(ξ) ≤ 11 ln 2

4 ln 7
≈ 0.97956976.

Proof. If ξk are independent identically distributed random variables, then relation (19)
follows directly from relation (17).

Now we prove inequality (20). Recall that r3n ≤ 1
7n for an arbitrary series satisfying

condition (3), whence − 1
n ln r3n ≥ ln 7.

On the interval (0, 1), consider the following function:

f(x) = x3 lnx3 + 2x2(1− x) ln(x2(1− x)) + x(1− x) ln(x(1− x))

+ 2x(1− x)2 ln(x(1− x)2) + (1− x)3 ln((1− x)3).

One can prove that f(x) has a continuous derivative and

lim
x→0+

f(x) = lim
x→1−

f(x) = 0.

This function attains its maximal value 11
4 ln 2 at the point x = 1

2 .
Let p0k = q ∈ (0, 1) and p1k = p = 1−q. It is not complicated to check that hk = f(q)

in this case, whence hk = h1 ≤ 11
4 ln 2. Thus

dimH(ξ) = lim
k→∞

(
h1 ·

1

− 1
k ln r3k

)
≤ 11

4
ln 2· 1

ln 7
. �

Now we study the fractal properties of the spectrum of the random variable ξ. Let

(21) ĥk =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ln 7 if there is no zero among pi1(3k−2), pi2(3k−1), pi3(3k),

ln 4 if there is exactly one zero among pi1(3k−2), pi2(3k−1), pi3(3k),

ln 2 if there are exactly two zeros among pi1(3k−2), pi2(3k−1), pi3(3k),

0 if there are exactly three zeros among pi1(3k−2), pi2(3k−1), pi3(3k).
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Theorem 6.2. The Hausdorff–Besicovitch dimension of the spectrum of the distribution
of the random variable ξ is given by

α0(Sξ) = lim
k→∞

ĥ1 + ĥ2 + · · ·+ ĥk

− ln r3k
.

Proof. Consider the random variable ξ̂ with independent Q̃-symbols defined in the fol-
lowing way:

‖q̂ik‖ = ‖qik‖;
p̂ik = 0 if pik = 0, and p̂ik = 1

lk
if pik > 0, where lk is the number of nonzero elements in

the column k of the matrix P̃ . It is not hard to check that

(1) if there is no zero among pi1(3k−2), pi2(3k−1), pi3(3k), then lk = 7 and

−
∑
i

p̂ik ln(p̂ik) = ĥk = ln 7,

(2) if there is exactly one zero among pi1(3k−2), pi2(3k−1), pi3(3k), then lk = 4 and

−
∑
i

p̂ik ln(p̂ik) = ĥk = ln 4,

(3) if there are exactly two zeros among pi1(3k−2), pi2(3k−1), pi3(3k), then lk = 2 and

−
∑
i

p̂ik ln(p̂ik) = ĥk = ln 2,

(4) if there are exactly three zeros among pi1(3k−2), pi2(3k−1), pi3(3k), then lk = 1
and

−
∑
i

p̂ik ln(p̂ik) = ĥk = 0.

It is obvious that Sξ̂ = Sξ, since ‖q̂ik‖ = ‖qik‖ and p̂ij = 0 if and only if pij = 0. The

random variable ξ̂ is uniformly distributed in the spectrum Sξ of the random variable ξ.

Hence α0(Sξ) = α0(Sξ̂) = dimH(ξ̂). The random variable ξ̂, generally speaking, is not

a random variable of the form (1), but it has independent Q̃-symbols and moreover the

corresponding matrix Q̃ is the same for ξ and ξ̂.
Thus relation (17) remains true for the evaluation of the Hausdorff dimension of the

distribution of the random variable ξ̂, too. Applying this relation we obtain

α0(Sξ) = dimH(ξ̂) = lim
k→∞

ĥ1 + ĥ2 + · · ·+ ĥk

− ln r3k
. �

Corollary 1. Let ξk be independent random variables and 0 < p0k < 1 for all k ∈ N.
Then the Hausdorff–Besicovitch dimension of the spectrum of the distribution of the
random variable ξ is given by

α0(Sξ) = lim
k→∞

ln 7

− 1
k ln r3k

= lim
k→∞

logr3k 7
−k.

Corollary 2. The Hausdorff–Besicovitch dimension of the set ∆′ of incomplete sums of
series (2) satisfying conditions (3) is given by

α0(∆
′) = lim

k→∞
logr3k 7

−k.

Proof. Let ξk be a sequence of independent identically distributed random variables
assuming the values 0 and 1 with equal probabilities p0k = p1k = 1

2 . Then the spectrum

of the random variable ξ =
∑∞

k=1 ξkak coincides with the set ∆′ of incomplete sums of
series (2). Thus Corollary 2 follows from Corollary 1. �
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