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WEAK CONVERGENCE OF INTEGRAL FUNCTIONALS
CONSTRUCTED FROM SOLUTIONS OF ITO’S STOCHASTIC
DIFFERENTIAL EQUATIONS WITH NON-REGULAR DEPENDENCE

ON A PARAMETER
UDC 519.21

G. L. KULINICH, S. V. KUSHNIRENKO, AND YU. S. MISHURA

ABSTRACT. The weak convergence of the functionals fg gr (€7 (8)) dWr(s), t > 0,
is studied as T — oo, where &7 (t) is a strong solution of the stochastic differential
equation dér(t) = ar(ér(t))dt + dWr(t) and T > 0 is a parameter. Here ar(z),
z € R, are some real-valued measurable functions such that |ap(z)| < Cp for all z,
Wr(t) are standard Wiener processes, and gr(z) are real-valued measurable locally
bounded non-random functions. The explicit form of the limit processes is found in
the case where both gr(z) and ar(z) depend on the parameter in a non-regular way.

1. INTRODUCTION

Consider the It6 stochastic differential equation
(1) dér(t) = ar (r(t)) dt +dWr(t),  t >0, &r(0) = o,
where T > 0 is a parameter; ar(z), x € R, are real-valued functions such that |ar(x)| <
Ly for some constants Ly > 0 and all z € R; and Wr = {Wp(¢),¢t > 0} is a family of
standard Wiener processes defined on a complete probability space (€2, F, P).

It is known [I4] that equation ([I]) has a strong and pathwise unique solution &r =
{&r(t),t > 0} whatever parameter T' and initial value xy are. Moreover, this solution is

a homogeneous Markov process.
We study the weak convergence as T — oo of the functionals

/O g1 (6(5)) dWr(s),

where gr(x) are measurable locally bounded non-random functions; the processes &1 and
Wr are related to each other via equation (). The case where the functions ar(z) and
gr(z) depend on the parameter T in a non-regular way is also considered. This means
that ap and gr may not have limits as 7' — oo, or they may have infinite limits, or they
may have a degeneracy of a different type.

The limit distributions as T" — oo of functionals

BV (1) = /O ar(€r(s)) ds

of solutions &7 (t) of equation (Il) are studied in the papers [3l4] for the case of ar(x) =
VTa (x\/T), where a(z) is a function, absolutely integrable in the whole axis and such
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/00 a(z)de = A

— 00

that

(ar(z) is a family of functions being similar at the point z = 0 to the § function with
the weight A).

The convergence in probability of ﬁg ) (t) to zero as T — oo is obtained in the paper [3]
for every ¢t > 0if A = 0. If A # 0, the convergence of distributions of functionals ﬂ(Tl ) (t) to
the distribution of a certain functional (V) (t) constructed from a solution ¢(t) of the Ito
stochastic differential equation d¢(t) = 5 ({(t)) dW (t) follows from the paper [], where
the function & is such that &(z) = oy for z > 0, 5(z) = 03 for <0, 0; = e~ 2,

Al_/ooo a(z) dx, Ag_/ooo a(x) dz.

In addition, the explicit form of the transient density is obtained in [4] for the Markov
process ((t). Moreover, it follows from [5] that

¢ t_
5<l><t>—2[/0 b(w) du / b(<<s>)dc<s)], 20 =0,

where b(z) = Aoy ? for x > 0 and b(z) = A\go, ? for x < 0. In particular, 3 (t) = 0
for \; = A\g and B (t) = 2coL¢(t, 0) for Agoy 2 = —A\j0y 2 = ¢, where L¢(t, 0) is the
local time of the process ((¢) at the point 0 in the interval [0,¢]. It also follows from the
results of [5] that the distributions of the functional

@(1) = / V0ar Er(s)] dWr(s)

converge as T' — oo to those of the process W* (B(l)(t)), where () and Wy (t) are
related to each other via equation () with o = 0, W*(t) a Wiener process, and W*(t)
and B (t) independent. This means that a new process W*(t) is involved in the de-
scription of limit distributions, and this process is independent of the solution &r(t).
Analogous limit distributions of the Wiener process ((t) = W (t) are obtained in the
monograph [13] Chapter 5, §5] for additive functionals constructed from a random walk.

The current paper is a generalization of [§] and [9], where the weak convergence of such
types of functionals of the solution &7 is studied for equation () in the case of a special
type of dependence of the shift parameter ar(xz) = VT a(m\/T ) on the parameter T.
The weak convergence as T — oo is studied in [7] by using the probabilistic method for

the following functionals of a solution &r of equation () (the equation belongs to the
class K(Gr)):

(1) = / or(er(s)ds, A1) = / g7 (x(5)) dWr(s),

Ir(t) = FPr(&r(t)) +/0 g1 (&r(s)) dWr(s), Br(t) = /o gr(&r(s)) dér(s),

where the processes &r and Wy are related to each other via equation (), gr(z) is a
family of measurable locally bounded real-valued functions, and Fr(z) are real-valued
continuous functions. Our results hold for wider classes of convergent functionals B(TQ ) (t)
(TheoremsBIland B2)). Sufficient conditions for ngl ) (t) to weakly converge to the Wiener
process are also studied here (Theorem [33]). A detailed survey of known results in this
direction is given in the paper [8].
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The paper is organized as follows. Section 2] contains the basic definitions and some
remarks. Statements of the main results are given in Section Bl Section [ is devoted to
the proof of the main results. Some auxiliary results are placed in Section Bl Section
complements the main results with a number of examples.

2. BASIC DEFINITIONS AND SOME REMARKS

Throughout the paper, C, N, and Cy denote some constants that do not depend
on T. We also use the notation

) Fr(z) = /O exp{—Q/Ou aT(U)dw} du.

Definition 2.1. We say that equation (Il belongs to the class K (Gr) if

(1) there exists a family of continuous functions Gr(x), € R, that have continuous
derivatives G/-(z) and almost everywhere (with respect to Lebesgue measure) have locally
integrable second derivatives G7.(x) such that

(A1) |Gre)ar() + 5 G @] + Gr@)’ <C[141G2@I]. [l <C

for all T > 0, x € R, and some constant C' > 0;
(2) there exist constants C' > 0 and o > 0 such that |Gr(x)| > Clz|* for all z € R;
(3) there exist a bounded function 1 (z), x > 0, and a constant m > 0 such that
¥ (z) = 0 as x — 0; and

2) [ r ([T o) au < o) 1+ el
0 0 fr ()

for an arbitrary measurable bounded set B, where xp(v) and A(B) denote the indicator

and Lebesgue measure of a set B, respectively, and f7.(x) is the derivative of the function

fr(x) defined by equality (2I).
In what follows we assume that, for some locally bounded functions gr(z),

“ qr(v)
o Jr()

for an arbitrary constant N > 0.

dv‘—O

Definition 2.2. We say that the family of processes (v = {{r(¢),t > 0} weakly converges
as T' — oo to the process ¢ = {((t),t > 0} if, for an arbitrary L > 0, the measures [0, L]
generated by the processes (r(-) in the interval [0, L] weakly converge to the measure
1[0, L] generated by the process ((-) in the interval [0, L].

Remark 2.1. If the processes (r and ( are continuous with probability one, then Def-
inition 2.2 is, in fact, the definition of the weak convergence of the processes (r as
T — oo to the process ¢ in the uniform topology of the space of continuous functions
(see [2, Chapter IX, §1]).

Remark 2.2. We often use the Ité formula for the process ®(&r(¢)), where &r is a so-
lution of equation (), and the function ®(x) has the continuous derivative ®'(x) and
almost everywhere (with respect to the Lebesgue measure) locally integrable second de-
rivative ®”(x). It follows from the results of [10] that

D (&r(t)) :@(x0)+/0 {@’(gT(s))aT(gT(s)) +%<I>”(£T(s))} ds—i—/o ' (&r(s)) dWr(s)

with probability one for all ¢ > 0 (this is a version of the It6 formula we use below).
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Remark 2.3. If &1 is a solution of equation (Il) and assumption (1) of Definition 2]
holds for the family of functions Gr(x), then the processes (7 (t) = Gr(&r(t)) are weakly
compact (this is shown in the paper [6]). We use the Ité formula

(3) ¢r(t) = Gr(xo) +/0 {G/T(gT(S))aT(fT(S)) + %G% (&r(s))| ds +nr(t),

nr(t) = / Gl (€x(s)) AW (s)

to prove the weak compactness. Following the standard argument (see [T, Chapter 2, §6,
Theorem 4]), we obtain the inequalities

(4) E sup |¢r(t)|" < Cy, El¢r(t2) — Cr(ta)]* < Clta — t1]?
0<t<L

for all £ > 0 and some constants C, and C. These inequalities imply the convergence

lim lim sup P{|¢r(t)] > N} =0,
L

N—o00T—o0 <<

lim lim sup P{l¢r(tz) — Cr(t1)] > e} =0
h=0T=00 |t —ta|<h;t;<L

(5)

for all constants L > 0 and £ > 0. It is also shown in the paper [6] that inequalities ()
and convergence () hold for the processes nr(t), as well. It is clear that inequalities (@)
and convergence () hold for the processes Wy, as well.

Remark 2.4. Let {1 be a solution of equation () of the class K (Gr) and let Gr(x0) — yo
as T — oo. Assume that there exist measurable and locally bounded functions ag(z)
and og(x) such that

(A4) (1) condition (As) holds for the functions

1
dr)(2) = Gp(x) ar(2) + 5 G7 () = ag (Gr(@)),
¢ (@) = [Gr (@) - of (Gr(x);
(2) a unique weak solution ({(¢), /V[7(t)) exists for the It stochastic differential

equation

(6) C(t) = yo + / a0(¢C(s)) ds + / o0 (C(s)) iV (s).

Then Theorem 2.1 of [7] claims that the process (7 = (r(t) = Gr(&r(t)) weakly converges
as T — oo to a solution ¢ of equation ().

3. MAIN RESULTS

Theorem 3.1. Let & be a solution of equation () belonging to the class K(Gr) and
let condition (Ay4) hold. Moreover, let gr(x) be measurable locally bounded functions and

let there exist measurable locally bounded functions gr(x) and go(x) such that condition
(A3) holds for the functions

QY (@) = [gr(x) — 47 (Gr(2))]?,
QP (x) = §2(Gr(2)) — g3(Gr(2)),

and
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(As) condition (A3) holds for the functions Qgp?’) (x) =

T [P
/0 fT( ) 0 fé«(’l))

for some constants C' > 0 and o > 0.

Jr (GT(l‘))’ and, in addition,

SO+ |2%)

Then the stochastic process

() = /O gr(er(s)) dWr(s)

weakly converges as T — 0o to the process ) (t) = W* (B(l)(t)), where

BO(t) = / G2 ((s)) ds.

Here ¢ is a solution of equation @), and W* = {W*(t),t > 0} is a Wiener process such
that W* and B (t) are independent.

Theorem 3.2. Let & be a solution of equation () belonging to the class K(Gr) and
let condition (A4) hold. Further, let gr(xz) be measurable locally bounded functions and
let there exist measurable locally bounded functions gr(x) and go(x) such that condition

(As) holds for the functions Qg’) (z) = |gr(Gr(2))| and condition (As) is satisfied with
functions Qgpl)(x) = lgr(z) — g7 (Gr(x))]*. In addition, let
(7) lim sup |Jr(z)| =0

T—o0 |z|<N

for all N > 0, where

7(Gr(v))

o) = fila) [ I o — 00 (Gr(e) G o)

Then the stochastic process

D) = / g7 (&r(s)) AWr(s)

0

weakly converges as T — oo to the process B (t) = W* (81 (t)), where

¢(t) ¢ .

pI() =2 V 90(x) dw+/ 90(¢(5))o0(¢(s)) AW (s) | ,
Yo 0

(¢(e), ﬁ/\(t)) is a solution of equation (@), and W* = {W*(t),t > 0} is a Wiener process

such that W* and B (t) are independent.

Remark 3.1. Condition (@) in Theorem B2l can be weakened for solutions of equation ()
belonging to the class K(Gr), where Gr(z) = fr(x) if there are constants ¢ > 0 and
C > 0 such that 0 < § < fh(x) < C for all z € R. Instead one can use the conditions
that Jr(x) — 0 almost everywhere as 7" — oo and that |J7(z)| x{jzj<ny < Cn for all
N > 0. This observation follows from the proof of Theorem 3 in [5] and Lemma 4.1
of [1].

Remark 3.2. Condition (Aj) in Theorems Bl and is used only in the proof of the
independence of the processes W* and 8 (t). Therefore if 3V (t) is non-random, then
condition (As) in Theorem 3.1l as well as in Theorem can be omitted.
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Theorem 3.3. Let &7 be a solution of equation () belonging to the class K(Gr). As-
sume that condition (A4) holds. We also assume that condition (As) holds for the coef-
ficient ar(z) of equation [d)). Let gr(x) be measurable locally bounded functions and let
there exist some constants cq and by such that

Jo o [ Sy

for an arbitrary N > 0. If condition (As) holds for the function

=0

lim sup

T v 2
i[5 | 0-o]

then the stochastic process

(1) = / or (62 (5)) ds

weakly converges as T — oo to the process 2boW (t), where W (t) is a standard Wiener
process.

4. PROOF OF MAIN RESULTS

Proof of Theorem Bl We rewrite equality [B]) as

(8) Cr(t) = Cr(xo) + / a0 (G (s)) ds + o) (8) + (),

where
o (1) = / o (€r() ds. a (@) = Gr@ar(@) + 5CH@) — ao(Gr ().
0

Accordingly, the characteristics (nr)(¢) of the almost sure continuous martingales 7y (t)

are rewritten as
t

(9) (nr) (1) = / (Gl (6r(s))]% ds = / o2 (¢r(s)) ds + a2 (),
where
o (1) = / @@ (er(9)ds,  ¢2 (@) = [Cp(@)] — o3 (Cr(a).
(1) (2)

Assumptions of Lemma [5.] hold for the functions ¢’ (x) and ¢’ (z). Hence, for an
arbitrary L > 0,

(10) sup \agﬂ(t)\ 0, k=12
0<t<L
as 1T — oo.
It is clear that
t
(11) 20 = [ a2(r(s) dWa(s) + 2(0),
0
where

(t) = /0 ar(6r(s) dWr(s),  qr(@) = gr(z) — gr(Cr(a)).

Since condition (As) holds for the functions ¢%(z),

L
/O ¢ (¢x(s)) ds 5 0

as T — oo for an arbitrary constant L > 0 by Lemma [5.11
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In view of Theorem 2 in [T, Chapter 1, §3]),

L
P{ sup |yr(t)| > E} <d+P {/0 @ (ér(s)) ds > 525}

0<t<L

for arbitrary constants € > 0, § > 0, and L > 0, whence we derive the convergence
P
(12) sup |yr(t)] =0
0<t<L
as T — oo if L > 0 is an arbitrary constant.
Since relation (B) holds for the processes (7 (t), nr(t), and Wr(t) and since relations ()

hold for the processes agv)(t), k =1,2, and yp(t), one can apply Skorokhod’s principle
for the process

(co@®.nr(®), W (), (1), a8 (1), 72(1))
in view of (I0) and ([2) (see [12, §6]). According to this principle, given an arbitrary
sequence T — oo, there are a subsequence T,, — o0, a probability space (Q,S, P),
a stochastic process ((:,:T (t), 7z, (), W, (t), ~(1)( t), ~(2)( t),91,(t)) defined on this space
whose finite dimensional distributions coincide with the corresponding finite dimensional

distributions of the stochastic process ((r,, (), 1, (), Wi, (t), a(Tln) (1), (2)( t), 77, (t)), and
moreover

G () B ), ) D), W) S W),

apw Saw,  aPwSaw, A S

for all 0 < t < L, where ((t), 7(t), W(t), aM(t), @@ (t), and F(t) are some stochastic
processes. In view of convergence (I0), a*)(t) = 0, k = 1,2, with probability one.
Similarly, 4(t) = 0 with probability one in view of convergence (2.

Inequalities (@) imply that the processes {(t), 7(t), and W(t) are continuous with prob-
ability one. In addition, 7(t) is a martingale, and W (t) is a Wiener process. Moreover,
we obtain from Lemma and equalities (8), [@), and () that

G, 0) = G, (o) + [ a0 (65,(5)) ds +520) + 1, 0
Gir) )= [ o (6r,(0)) s + a0

~%®=K%ﬂ&ﬁﬁﬁh@+%ﬁx

where

- P ~ P s P T
CTn (t) - C(t)7 nr, (t) - n(t)7 WTn (t) - W(t)7
sup ‘d%}(t)‘io, k=1,2, sup |Ar, (¢ ()|i>0 as T,, — oo.
0<t<L 0<t<IL

Now we derive from [6] that

(13) lim lim ﬁ{ sup [Az, (t2) — Ar, (t1)| > 5} =0

h—0 T, —oc0 |t1—t2‘§h;ti§L

for arbitrary constants L > 0 and € > 0 where g, (t) = (1, (t), A, (t) = 77, (t), and
Ar, (1) = Wr, (1)
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Thus Lemma 1.11 of [TI1] implies that

. P P ~ _ P
sup |G, ()= C(O] S0, sup i, (1) = (1)] 0,
0<t<L 0<t<L
sup ’WT"(t)—W(t)‘ L

0<t<L

as T, — oo for an arbitrary L > 0.
Lemma 4.3 of [7] implies that

0= [ o0 (¢)) a5

and that the process () satisfies equation (8.

According to Lemmal[5.2] the processes 6;2 L) (t) and 65,127 ) (t) are stochastically equivalent.
Further, Lemma [5.3] allows one to use a random change of time in stochastic integrals
(see [1l Chapter 1, §4]). Thus we obtain for an arbitrary ¢ > 0 that

(14) 2w =wi, (B ) +5,0)

with probability one where Wr. (t) is a family of Wiener processes,

B0 = [ ah, (&) ds
0
Condition (A3) holds for the function 33, (Gr(x)) — g§(Gr(x)). Thus the convergence

B
swp | (1)~ B (1) 5 0
0<t<L

as T,, — oo follows from Theorem 2.2 of [7], where S (t) = 0 90 (Z( ) ds
It is clear that

P s Wi, (300) - Wi (300)| > <}
<P {A0w) > N} +P {0 > V)

+P sup |W;ﬂ (t2) = Wr, (t1)| > 5}
[t1—t2|<d;t; <N ) )

+5{ sup ‘B%)(t)—ﬁ(l)(t)‘ >(5}

0<t<L

foral L >0, N > 0,e > 0,and ¢ > 0. It is also clear that an analogue of convergence (I3])
holds for the Wiener process W7, (t), whence

* 2 * 2 P

sw Wi, (B @) - wi, (B0m)] 5o
0<t<L

as T,, = 0o. Then, in view of ({4,

(15) s [320) - wi, (300)] B o
0<t<L
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as T, — oo. Using properties of stochastic integrals, we conclude that

i /OTTn(t)ﬁTn (ET"(S)) dWr, (s) Wr, ()

min(trr, () ¢
E/ i, (ng(s)) ds| < E/
0 0

where 17, ( mln{s ﬂ = t}
Now assumptlons of Theorem B imposed on the function Qg? )(a:) and Lemma [5.1]

imply that
t
E/ i, (C:T,"(S))‘ ds — 0
0

as T,, — oo for all t > 0. Hence, EW7], (¢ ()WT (t) = 0as T, — 0.
Since W7 (t) and WTR (t) are asymptotically, as T,, — oo, non-correlated Wiener

EW;, (O Wr, (t)] =

ar, (CTn(S)) ‘ ds,

processes, W7 (t) does not depend on W( ) asymptotically. It is clear that B M (t) is

completely determined by ((s) for s < t. Since a strong solution (&r(t), Wr(t)) of
equation (D) is unique, the processes ((t) and W(t) are measurable with respect to
the o-algebra U(W(S), s < t) generated by the Wiener process W(t) being the limit of

AW/TH (t). Thus the process W7, (t) does not depend on B (t) asymptotically. The finite
dimensional distributions of the process Wy, (t) do not depend on T,,, and hence the

limit process is W* (3(1)@)), where W*(t) is a Wiener process being independent of the
process SV (t). Considering (IH) we conclude that
sup (B0 - (B0@0)| 5o
0<t<L "
as T,, — oo.
Therefore the process Bgn) (t) weakly converges to W* (3 (¢)) as T, — co. This, in
turn, means that the statement of Theorem [B.J] is valid for the process 5(T2" ) (t). Since

the subsequence T,, — oo is arbitrary, the uniqueness of the distributions of W* (B ey (t))
implies Theorem [B.11 a

Proof of Theorem 3.2 The proof of Theorem is the same as that of Theorem [B.1]
except the form of the process () (t), which now is

() t _
BU(t) =2 [/ go(w) dz +/0 90(¢(5))a0(¢(s)) AW (s)

Yo

where (((t), W(t)) is a solution of equation (@). Finally, one applies Theorem 2.3 of [7]
to prove an analogue of convergence ([I3]). O

Proof of Theorem B3l We apply 1t6’s formula to the process @ (£ (t)), where

=2 [ s ([ o)

and &p(t) is a solution of equation ([Il). Then we obtain

B (1) = 2¢0 /O ar (Er(s)) ds + ar(t) + 1 (¢),
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where

ar(t) = 2/;T(t) { 7 (u) Ou ?ggzg dv — CO:| du,

_ /0 [ (¢2(s)) — 2c0] dWir(s).

Since condition (As) holds for the functions ar(z), Lemma [B.1] yields

/Ot ar(ér(s)) ds

as T — oo for an arbitrary L > 0. The obvious inequality

=
s
—
-
N
I

sup i> 0

0<t<L

Er(t)
[ @~ 2a)du

Zo

[ e [y o]

being true for all N > 0, L > 0, and € > 0, where Pyp = P {supy<,< [{7(t)] > N},
combined with impy_, o0 imy_seo Py = 0, implies that

1
P{ sup |ar ()] >s} < Pyr+ —E sup

X t)|<N
0<t<L € o<t<L {ler ()I<N}

2
< Pyr + — sup
€ |z|<N

sup |ap(t)] o
0<t<L

as T — oo. The convergence of Pyr follows from the inequalities |Gr(z)| > Clx|

and ({@). Indeed,
sup [Er(t)] < sup (M)a

0<t<IL 0<t<I, C
and
N
Pyr < P{ sup (M>Q > N} < P{ sup \CT(15)|é > C’éN}
0<t<IL c 0<t<IL
1 1
<y e, 0l )
Thus
e, ‘B(TD(t) - n(Tl)(t)} 50

as T — oo.

It is clear that n(Tl )(t) is an almost surely continuous martingale with characteristics

() 0 = g+ [ ar(ers)as,

where ¢ (z) = [®!(z) — 2¢)® — 4b2. Condition (As) holds for the function ¢r(z), and
thus
sup ‘<n¥)> (t) — 46(2)75‘ 20
0<t<L
as T — oo for an arbitrary L > 0 by Lemma 511
Now we use the random change of time, that is, ngpl) (t) =Wr (<ngpl)>(t)), where Wi (t)
is a Wiener process. Similarly to the proof of convergence (IH]) we obtain

sup ’ BV () — W (4b(2)t)’ L)
0<t<IL
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as T — oo. Therefore the process ﬁépl )(t) weakly converges as T — oo to the process
2boW (1). a

5. AUXILIARY RESULTS

Lemma 5.1. Let &¢ be a solution of equation () belonging to the class K(Gr). If
condition (As) holds for measurable locally bounded functions gr(x), then

/Ot qr(&r(s)) ds

sup 5o

0<t<L

as T — oo for an arbitrary L > 0.

Lemma 5.2. Let &1 be a solution of equation ([Il) belonging to the class K(Gr). Let

Cr(t) = Grler®),  nr(t) = / Glp(Er(s)) dWr(s).

Assume that the process ((r(t),nr(t)) is stochastically equivalent to (ET(t), ir(t)). If
g(x) and q(x) are measurable and locally bounded functions, then the process

Sp(t) = /0 9(Gr(s)) ds + /0 a(Cr(s)) dnr(s)

is stochastically equivalent to

St = [ o (&) ds + / "4 (6rt)) dr).

Lemma 5.3. Let & be a solution of equation (). Let g # 0 be a locally square integrable
real function defined in a bounded measurable set B of a positive Lebesque measure. Then

[ e s

with probability one for all T > 0.

The proof of Lemmas[EIland E2is given in the paper [7]. LemmaB3 with B C [—1,0]
is proved in [8, Lemma 3.1].

6. EXAMPLES
Denote by {br} a family of constants such that by > 1 and by 1 00 as T' — 0.

Example 6.1. Let ap(z) =0 in equation (). Consider

(@) = |7
)=y —5—.
gr 1+ b2
It is clear that g2 (z) is a §-shaped family at the point x = 0 with weight 7. Assumptions
of Remark B3] hold with go(z) = F signz and Gr(x) = 2. Thus Theorem implies
that the process

10 (| T dWr(

/ 1+ b2 W2 (s) r(

weakly converges to the process ,8(2) =W* ,6’(1) t as T — oo, where

¢(t) t
Oy =x ion x dx — i AW
8O (1) V sign « dz / sign ((s) <s>],

C(t) = zo + W(t), and the processes W*(¢) and W (t) are independent.
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Thus B3 (t) = W*(rLw (t, z0)), where

¢
Lav(t, 20) = [0 + W(0) — foo| = [ sign(zo + W (s)) ¥ (s
0
is the local time of the Wiener process W (t) at the point xg in the interval [0, ¢].

Example 6.2. Consider equation (), where ar(z) = br[l + (brz — 1)2]_1. We are
going to show that equation (Il belongs to the case K (Gr) if

Gr(z) = fr(z) = /Oa: exp {—2 /Ou ar(v) dv} du.
Indeed,

fr(x) = exp {—2 /OgC ar(v) dv} = exp{—2 arctg (brv — 1)|g}

_3

27Ta I>O,
s
2

= exp{ -2 [arctg (brz — 1) + arctg 1]} — oo(z) = {Z =0

Since fr(x)ar(z) + & f7(x) =0, we have

[G’T<x>aT<x> + %Ga’«m)} + (G @) = @) <C < C1+[Gr@)].

We derive |Gr(x)| > Clz|® for all z € R with C' = §p and o = 1 from inequalities
0< o <Gh(x) = fr(z) < Ch. In addition,

x , uXB(GT(U)) T pru
/0 fr(u) </0 7}‘1}(1)) dv) du /0/0 xB(Gr(v)) dvdu| < CLA(B)|z|.

Thus condition (Ag) holds for the case of ¢ (|x|) = Ci|x| and m = 1.
Under assumptions (Ay),

<G
=%

(@) = Gr(x)ar(z) + %G’T’(z) _

0
/ T 2 _ 6_3” .
i (@) = [Gr @) — o3 (Gr(2)) = {[GT< ) S0, @3>0,

T — oo,

Gr(@)? —em =0, w<0 0T

and @
T C N
|S\lg;vf/T($) ; q;;T((UU)) v| < 5—§/N ‘qg)(v)‘dv —0 asT — oo.
Therefore conditions (A4) hold for
3
e 2™ ifx >0,
ap(z) =0, oo(z) = {e% Fr<0 Yo = T000(Z0)-

Thus the process (r(t) = Gr(&r(t)) weakly converges to a solution ((¢) of the Itd
equation

t
¢(t) = wooo(xo) + / o0(¢(s)) dW (s)
0
as T — oo.
Assumptions of RemarkB2with 5 () = ¢/2 hold for the functions g7 (z) = cos (bpx)
if gr(z) = gr (G;l(;p)), where G;l(z) are the inverse functions to Gr(x) and go(z) = %
Hence

;2)(15) :/0 cos(bTﬁT(s)) dWr(s)
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weakly converges to %W*(t) as T — oo, where W*(t) is a Wiener process.

Example 6.3. Let
1 b2x
ar(z) = 41+ bZ.22

in equation (). In this case, equation (Il belongs to the class K(Gr) for Gr(x) = 22,

and conditions (A4) hold for ag(z) = 3, oo(z) = 2y/|z|, and yo = 23. According to

Remark 24 the process (r(t) = £2.(t) weakly converges to a solution ¢(t) of equation

(16) C(t) = a2 + —t+2/ VA4 dW
as T — oo. Assumptions of Theorem hold for the functions

Vbr  cos (brz)
Vinbr {/1+ bZ.a?

@ 1 1 @ Vop Cos (bT\/\x|)
x)= - , x) = .
TRy T T Vnbr ¢/t
In this case, gr (3:2) = gr(x), and the process

2) Vbr [t cos(brér(s))
T () = VInb 8 ) d
nbr Jo {/1+0b7.67(s)
weakly converges to the process W* (ﬂ(l)(t)) as T — oo by Theorem B2, where

500 =2 [0 - lwol?] - [ VTG

(C(t),/W(t)) is a solution of equation (I6), and W*(¢) is a Wiener process such that
W*(t) and B (t) are independent.

gr(z) =

if

WT(S>

Example 6.4. Let ar(z) = brX[o,x/b6,)(z) and A > 0 in equation (). If

Grlo) = fro) = [“exo{=2 [Mar(w) v} au

then equation ([II) belongs to the class K(Gr), and conditions (A4) hold for ag(z) = 0,

e x>0,
Uo(x) = <0

and yo = xooo(xo). Thus, according to Remark 24 the process (r(t) = GT(fT(t))
weakly converges to a solution ((t) of the Ité equation

(17) C(t) = oo (o) + / o0(¢(s)) TV (s)

as T — oo. Assumptions of Theorem with

1/2
hold for the functions gr(z) = (1 +‘;§ r2) , where G (x) denotes the inverse functions
T
to Gr(x).
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Hence the process

@) /
(18) / 1+b%£T dWT

weakly converges to the process W* (1) as T — oo according to Theorem [3.2] where

(1) i _
I =n [/ SIBLY v — / sign ((s) dW (s)
x 0

000(z0) 90 (U)

(C(t),ﬁ/\(t)) is a solution of equation (7)), W*(t) is a Wiener process, and W*(t) and
BN (t) are independent.

Remark 6.1. The classes K(Gr) related to equation (IJ) are not defined uniquely. In
particular, if ar(z) in equation (Il are the same as in Example [6.4] then equation ()
belongs to the class K(GT) with Gr(x) = 22, and conditions (A4) hold if ag(x) = 1,

oo(z) = 2¢/|z], and yo = x3. According to Remark 2.4} the process (7 (t) = £2(t) weakly
converges as T — oo to a solution ((t) of the Itd equation

(19) g(t)=x3+t+2/0 VC(s) dW (s)

Here ((t) > 0 with probability one for all ¢ > 0. Moreover, assumptions of Theorem

with )
N bT ) 2 71'
T — x) =
hold for the functions gr(z) defined in Example
Thus, by Theorem B.2] the process B(TQ )(t) defined by relation ([I8) weakly converges
to W* (B1)(t)) as T — oo, where

B0 (@) = 7 [ V) — lwol = W ()]

(C(t),/W(t)) is a solution of equation (I9), W*(t) is a Wiener process, and W*(t) and
BN (t) are independent.

Example 6.5. Let ap(z) = 0 in equation (). Then &r(t) = xzo + Wr(t) is a solution
of equation () of the class K (Gr) for Gr(z) = x. In this case, conditions (A4) hold
for ag(z) = 0 and oo(x) = 1. Assumptions of Theorem B3 with ¢y = 1, b = 3 hold for
gr(x) = bpsin(brzx). According to Remark 24] the process & (t) weakly converges to
C(t) =z + W(t) as T — oo, where /W( t) is a Wiener process, and

Wt / by sin(brér(s)) ds

weakly converges to /2 W(t) as T — oo in view of Theorem [33]
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