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THE STRUCTURE OF THE STOPPING REGION

IN A LÉVY MODEL

UDC 519.21

A. G. MOROZ AND G. M. SHEVCHENKO

Abstract. The optimal stopping problem in a Lévy model is investigated. We show
that the stopping region is nonempty for a wide class of models and payoff functions.
In the general case, we establish sufficient conditions on the payoff function that
provide nonemptiness of the stopping region. For a zero discounting rate we also
give conditions for the stopping region to have a threshold structure.

1. Introduction

We consider a stochastic process {Xt, t ∈ [0, T ]} with independent increments and
with an initial value X0 ∈ R = (−∞,∞). This process is defined on a probability space
(Ω,F ,P) equipped with the natural filtration Ft = σ{Xs, s ≤ t}. The discounting rate
is constant and equal to q ≥ 0.

The optimal stopping problem for a payoff function g is to maximize the mean dis-
counted payoff

E(g(Xτ )e
−qτ )

in the class MT of all (Ft)-stopping times τ taking values in [0, T ]. In other words, the
problem is to find the cost function

V (T, x) = sup
τ∈MT

Ex(g(Xτ )e
−qτ ),

where Ex denotes the conditional expectation given X0 = x.
A stopping time τ∗ such that

V (T, x) = Ex

(
g(Xτ∗)e−qτ∗

)
is called the optimal stopping time.

According to the general American option pricing theory, the minimum optimal stop-
ping time is given by τ∗ = inf{t : (t,Xt) ∈ G}, where the set

(1) G = {(t, x) ∈ [0, T ]×R | V (T − t, x) ≤ g(x)}
is called the optimal stopping region for an option (see, for example, [1]). The complement
of the set G,

C = {(t, x) ∈ [0, T ]×R | V (T − t, x) > g(x)},
is called the continuation region. Define also the t-section of G as

Gt = {x ∈ R | V (T − t, x) ≤ g(x)}.
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It is clear that

G =
⋃
t<T

{t} ×Gt.

For a numerical construction of an optimal stopping region, it is important to know
apriori that it has certain properties, for example, it is nonempty or has a threshold
structure, i.e., Gt = [c(t),+∞) or Gt = (−∞, c(t)].

The structure of stopping regions is studied in several papers. For example, Vil-
leneuve [1] investigates nonemptiness of the optimal stopping region and its structure
for an American option on several assets in a diffusion model. Lamberton and Mikou [2]
study the behavior of the critical price and that of the stopping region boundary for an
American put option in the exponential Lévy model if the underlying stock pays divi-
dends. It is proved in the paper [3] that the stopping region has a threshold structure
in the reselling problem for a European call option in discrete time. Conditions for the
stopping region of an American option to have the threshold structure are found in [5, 6]
for a discrete time model where the price process is modelled by a homogeneous Markov
process.

We consider the optimal stopping problem in a Lévy model. We find conditions on the
payoff function g implying that the stopping region is nonempty and conditions ensuring
that the region has a threshold structure.

The paper is organized as follows. Section 2 contains some definitions and auxiliary
results concerning Lévy processes. In Section 3, a theorem asserting nonemptiness of
the stopping region for a Lévy process is proved. In Section 4, we find conditions on the
payoff function under which the stopping region has the threshold structure.

2. Notation and auxiliary results

2.1. Setting of the problem and assumptions. Let {Xt, t ∈ [0, T ]} be a homo-
geneous process with independent increments defined on a probability space (Ω,F , P )
equipped with a natural filtration Ft = σ{Xs, s ≤ t}. The Lévy–Itô decomposition for
the process Xt is given by

(2) Xt = X0 + at+ σWt +

∫ t

0

∫
{|x|≤1}

x (μ− λ⊗ ν)(ds, dx)+

∫ t

0

∫
{|x|>1}

xμ(ds, dx),

where λ is Lebesgue measure, μ is Poisson measure on R+ ×R,

μ =
∑
t≥0

δ(t,ΔXt)I{ΔXt �= 0},

δz is Dirac measure, ν is the Lévy measure of the process Xt, and where Wt is a standard
Brownian motion. Let the Lévy measure of the process Xt be such that

(I)
∫
{|x|≥1} e

p|x| ν(dx) < ∞ for all p ≥ 0.

2.2. The optimal stopping problem if the interest rate is zero. Assume that the
discounting rate is zero, that is, q = 0.

For bounded functions f ∈ C2(R), we introduce the operator

(3)

Af(x) = af ′(x) +
σ2

2
f ′′(x) +

∫
|y|≤1

(f(x+ y)− f(x)− yf ′(x)) ν(dy)

+

∫
|y|>1

(f(x+ y)− f(x)) ν(dy),

called the generator of the process X. The action of the operator A for functions of the
space C(R) is understood in the sense of generalized functions.
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Let O ⊂ R. Put

τO = inf{t ≥ 0 | Xt /∈ O}.

Proposition 2.1. Let a function f ∈ C2(R) be bounded and let the set O ⊂ R be open.
Then the following two conditions are equivalent:

1) If X0 ∈ O, then the process {f(Xt∧τO ), t ≥ 0} is a supermartingale.
2) Af(x) ≤ 0 for all x ∈ O.

Proposition 2.2. Let f ∈ C(R) and let the set O ⊂ R be open. Then the following two
conditions are equivalent:

1) If X0 ∈ O, then the process {f(Xt∧τO ), t ≥ 0} is a supermartingale.
2) The distribution Af is a nonnegative measure on O.

In what follows we assume that the payoff function g has a subpolynomial growth,
that is,

(II) g ∈ C(R) and |g(x)| ≤ c(1 + |x|α) for some constants c > 0 and α > 0.

By Mt, we denote the set of stopping times assuming values in [0, t].

Proposition 2.3. The function

V (t, x) = sup
τ∈Mt

Ex(g(Xτ )), (t, x) ∈ [0,∞)×R,

is continuous in [0,∞)×R, and the process {V (T−t,Xt), 0 ≤ t ≤ T} is the Snell envelope
with horizon T for the process {g(Xt), 0 ≤ t ≤ T}, that is,

V (T − t,Xt) = ess sup
τ∈Mt

E(g(Xτ ) | Ft), t ∈ [0, T ].

Proposition 2.4. The function U(t, x) = V (T − t, x) is a unique bounded continuous
function defined in [0, T )×R that satisfies the following conditions:

1) U(T, ·) = g(·);
2) U ≥ g;
3) ∂tU +AU ≤ 0 in (0, T )×R;
4) ∂tU +AU = 0 in the open set {(t, x) ∈ (0, T )×R | U(t, x) > g(x)}.

The latter result is proved in [2] under the extra assumption that g is bounded. The
latter assumption is used in [2] to prove that the expectation E[g(Xτ )−gn(Xτ )] vanishes
asymptotically as n → ∞, where gn(x) = g(x)φn(x), φn(x) = φ(x/n), φ : R → [0, 1] is an
infinitely differentiable finitely supported function which equals 1 throughout in [−1, 1],
and where τ is a bounded stopping time (without loss of generality one can assume that
τ ≤ T ).

Taking into account the growth assumption, |g(x)| ≤ c(1 + |x|α), we get

|E[g(Xt)− gn(Xt)]| = |E[g(Xt)(1− φn(Xt)]|
≤ E[|g(Xt)|I{|Xt| ≥ n}]

≤ cE

((
1 + sup

t≤T
|Xt|α

)
I

{
sup
t≤T

|Xt| ≥ n

})
.

This means that one only needs to prove that E supt≤T |Xt|α < ∞. All the moments
of the process Xt are finite by assumption (I) (see [7]). Now applying an estimate of [4,
Lemma 1], we obtain

E sup
t≤T

|Xt|α ≤ Cα

(
|X0|α + E sup

t≤T
|Xt −X0|α

)
≤ Kα(|X0|α + T ∨ Tα)
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and we are done. Moreover, the latter inequality yields the bound

(4) |V (t, x)| ≤ C(1 + |x|α)
uniformly in t ∈ [0, T ].

2.3. The optimal stopping problem for a nonzero discounting rate. We prove
similar results for the case of q > 0. For g ∈ C(R), introduce the operator

Aqf(x) = af ′(x) +
σ2

2
f ′′(x) +

∫
|y|≤1

(f(x+ y)− f(x)− yf ′(x)) ν(dy)

+

∫
|y|>1

(f(x+ y)− f(x)) ν(dy)− qf(x).

Proposition 2.5. Let a function f ∈ C2(R) be bounded and let a set O ⊂ R be open.
Then the following two conditions are equivalent:

1) if X0 ∈ O, then the process {e−qt∧τOf(Xt∧τO), t ≥ 0} is a supermartingale;
2) Aqf(x) ≤ 0 for all x ∈ O.

Proof. 1) ⇒ 2). Fix x ∈ O. Since the process {e−qt∧τOf(Xt∧τO), t ≥ 0} is a supermartin-
gale,

1

t
Ex[e

−qt∧τOf(Xt∧τO )− f(x)] ≤ 0.

Applying the Itô formula, we conclude that

(5)
1

t
Ex

[∫ t∧τO

0

Aqf(Xs) ds

]
≤ 0.

Since Xt is a right continuous process, we get τO > 0 almost surely. Letting t → 0 in (5),
we prove that Aqf(x) ≤ 0.

2) ⇒ 1). We use the Itô formula for s < t:

E[e−qt∧τOf(Xt∧τO) | Fs] = E

[
e−qs∧τOf(Xs∧τ0) +

∫ t∧τO

s∧τO

e−quAqf(Xu) du

∣∣∣∣ Fs

]

= e−qs∧τOf(Xs∧τ0) +

∫ t∧τO

s∧τO

E[e−quAqf(Xu) | Fs] du

≤ e−qs∧τOf(Xs∧τO),

since Aqf(Xu) ≤ 0 almost surely for u ∈ (s ∧ τO, t ∧ τO). �
The proof of the following results follows the lines of the proof of the corresponding

results for the case of a zero discounting rate.

Proposition 2.6. Let f ∈ C(R) and let a set O ⊂ R be open. Then the following two
conditions are equivalent:

1) if X0 ∈ O, then the process {e−qt∧τOf(Xt∧τU ), t ≥ 0} is a supermartingale;
2) the distribution Aq(f) is a nonnegative measure on O.

Proposition 2.7. The function

Vq(t, x) = sup
τ∈Mt

Ee−qτ (g(Xτ )), (t, x) ∈ [0,∞)×R,

is continuous in [0,∞)×R, and the process

{Vq(T − t,Xt), 0 ≤ t ≤ T}
is the Snell envelope with horizon T for the process e−qt(g(Xt))0≤t≤T , that is,

Vq(T − t,Xt) = ess sup
τ∈Mt

E(e−qτg(Xτ ) | Ft), 0 ≤ t ≤ T.
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Proposition 2.8. The function Uq(t, x) = Vq(T − t, x) is a unique continuous bounded
function defined in [0, T )×R that satisfies the following conditions:

1) Uq(T, ·) = e−qT g;
2) Uq(t, x) ≥ e−qtg(x);
3) ∂tUq +AqUq ≤ 0 in (0, T )×R;
4) ∂tUq +AqUq = 0 in the open set {(t, x) ∈ (0, T )×R | Uq(t, x) > e−qtg(x)}.

3. Nonemptiness of the stopping region for Lévy processes

In this section, we study conditions under which the stopping region defined by (1) is
nonempty.

We assume that the process X and the payoff function g satisfy assumptions (I) and
(II).

For an arbitrary set O, denote by O◦ and O its interior and closure, respectively. The
action of the operator A is understood in the sense of generalized functions.

Theorem 3.1. The operator A is such that

1) Ag ≤ 0 in the set
⋃

t<T G◦
t .

2) Ag ≥ 0 in the set R \
(⋃

t<T Gt

)
.

Proof. 1. Let t ∈ [0, T ) be such that G◦
t is nonempty (if such a number t does not

exist, then the result is obvious). Clearly, the sets Gt increase with respect to t. Thus
(t, T ) × G◦

t ⊂ G, whence U = g in (t, T ) × G◦
t and Ag = ∂U

∂t + AU . Therefore, Ag ≤ 0
in G◦

t by Proposition 2.4.
2. Let Ht =

⋃
t<T G and let Λ = R \ HT . Note that U > g and U(·, x) does not

increase in the open set (0, T ) × Λ. Hence ∂U
∂t ≤ 0, since AU(t, ·) ≥ 0 in (0, T ) × Λ.

This means that 〈U(t, ·), A∗θ〉 = 〈AU(t, ·), θ〉 ≥ 0 for all finitely supported positive
functions θ ∈ C∞(R) vanishing outside Λ. Since U is continuous, U(t, x) → g(x) as
t → T−. Using (I), we easily get that |A∗θ(x)| ≤ Kpe

−p|x| for all p > 0 as θ has a
finite support. On the other hand, |U(t, x)| ≤ C(1 + |x|α) in view of (4). Therefore,
〈U(t, ·), A∗θ〉 → 〈g,A∗θ〉 = 〈Ag, θ〉 as t → T by the dominated convergence theorem.
Thus 〈Ag, θ〉 ≥ 0 for all finitely supported positive functions θ ∈ C∞(R) vanishing
outside Λ. This means that Ag ≥ 0 in Λ. �

In what follows we need the following auxiliary result.

Lemma 3.1. If Ag ≥ 0 (or, if Ag = 0) in R, then the process g(Xt) is a submartingale
(or, a martingale).

Proof. The proof follows directly from the Itô decomposition for the process g(Xt). �
First we state a result for the case of q = 0.

Theorem 3.2. Let q = 0. The stopping region is empty if and only if Ag is a nonzero
nonnegative measure on R.

Proof. a) Necessity. If the stopping region is empty, we have Ag ≥ 0 according to
Theorem 1. Assume that Ag = 0 in R. Then, for all x ∈ R, the process g(Xt) is a
martingale in view of Lemma 3.1. Further, the definition of the Snell envelope and the
theorem on the optimal stopping time imply that U(t, x) = g(x) for all (t, x) ∈ [0,∞)×R.
The latter result contradicts the assumption that G is empty.

b) Sufficiency. Let Ag be a nonzero nonnegative measure in R, let there exist t such
that Gt �= ∅, and let x ∈ Gt. We have U(t, x) = g(x) ≥ E g(Xτ ) for all τ ∈ MT−t.
On the other hand, Lemma 3.1 and the the optimal stopping time theorem imply that
g(x) ≤ E g(Xτ ) for all τ ∈ MT−t as the process g(Xτ ) is a martingale. Since the Snell
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envelope is a minimal supermartingale, we get U(u,Xu) = g(Xu) almost surely. Using
the continuity of U(u, ·) and g, we prove that U(u, y) = g(y) in (0, T − t) × R. Then
Ag ≤ 0 in R by Theorem 3.1, whence Ag = 0 in R, which is a contradiction. The
theorem is proved. �

The following results for nonzero interest rate can be proved similarly.

Theorem 3.3. The operator Aq is such that

1) Aqg ≤ 0 in
⋃

t<T G◦
t ;

2) Aqg ≥ 0 in the set R \
(⋃

t<T Gt

)
.

Theorem 3.4. The stopping region is empty if and only if Aqg is a nonzero positive
measure on R.

It is possible to prove that the stopping region is nonempty for a wide class of processes
and payoff functions. Assume that a payoff function g satisfies assumption (II) and

(i) g ∈ C1(R);
(ii) there exists β ∈ R such that g(x) > xβ for sufficiently large x (the case of β < 0 is

also included);
(iii) limx→∞ sup|a|≤ln x g(x+ a)/g(x) = 1.

The latter two conditions do not restrict essentially the class of functions g. For
example, all the functions g(x) = |x|αL(x), where L(x) is a slowly varying function at
+∞, satisfy these conditions.

We further assume that the process X is such that σ = 0 and ν(R) < ∞ in (2).

Theorem 3.5. The stopping region is nonempty for a Lévy process if its Lévy measure
is symmetric and finite, the process does not contain a Brownian component, and if the
payoff function satisfies conditions (II) and (i)–(iii).

Proof. Let σ = 0 in expansion (2) and let the Lévy measure ν be finite and symmetric.
Then

Ag(x) = ag′(x) +

∫ ∞

−∞
(g(x+ y)− g(x)) ν(dy)− qg(x)

= ag′(x)− q

2
g(x) + E

[
g(x+ ξ)−

(
1 +

q

2ν(R)

)
g(x)

]
,

where ξ is a random variable whose distribution is the same as that of a jump of the
process Xt.

Put d = q/(2ν(R)) > 0. We have

E g(x+ ξ) = E g(x+ ξ)I{|ξ| ≤ lnx}+ E g(x+ ξ)I{|ξ| > lnx}.
Conditions (ii) and (iii) imply that

(6) E g(x+ ξ)I{|ξ| ≤ lnx} ≤ (1 + d/3)g(x)

for sufficiently large x.
Next, condition (I) implies that P(|ξ| > A) ≤ cpe

−pA for all p > 2(α+ β), whence

E |g(x+ ξ)|I{|ξ| > lnx} ≤
(
E(|g(x+ ξ)|)2

)1/2
P(|ξ| > lnx)1/2

≤ cp,α
(
E
(
1 + |x|2α + |ξ|2α

))1/2
e−(p ln x)/2

≤ cp,α
(
1 + |x|α + E

(
|ξ|2α

))1/2
x−p/2 → 0.

Since p > 2(α+ β), we derive from (ii) that

E |g(x+ ξ)|I{|ξ| > lnx} ≤ dg(x)/3
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for sufficiently large x. Combining this bound with (6), we obtain

E
[
g(x+ ξ)− (1 + d)g(x)

]
< 0.

If the stopping region is empty, then

ag′(x)− q

2
g(x) > 0

for all x ≥ x′ and some x′ > 0. Without loss of generality one can assume that g(x′) > 0.
It is clear that a �= 0.

Let a > 0. Then g′(x) ≥ kg(x) for x ≥ x′, where k = a/(2q). The comparison

theorem for ordinary differential equations implies that g(x) ≥ g(x′)ek(x−x′), x ≥ x′,
which contradicts condition (II).

If a < 0, then g′(x) ≤ kg(x) for x > x′, whence g(x) ≤ g(x′)ek(x−x′), which contradicts
condition (i), since k < 0 in this case. �

4. The threshold structure of the stopping region for Lévy processes

if the interest rate is zero

Let the process Xt and the payoff function g(x) satisfy conditions (I)–(II). Assume
that q = 0. We additionally assume that g ∈ C2(R) and |g′(x)| ≤ c(1 + |x|α).

The problem is to find conditions on g under which the region Gt has the threshold
structure. In other words, we want to find conditions under which

Gt = [c(t),+∞) or Gt = (−∞, c(t)].

The first of these equalities is equivalent to the condition that, for all x ∈ Gt and y > x,
we have y ∈ Gt or

(7) ∀τ ≥ t : E[g(Xτ ) | X0 = x] ≤ g(x) =⇒ E[g(Xτ ) | X0 = y] ≤ g(y).

Theorem 4.1. Assume that one of the following conditions holds.

(i) The jumps of the process Xt are bounded from below.
(ii) The measure ν is symmetric.

Then

1) if the payoff function g is such that g′′(x) ≤ 0 for all x ∈ R and if g′′(x) is nonin-
creasing in x, then

Gt = [c(t),∞);

2) if the payoff function g is such that g′′(x) ≥ 0 for all x ∈ R and if g′′(x) is nonde-
creasing in x, then

Gt = (−∞, c(t)].

Proof. 1. Without loss of generality one can assume that t = 0. Consider the function

γ(x) = E[g(Xτ )− g(X0) | X0 = x].

Since the function γ(x) is nonincreasing, condition (7) holds. Applying the Itô formula,

(8)

γ(x) = E[g(Xτ )− g(X0) | X0 = x]

= E

[∫ τ

0

Ag(Xy) dy + σ

∫ τ

0

g′(Xy) dWy

+

∫ t

s

∫
R

(g(Xy− + z)− g(Xy−))ν̃(dy, dz)
∣∣∣ X0 = x

]

= E

[ ∫ τ

0

Ag(Xy) dy
∣∣∣ X0 = x

]
.
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Since

(9)

Ag(x) = ag′(x) +
σ2

2
g′′(x) +

∫
|y|≤1

(g(x+ y)− g(x)− yg′(x)) ν(dy)

+

∫
|y|>1

(g(x+ y)− g(x)) ν(dy),

it is sufficient to show that the last two terms in (9) are nonincreasing under the assump-
tions of the theorem.

(i) Suppose the jumps of the process Xt are bounded from below. Without loss of
generality one can assume that ΔX ≥ −1. Otherwise, one makes the change x = x/c
and obtains

g(·) = g(c ·).
The Taylor formula with remainder written in the integral form implies that

g(x+ y)− g(x)− yg′(x) =

∫ x+y

x

g′′(t)(x+ y − t) dt =

∫ y

0

g′′(t+ x)(y − t) dt,

g(x+ y)− g(x) =

∫ x+y

x

g′(t) dt =

∫ y

0

g′(t+ x) dt.

Thus the last two terms in (8) are nonincreasing in x, since g′′(x) ≤ 0 and g′′(x) is
nonincreasing by the assumption of the theorem.

(ii) Now let the measure ν be symmetric. If ΔX < −1, we rewrite the last term in (9)
as ∫

|y|>1

(g(x+ y)− g(x)) ν(dy) =

∫ −1

−∞

∫ y

0

g′(t+ x) dt ν(dy)

= −
∫ 1

∞

∫ −z

0

g′(t+ x) dt ν(dz)

= −
∫ ∞

1

∫ 0

−z

g′(t+ x) dt ν(dz)

= −
∫ ∞

1

∫ z

0

g′(t+ x) dt ν(dz).

Then ∫
|y|≤1

(g(x+ y)− g(x)− yg′(x)) ν(dy) +

∫
|y|>1

(g(x+ y)− g(x)) ν(dy)

=

∫ ∞

1

∫ z

0

(g′(t+ x)− g′(t+ x− z)) dt ν(dz)

=

∫ 0

−z

(g′′(t+ x)− g′(s+ t+ x)) ds.

Thus the last two terms in (9) are nonincreasing in x, since g′′(x) ≤ 0 and g′′(x) is
nonincreasing by the assumption of the theorem.

2. The proof is analogous to the preceding one. The difference is that one needs to
use condition (7) for all y < x and x ∈ Gt. Note that this condition holds, since the
terms in (9) are nondecreasing. �

Example 4.1. Let assumption (II) hold and let the price process

Xt = X0 + at+

∫ t

0

∫
{|x|≤1}

x (μ− λ⊗ ν)(ds, dx) +

∫ t

0

∫
{|x|>1}

xμ(ds, dx)
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be a Lévy process without Brownian component. We also assume that the Lévy measure ν
is finite and symmetric. Let the payoff function be as follows:

g(x) =

{
k + (x+ 1)2, x ≥ 0,

k − 3 + 8(2− x)−1, x < 0,

where k ∈ R. Then the stopping region has the threshold structure.
Indeed, conditions (I) hold for the function g(x). Theorem 3.4 implies that the stop-

ping region is nonempty. Moreover, g′′(x) ≥ 0 and g′′(x) is nondecreasing for all x ∈ R,
thus the stopping region is of the form Gt = (−∞, c(t)] by Theorem 4.1.

5. Concluding remarks

We consider the problem of optimal stopping for an American type contingent claim
which runs for perpetuity in the Lévy model. We study the conditions under which
the payoff region is nonempty for the case of zero interest rate, or if the interest rate is
constant, or if the payoff region is of the threshold structure and if the interest rate is
zero.

Bibliography

1. S. Villeneuve, Exercise regions of American options on several assets, Finance Stoch. 3 (1999),
no. 3, 295–322.

2. D. Lamberton and M. Mikou, The critical price for the American put in an exponential Lévy
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