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LARGE DEVIATIONS PROBLEM FOR RANDOM

EVOLUTION PROCESSES

UDC 519.21

V. S. KOROLIUK AND I. V. SAMOILENKO

Abstract. This is a short survey of the joint author results concerning the large
deviations problem for some stochastic processes of random evolution published in
the papers [5]–[20].

1. Introduction

This is a short survey of the joint author results concerning the large deviations
problem for some stochastic processes of random evolution published in the papers [5]–
[20].

The large deviations problem is often applied to estimate exponentially small proba-
bilities and is a part of the theory of limit theorems for stochastic processes.

We distinguish between the following four types of limit theorems.

I: Averaging or law of large numbers.
II: Diffusion approximation or central limit theorem.
III: Poisson approximation (for semimartingales).
IV: Large deviations or asymptotically small probabilities.

Let L be the generator of a Markov process η(t), t ≥ 0, defined on a standard phase
space (E, E), that is, E is a Polish space and E is its Borel σ-algebra. Assume that the
domain D(L) of the generator L is dense in BE and contains functions with continuous
derivatives. Here, BE denotes the Banach space of real-valued finite test functions

ϕ(u) ∈ E

equipped with the norm

‖ϕ‖ := sup
u∈E

|ϕ(u)|.

Limit theorems for Markov processes are based on the martingale characterization of
the process η(t), t ≥ 0:

μ(t) := ϕ(η(t))− ϕ(η(0))−
∫ t

0

Lϕ(η(s)) ds,
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where μ(t) is a martingale, and

Lϕ(u) := lim
Δ→0

1

Δ
E[ϕ(u+Δη(t))− ϕ(u) | η(t) = u],

Δη(t) := η(t+Δ)− η(t)

(more detail is given, for example, in [1]).
Similarly, the large deviations problem for Markov processes is based on the exponen-

tial martingale characterization of the process η(t), t ≥ 0:

(1) μe(t) := exp

{
ϕ(η(t))− ϕ(η(0))−

∫ t

0

Hϕ(η(s)) ds

}
,

where μe(t) is a martingale, and

(2) Hϕ(u) := e−ϕ(u)Leϕ(u), eϕ(x) ∈ D(L),

(see [2] and [3, Chapter 1]).

2. Large deviations problem for Markov processes

The large deviations problem for Markov processes can be solved by using a limit
theorem for the exponential generator (2) (the reader may consult the monograph [3]
concerning appropriate sufficient conditions and methods used in the framework of this
approach). The latter limit theorem states that there exists an operator H such that

(3) Hεϕ(u) := e−ϕ(u)/εεLεeϕ(u)/ε → Hϕ(u), ε → 0.

Limit theorem (3) is related to the asymptotic behavior of the nonlinear semigroup as
ε → 0:

Hε
t ϕ(u) := ε lnE

[
eϕ(η

ε(t))/ε
∣∣ ηε(0) = u

]
.

Remark 2.1. The relationship between the limit theorem (3) for the exponential generator
and large deviations problem is not trivial. Namely, the method of solution of the large
deviations problem for a normalized Markov process ηε(t), t ≥ 0, for the convergence as
ε → 0+ is reduced to verifying the large deviations principle. The latter principle holds
if there exists a lower semicontinuous function I : E → [0,∞) such that

lim inf
ε→0

ε lnP{ηε(t) ∈ A} ≥ − inf
u∈A

I(u)

for an arbitrary open set A, and

lim sup
ε→0

ε lnP{ηε(t) ∈ B} ≤ − inf
u∈B

I(u)

for an arbitrary closed set B. Then I is called the rate functional for the large deviations
principle.

The solution of the large deviations problem for Markov processes presented in the
monograph [3, Chapter 2] consists of the following four steps:

Step 1. Verify the convergence of the exponential (nonlinear) generator Hε to the limit
exponential (nonlinear) generator H.

Step 2. Verify the exponential compactness of the prelimit Markov process.

Note that the convergence of the semigroups corresponding to Hε together with the
exponential compactness of the prelimit Markov process implies the large deviations
principle in the space DE [0,∞).

Step 3. Verify the comparison principle for the limit exponential generator which implies
that the semigroups related to the prelimit generator Hε converge to a unique
semigroup corresponding to the limit generator H.
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Step 4. Construct the variational representation for the limit exponential generator which
yields an explicit expression for the rate functional.

Steps 2–4 are demonstrated in the monograph [3] under rather general conditions
imposed on the exponential generators corresponding to stochastic processes with inde-
pendent increments; the latter class of processes is studied in detail in the papers [5]–
[20]. Namely, the exponential compactness of stochastic processes with independent
increments is considered in Examples 1.5 and 4.23 and in Sections 10.1.2 and 10.3.2
of [3], while the comparison principle for the corresponding limit exponential generator
is considered in Section 10.1.3 by using Lemma 9.15 (see [3]). Finally, the variational
representation for the limit exponential generator is obtained in Sections 10.1.5 by using
Theorem 8.14 [3]. The methods used in the monograph [3] and briefly mentioned above
are applied for both the Lévy approximation and the scheme of small diffusion described
below.

Therefore, our aim is to check the convergence of the exponential (nonlinear) generator
as described in Step 1 above.

Remark 2.2. Some other approaches to the problems above can be found in the classical
monograph [4], where the large deviations problem is solved by using the cumulant of a
stochastic process with independent increments.

3. Limit theorems for the exponential generator (3)

We start with the simplest example of Markov processes.

3.1. Asymptotically small diffusion. Let

ηε(t) =
√
εσw(t),

where w(t) is a Wiener process. Here,

Lεϕ(u) = ε
σ2

2
ϕ′′(u), Hεϕ(u) = Hϕ(u) +Rεϕ(u), Rεϕ(u) → 0, ε → 0,

Hϕ(u) =
σ2

2
[ϕ′(u)]2.

3.2. Stochastic processes with independent increments. Let

Lεϕ(u) = ε−3

∫
R

[ϕ(u+ ε2v)− ϕ(u)]L(dv)

and assume the balance condition
∫
R
vL(dv) = 0. Here,

Hεϕ(u) = Hϕ(u) +Rεϕ(u), Rεϕ(u) → 0, ε → 0,

Hϕ(u) =
σ2

2
[ϕ′(u)]2, σ2 :=

∫
R

v2L(dv).

3.3. The scheme of the Poisson approximation [13]–[20]. Let

Γε
δϕ(u) = ε−2

∫
R

[ϕ(u+ εv)− ϕ(u)] Γδ(dv),

Γε
δϕ(u) = Γϕ(u) +Rε,δϕ(u), Rε,δ → 0, ε, δ → 0, ε−1δ → 1,

Γϕ(u) = bϕ′(u) +

∫
R

[ϕ(u+ v)− ϕ(u)− vϕ′(u)] Γ0(dv),

where the measure Γ0(·) is constructed from the measure Γδ(·) as follows:

Γδ
g =

∫
R

g(v) Γδ(dv) = δ
[
Γg + θεg

]
, Γg =

∫
R

g(v) Γ0(dv).
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Then

Hε,δϕ(u) = Hϕ(u) + θε,δϕ(u), θε,δ → 0, ε, δ → 0, ε−1δ → 1,

Hϕ(u) = bϕ′(u) +

∫
R

[
evϕ

′(u) − 1
]
Γ0(dv).

4. The large deviations problem for random evolution processes

In what follows we study random evolutions in the Euclidean space, that is, η(t;x) ∈ R
(the generalization to the case of Rd is rather trivial) driven by a stationary Markov
process in a general Banach space, æ(t) ∈ E.

4.1. Random evolution process in a Markov random environment. The envi-
ronment is described by a stationary Markov process æ(t), t ≥ 0, defined on a measurable
phase space (E, E). The process itself is described by its generator

Qϕ(·, x) = q

∫
E

[ϕ(y)− ϕ(x)]P (x, dy), x ∈ E.

The two component Markov process η(t;x), æ(t), t ≥ 0, is described by the generator

Lϕ(u, x) = [Q+ Γ(x)]ϕ(u, x),

where Γ(x), x ∈ E, defines the associated Markov process η(t), t ≥ 0:

(4) Γ(x)ϕ(u, ·) =
∫
R

[ϕ(u+ v)− ϕ(u)]Γ(dv;x), x ∈ E.

4.2. The large deviations problem for a random evolution process. We consider
the problem for the series scheme with a small parameter ε → 0 that normalizes the
random evolution process ηε(t;x), æε(t), t ≥ 0. The problem is stated for the generator

Lεϕ(u, x) = [Qε + Γε(x)]ϕ(u, x).

Under the additional conditions introduced in Section 2 when discussing Steps 2–4,
the large deviations problem for a random evolution process is reduced to the asymptotic
analysis of the normalized exponential generator:

(5) Hεϕε(u, x) = e−ϕε/εεLεeϕ
ε/ε, ε → 0.

Below we consider only two possible cases of the large deviations problem for a random
evolution process.

4.2.1. The scheme of asymptotically small diffusion [5]–[12], [14]. A random evolution
process in the series scheme is determined by its normalized generator

Lεϕ(u, x) =
[
ε−3Q+ Γε(x)

]
ϕ(u, x),

Γεϕ(u) = ε−3

∫
R

[
ϕ
(
u+ ε2v

)
− ϕ(u)

]
Γ(dv;x), x ∈ E.(6)

If the balance condition
∫
R
v Γ(dv;x) ≡ 0, x ∈ E, holds, then one obtains the asymp-

totic representation

Γεϕ(u) = εB(x)ϕ(u) + εRεϕ(u), Rε → 0, ε → 0,

B(x)ϕ(u) :=
σ2(x)

2
ϕ′′(u), σ2(x) :=

∫
R

v2 Γ(dv;x).

Thus, we face the problem of singular perturbation for the operator

(7) Lε
0ϕ(u, x) =

[
ε−3Q+ εB(x)

]
ϕ(u, x)
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and the main question is on how to reduce the linear problem of singular perturbation (7)
to the problem of the asymptotic analysis of the nonlinear exponential generator (5)?
The solution of the singular perturbation problem for the operator

Hε
0ϕ

ε(u, x) = e−ϕε(u)/εεLε
0e

ϕε(u)/ε

is realized at perturbed test functions

ϕε(u, x) = ϕ(u) + ε ln[1 + εϕ1(u, x)].

The following asymptotic representation

Hε
0ϕ

ε(u, x) = Qϕ1(u, x) + B̃(x)ϕ(u) + Rε(x)ϕ(u), Rε → 0, ε → 0,(8)

B̃(x)ϕ(u) :=
1

2
σ2(x)[ϕ′(u)]2, σ2(x) :=

∫
R

v2 Γ(dv, x)

is the main result (see [5]).
The solution of the problem of singular perturbation for (8) determines the limit

exponential generator

Ĥϕ(u) =
1

2
σ̂2[ϕ′(u)]2, σ̂2 :=

∫
E

π(dx)σ2(x).

4.2.2. The scheme of the Poisson approximation [13]–[17], [20]. The approach used to
solve the large deviations problem in the scheme of the Poisson approximation as well as
in the scheme of split and double merging differs from the classical approach (see [3, 4])
and from the methods proposed in [5]–[14]. Some further details can be found in [15]–[20].

The large deviations problem in the series scheme is determined by the normalized
generator:

Lε
δϕ(u, x) =

[
ε−3Q+ Γε

δ(x)
]
ϕ(u, x),

Γε
δ(x)ϕ(u) = ε−2

∫
R

[ϕ(u+ εv)− ϕ(u)] Γδ(dv;x), x ∈ E.

The conditions for the Poisson approximation are as follows:

P1: bδ(x) :=

∫
R

v Γδ(dv;x) = δ[b(x) + θb(x)],

P2: cδ(x) :=

∫
R

v2 Γδ(dv;x) = δ[c(x) + θc(x)],

P3: Γδ
g(x) :=

∫
R

g(v) Γδ(dv;x) = δ[Γg(x) + θΓ(x)].

The problem of singular perturbation for the nonlinear operator

Hε,δ
Γ ϕε

δ(u, x) = e−ϕε
δ(u)/εεLε

δe
ϕε

δ(u)/ε, ε, δ → 0, ε−1δ → 1,

is considered at perturbed test functions

ϕε
δ(u, x) = ϕ(u) + ε ln[1 + δϕ1(u, x)].

The following asymptotic representation is the main result of [16]:

(9) Hε,δ
Γ ϕε

δ(u, x) = Qϕ1(u, x) +HΓ(x)ϕ(u) + θε,δΓ (x)ϕ(u),

where

(10) HΓ(x)ϕ(u) = b(x)ϕ′(u) +

∫
R

[
evϕ

′(u) − 1
]
Γ0(dv;x), x ∈ E,

(cf. Section 3.3).
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The solution of the problem of singular perturbation for (9)–(10) determines the limit
exponential generator

Ĥϕ(u) = b̂ϕ′(u) +

∫
R

[
evϕ

′(u) − 1
]
Γ̂0(dv),(11)

b̂ :=

∫
E

π(dx)b(x), Γ̂0(dv) :=

∫
E

π(dx) Γ0(dv;x).

The limit exponential generator (11) contains the jump part defined by the measure

of intensity of jumps Γ̂0(dv).

5. Large deviations problem in the scheme of split and double merging

Consider a switching Markov process æε(t), t ≥ 0, defined on a standard phase space
(E, E) in the series scheme with a small parameter ε → 0, ε > 0, where

E =

N⋃
k=1

Ek, Ek ∩ Ek′ = ∅, k �= k′.

Here, the Markov kernel is given by

Qε(x,B, t) = P ε(x,B)
[
1− e−q(x)t

]
, x ∈ E, B ∈ E , t ≥ 0.

The operator Qε admits the following representation

Qε = Q+ εQ1, Q1(x) = q(x)

∫
E

P1(x, dy)ϕ(y).

5.1. Large deviations problem under the condition of local balance ΛB ([14]).
The random evolution process is studied under the condition

ΛB: b(u;x) :=

∫
R

v Γ(u, dv;x) ≡ 0

with the following normalization

ξε(t) = ε2ξ
(
t/ε3

)
, æε

t := æε
(
t/ε3

)
.

The corresponding generator is of the form

Lε
Λϕ(u, x) =

[
ε−3Q+ ε−2Q1 + Γε(x)

]
ϕ(u, x),

Γε(x)ϕ(u) = ε−3

∫
R

[
ϕ
(
u+ ε2v

)
− ϕ(u)

]
Γ(u, dv;x).

The generator admits the following asymptotic representation

Lε
Λϕ(u, x) =

[
ε−3Q+ ε−2Q1 + εB(x)

]
ϕ(u, x) + εδε(u, x)ϕ(u, x).

Here,

B(x)ϕ(u) =
1

2
B(u;x)ϕ′′(u), B(u;x) =

∫
R

v2 Γ(u, dv;x).

The exponential generator of the random evolution process is determined by the rela-
tion

Hϕ(u) =
1

2
̂̂
B(u)[ϕ′(u)]2,

̂̂
B(u) =

N∑
k=1

π̂k

∫
Ek

πk(dx)B(u;x), B(u;x) =

∫
R

v2 Γ(u, dv;x),

provided condition ΛB holds.
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5.2. Large deviations problem under the condition of total balance TB ([14]).
Let the condition of total balance hold, namely

TB: for 1 ≤ k ≤ N ,

b(u;x) =

∫
R

vΓ(u, dv;x) �≡ 0,
N∑

k=1

π̂kb̂k(u) = 0, b̂k(u) =

∫
Ek

πk(dx)b(u;x).

We introduce the following normalization for the random evolution process:

ξε(t) = ε2ξ
(
t/ε3

)
, æε

t := æε
(
t/ε4

)
.

The corresponding generator is of the form

Lε
Tϕ(u, x) =

[
ε−4Q+ ε−3Q1 + Γε(x)

]
ϕ(u, x),

where

Γε(x)ϕ(u) = ε−3

∫
R

[
ϕ
(
u+ ε2v

)
− ϕ(u)

]
Γ(u, dv;x).

The generator admits the following asymptotic representation

Lε
Tϕ(u, x) =

[
ε−4Q+ ε−3Q1 + ε−1Γ(x) + εB(x)

]
ϕ(u, x) + εδε(u, x)ϕ(u, x).

Here,

Γ(x)ϕ(u) := b(u;x)ϕ′(u).

If condition TB holds, then the exponential generator of the random evolution process
is determined by the following relation:

Hϕ(u) =
1

2
̂̂
BT (u)[ϕ

′(u)]2,
̂̂
BT (u) =

̂̂
B(u) +

̂̂
B0(u).

Here,

̂̂
B(u) :=

N∑
k=1

π̂k

∫
Ek

πk(dx)B(u;x), B(u;x) =

∫
R

v2 Γ(u, dv;x),

̂̂
B0(u) := Π̂b̂(u, x̂)R̂0b̂(u, x̂)Π̂ =

N∑
k,l=1

π̂kb̂kR̂
0
klb̂l.

6. Concluding remarks

We have studied the nonlinear exponential generators for the following classes of sto-
chastic processes.

1. Markov random evolutions with locally independent increments in the scheme of
a small diffusion.

2. Markov random evolutions with independent increments in the scheme of an
asymptotically small diffusion in the phase space with split and double merging.

3. Dynamic random evolutions in the scheme of an asymptotically small diffusion.
4. Random evolutions with independent increments in the scheme of Lévy approx-

imation.
5. Impulse processes in the scheme of Lévy approximation.
6. Random evolutions with independent increments in the scheme of Lévy approx-

imation in a phase space with split and double merging.
7. Impulse processes in the scheme of Lévy approximation in a phase space with

split and double merging.
8. Impulse storage processes on a phase space with merging.
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imation, Teor. Ĭmovir. Mat. Stat. no. 88 (2014), 135–143; English transl. in Theory Probab.
Math. Statist. 88 (2015), 151–160. MR3112641

18. I. V. Samoilenko and Yu. V. Shusharin, Large deviations for a random evolution with indepen-
dent increments in the scheme of the Poisson approximation with split and double merging,
Zh. Obchysl. Prykl. Mat. 117 (2014), no. 3, 76–86. (Ukrainian) MR3353628

19. I. V. Samoilenko, Large deviations for random evolutions with independent increments in the
scheme of Lévy approximation with split and double merging, Random Oper. Stoch. Equ. 23
(2015), no. 2, 137–149. MR3353628

20. I. V. Samoilenko, Large deviations for random evolutions with independent increments in a
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