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Introduction.

In a memoir entitled Orthocentric Properties of the Plane n-Line,\ Professor

Morley has found for n lines of a plane natural metrical analogues of the

elementary theorems that the perpendiculars from the vertices of a triangle

to the opposite sides meet in a point, and that the four such points, or ortho-

centers, of the four triangles of a 4-line are on a line. It was in fact proved

that, corresponding to the extended meaning of the term orthocenter for a

higher number of lines, there is an orthocentric point for an odd number of

lines beginning with three, while for an even number, beginning with four, there

is a line of orthocenters, or, as it may be called, a directrix.

It is proposed in the following paper to prove for the system of n directed

lines in a plane general theorems corresponding in a way to those given in the

above memoir for lines without specified direction. Added to this is the more

or less detailed discussion of certain questions closely related to the main

subject.

The method of vector analysis employed in this paper is due to Professor

Morley.J In this method conjugate, or circular, coordinates are used almost

exclusively, and the conjugate of a complex number x is denoted by x. A com-

plex number of absolute value equal to unity is generally denoted by t or T

and is called a turn.

The standard equation of a line is here taken in the form

tx + x/t- 2r = 0,

in which r is real and equal to the length of the perpendicular from the origin

to the line, and in which the clinant, or inclination function, is — 1 / i2.

A line may be considered as described by a point moving in either of two

opposite directions. The locus of the centers of circles tangent to two such

intersecting lines is composed of the two bisectors of the angles at the point

of intersection; but if definite directions are first assigned to the lines and if

the point describing the tangent circles is to move at the point of tangency

* Presented to the Society, February 24, 1912.

t These Transactions, vol. 4 (1903), pp. 1-12.
Î These Transactions, vol. 1 (1900), p. 97.
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in the same direction as that given to the lines, the locus consists of only one

line. If we adopt the convention that, when the sense ascribed to the line

is such as to tend to turn the plane in a positive direction, the distance from

line to point shall be positive if the origin and point are on opposite sides of

the line, but negative if on the same side, then the points of the locus are

alone equidistant from the intersecting lines. Hence the locus may be called

the equidistant axis of the two directed lines. Three directed lines have

three equidistant axes which meet in a point, the one point equidistant from the

three lines.*

In the equation of the line

tx + x/t- 2r = 0,

2r is the distance from the origin to the reflection of the origin in the line. A

line parallel to the given line and on the point x0 is

tx + x /1 — tx0 — Xo /1 = 0.

The distance from the origin to the reflection of the origin in this line is

tx0 + x0 /1.   The distance from one reflection to the other is, consequently,

txo + x0 ft — 2r.

But this distance is twice the distance from the line to the point Xo. Hence

the distance from line to point may be written

d=l(tx0 + x0ft-2r).

The equations of two lines to which directions have been given are

¿ix + x / h — 2ri = 0,       <2x + x /12 — 2r2 = 0.

Hence, remembering the convention as to signs, the equidistant axis of these

two lines is
(hx + x/ti- 2ri) - (t2x + x/t2- 2r2) = 0.

If now we reverse the direction of one of the lines the equidistant axis is the

other of the pair of bisectors of the angles at the intersection of the given lines.

§ 1.    Second circle for a directed í-line.    Directrix for a directed 5-line.

The so-called line equation in conjugate coordinates of the hypocycloid

of class 4, or astroid, is
f - fix - tx + 1 = 0.

Another curve of the same type is one that has been designated the parastroid

whose line equation in the same coordinates is

fi- fix + pt2- tx+ 1 = 0,

*Loud, these Transactions, vol. 1 (1900), p. 323.
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where p is real, since the equation must be self-conjugate. The latter curve

is parallel to the former inasmuch as the distance from the origin to any line

of the latter is

e±^ti-»(,+l/,+(1).

The general parastroid is, therefore, parallel to that particular one for which

p = 0, that is, to the astroid.   It is convenient to refer to the parastroid by

the notation A*.

Similarly, the curve

P- <ti?+?x- p'# +fíe- o-¡,t+1 = 0,

of the same general type as the parastroid, may be designated the A6. The

<r's refer to the symmetric functions of the six roots of the equation while /*'

is real.   Also, the A6 is parallel to the curve

t* - o-if + fix + fix - 0-4 + 1 = 0.

There are of course similar curves of higher order corresponding to equations

beginning with i8, i10, etc., and these may be briefly designated by the symbols

As, A10, etc. Again, the circle may be included in this type of curves and has

as its general line equation in conjugate coordinates

f (x - a) + (x - a) - 2pt = 0,
in which p is real.

It is to be noted that the clinant of each of the lines just given is — 1 / f,

the same therefore as that of the standard equation of a line used in this paper.

The line of the astroid for instance is

te + j-i+J;
and if

.   x
tx + -=2r

be a line to which a direction is assigned, the r of the latter is the ^(i2 + 1 / <2)

of the former. Moreover t or — t gives the same clinant in each. In form,

then, the lines of the A curves and the standard line are essentially the same,

but the former are not conveniently employed where a reversal of direction is

concerned—a question to be taken up later on. In what immediately follows,

however, the use of the above type of curves as defined by their line equation

affords a neat method of proving certain theorems relating to sets of 4 and 5

directed lines, and, in the next section of this paper, concerning n directed

lines in general.
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In the first place, then, consider the equation of the A*

(1) fi - xfi + nfi - xt + 1 = 0

and the general line equation of the circle

(2) t2(x-a) + (x - S) -2Pt= 0.

The elimination of x and x gives

(3) fi-afi+ (m- 2p)t2-ät+ 1 = 0.

It is evident that this combination of the two equations selects from the

eight common lines of the two curves a set of four, and with each of these

lines of the set of four may be associated a direction, viz., the direction ob-

tained by putting for U in — 1 /1* ( i = 1, 2, 3,4) one of the roots of the

quartic in t obtained on eliminating x and x from (1) and (2).

In (3) a = Si, (fi — 2p) = S2,ä = S3, and 1 = Si,theS's being symmetric

functions of the four roots of (3). It is to be observed that $4=1 character-

izes the four lines picked out of the eight common lines of the curves by com-

bining their equations as above.

Since in (2) a is the center of the circle, the general circle of the plane, and

since in (3) a = Si, the center of this circle is

X= íl+<2 + <3+Í4=Si.

Since St = tit2t3U = 1 > the center is given by

X = h + t2 + t3 + TTT
iit2t3

or

(4) x=S1 + ~,

where the S's refer now to three t's.   But since the circle touches all four

common lines there are three other expressions similar to (4) giving each the

center of this circle.

If we write *

(5) x= Si-t + t/Si

where now Si and Si refer to three of the parameters above and any fourth

parameter, and not merely to those of the four common lines, we have the

equation of a circle whose center is Si and whose radius is | 1 — 1 / Si \. It

is the -circle on the four equidistant points of the four triangles of three out of

four directed lines.

It may be easily shown directly that (4) is the center of a circle on three

* This process may be called " symmetrizing."
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lines of the A4.   The equidistant axis of two of its lines with respective para-

meters ¿i and t2 is

hx + | - (t\ + |+ M) - fe* +1- (ti + 1+ M) - 0,

BE8-(«+i)-í«+Í).

+¿i=Oí+«í)-(íí+«i)

or

Similarly

is the equation of a second one of these three axes.   These two axes meet at

the point

2 >

">
_k(t2-t3)(t\+llt\)-t2(h-t3)(t\+llt\) + t3(h-t2)(t3+llt\)

X (h -   t2)   (h -  t3)   (t2  -  t3)

which reduces at once to

and from this we obtain

x = <i + fe + fe + 777,
tll2t3

X = Si-t + ^r (S'sfor4i's),
04

the same circle as before, thus verifying the result obtained by combining the

line equations of the two curves above. This circle may in future be referred

to as the "first " or center * circle of four directed lines.

Let us consider three directed lines of the A* given by parameters h,t2,t3.

A fourth line with parameter U is

t\ - t\x + fäl - hx + 1 = 0.

A perpendicular to this line is of form

ttX ~* X ^ K ,

and if this perpendicular is to be on the point equidistant from the three lines

of the A* given, say, by the parameters <i, t2, t3, that is, on the point

-Si + 4" (Sfor3i's)
03

we have

(6)_ ^-;=^(Sl + ¿)-(l+S3)'

* Lotjd, these Transactions, vol. 1 (1900), p. 325, Theorem I.
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since the conjugate of Si = ti + t2 + t3 is

1    1    1 _ UU + y i + t a m St
t\      t2      t3 tlt2t3 03

and that of S3 is 1 / S3.

Consider the following equation:

(7) fx-i = ^(si-:¿ + J¡)-[(g2"g14¿ + ¿2)¿][S3-S^ + S^-¿3].

When the parameter t takes in succession the values h,t2,t3,U, this equation

reduces to the equation of each of the four perpendiculars like that given by

(6), a line for each of the four sets of three t's selected from ti, t2, t3, U. In

other words we have in (7) the equation of the four perpendiculars from the

four equidistant points of the triangle of 3 of 4 lines upon the line left out in

each case.   On simplifying (7) we have

(8) (a;-|)<2-(;-'S3) = i(S2"S)'

the line equation in conjugate coordinates of a circle. Hence, we have the

first of a chain of theorems:

If from each of the four equidistant points of'3 ofA directed lines, a perpendicular

be let fall upon the line left out in each case, the four- perpendiculars are on a

circle.

This circle may be called the second circle of a directed 4-line.

The center of this circle is Sj / S4; its radius, è I S2 (1 — 1/ S4) |. But the

absolute value of Si is equal to that of Si/ Si, since each is V S1S3/ S4. Also,

Si was the center found for the circle on the four equidistant points of the

triangles of 3 of 4 lines, while the origin is the center of the A* as given by the

equation
fi-fix + pß- <x + l = 0.

We have then the theorem, the first of a second chain:

The center of the A*, of which four directed lines are given, is equidistant from

the center of the circle on the four equidistant points of these lines and from the

center of the circle touched by the perpendiculars, one each from the equidistant

point of three of the lines to the remaining line.

As we have explained what circle the center circle is, we may restate the

above theorem:

The center of the Ai, of which four directed lines are given, is equidistant from

the centers of the " center " and " second " circles for these lines.

The line equation of the second circle of a 4-line was

(*-|V-(i-*)-i(*-S).
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Differentiating this equation as to t, and then calling the parameter T instead

of t, for convenience, we have the map, or point, equation of this circle:

m ir(.-|)-(*-|).

On symmetrizing this equation, there results

(10) 2t(x - ^¿^) = (4 - 8* + n (l - ¿),

where the S's are for 5 i's.

Now five i's are connected by the relation

i5 - Si«4 + S2f - S3t2 + Sit - S5 = 0
or

Hence (10) may be written as

(11)  I.(i-í2í+¿[(Sl_Sl(+,)_¿(s>_*+|.)].

If in this equation t takes the value h, we obtain

.Si,.!/,    sa
'r~S4 + 27,V b2~ Sj'

where the S's refer to ii, t2, i3, i4; and if t should take the value U, we likewise

obtain

X~8l + 2T\ *2~ Sj'

but here the S's now refer to ii, t2, fe, h •

Similarly for t taking any of the values t\, t2, or t3. Hence when t takes in

succession the values U, U, t3, fe, fe, (11) successively becomes the second

circle for the sets of four lines with parameters fe, h, h, U; h, fe, fe, h',

h,h,U, h; <i, <3, U, h; fe, fe, fe, h respectively. In other words (11) gives for

the proper values of t the five second circles of a directed 5-line, one for each of

the 4-lines contained in the 5-line. Moreover, since five lines uniquely deter-

mine an A*, any five lines with clinants of form — 1 / f are lines of an A* as

written above.

Again, (11) not only contains the five second circles of a directed 5-line,

but depends upon two independent parameters t and T, both of absolute

value unity. If in it we hold t and let T vary, it is the equation of a circle

( as we have just seen for particular values of < ) ; if we hold T and let t vary,

it is the equation of a quartic curve.    Thus, for all values of t, T being the
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variable, there is a system of circles; and for all values of T, t being the variable,

there is a system of quartic curves. These two systems of curves, given by

one equation, have the same envelope. In general, in the method of analysis

employed in this paper, the condition for an envelope is

tDJ      .
- its conjugate

TDTf

for equations of the form x — / (t, T). If we now apply this condition to

the present equation, we may be able to obtain the envelope of the system

of circles it represents for a variable T and fixed t's.

Differentiating (11) as to t and multiplying the result by t, we have

(Si-2t)t      1  T       Q,9...      1/S4     2S6\]
tD,x=     Ss     +-[(-s1 + 2t)t-ñi{T-1r)\.

Again, differentiating (11) as to T and multiplying the result by T, we have

TDTx= -¿[(S2-Sií + í2)-¿(s3-y + ^)].

The conjugate of tDtx is

(f-f) + ir[(-|+?)-<«-*')],
while that of TDTx is

-*r[(t-i+J)-<s*-s*'H-
Substitution of these expressions in

tDjt

gives, after reduction,

<*-*?+,[,_*+■,,_(*_!)]

+ ¿(A_?s.)+J[(_|+|)_(Sl(_2,)].0,

which may be written in the following form

™ (^W4(*.-^-'<*.-»>-KH)-°-
This equation is a quadratic in T, of which one root is evidently T = S6.

Tññ— = its conjugate
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The other root is
Sit - 2S5

<3(Si-2i)

whose conjugate is its reciprocal.    Hence both roots are turns.

If now these values be put in (11) the resulting equation in t will give the

envelope of the system of circles corresponding to the roots substituted. Con-

sider that part of the envelope obtained by putting T = S¡ in (11). We

then have

(13) *-      W,        2S]VS3~T + 7j'

the envelope expressed parametrically. We can obtain the equation of the

envelope free of the parameter t by eliminating it between (13) and its con-

jugate. The resulting equation will be expressed of course entirely by means

of conjugate coordinates.    Now the conjugate of (13) is

Combining (13) and (14) so as to eliminate t, we have

\ioJ X 02 —   o rj2 J
o5      O5     os

the equation of a line.   Thus we have another theorem of the first chain:

The five second circles of four out of five directed lines are on a line.

The second part of the envelope of this system of circles is of course ob-

tained by putting the second root of the quadratic in T above, viz.,

Sit — 2S5

<4(Si-2i)
in (11).    Whence we have

(Si-t)t ,   í4(Si-2í)
x=—-5-h

S6        ' 2(S4i-2S6) [<*-*+'>-&*-*+*)]

the map equation of a curve of the 15th degree.    This curve is not con-

sidered in this article.

§ 2.    Second circle for a directed 2n-line.   Directrix for a directed 2n +■ 1-line.

In the preceding section the parallel to the hypocycloid of class 4, the

curve which we have termed the A*, was used for the metrical treatment of

the directed 5-line, the directed 4-line being considered as a special case of the

5-line. For a like treatment of the 7-line, the curve A6, also mentioned in

the preceding section, may be used, and the 6-line considered as a special case

of the 7-line.    It can be shown in fact that
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(a) If from each center of the A*, inscribed in 5 of 6 lines of direction, a per-

pendicular be let fall upon the line omitted in each case, the 6 perpendiculars are

on a circle, the second circle of a 6-line.

(b) The 7 second circles of 6 out of 7 lines of direction are on a line, the directrix

of a 7-line.

And so on in general.

Hence, the most general curve of the same type as the A curves is at once

suggested for the metrical handling of 2n + 1 lines.   It may be written

( - )"(x<n+1 + xi""1) » f* + 1 - (Sifi*-1 + S2n-it) +-h ( - )V

+ ••• + (-)"( S„_2r+2 + S„+2<»-2 )..

This is the line equation of the curve. The coefficients S„ and S2„-a are con-

jugates and p. is real. For a given x there are 2n values of t, that is, the

curve is of class 2n. On substituting the values of x in the map * equation

(given further on) and its conjugate in the equation of a line

ox + ax + 1 = 0,

it is seen that the curve is of order 2re + 2.   By the aid of the curves, A2n

and .42n-2, the general theorems of the two chains of theorems already indicated

may be proved.

Consider, then, the A2" in the form

fn _ ßl<2n-l +-(_  ( _ )n+la;<n+l _|_  ( _ y^n _|_  ( _ )n-l<n-l

(16)
+ (_)»-*-O2„_l<+l  =  0

and also the general A2n 2 as given by

afin~2 - ßfin~3 + yt2n-*-|-(-)n(x-5)<B+(- )"_Vi<n-1

(17)
+ ( - )» ( x - k ) <»"2 + ( - r^Xi»-3 +(-)"-#+f=0.

Eliminating x and x from (16) by combining with it (17), we have

<2» - oii2»-1 +-a2„_i<+ 1 + [(- )»/.+ (- )B-Vi]<2+ • • •

+<[a<2"-2-/3í2"-3+7Í2b_4-( - )B+15tn+ ( - )n+1Ktn~2-\-XÍ+ v ] = 0,

an equation whose 2ra roots are the parameters of 2n common lines of direction

of the ¿2n and the A2n^.   The center of the ^2n~2 is

5 = 2íi<2¿3 • • • ín—1 — Sn_i.

It is the center for the reason that, on obtaining the map equation of the A2n~2,

the term containing S is the only one not containing t when the equation is

solved for x.   This is in accordance with the definition of the A curves pre-

* Equation (E) near the end of this section.
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viously given. Also, Sn-i here belongs to 2nt's; and these are connected by

the characteristic relation
S2„ « 1.

Now, inasmuch as the center of the A2n~2 is S„_i, and since here S2n = 1,

the center of the A2n~2 on any 2n — 1 lines of the 2n common lines of the two

curves is

ç .    SB-2X — 0„_i + ~—,
o2n_i

in which the S's how are for 2ra — 1 i's.

A perpendicular to a line of the .¡42n with parameter t2n and on the center of

the ^á2"-2 just given is

tix-x=ti{s^l+^j-^^+s^ly

If this equation be now written for 2ra i's, it becomes

Xf-X= t2 [S„_i - S^2t +-.. + (- J-Hfrt

"-2i"-2)i"|(S^.2-S^3t+ ... + (-)-

(18) Su

ri(sn-s„_ii+ ■■■ + (-)v)-i
L s2B J

- [S„+i - Sj+Sn-1?-+ ( - )n+1i"+1] .

This reduces to

(19) f{x~^)~{x~Sn+l) = t{Sn~§£)'

the equation of a circle in line form. This circle is touched by every one of

the 2re perpendiculars contained in (18), there being one perpendicular for

each i,, i running from 1 to 2«.    Whence we have the general theorem:

If from each center of the A2n~2 on every 2n — 1 out of 2n lines of direction of

an A2n, a perpendicular be let fall upon the line left out in each case, the 2n per-

pendiculars are on a circle.

This may be termed the second circle of a 2ra-line.

The point equation of this circle is

For 2n + 1 i's this equation becomes

*"-S^ +27^SB-Sn_ii+...

(21)

+^^-s-¿Ti)(s--¥+-+(-)"s-r)]-
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If in (21), t takes the values U (i = 1, 2, • • • n + 1 ), the equation reduces

to the corresponding second circle for 2re out of 2n + 1 lines. If t be any con-

stant of the unit circle, and if T varies, there is also a circle. Hence for all

constants of the unit circle there is a single infinity of circles to which system

the above second circles belong. What is the envelope of this system ? If

we obtain from (21) tDtx and TDTx, take their conjugates and substitute in

the equation of condition for contact, viz.,

tDtx
its conjugate,

TDFx

we have, after reduction,

(Sn_! - 2S„_2< +••• + (- )"-1ni»-1 )tT

S2n+l

+ ¿(sn+2-2^+---(-)-^?0)

- ( Sn_i< - 2S„_2i2 +••• + (- )n~lntn )

Sn+l

a quadratic in T whose two roots are

Ti =  S2n +1

and

T Sn+2<"~1 - 2S2X-2 +•••   +  (- )"-1wS2n+l

12 -       S„_i - 2Sn_2< +••• + (- )"-1n¿"-1      '

both of which are turns.    If we put Ti = S2n+ 1 in (21) we find

Sn + S„-l<-+ ( - )

2S2n+l

Combining this value of x with its conjugate, we have

/OQ\ 1      - _      &» Sn+l

02n+l 02n+l 02n+1

the equation of a line.    Hence, the general theorem:

The 2n + 1 second circles of 2n out of 2n + 1 directed lines are on a line.

It has been shown that the center of the A* of which four lines are given is

equally distant from the center of the center and second circles for these lines.

There are similar theorems for a greater number of lines. The center of the

A* on 5 of a set of 6 common lines of the A4 and A6 is

x = S2 + Si / St,,
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where the S's are for 5 i's.    For 6 lines

(24) x= S2- S1t + t2+(S1-t)t/Ss,

the equation of a limaçon with center S2.    Hence the theorem :

The 6 centers of Ihe A*'s of 5 of 6 lines of the A6 are on a limaçon whose center

is S2.

As 5 points, in general, determine uniquely a limaçon, these 6 points are

not any 6 points of the plane, but are connected by the relation just deduced.

But the absolute value of the stroke giving the center of the second circle for

6 lines was | S2 / S61.   Now,

I S2 / Se | = | S21,

whence follows the theorem :

The center of the Ae, of which 6 lines are given, is equally distant from the

center of the limaçon on which are the centers of the 6 Avs on 5 of 6 common lines

of the A* and A6, and from the center of the second circle for the 6 lines.

These theorems put generally are, therefore,

First, The 2n centers of the A2n~2's on 2n — 1 of 2n lines of direction are on

the trochoidal curve

x = S„_! - S^2t +... + (- )«-ii»-i + (S»_2 - S^3t
(25)

+ ... + (-)-r«)i/sfcl.

Also, since the center of the second circle for 2n lines is S»_i / S2n, while that

of the curve just given is S„_i, we have

Secondly, The center of the A2n of which 2n lines are given is equally distant

from the center of the second circle for 2n lines of the A2n and from the center of

the curve of centers of the A2n~2's of 2n — 1 of 2n lines.

If in the equation of the A2n, viz.,

t2n - Sii2""1 +-h ( - )n+1xtn+1 + ( - ) V + ( - )n-15in_1 + • • •

-S2„_ii+1 = 0,

we make n = 3, we have the equation of the As

f - S/ + ari4 - »? + xt2 - Sd + 1 = 0.

The map equation is

x= -2i2+|Sii + M/2i- S6/2í»+l/íl.

Differentiation as to i gives

0= -8i+3Si-/i/<2 + 355/^-8/^,

an equation whose 6 roots are the 6 parameters of the cusps of the Ae.   That
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is, the cusps are given by the roots of

8(fi+ 1) + p.fi-Z(Si? + Sbt) = 0.

Now, combining the line equation of the A6 with this cusp condition, we have

8(xfi + xt)- 5(Sifi+Si) - 9p.fi = 0.

This is the equation of an A4 concentric with the A6.   Hence,

The 6 cusp tangents of an A6 touch a concentric A*.

The map equation of the ^42n is

(-)-(2x)-[(„+l)»---^]-[S,nl-»-("-yS--]

(E)

+ --- + (-)^--- + (-)»(3Sn_2*-^f).

The equation giving the cusp condition is

0= (n+ l)(n- l)(¿2n+l) -  [Sin (n - 2) fi»-1 + S2n.w (n - 2)t]

+ • • • + (- )V" + • • • + (- )n [3Sn_2<"+2+ 3S„+2Í"-2].

This combined with the line equation gives

(- )» (n+ 1) (n + 2) (xtn + xtn~2) - (1 - 2n) [ Sii2""2 + S2„_i ]

+ • • • + (- rnV"-1 +... + (-)» (n2 - 2) [Sn_2<B+1+ S^+2i"-3].

But this is the equation of an A2n~2 concentric with the given ^42".    Therefore,

There are 2n cusp tangents of an A2n and these tangents touch a concentric
¿pn—2

§ 3.  Reversal of direction.

The irline.

The standard equation of a line to which a direction may be assigned, viz.,

tx + ~t- 2r = 0,

is adapted to the analytical discussion of reversal of direction.

The equidistant axis of two lines with parameters h and t2 respectively was

(<i* + |-2ri)-(fer + f-2rt) = 0,
or

,,,, 1 -     2(n-r2)
(25a) x — —r x =

tit2 H — t 2



1912] PROPERTIES  OF  THE  PLANE  DIRECTED  n-LTNE 213

The meet of these two lines is

2f"iií — 2r2i2

x =     t2 — t2     '

A perpendicular to the equidistant axis and on the point of meeting just

given is

x + J_- = 2J>i+_r2J
ÍlÍ2 il + Í2

a result immediately obtained from (25a) if in it we change the sign of both

r2 and i2. But this is precisely what is also obtained from the equidistant

axis, if in it the sign of the second parenthesis is changed from — to + . Now,

from the discussion of a pair of directed lines, we recall that the effect of

reversing the direction of one of a pair of lines is to pass from one bisector of

the angles at the intersection of the lines to the other.* Hence the effect of a

reversal of the direction of one of the lines may be expressed analytically in

the formulas of directed lines simply by changing the sign of the corresponding

i and r of that line. And this rule applies to the reversal of the direction of

any number of lines.

A directed 4-line is best studied when the lines are taken as lines of a para-

bola, one of whose defining properties is, that the reflection of the focus in any

tangent is on a line.    Let this line be

1

y=T^t'
which, on elimination of i between the given equation and its conjugate,

becomes
y + y = l.

Let a particular point on it be
1

This is the reflexion of the focus in a tangent.   Then the current coordinate

a; of a point on a tangent and y\ are connected by the relation

x — yi = tx.

Hence all tangents of the parabola are given by

= 1
Z~ (l-t)(l-h)''

also for ii = t, we have the map equation of the parabola itself

(26)

* See Introduction.

Trans. Am. Math. Soc. 14

1

X~  (1-t)2'



214 j.  E. HODGSON: [April

or replacing t by i2

(27) X=   (1_<2)2-

The corresponding line equation is

x t

which is of form suited to giving the line a specified direction.    Corresponding

to (26), however, a line of the parabola is

tx — x =
1 - t

We do not give a direction to this line; and it is evident that with every directed

tangent with clinant 1 / fi, there are two associated undirected tangents with

clinants respectively equal to 1 /1 and — 1 /1.   These two lines intersect

on the directrix of the parabola.

The osculant* form of (26), viz.,

_1_
X~ (l-h)(l-t2)

is the meet of two lines of the curve with parameters h and t2.   The circum-

circle of three such undirected lines is, therefore,

_ _1 - t__1 - t

X~ (l-ti)(l-t2)(l-t3)-    A   '

while that for the three lines with parameters — ii, — t2, — t3 is

=_1_+J__1 + t
X     (1 + h) (1 + t2) (1 + t3) ~   B   •

The two respective center circles for the corresponding sets of four lines are

_1 -t_     1 - t

X~(l-ti)(l-t2)(l-t3)(l-ti)=   A
and

_1+J_1 + t
a:-(l + <1)(l + í2)(l + Í3)(l + <4)_   B

with centers respectively at the points

X = —t (A for four factors),
A

and

X = -jj- (B for four factors).
B

*E. Study, Leipziger Berichte (1886), p. 3; F. Morlet, these Transactions ,

▼ol. 1 (1900), p. 97.
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These circles are evidently on the origin for i = 1 in the one case and i = — 1

in the other.   Moreover, their centers and the origin are on a line, for

A    A    i

I   §1
B    B

0    0    1

= 0.

Hence, for four directed lines of a parabola, the two center circles of associated

undirected lines whose paramaters are * U ( i = 1, 2, 3, 4 ) are on the origin

and have contact at the origin.

Similar work shows that the same thing is true for the seven additional

pairs of center circles that can be selected from the two sets of four lines each.

A pair of circles would be given, for instance, by íi, fe, Í3, — í4 and — ii, — t2,

— Í3, i4. Of the eight pairs of these circles, four have as their common tangent

at the origin
SiX + x = 0,

and the remaining four have

SiX — x = 0-

Thus, of the sixteen circles eight belong to one parabolic * system and eight to

another; and every circle of one system intersects every circle of the other system

orthogonally.

Consider next the circles on the equidistant points of four directed lines of

a parabola. Arbitrarily assign directions to these lines. There is one corre-

sponding circle on the four equidistant points. When, however, the lines with

parameters, say, fe, fe, fe, Í4 are reversed in all possible ways there are seven

additional circles, four for a reversal of one line at a time and three for two at a

time. Note that to reverse lines 3 and 4 is the same as to reverse 1 and 2 and

that to reverse 2, 3, and 4 is the equivalent of the reversal of 1. Thus, there

are eight circles in all. As shown by Loud,f these are divided into two or-

thogonal sets of four.

Now, in order to have four circles on two points and four circles about those

points, it requires four constants to fix the two points, four more for the circles

on the two points, and still four more for the circles about the points, making

in all twelve constants; but the two orthogonal sets of circles are determined

uniquely by four lines for which there are eight constants. It is evident, there-

fore, that these sets of circles are subject to relations.    These we seek to find.

* Harkness and Morlet, Introduction to the Theory of Analytic Functions, p. 31.

t These Transactions, vol. 1 (1900), p. 335.
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The equidistant point of three directed lines of a parabola with clinants

I/i?, l/i2,l/i2,is
1 + Í1Í2 + Í1Í3 + Í2Í3

* (l-iï)(l-i2)(l-i2)-

Consequently, for four lines the equation,

(w l + S2+S4-(Si+S3)i(28) X — -p- (Sa for four i's ),

where P is the product  (1 — i2) (1 — i2) (1 — i2,) (1 — t\), is the center

circle of the four lines with their original directions.    But suppose the fourth

line is reversed.    What then is the equation of this circle?

The line of the parabola to which we assign direction, viz. ;

x t
tX — 7 =

i        1 - t2

can be used as is

tx+X-=2r,

the i / ( 1 — i2 ) in the former taking the place of 2r in the latter. When we

reverse a line given by the latter, we change, as we saw, the corresponding

i and r. For a line of the parabola, however, a change of only the correspond-

ing i is necessary, since a change of sign of i changes in this line also the sign

of what corresponds to r in the standard equation of the line. And this con-

clusion is directly verified in all the formulas used. Hence the equidistant

point for lines, 1, 2, and 4 with 4 reversed is

1 + t\t2 — iii4 — t2ti
x =

(l-íí)(l-i2)(l-í2)'

and the center circle^for 1, 2, 3, and 4 reversed is

(1 + S4 - S|i + i2)(l-i2)

or

x     (l-i2)(l-i2)(l-i2)(l-i2)'

x =
l + S* + SÎ,-(Sî + S4)i

(l-i2)(l-i2)(l-i2)(l-i2)-

Similarly for 1 and 2 reversed simultaneously

1 + S22 + S12- (Sl2+S'2)i

(i-ií)(i-í2)(i-i2)(i-iD'
x =

in which S4 and S12 indicate the synmetric functions of the i's when the signs

have been changed.    Denote these two circles by C\ and Ci2 respectively and
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the circle for the original directions by C. Of these eight circles, four belong

to an elliptic * set—those obtained.by reversing two lines; four to a hyperbolic

set—those obtained by reversing one line. Let us obtain the equation of

the line of centers of the elliptic set.    Two of these, C and C12 have centers

__ I + S2 + S4 _ 1 + S'2+Sj2x - p        ,       x p

The line on these points is S4X — x = 0. Similarly, the line of centers of

the hyperbolic set is S4x + x = 0. These two lines are perpendicular, as

they should be.

Denote, for shortness, 1 + S2 + S4 by o and Si + S3 by b.   Then the

circle C becomes
_ a-bt _ _ (o- bit) Sj

x p    ,        x p ,

whence

.Pxx - Pa (Six + x) = Si (b2 - a2).
Likewise Ci is

P^xx- Pai(- S4x+x) = - Si(b\- a2)-

The line of centers S4x — x = 0 intersects C in the points x = ( a =±= b) / P,

and S4x + x = 0 intersects Ci in x = ( ai =*= ¿n ) / P.

The line on these two points is

_        2mni m — ni

P(m + ni)' Si(m+m)'

in which m = 0 + 6 and ni = ai + 61.   Again, the line on the points

O14 + 6l4 j 04+64
—-p—        and        —p—

has the clinant
mu — W4

S4 ( mu + ra4 ) '

where mi4 = au + 614 •   Now

m - m = 1 + S2 + S4 + Si + S3 - 1 - S\ - S\ - S\ - S\

= 2<i (t2 + t3 + h) + 2ii (t2t3h) + 2¿i + 2¿i (t2t3 + t2ti + /3<4)

= 2<i ( 1 + Si + S2 + S3) (S's for t,,t„ U),

mu + m =2(1 + S, + S2 + S3).

Consequently the clinant k is equal to ( t2t3ti )_1. In like manner, it is seen

that the clinant of the line on the points (a — b) / P and (ai — h) / P is

— (<2<3<4)-1, while that of the line on (oi2 — bi2) / P and (a2 — b2) / P is

* Harkness and Morley, Introduction to the Theory of Analytic Functions, p. 31.
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(t2t3ti)~x, the former indicating a perpendicular, the latter a parallel, to the

line whose equation has just been given.

Consider next one of the circles of the elliptic set, say, C.   The line of centers

Six - x = 0

intersects this circle in two points. The companion line of centers S4x + x = 0

intersects each of the circles C\, C2, C3, d in two points. Selecting C\,

say, the points of intersection are ( ax ± ¿>i ) / P. If now the intersections

(a=fc£>) /P of C are joined each to the eight points ( a,; =■= ¿>¿ ) ¡P ( i = 1,2,3,4),

there are sixteen lines, four for each circle C;. One such set of four are lines

on the points
(a + b),/ P and (oí * brf/P,

(a-b)IP and (oí ± brf/P,

and have clinants respectively equal to

1 S1 + S3 1 Si + S3

ktzU ' Si ( 1 + S2) '      t2t3h '      Si ( 1 + St)
(Si,SuS, forts, t,, Í«).

The four lines of course form a complete four-side; and the two pairs of per-

pendicular sides intersect at the orthogonal intersections of the two circles.

Again, if each circle of the elliptic set be joined in all ways to each circle of

the hyperbolic set, in the manner indicated, there are 64 joining lines, and in-

vestigation shows that, of these lines, there are 4 sets of 4 parallels; 4 sets of

4 perpendiculars to these; 16 pairs of perpendicular lines.

These four sets of parallels may be considered as accounting for the four missing

relations on the eight circles of the two orthogonal sets arising from the directed

4-line.

We had the line equation of the parabola in the form

x t
tx — - =

t     l-fi'

with clinant 1 / fi.   A perpendicular to this line and on the equidistant point

of three lines with parameters ti, t2, t3 is

2{x + ï) = a + b-j{a-b-)   u'Bt0T 3 factors)-

This for four lines is

or'_ia^-1-<     (l-t)Si/fi ,  l + t ,  (l + t)Sj/fi

2\X + fi)-~A A +_B~+ B '

the line equation of the second circle for four lines of direction of a parabola.
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The  point equation is

r9Qï o       1-Si ,  1 + Si     S2/l      1\

which gives for its center

„   i(i-Si , l + SA
C_2^    ¿     +     B     )■

If now we reverse the lines in all possible ways, we obtain seven additional

second circles.   For the reversal of line 3, say, we get the new circle

¿X        A3    +    B3    ^2i\^3     B3J'

for the reversal of lines 2 and 3,

1-fl»    1 + S23    S2V 1       1 \

Aa    +    Br    + 2i \An    Bj'

the notation of the last two indicating that in the S's, .¡4's and B's the signs

of the corresponding i's have been changed from + to — . This is all that is

required to get the equations of the new circles, the equation of the original

circle being given.

Consider next what is the simplest relation of their eight centers.   The

center of the original circle was:

ABx = 1 + S2 + Si - Si (Si + S3).

For line 1 reversed; the center of the circle is

ABx= i + s2 + si-s¡(s; + s3),

and so on for the others.    Note also that

AB = AiBi = ^i2Bi2;

that is, fc reversal of one or two lines does not affect AB. Also, S4 is invariant

for a change in sign of one i, and again for a change of sign of two simulta-

neously. If now from the equations of the various eight centers, all but one

symmetric function of the t's be eliminated, we may be able to get a relation on

the centers by interpreting properly the various functions of the remaining

symmetric function considered as a parameter. Hitherto it has been con-

venient to use i as a parameter, but in what immediately follows we shall use

S2 for four i's as such.

From the relations for four things, viz.,

i4 - Sii3 + S2t2 - S3t + Si = 0,
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we set
(Í4 + S2t2 + Si)2 = (Sifi+ß3t)2,

fi - Tifi + <r2? - a3fi + trt = 0,

«ri = Si2 - 2S2,       o-2 = S22 - 2SXS3 + 2S4,

cr3 = S3 — 2S2S4,       o-i = S42.

Here the o-'s are symmetric functions oí t2(i = 1,2,3,4) and therefore un-

affected by a change of sign of t¡; but it is simply by this change of sign of U

in the equation of the original circle that we obtain those for the new circles.

Hence, if in the equation for the center of the original circle,

ABx = 1 + S2 + Si - Si (Si + S3)

we substitute — ax — 2S2 for — S\ and \a\ — \S\ — S< for — SXS3, it be-

comes

(30) ABx = 1 - cx + f <r2 - S2 - ±S22,

in which AB, the o-'s, and S4 are constants in so far as a change of sign of one

t, or of two at a time, is concerned. The S2's of course vary, but S2 may be

used as a parameter; and for the proper values of S2, the equation picks up

the eight centers of the second circles of the 4-line.

It is natural to divide the eight second circles into two sets—one for a

reversal of one line, and another for a reversal of two. To this latter set

belongs the original circle. Now S2 = S2/ Si. Let S2 vary and call it x.

Then
S4X — x = 0,

the line of centers of the elliptic set of center circles. S2, then, for a change

of sign, runs around a line as t runs around the unit circle. For a change

of one line, we have S2 tracing out the line

S4x + x = 0;

for a change of two lines,

S4X — x = 0.

As S2 traces the latter line, (36) picks up the centers of four second circles;

as it traces the former, the other four are picked up. What curve is repre-

sented by (36) as S2 varies ? Let S4 be positive. If, then, S2 is eliminated

by means of (30) and its conjugate, we have

_N2    ,    2[S4(S4-l)-(l-<7l + ir3-<74)],X
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2[(S4- 1)- (l-ai+o-3-o-i)]x

AB
(31)

2(Sj-l)[Si(l-al + ^2)- (o-i-o-3 + h2)]

A2B2

(1 - 0-1+ <r3- ffj)2 _
+ A2ß2 U •

This is the equation of a parabola. Thus, the simplest curve connected with the

four centers of the original second circle and the three corresponding to a reversal

of two lines is the particular parabola (31).

Likewise, the particular parabola on the four centers of the second circles

corresponding to a reversal of one line is

. _N,  ,  2[S4(S4+1)- (l-<rl + a3-o-i)]x
(x — x)2 H-

+

AB

2[(S4+l)+(l-<ri+<r3-ir4)]ï

AB
(32)

2 (Si + 1 ) [S4(l - <n + ia2) + <r4 - <r3 + \ct\

A2B2

( 1 — ffl+ c3 — ffi )2

A2B2

.      \ *■ "1     I      "3 "4 /_„

42R2 ==  V •

When (31) is arranged as to x, it becomes

P_{2,+ ^(S4-l)-^^-^+-3-^)]j, + z2

f2S4(S4-l)-2(l-gi+<r3-<r4)l

+ i-ab-r
2 (Sj - 1) [Sj (1 - <7i + è«r2) - (<74 - o-3 + jc,)]

A2B2

I    ( 1  —  gl + <73 —  C4 )2 _ Q
+ A2B2

If the discriminant of this equation be set equal to zero, we obtain the focus.

One root of the discriminant equation is infinite.   The other is given by

2(S4- l)2        (S4-l)2     2(fi«-l)(l-gi+<r,-g4)
AB      x        A2B2 A2B2

+
2Sj(Sj- l)(l-<rt + fo)     2(S4- l)(o-i-o-3 + $o-2)

A2B2 A2B2R2
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so that

m 1 + 2(1-^1 + ^2)(F) *- 2ÄB

gives the focus. The focus of the parabola for S4 negative is also given by (F).

Hence,

The two parabolas on which are the centers of the eight second circles of a 4rline

arc confocal and hence intersect each other orthogonally.

Substitution shows that these two parabolas are on the points

_ 1 — ffl + h°~2 _ 1 — «Tl + 2°2 _ S42 — 1
x~        AB x~ AB 2AB  •

The line on these intersections is x + x = 1.    Whence,

Given a parabola', the two parabolas (31) and (32) corresponding to any four

directed lines of the given parabola always intersect on its directrix orthogonally.

Further, the polars of the focus (F) with reference to (37) and (38) are,

respectively,

X+X=1+AB>      X + X=1~JB'

while their common axis is

1 — ffi + 0-3 — on  ,   1 — 0-4
x — x =

AB T 2AB

Their focus, however, does not satisfy the equation of the directrix, x + x = 1,

of the original parabola.   Hence,

The parabolas (31) and (32) are not of the same size, but are similar, and

similarly placed* to the original parabola.

The tangents at the point

1 — Ol + 20"2
X:-AB-SC

to (31) and (32) are, respectively,

S4X — x — S4c + c = 0,       S4X + x — S4C — c = 0.

These tangents are important in the discussion that follows.

Consider next the equation of the second circle of the directed 4-line, ex-

pressed parametrically in terms of S2, and S4 positive:

ABx - 1 + on - |o2 + S2 + %Sl = |(S, + S3).

The conjugate is

ABX - 0-4 + 03 - |o2 + S2S4 + |Si = ^ ( Si + S3).

* Salmon, Conic Sections, p. 223.
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Multiply these equations member by member, and, in the product, put

<7i + 2S2 for S\, -02 + SÍ + 2S4 for 2SiS3, and 03 + 2S2S4 for S¡.

Employ the former abbreviation c and note that c = ( o4 — 03 + §0-2 ) / AB.

Also set, Si being positive,

k- (I - fri+ fr3-Si)/AB.
We obtain

2AB (xx — ex — ex + cc) + 2S2 (S4X + x — SiC — c)

(33)
+ SÍ(x + x-c-k) = 0.

This is the equation of the second circle expressed parametrically, S2 being the

parameter, c, c, and AB are constants with respect to a change of sign of

the parameters, or t'a of the four lines. S4 is constant for a change of sign

of one, or of two, i's. It is evident that (33) is self-conjugate as a whole,

while each of its parentheses equated to zero is also self-conjugate, c + k

being real. Moreover, the part included in the first parenthesis is a point

circle; those in the second and third parentheses are lines, which, however,

in our inversive geometry may be considered as circles. Thus, (33) is of the

form
(34) \2U+2\V+W=0,

where U = 0, V = 0, and W = 0 are circles. But (34) represents a quad-

ratic system of circles.*   Therefore,

The second circles of a directed 4-line belong to two quadratic systems of circles;

four to the system for which S4 is positive, four to that for which it is negative,

and this in contrast to the linear systems of center, or first, circles for the same lines.

Since the lines (circles)

S4x — x — S4C + c = 0,       S4X + x — S4C — c = 0

belong each to a quadratic system of circles, in fact are themselves base circles

of their respective systems, and since the equation of the point circle

xx — ex — ex + cc = 0

does not contain S4, we have the theorem:

The tangents at the point c to the parabolas (31) and (32) are base circles each

of a quadratic system. Also the point circle is common to the two systems, while

the base lines (circles) x + x — c — k = 0 are parallel to the directrices of (31)

and (32) as well as to that of the original parabola.

In the equation of a circle in conjugate coordinates

xx — ox — äx + da — bb = 0

* See Salmon, Higher Plane Curves, French Edition, p. 343.
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the center is a.   In the quadratic system of circles just derived, viz.,

2AB(x-c)(x-c) + 2S2(SiX + x-SiC-c) + Si(x + x-c-k) « 0,

given an S2, we have a circle; but if we are given an x\ there are two values

of S2, that is, there are two circles on a point. Further, given an S2, the

center of the resulting circle is the negative of the coefficient of x, which in

this case is

1= (1 - <n + $<r2 - S2 - $S¡) / AB.

But x = I was the parabola which contained the centers of four circles of

one set of the two into which the second circles of the 4-line are divided.   Hence

The center of every circle belonging to a quadratic system arising from a directed

i-line is on a parabola; (31) contains the centers of the one system, (32) those of

the other.

Again, the three base circles of the quadratic system for which S4 is positive

are
W = xx — ex — ex + cc = 0,

V = SiX + x- SiC- c = 0,

U = x + x — c — k = 0.

A circle orthogonal to these circles must have its center at the intersection

of Í7 and V and must be on the point c.   The intersector. of U and V is

SjC-k

Si- 1 •
Hence the orthogonal circle is

k — SiC _     c — Siie
(35) xx —

Si
x —

1- Si
, ck — Sick

This circle is orthogonal to every circle of the system, for the Jacobian of

W, V, and U (the point c being the origin), is

x        Si 1

x 1 1

0   SiX + x   x + x + 2(c- k)

= 0,

which is the same as (35).

The tangent at the point c, of (35) is

S4a; — x— SiC + c = 0.

But this is also the tangent at the same point of the parabola (31).   We see,

therefore, that
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The parabola (31), which may be called with (32) a focal parabola* and the

Jacdbian circle of the corresponding quadratic system have contact at the point c.

Also, since there are two quadratic systems and therefore two Jacobian circles,

the two Jacobian circles of the quadratic systems arising from a directed 4-line

intersect orthogonally.

Two of the intersections of the Jacobian circle for S4 positive and the focal

parabola (31) are at c, as we have just seen. If c is the origin, the other two

intersections are

2\ AB   )     VAB

Bicircular quartics \ may be regarded as the envelope of the quadratic

system of circles
W+2\V + \2U= 0.

Again, all circles of the system

aU + ßV + yW = 0

have a common orthogonal circle. Hence those of the former system have

such a circle, and their centers are on a conic. Therefore a bicircular quartic

may be considered as the envelope of a circle whose center moves on a fixed

conic F, say, and which cuts a fixed circle orthogonally. However, if the

conic F touch the line joining the two common points of the circles of the system,

the quartic degenerates into a circular cubic and the line at infinity.

Now, this last statement characterizes precisely the condition of affairs

in the present case, since, as has been shown, the systems of circles under

consideration contain only those with centers on parabolas, and each system

has a common orthogonal (or Jacobian) circle, and is itself of quadratic form.

Therefore

The envelope of the quadratic systems of circles belonging to a directed 4-line

is a circular cubic.

If we eliminate the parameter S2 from (39) we have, for S4 positive,

(37)     2AB[(x-c)(x-c)][x+x- (c + k)]= (S4a; +ï - S4c - c)',

the equation of the circular cubic. Since this may be written in the form

WUI = V2P, or WU = V2I, I being the line at infinity, it is obvious that

U touches the cubic where U meets V and intersects the cubic where V inter-

sects I. Also W touches the cubic where W meets V and intersects the cubic

at the circular points. Moreover as U meets the cubic at infinity, U is parallel

to an asymptote.

* Salmon, Higher Plane Curves, French edition, p. 346; Basset, Cubic and Quartic Curves,

p. 139; Casey, Transactions of the Royal Irish Academy, vol. 24.

t See Salmon, Higher Plane Curves, French Edition, p. 243 et seq.
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When the Jacobian circle has contact with the focal parabola, the point

of contact is a double point on the envelope of the system of circles.   Hence

The circular cubic which is the envelope of the quadratic system of circles of

a directed 4-line is rational.

The double point is the point e. If this point is taken as origin, the cubic

(37), for Si positive, becomes

(38) *(,+ 5) + (l-i^)¿_A¿_¿?.o.

It is easy to verify that the tangent at the origin proves illusory. Further,

since (44) does not contain S4 in the first power, we may add:

The two quadratic systems of circles of a directed 4-line have the same circular

cubic as envelope.

Four of the foci of the cubic are the four intersections of the focal parabola

(31) and the corresponding Jacobian circle. As two of these intersections

coincide at e, this point is a double focus, while the other two are

Vab'

That these are the foci is readily verified by equating to zero the discriminant

as to x of equation (38). Using the focal parabola (38) and the corresponding

Jacobian circle, the point c is again a double focus, while the two corresponding

to (39) are imaginary.

We have seen that U is parallel to an asymptote of the cubic.    In Cartesian

coordinates with the focus of the original parabola at the origin, (38) becomes

(40) 2xi+2xy2+{\-1-^)x2 + ^+{^^yxy = 0.

The coefficient of y2 vanishes for x = 1/4.    Hence

The envelope circular cubic derived from any four directed lines of a given

parabola has the tangent at the vertex of the parabola as asymptote.

If in (38) we write tx = x, we obtain the parametric equations of the cubic:

bfi-at+b _    bfi-at+b

X~    t(t+l)   ' X~       t+l      '

where

_ 1 _ 1 + S\ _sj_
a~2      2AB  ' °     2AB-

Thus the fundamental involution is given by

(41) (o + b) bS3 - bbS2 - bbSi + (o + b) b = 0.
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The cubic giving the points of inflexion is

(42) ,_^>__<2_^_        (o + _6)_»=0

a + b       a + b       (0 + 6)6

The line on the points of inflexion is

(43) (o+6)x+(a + 6)x + o2-466 = 0.

It is easily shown that the cubic (38) is also the envelope of the system

of circles on the origin whose centers a satisfy the equation of the parabola

(a_,)2+(1_li^)a+(1+^)-

ri   (i-s2)iri   (i + s<)2l_n"^ L2 2AB    JL2 2AB    J

§4.    On center circles for a directed 5-line.

Three directed lines have an equidistant point, depending on the assigned

directions of the lines. Four such lines have a circle on their four equidistant

points, one for each three of the four lines. This is the center circle for four

lines. We have seen that by reversing the direction of the lines, we get eight

center circles for the four lines. Consider five lines. For every four there is

a center circle, and hence five such circles in a 5-line. The five centers of these

circles are on a circle themselves. This circle is the " first " or " center circle " *

of the 5-line. However, if one or more lines are reversed in directions we get

a different center circle. In fact, if we reverse one line at a time, we get five

new center circles; if we reverse two lines, we get ten new center circles. Thus,

in a directed 5-line there are sixteen center circles in all.

It has been observed that the eight centers of the circles for a 4-line lie

on two perpendicular lines.    How do the centers for a 5-line lie?

First, put a condition on the 5 lines, and let them be lines of a parabola.

Then the lines are of form
x t

tx-=-
lX      t      1-fi'

whence the center circle for four lines is

2x=lA+lB-t{-A-lB)

and that for five is

2x = Wb-í{a-1b)

(A, B for four lines ),

( A , B for five lines ),

* Loud, loc. cit., p. 325, Theorem I.
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or in conjugate coordinates

(44) ^-(l + B-)~x+8>(l-B-)X-0'

This circle is on the origin and the form is similar for any odd number of lines.

Hence,

If N is odd, the 2n_1 center circles for n directed lines of a parabola are on

the origin.

The center of the center circle for five lines is

2x=± + ±-¿x     A+B-

Thus
2ABx=B+A,       -2ABx = SS(B-A).

Consequently we have

AB(Ssx-x) = SiB,       AB(Ssx + x) = S5A,

whence finally

(45) S5V-i2 = ||.

This is the equation of a rectangular hyperbola, and is the curve on which

are the centers of the sixteen center circles for the five lines. This is so,

because (45) is not affected by the change of sign of any number of the i's,

i. e., parameters of the lines. Evidently the result is similar for any odd

number of lines.    Hence again

If N is odd, the 2n_1 centers of the center circles for n directed lines of a parabola

are on a rectangular hyperbola.

For any odd number of lines the center circle was

(44') xx —ax—ax =0 \_a = 2\A+B/\'

The center a satisfies the equation

S2z2-i2 = ^ («odd)-" AB

Considering a and ä as parameters connected by the equation just written,

we obtain

Sl<xx + ax = 0.

This, in connection with (44'), gives

(46) ABtfx2 = x2 - S2nx2,

which is a lemnisc?,te.    Therefore,
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The envelope of the system of circles to which belong the center circles arising

from any odd number of directed lines of a parabola is a lemniscate.

It is evident from the equations that the asymptotes of the rectangular

hyperbola are the nodal tangents of the corresponding lemniscate.

For the purpose of handling five directed lines free of any condition on them,

it is often desirable to take five tangents of the so-called double parabola.*

This curve is a class cubic with the line at infinity a double line. This accounts

for three constants, so that six remain. Hence six lines uniquely determine

this parabola, of which a directed tangent is

X C\t c2t
tx~7 = zttzî—:n +i     XÎ(XÎ-iV X2(X2-i2)'

where ct is an arbitrary constant and \ an arbitrary turn.   Also, c¡ = c{/\\.

The center circle for five lines now is

(47) -tlW+W
Pi - (Xi - ii) (Xi - i2) (Xi - i3) (Xi - U) (Xi - i6),

Qi = (Xi + fe) (Xi + i2) (Xi + i3) (Xi + i4) (Xi + is).

The center of the circle is therefore given by

(48) ^.(A+èJ+^Â+è)-
There are fifteen similar expressions for the centers of the circles obtained

on reversing one or more lines of the five, namely, by changing the signs of

the corresponding i's.

Equation (48) may be written in the form

(aq\ x- M6_MS _ cM      x^j

(49) ~Mr -M¡Si + Si'       Mi== PiQi+ P2Q2■

Since the conjugate of M3¡ M\ equals its reciprocal, it is a turn; call it p?.

The sum of the two expressions

u* ± m4S! + p3S2 ± ^2S3 + pSi ± S6

is 2ju5 + 2pr, where r = m2S2 + S4.   From the resulting value of r, we get

^"'W-n^+^+nu-fc).
M i <=i i=i

Also

v-^6)+2^ = s»n(M+<f)-s5n(^-<,).

* W. K. Clifford, Mathematical Papers, p. 46.

Tram. Am. Math. Soc. 15
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Adding and subtracting these last two equations and multiplying the results,

we have

(50) ,^[^-6+„<J-[í£=¿^+ajj.seo*-1\),

an equation unaffected by the change of sign of one or more parameters of

the lines. Therefore it represents the curve on which are the different centers

of the center circles for the given five lines. It is a rectangular hyperbola.

Hence

The centers of the sixteen center-circles arising from any five directed lines are

on a rectangular hyperbola.

§5.   On center circles for a directed 6-line.

Since, as we have seen, six lines uniquely determine a double parabola,

we may consider six lines of this curve as a general six-line. It is convenient,

then, in discussing the center circles for six lines to take these« as tangents

of a double parabola.

By reversing one line at a time we obtain six new center circles of the 6-line.

By reversing two lines simultaneously, there arise as many new circles as there

are ways of selecting two things from six, viz., fifteen. By a reversal of the

direction of three lines ten new circles are produced. For, three things can

be selected from six in twenty ways, but a simultaneous reversal of lines 1, 2,

3, is, for our problem, equivalent to a simultaneous reversal of 4, 5, and 6.

Hence the number is one-half of twenty, or ten. Thus in all there are 32

circles for the 6-line.

The equation of the center circle for six directed lines of a double parabola is

*-±£(^+^).

where now P, and Q» are formed for six factors.    The center of the circle is

2* = Cl(Fi + ¿) + C2(A+¿)'

whence

2-x=eiSe(¿ + ¿) + e2Se(¿+¿).

Subtracting, we have
S6X — x = 0.

Hence the center of the center circle for six lines is on this line which is itself

on the origin.   Now S$ is positive for the original circle and for those arising
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from a reversal of two lines. Thus sixteen centers are on this line. Since

S6 becomes negative for a change of sign of one t ™ of three i's, sixteen other

centers are on the line

S6x + x = 0,

a perpendicular to the first line and also on the origin.    Therefore

The 32 centers of the center circles of a directed 6-line are on two perpendicular

lines, 16 ore each line.

Johns Hopkins University,

March, 1910.


