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Introduction.

In this paper we give a sufficient condition that the characteristic numbers of

an unsymmetric kernel exist and be real, and prove the expansibility of arbi-

trary functions in terms of the corresponding characteristic functions. This

sufficient condition is stated in terms of a functional transformation f T(f)

defined by certain general properties (§1), and for the special case T(f)=f

we obtain the known theory of the orthogonal integral equations. The method

employed is that of infinitely many variables and is based to some extent on

an earlier paper.J However, the present paper, with the exception of a few foot-

notes, can be read independently of (I) if Theorems 20 and 8 which are here

stated in § 1 are accepted ; and if the suggestion in Remark 1 of § 1 is car-

ried out, the only reference to (I) that is necessary is Theorem 20.

§ 1. Preliminary notation and theorems.

We denote by / the interval a=s = b of the real variable s, and by S the

square

a=^s = b,        a = t = b,

* Presented to the Society, September, 1909.

t Since the original manuscript ( the present paper is essentially unchanged in content and

method, but somewhat revised in form) was sent to the editors in March, 1910, J. Marty has

annonnced some results for unsymmetric kernels in the Comptes Rendus. His sufficient

condition (April, 1910), which is also necessary (June, 1910) is stated in terms of a special

T(f), namely T(f) = J K(s, l)f(t)dt, which satisfies the conditions of \ 1 imposed on the

T(f ) of this paper. Special examples show that the condition ( c ) of § 1 is more or less essen-

tial, see also Mabty's correction (ibid., June, 1910). The method indicated by him is a gen-

eralization of that used by E. Schmidt to prove the existence and is not essentially different from

the method referred to by the author in the footnote at the beginning of § 3. Marty states no

expansion theorems. In May, 1910, the author sentanoteto the Bulletin of the American

Mathematical Society which appeared in July, 1910, and which gives necessary and suf-

ficient conditions in terms of the general T(f).

t A. J. Pell, these Transactions, this number.    It will be referred to as (1).
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166 A.   J.   PELL:    INTEGRAL   EQUATIONS [April

of the real variables s and t. We denote by g the class of all real functions of

8 which are integrable and whose squares are integrable on the interval / in the

sense of Lebesgue, and regard two functions of $ as equal if they differ only

on a set of points of content zero. The argument of the function is omitted

whenever possible.    The integral

I. f(s\ds

is denoted by J f. A sequence of real numbers is of finite norm if the sum of

the squares is convergent.

Let T(f) be a single valued functional transformation with the following

properties :

(a)  T(f) transforms every function of g into a function of gf.

(ö) For any two functions^ and/2 of %,

f/xn/j-fAn/x)-
From this property follows the linearity of T(f ) :

n«xfx +-«2/2)=«1 nA) + «2 n/t).

(c) For every function f of $,

//T(/)ao,

the equality sign holding only for functions / such that T(f) = 0.

Theorems 20 and 8 of (I) give the existence* of a biorthogonal system

(U., F4) such that

(d) ' Vt-T(Ut).

(e) For every function / of ^,

T,(ffV,^ffT(f).

(/) For any functionsf /, and g2 = T(f2),

Jfi92 = TlfAVifuig2.

For the purposes of this paper we suppose further that T(f) has the follow-

ing properties :

♦The theory developed in (I) shows that every biorthogonal system (u¡, vi) such that

2i( J/"í ) converges for every / of ¡J gives rise to a functional transformation T{ f ) with the

properties (a), (6), (c) and such that í>¡== T(u¡ ).

t Theorem 8 of (I) is more general than this in some rases.
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( o, ) T(f) transforms every continuous function into a continuous function ;

and for every continuous function/

S\T{S)\^hj\f\,

where k is a constant independent of /.

(cx) There is at most* one function p, not essentially zero, such that

T(p ) = 0 and this function p is continuous.

In virtue of ( ax ) and ( cx ) we can assume that the biorthogonal system ( U., V. )

is such that

(A) The functions Ui and V. are continuous and the system Ui is complete.

Remark 1. If the conditions on T(f) were stated for continuous functions

only in the form of (a,), (6) and (c), we could exhibit a biorthogonal system

(«j, v{) such that the properties (d),(e) and (h) hold for continuous functions

by referring to Theorem 20 of (I), and the property (/) could be shown to

hold for all continuous functions / and f2 by a simple generalization of Hilbert's

proof for the analogous theorem for orthogonal functions (H, V, pp. 443-445).f

The generalization consists of the systematic substitution of j fT(f) for j f2.

Remark 2. If K(s, t) is continuous on S, then the transformed function

with respect to either variable is also continuous on S. This follows from the

conditions \ ( ax ) and ( 6 ) and a theorem § by Professor E. H. Moore, namely ;

the necessary and sufficient condition that the sequence of continuous functions

fn(s) converge uniformly is, that for every e there exist an ne depending on e

such that for n, = n and n. = n
le 2 e

\f(A-fJf\=hf\f\
for every continuous function /.

Remark 3.    For every function A'(s, t) continuous on Sx we have

T, f K(s,t)dt-  f TK(s,t)dt=0,

* Throughout the paper p denotes a function such that T(p) ssO. The condition ( cx ) is

added for simplicity ; the results obtained would hold with slight modifications if there were

more than one such function p.   See Remark (7), \ 3.

f Hilbert's fonrth and fifth memoirs in Göttinger Nachrichten are referred to as II,

IV, and H, V.
% These conditions are used as follows :

| J'f(t)[TlK(*', t)-T,K(s, t)]dt\ = \ jT[f(t)][K(s', t)-K(s, t)]*|

S*i/iat/)lS»i/l/l.

\ Introduction to a form of General Analysis, in The New Haven Mathematical Colloquium

(1910), p. 5 ; Atti del IV congresso internazionale dei matematici, vol. 2 (1909),

p. 103.
Trans. Am. Math. Soc. 1«



168 A.  J.  PELL:   INTEGRAL  EQUATIONS [April

where Tt denotes that T operates on the argument s. To prove this, multiply

the left-hand side of the equation by an arbitrary continuous function, integrate

and apply property (6).

In a similar manner it can be shown that

TTtK(s,t) = TtTK(s,t).

A particular case of this isthat TtTtK(s, t) is symmetric if K(s, t) is

symmetric.

§ 2. Integral equation with general kernel.

Let IT(s, t) be a function continuous in S, f a function continuous on /,

T(f) the functional transformation defined in § land u an unknown function.

Consider the integral equations

(1) u(s) 4- j'K(s,t)T[u(t)]dt =f(s),

(2) u(s) + fK:(s,t)T[u(t)]dt = 0,

and their adjoints

(3) u(s) + fK(t,s)T[u(t)-\dt=f(s),

(4) u(s) + fK(t, s)T[u(t)]dt = 0.

By means of the biorthogonal system ( Ui, Vf) defined in § 1 we establish a

one-to-one correspondence between the equations (1), (2), (3), (4) and a system

of linear equations in infinitely many variables a.,

(5) «,-4-ZV,^,

(6) «. + ¿¿,«, = 0,
3=1

and their adjoints.    In these equations the sequence {ai} is of finite norm and

We proceed by forming the following functions and constants

K(s) = fK(s,t)Vi(t)dt,     ¿, = Af,,     *t-ffv{,

L(s, t) = TtK(s, t),       Lx(s, t) = TK(s, t),

M(s, t) = TL(s, t) = TtLx(s, t),

li(s) = T[ki(s)]=fL(»,t)Vi(t)dt = fM(s,t)Ui(t)dt.
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The functions k. and L are continuous on /and L(s, t), Lx(s, t) and M(s, t)

are continuous on S.    From the properly (/) of § 1 we obtain

Ê [*,(•)]*= (K{*,t)L{8,t)dt,

¿ [',(*)]*- ( M{8,t)Ll(,,t)dtt
i=i J

±±K-t f*¿st f(*î+*ï)
tel i=l i=l •/ fclJ

we obtain finally

Ê £**<,= ff^(s,t)L(8,t)d8dt+ffM(t,t)Ll(8,t)d8dt.

This last inequality shows that the bilinear form

is continuous (J7, IV, p. 203).    Therefore Hubert's theorems (H, TV, p. 219,

and H, V, p. 449) can be applied to the equations (5) and (6).

Theorem 1. The non-homogeneous equation (1) has a unique continuous

solution if the homogeneous equation (2) has no solution. If the homogeneous

equation (2) has a continuous solution u.it is of finite multiplicity », and the

adjoint equation (4) Aas the same number n of linearly independent solutions

ü; and the necessary and sufficient conditions that the non-homogeneous

equations (1) and (3) Aave solutions are respectively

ffTuk=0 (* = 1,2, -■-,»),
and

ffT(uk) = 0 (*=l, 2,--,»).

After the correspondence has been established the proof follows from an

application of Hubert's theorems mentioned above. If the equation (5) has a

solution { at} of finite norm the function

m

(7) <x = 2>,¿y
i=i

is continuous, since from property ( e ) the series converges uniformly (J?, V,

p. 442).    Multiply (7) by V¡ and integrate,
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Let
u=f — a,

then

fuVi = ar

The function u is continuous and is a solution of the equation (1), for making

the substitution

fl(t) = E(s,t),       g2=T(u)

in the equation (/), § 1, we obtain

/
K(s, t)T[u(t)]dt = £a.;k.(s)=f(s) -u(s).

Conversely if « is a continuous solution of (1), the sequence of constants

«4 = /«F4

is of finite norm and satisfies the equation (5), for the series

¿a4£.(a)=  fE(s,t)T[u(t)]dt
i=i J

is uniformly convergent, and after multiplication by V{ and integration, we obtain

the equation (5).

In exactly the same manner the equivalence * of the other sets of equations

can be shown.

Applying property ( 6 ) of T(f) on the equations (1) and (2), and operating

with T on the equations (3) and (4), theorem 1 can be argued from the

Fredholm theory.

§ 3.   Integral equation with symmetric kernel.^

From the hypothesis
K(s,t) = K(t,s)

follows immediately

kij = kjf,

* In virtue of theorem 16, (I), any other biorthogonal system of functions satisfying (d),

(e) and (/ ) leads to the same solutions of the integral equations as that obtained by using the

system (t/i, V¡) {H, V, p. 451).

t The results obtained in §§ 3, 4 could be obtained by a proper generalization of the method

developed by E. Schmidt in his dissertation and in Mathematische Annalen, vol. 63. In

place of Schwarz's inequality we have

( ffxT(ft)y=5jfxT(fi ) JftT(ft )
(see §8, I), and for the iterated kernels

K™(s, t)=   f K{s,r)TrKn-1(r, t)dr.
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where the constants ktj are defined in § 2.    By means of an orthogonal trans-

formation of the variables * {x4} the continuous (§ 2) quadratic form,

K(x) = '£kijxiXj,

if one assumes that not all of the coefficients ktj are zero, is transformed into the

normal form (H, IV, p. 201) :

Er(x) = ±cix't2.
i=l

All of the coefficients c4 are real.    But some may have the value zero, let the

corresponding linear forms be

XKi=T.mikXk=Mi(X)-
*=1

Denote the other values of c4 by 1/X4, and the corresponding linear transforma-

tions by
oo

'     *=i

The linear forms L{(x) and M¡(x) are connected by the following relations

(H, IV, p. 202) :

(9) ¿í,«v-0,
}=1

(10) ¿»^.-¿^(»^(^TZJíWiHíy).
<=1 i=l i=X

The relations connecting the linear forms Lt(x) and il/i(x) and the quadratic

form K(x) are as follows :

(ii) È «,»*,«-£,

(12) em^-0.

Remark 4.    We need to consider the exceptional cases ki} = 0 for all i

and^'.    Since

kiJ=fJ'K(s, t)Vt(s)Vi(t)dsdt=ffTTtK(s, t)Ut(s)Ut(t)d»dt,

it follows from (h) that
TT,^(s,t) = 0,

By {if} and {y¡} we denote sequences of finite norm.
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and therefore, if there exists a p, E(s, t) has the form

K(a, t) = a(s)p(t) + a(t)p(s) + kp(s)p(t),

where a is any continuous function and k is any constant.

Theorem 2. For a symmetric continuous kernel K(s, t), which is not

identically zero and which is not of the form <*(*)jj(i)+ a(t)p($)+ bp(8)p(t)

if there is a function p, there exists at least one value of X which is necessarily

real and for which the integral equation

(13) u(s) = xfK(s,t)T[u(t)]dt

has a continuous solution u(s) which is not identically zero. If there is a p

andif K(s, t) has the form

«(s)p(t) + a(t)p(s) + hp{*)p{t),

there are no solutions u.

The theorem follows directly from the existence of the constants X. and the

solutions lik of (11), and an application of the process employed in § 2.   We put

(14) »,(«)-\¿W)
i=i

and show that

w.(a) = X./iT(s, t)T[u.(t)]dt.

Remark 5. If there is a function p, then the existence theorem for the

equation (13) is equivalent to an existence theorem for the equation

(15) w(s) + p.p(8)=xfK(s,t)T[w(t)~\dt,       fwp=*c,

where p. is a parameter and c is any given constant.

Corollary 1. There exists at least one characteristic number X, which is

necessarily real, for an unsymmetric kernel L(s, t) which is of the form

TtK(s, t), where K(s, t) is symmetric and is not of the form

<*(t)p{s) + *{s)p(t) + hp(s)p(t)

if a function p exists. Corresponding to the characteristic numbers Xi the

kernel L(s, t), and the transposed kernel L(t, a), have continuous character-

istic functions «{, and vt, respectively, which form a biorthogonal system (if4, v.)

of the type* T(f).

Applying property (6) to the right-hand side of the equation (13) we obtain

(16) u(s) = xfL(a,t)u(t)dt.

*Tbatis,vi= T(u{).
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Operating with T(f) on the equation (15) we obtain after substituting

v = T(u) = T(w + pp)

(17) v(s) = \fL(t, s)v(t)dt.

In both cases the processes are reversible. That the functions w4 and «4 form a

biorthogonal system follows from the equations (8).

Remark 6. The existence theorem for the equation (15) is equivalent to an

existence theorem for the equations

(18) T(w)=\fM(s,t)w(t)dt,       fwp = c,

where c is any given constant, and M(s, t) = TtTtK(s, t) and is therefore

symmetric (Remark 3).

Remark 7. If there were more than one function p, the exceptional cases in

theorem 2 would be given * by Tt TtK(s, i) = 0.

If the functions f(s) and K(s, t) were integrable and with integrable

squares, the theorems 1 and 2 would hold for any functional transformation

T(f) with the properties (a), (b) and (c) ; the solutions being integrable with

integrable squares.

§ 4.   Development of arbitrary functions.

Theorem 3.    Any function f expressible in the form f

/(«) = ¡K(s, t)gx(t)dt = / L(s, t)fx(t)dt,

where /, is any continuous function and gx = T(fx), can be developed into the

uniformly convergent series

(19) /(') = &(«)/A+V(')'

In the linear form M(x) make the substitution

xi = ki(s);

the resulting series is uniformly convergent. Multiply by V, and integrate ;

from the relation (9) we obtain

* The functions Í/, and p¡ wonld form a complete system.

t The theorem could be stated for any funotion gx suoh that Z( fg¡u, )' converges, or even

more broadly in some oases (Theorem 8, (I)).
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and therefore, if there is a p,

m

^[*(«)] = T, mij.k.(s)=v.p(s),
3=1

otherwise, Mi[k(s)'] = 0.

In the equation (10) make the substitution

xt = fgtUt,       yi = fX(s,t)Vi(t)dt.
The result is

f(s) = fK(s, t)9l(t)dt = JL(s,t)fx(t)dt

= ç(g^/^)(gW*)) + »/*<•)

u^fg.u,
= Ç—\--+ "//>(*)

= T,uAs)fvif+v/P(s)-

Theorem 4.    Any function f expressible in the form

f(s) = fM(s, t)fx(t)dt = fL(t, s)gx(t)dt,

where fx is any continuous function and* gx = T(fx), can be developed into the

uniformly convergent series

(20) /(«HZ^OJV-

This development may be obtained either by substituting in the equation (10)

»«-///„        yi = fM(s,t)Ui(t)dt,

or by operating on the development in theorem 3 with the transformation T(f).

Remark 8. The kernel L ( s, t ) has no characteristic number X not equal to

X( ; suppose it had, and let u be the corresponding characteristic function, then u

could be developed into a uniformly convergent series, but the coefficients

Juvi would be zero, and therefore u == 0 or u = p.

* This restriction on the function gx is not necessary.    See footnote to theorem 3.
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Similarly we can show that there are no solutions corresponding to a charac-

teristic number X4, which are not linear in the characteristic functions belonging

to X4.

Remark 9. If there are only a finite number n of characteristic numbers \

it follows from the developments (19) and (20) that the kernels have the form

K(s, t) = ¿"'(')"'(*> + a(s)p(t) + a(t)p(s) + kp(s)p(t),
i=\        \

L(s,t) = ±U-^^ + P(s)ß(t),
í=i        Ai

M(s,t) = ±VÄ^.
i=i       Kt

Theorem 5.    The maximum value which the expression

\ffK(s,t)T[f(,)]T[f(t)]dsdt\

can assume for all continuous functions f such that

f/T(f) = l

is equal to the reciprocal of that X4 which is smallest in absolute value, and

this maximum is attained for the corresponding characteristic function.

§ 5. Examples.

As examples of the different forms of integral equations for which § 3 gives

existence theorems we give the following :

Example 1.

m(s) = X JK(s, t)a(t)u(t)dt;

where a is a continuous positive function.

Example 2.

u(s) = \ffK(s, t)E"(s, t)u(tx)dtdt,

where K*(s, t) is a positive-definite continuous kernel.

Example 3.

«(«) + l*q(s) = \fK(s, t)T[u(t)]dt,       fuq=0,

where q is an an invariant function of the functional transformation T(f),

x. e., q = kT(q).    The equations are derived from the equations (15) where
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c = 0 and the functional transformation * is

?fîy(/)
TU)=n/)--Aj^-',

which satisfies all the conditions of § 1.

As a special case of this, for T(f) =/, we have the integral equation treated

by Cairns in his dissertation, f

Example 4.    Problems in the calculus of variations in which the condition

//*(/) = !
replaces the usual condition

//■-I.

give rise to differential-integral equations of the form

L(u) + XT(u) = 0,

where

äU"£)
¿(«)-     ¿,    +?,«(»)■

and px is a positive function which together with its first derivative is continuous,

and p2 is a continuous function. The equation above reduces to the integral

equation

u(s) = ~xfG(s, t) T[m(<)] dt,

where G(s, t) is a Green's function for L(u) satisfying certain boundary condi-

tions. This equation has infinitely many solutions, satisfying the same boundary

conditions as G(s, t), corresponding to real values of X, if there are only a

finite number of functions p. such that T(pf) =s 0.

A special case is the non-self-adjoint differential equation

L[L(v)]-Xv = 0,

where L (v) is a self-ad joint differential expression. The adjoint differential

equation is

L[L(u)~\ + Xu = 0.

»See Theorem 16, (I).

t W. D. Cairns, Die Anwendung der Integralgleichungen auf die zweite Variation bei isoperi-

metrischen Problemen, Göttingen, 1907.
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Example 5. In example (2) let the function K' ( s, t ) be equal to the Green's

function G (a, t) of example (4). Then there exists at least one value of X for

which the equation

L(v) + xfK(s, t)v(t)dt = 0

has a solution v which is continuous together with its first and second derivatives

and satisfies the boundary conditions of G(s, t).

The two systems ^rt and —^considered by E. Schmilvt,* form a biorthogonal

system of the type

T(f) = fG(s,t)f(t)dt,

where G(s, t) is the Green's function, for L(v) = —•»", which vanishes at the

ends of the interval.

Example 6. Let T(f) be a functional transformation which satisfies the

conditions (a), (6), and (a,) of §1, but not necessarily (c) and (cx). Let

K( s, t ) be a symmetric, continuous kernel which is positive-semi-definite :

fftK(s,t)f(s)f(t)dsdt = Q,

the equality sign holding at most for one function p.    Then the functional

transformation

T(f) = jK(s,t)f(t)dt

satisfies all the conditions of § 1.

If the integral equation f

(A) u(s) = xf ftK(s,t)u(t)dt

has a solution u for some value of X, then the adjoint integral equation

v(a) = Xf [ftK(s, i)] v(t)dt

has a solution v such that

v=*T(u).

Two sets of solutions («<,«<) and (Uj, Vj) corresponding to two different values

of X satisfy the condition

fU(Vj = 0;

♦Mathematische Annalen, vol. 63 (1907), p. 473.

t A special case, namely T(f) =<i ■/, has been considered by Marty, Comptes Rendas,
February 28,1910, p. 515.
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that is, the solutions form a biorthogonal system of the type T, and therefore

the values of X, for which there exist solutions, are real. The existence of real

characteristic numbers X is shown by means of the integral equation

(B) u(s)*=vf TlTlK(s,t)T[u(t)']dt,

which is of the type of the equation (14), for the kernel Tt TtK(s, t) is symmetric

(Remark 3). It is evident that any solution of (A) for the value X is a solution

of (B) for v = X2.    And unless TtTtK(&, t) is of the form

a(s)p(t) + a(t)p(s) + kp(s)p(t),

there exists at least one value of v which is real and positive and for which the

equation (B) has a continuous solution u.

Construct the two functions

2«1(«) = u(a)4- VvfTtK(s, t)u(t)dt,

2u2(s)=*u(s)-VvfTtK(s,t)u(t)dt.

The continuous functions ux and u2 are solutions of (A) for X = Vv and

X = — Vv respectively.

Example 7.    In certain cases the integral equation*

(a) u(s) = X JJT(«, Qu(t)dt + pJH(s, t)u(t)dt,

where K(s, t) and H(s, t) are symmetric kernels continuous on S, X and p

are parameters, and u the function to be determined, may be reduced to the

class of integral equations considered in § 3.

Let X, be that characteristic number of K(s, t) which is smallest in absolute

value.    Then for any value of \ such that

there exists at least one value of p for which the integral equation has a con-

tinuous solution u.    For the maximum of

\ffK(s, t)f(s)f(t)dsdt\,

* Max Mason, Bandwertaufgaben hei gewöhnlichen Differentialgleichungen, Dissertation, Göttin-

gen, 1903, p. 5.
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for all continuous functions / such that

//2=1»

is equal to the reciprocal of | X, j, and therefore the functional transformation

f(s)-\fK(,,t)f(t)dt

satisfies all the conditions of § 1. Since Xg is not a characteristic number, it

can easily be shown that the inverse transformation,

T(f)=f(s)-\jk(s,t)f(t)dt,

where k(s, t) is the reciprocal of K(s,t), also satisfies the conditions of § 1.

Operating with T(f) on the integral equation (a), where X = Xfl, we obtain

(ß) u(s) = pfTiH(s,t)u(t)dt,

which is of the type of the equation (17), § 3. From the equation (ß) we can

pass back to the equation (a), and therefore the statement is proved.

Let II(s, t) be a positive semi-definite kernel, and let X be any number not

equal to a characteristic number of K(s, t) ; then the functional transformation

f(»)-\fk(s,t)f(t)dt

possesses all the properties imposed on the functional transformation T(f)oi

Example 6. Operating with this on the equation (a), we obtain an equation of

the type discussed in Example 6.

Let X take on a value equal to a characteristic number X of K(s, i) and let

II( s, t ) be a positive semi-definite kernel which is orthogonal to all the charac-

teristic functions of K(s,t) corresponding to X.    The transformation

f(s)-\fK(s,t)f(t)dt

defines an inverse transformation T(f) which has the property (b), §1, and

which is applicable to every function that is orthogonal to all the characteristic

functions of K(s, t) corresponding to X. Operating with this T(f) on the

equation (a), we obtain an equation of the same form as the one considered in

Example 6, and it is not difficult to see that we again have the existence of values

of p besides the obvious one, p = 0.
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The following is an example of the integral equation (a) in which the kernel

II(s, t ) is not positive-definite, and to the value X = — 1 there corresponds no

real value of p..

u(s) = xj'^(s)ylr(t)u(t)dt + p. J,[A1(s)A1(í)-2A2(8)A2(í)]M(0dí'

where

/AA~0,       A*=0,       /A,* = 0.
.JfarcÄ, 1910.


