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When a surface S is referred to a conjugate system of lines, its point coordi-

nates are solutions of a partial differential equation of the Laplace type,

called the point equation for the given conjugate system. Throughout this

paper we consider surfaces referred to conjugate systems, and hence we will

use the symbol S to denote either the surface or the parametric system upon

it, as the case may be. When the developables of a linear congruence G

meet S in the parametric conjugate system, we say that 67 and S are conjugate

to one another. A second surface »Si conjugate to G is said to be in the rela-

tion of a transformation T to S, or to be a T transform of S. Darbouxt has

shown that each solution <p of the adjoint equation of the point equation of S

determines a congruence G conjugate to S, and that each solution of this

point equation determines for any of these congruences G a conjugate surface

/Si. Hence each pair of function <p and 6 determines a transformation T,

and every such transformation is so determined. It is the purpose of this

paper to develop the theory of these transformations.

It is shown that if »Si and *S2 are two T transforms of »S, there exist oo2

surfaces »S12 each of which is in the relation of transformations T with »Si

and 1S2, and the determination of these surfaces requires only quadratures.

We have thus proved the existence of a theorem of permutability of trans-

formations T, which includes a similar theorem for the transformations K of

conjugate systems with equal invariants^ (see § 9), just as the latter embraces

as a particular case the theorem established by Bianchi§ for transformations

Dm of isothermic surfaces. In § 12 we extend the theorem of permutability

so as to be concerned with eight surfaces.

When the function 0 determining a transformation is a constant and the

point coordinates are in the cartesian form, the corresponding tangent planes

to »S and »Si are parallel, in which case we say that we have a parallel trans-

* Presented to the Society, Dec. 27, 1916.

t Leçons, vol. 2, pp. 225, 227.

t Cf. Eisenhart, These Transactions, vol. 15 (1914), pp. 404-8. Hereafter this
memoir will be referred to as M1.

§Annali di Matemática, ser. 3, vol. 11 (1905), pp. 93-158.

Trans. Am. Math. Soc. 7 97
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formation. This result and the consideration of the relation between two

transformations T determined by the same <p but different functions 9 lead

to results formerly found by the author* for certain types of transformations T

and later by Jonas, f and enable us to put the equations of a general trans-

formation T in another convenient form.

In § 9 we consider in particular the case where the point equation of S has

equal invariants and its transforms possess the same property. The resulting

transformations are the transformations! K previously studied by us in their

relation to the transformations of Moutard of differential equations. As

there shown, these transformations K include the transformations Dm of

isothermic surfaces discovered by Darboux.§

Transformations T can be treated analytically also in terms of the tangential

coordinates of the surface. This is done in § 10, and the relations between

the two sets of equations are determined. In particular, the case where the

tangential equation has equal invariants is studied, with the result that we

are led to the transformations Í2 previously discovered by the author. ||

If x, y, z are the cartesian coordinates of a surface S and « is any solution

of the point equation of S, the surface S whose cartesian coordinates are

ar/œ, y I (a, z/io is referred to a conjugate system. We say that S is a radial

transform of S. Combinations of radial and T transformations are studied

in §13 in relation to the theorem of permutability of transformations T.

In particular, it is shown that this theorem can be applied when a radial

transformation is treated as a special type of transformation T.

1. Transformations T in homogeneous point coordinates

The necessary and sufficient condition that four functions, x, y, z, w,

be the homogeneous point coordinates of a surface S, referred to a conjugate

system of lines of parameters u and v, is that these functions satisfy an equa-

tion of the form

d26 36      ,30
(1) dudv + adu+bdv + Ce = °'

where a, b, c are functions of u and v. We refer to this equation as the point

equation of the conjugate system.

If the developables of a rectilinear congruence meet S in the parametric

*Rendiconti di Palermo, vol. 39 (1915), pp. 153-170. Hereafter this memoir

will be referred to as M¡.

fSitzungsberichte der Berliner Mathematischen Gesell-

schaft, vol. 14 (1915), pp. 96-118.
Î .1/,, pp. 397-430.
§A n nales de l'école normale supérieure, ser. 3, vol. 16 (1899), pp.

491-508.
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curves, the congruence and the parametric system are said to be conjugate

to one another. Darboux* has shown that when a solution <p of the adjoint

equation of (1), namely

(2) d20     Jcp     bd<p
dudv        du dv

(       da     db\

is known, a congruence Gy conjugate to the parametric system is given by

quadratures. In fact, the point coordinates, x[, y\, z\, w\ ; x" , y'[ , z" , w'[ of

the focal points F[ and F" of the congruence are given by expressions of the

form

(3)

f     fdx     ,   \, fdtpt \ ,
ar, =   I cpy 1 t- + bx ) du + x I — — a<py I dv,

x"i = J x\Jfa - Hi) du + <Piy^+ axjdv.

Furthermore, each solution of (1) leads by quadratures to another conju-

gate system conjugate to the above congruence. For, if 8y is a solution of (1),

the function tri given by

(4) O-y  = Jd)y(d~+b6yjdu + M ^ ~  <UpA dv,

is a solution of the point equation of the surface (F[), the locus of F[. Hence

by the theorem of Levy t the surface »Si, whose coordinates are given by equa-

tions of the form

,,s , O-y  dx'y (Ty

(5) Xl  =  Xl~dly-dv- = Xl-ëyX'

dv

is conjugate to the congruence Gy whose focal surfaces are (F[) and (F").

We say that Si is obtained from »S by a transformation T.

The equations of »Si can be given another form, if we look upon the lines

of the congruence Gy as tangent to the focal surface ( F" ) also. Evidently

the function t\ , given by

(6) n = f dl(fu * Hl)du + ̂ Ih + adl)dv'

is a solution of the point equation of ( F'¡ ).    Hence the equations of »Si can

be given the form

(7) Xi= — 2i+jrz.

* Leçons, vol. 2, p. 225.

t Journal de l'école polytechnique, cahier 56 (1886), p. 63; also Darboux,

Leçons, vol. 2, p. 222.
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From (4) and (6) we find the relation

(8) 0101  = 0-1 + 7-!.

From (5) or (7) we get by differentiation

dxi d ( ;
-    =    Tl- I    -

d fx\       dxi Ô ( x\
ä^ = Tldü\T1)'      dv~= ~aid~v\¥i)-

2. The inverse of a transformation T

It is readily found from (9) that xi,yi, Zi, Wi satisfy the equation

nm d*Ü      °i(     , à\ogBi\de[     ni       d\ogdi\dd[
dudv     ti V dv     J du      ai\ du     J dv

Since the relation between S and Si is reciprocal, there exist functions

(pr1 and 071 by means of which S is the transform of »Si.    We shall show that

di) «r'-i,    *?=7T-
(Tl Tl

We remark that as the congruence 6\ is the same, on the assumption that

07l = 1, we must have analogously to (3)

d<    'ï     ^[dxi     n/,      álog0i\     I

(12)

where p is to be determined.    If the value of x[ from (5) be substituted in

the first of these equations, the result is reducible to the form

A^ + Bx = 0,
ou

where A and B are determinate expressions.    Since similar equations hold

in y, z, and w, A and B must be equal to zero.    From these equations we find

that p is 1/a and that (pr1 is of the form (11).    It is readily shown that these

values satisfy the second of (12).

From (4) and (6) we have

d2ffi _     1    ¿Vi dai

dudv~ di<j>idu dv +01<Plfc>

(13)
d2 ti _     1    dri dri

dudv~ dicpidu  dv +0í(t>íll>

where A and k are the invariants of (1) and are given by

,,,. da db
(14) A = -r- + ao — c,       k = -T- + ab — c.

du dv
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By means of (4) and (6) equation (10) may be given the form

n5\ d2 d'y  _        ay       dry dd[ _        Ty       day d6[ _

dudv       Ty dy <py dv  du        ffy 6y <py du   dv

In consequence of (13) the adjoint of this equation is reducible to

d2 <p'i ay     dry d(p[ ti     day d<p[

dudv     n di 0i dv du      o-y di d>i du  dv

riR\ i    j.' T0"1!.    ,   Tl7     ,       1      i^ldTi   ,   dffydTy\

(16) +H7yh+7yk+WiA\'dl¡~dv- + '^'dl¡)

_ _1_ (o]ydj^dj^       TydjTydCy\~\        -

0i 4>i \ Ty du dv      a\ du dv ) J
From (11) we find

d2<pïv      1 dn óVi ti +- 2o-i       1 óVido-i ay + 2ti _ (A,IL\
KPi +<r¡du dv   o-yOycpy       Vl 01 \ t\ + a\ ) ■dudv       t\ du  dv   Ty dy

Making use of this result, we verify readily that $7* is a solution of (16).

If d)[ is any solution of (16), then

d2   ( d)[ \ _      Ty     day d { d)[ \      _ay     dry d Í d)[ \

dudv\4>T1/      0i 4>i o-y dv du \ <p\~'/      0i <py Ty du dv \ <prl J '

Hence if <pi and <p2 are two solutions of (2), the equations

,17, d   (d)y2\ d   (d>2\ d   (<py2\ d   (<p2\

(17) **{#?) = ^duK^y)' diUf) * " Tldv\<py)

are consistent, and the function d)12 so defined is a solution of (16).

3. Transformations T in cartesian coordinates.

Parallel transformations T

We consider now the case when the point coordinates are non-homogeneous

and rectangular.    The point equation is of the form

—-        —      h— - 0
dudv        du        dv

When we take w = 1, we have from the corresponding equation (9)

dwy d ( 1 \ dwy d ( 1 \

(19) ^ = Tlâu\6\)'      ~ô7 = -''dïKTJ-

Moreover, the cartesian coordinates Xy, yy, Zi of »Si are given by equations

of the form

d , , d ( x\ d , . d (x\
->lWl)=TlâraUJ' dv{XlW') = -aidv\Jy)'du
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By means of (19) these equations are reducible to

dxi        Tl

du      Wi 02

(21)
ñV'du+^-^du-)'

dv Wi 0i

Now the point equation of Si is

d2l
dudv

(22)

+

ôari ffi    (     dx 30! \
-2{8i-+(xi-x)-).

;   ralogwr   /     aiog0i\o-iW,

y     L     dv \ 3»     / n J ön

L     du \ du     J ai J dv

The adjoint of this equation is obtained by replacing d,[ in (16) by d,\/wi.

We consider the transformations for which (pi is any solution of (2) and

0i = 1.    The corresponding functions cri and ri are given by

(23)

Í =   I bd>i du + ( -»— — a<pi j ¿ti,

i =   I  I ^— — b(pi \du + ad>i dv.

It is readily shown that these particular values are in the following relations

with the functions o"i and n as given by (4) and (6) :

/OA\ , Tl (Ti
(24) ti = j- — wi, ai = -z- + Wi.

Vl Vi

If S(1) denotes the corresponding transform of S, and its cartesian coordi-

nates are denoted by xm, y(i), z(1), we have from (19) and (20)

dz(1)        ,dx dxm ,dx

(25) ~du~Tldu' ~dv~=~aid~v-

From the form of these equations it is evident that the tangent planes to S

and S(1) at corresponding points are parallel. Hence, when 0i = 1, we have

the parallel transformations T.

4. Theorem of permutability of transformations T

Suppose that we have two transforms Si and S2 of S determined by the

respective sets of functions o-j, tx and <r2, t2, where o-2 and t2 are given by

(4) and (6) when 0i and <pi are replaced by 02 and d>2. A solution 0i2 of equa-

tion (22) is given by the quadratures

(26) ¿(7,1012) - n^f), l(wiei2) = -4(|),

which are of the same form as (20).
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We consider the surface »S12 obtained from Sy by the transformation T deter-

mined by 012 and <py2, as given by (17), where now

(27) fl"1-^-

The function W12 of this transformation is given by

dWy2 d   (   1   \ dWy2 _ d   (   1   \

(28) ~du~-Tl2du\6y2)' dv     -   -ffndv\6y2)'

where 0*12 and ti2 are defined by equations analogous to (4) and (6), namely

+*-[^-*-r-iia-(«+^4)sn*.
(29)

By means of (17), (26), and (27) these expressions are reducible to

W-t-ïaŒ-K-fc4)^]*
.    a     [4>12Tyf dd)y\        Byd)yWyd  ( <p2\l

(30)

The coordinates 0:12, 2/12, Z12 of <Si2 are given by equations similar to (21),

which are reducible by (26) to

dffl2 _ Ti T12

du        Q\ 0f2 Wy Wy2

(31)
0X12 0"i <Ti2

dv Of 6i2WyWy2

[■»{•-£+«¿(3)
-«¿(s)+*-«s(r)].

-"•¿(^♦•»«iKs)]-
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Proceeding in like manner with S2, we obtain a transform S2i by means of

functions 02i, #21 > 0-21, tu. The equations similar to (31) are obtained by

interchanging the subscripts 1 and 2 in (31). From these two sets of equations

it follows that S12 and S21 are the same surface, if

(32)
T12 Tl 02 021 Wi Wn  =  T21 T2 01 012 Wi Wu ,

ffu 0"i 02 021 W2 7021  =  021 ff2 01 012 «>1 W\i ,

and

(33) Xi2   = 9l2 ( Xi 02 021 + X2 01 012  - X 012 021 ),

where

(34) ¿r— =  02 021 + 01 012  — 012 021 .
f 12

When we express the condition that this value of xi2 shall satisfy equations

(31), we get

T a a a    fMHTj     0i0i2T2 \1V     / 302
|^Tl2Tl_ölöi2WlWl2ei2^—— + -^r-  012 02! jj^!^- 021^

301 302\ /      ddi dji 302\

- Ö23n" + 6ldu ) + X2\12du + °2du - eidTi)

{,   dd2 30i\       1   dxi

[i   a   a q     ( ^ ^21 ai   t   ^ öl2 ff2   i   a    a    \ 1 [      (       a    ^02
(Tli (Tl + 01 012 Wi WU 9l2 {-ë^ + -B~- + Ö12 021 J J \XI { - 02l^

fídOi dji\ (     301 301 302\
- Ö2 3t7 + 6l dv ) + X2{612 dv + 62Tv - eiTv)

-^02i^ + 0i2 aJ+e12acJ-o-

On the assumption that 0i and 02 are independent, these are equivalent to

a   a û    /020210J       01 012 (Ti        .    a    \
(Tl (Tli  =   - 01 012 Wl 7Ü12 9i2 I   -¿- + -7.-+ 012 021   I ,

\     Cl 7^1 (72 W2 /

a   a û    ( ®2 Ö21 Tl   i   gl ^12 T2       a    a    \
Tl T12 =  01 012 Wi Wn Oi2 I   -5-—-h -ä~-j-012 021   1 •

\     (71 7Ü1 (72 W2 /

From these equations and one analogous to (8) we obtain

0l012 7üiWi2^     / 1     \
012   =-Ö12 I   —  01 021 +  ( 0"1 T2   — 0"2 Tl ; ~X~—   I .

CTi Tl \ V2W2J

When this value is substituted in (17), we find that the transformation func-
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tions must have the expressions

w2
Wi2 =

(35)

01 012 ©12

wi6i<pi( 1 \
Ç>12   =-I — W2 021 + J-— ( T2 <Ti — Ty <J2 ) I ,

Ty ay     \ o2<Pl /

f 02 021 <Ti        01 012 02 \
{~6\wV + ~ë2~^ + ei2621)'

WyW2
0"12  =   —

Tl2

(Ty

Wy W2 ( 02 021 Ty        01 012 T2 \

\ diwi +"e2w2 -9"e*)-

It is readily verified that these values for 0-12 and T12 satisfy equations (30).

In consequence of (35) equation (33) can be written

(36) 01 012 Wl2 #12  =  W2 ( 02 021 Xl + 01 012 X2  —  012 021 x).

Thus we have established a theorem of permutability of general trans-

formations T. There are two arbitrary constants involved, namely in the

determination of 0i2 by (26) and of 02i by

m   i(.w.,i(j),   £<•«—*¿(g).

Accordingly we formulate

Theorem 1. // »Si and S2 are two transforms of S, there exist 002 surfaces

Sy2, each of which is a transform of both Sy and S2; and their complete determina-

tion requires two quadratures.

We say that four such surfaces S, Sy, S2, Sy2 form a quatern.

We consider, in particular, the case where S2 is parallel to »S. If we take

02 = 1, in accordance with (19) and (26) we have 0i2 = 1 as one solution.

Now (33) becomes

(38) (a;i2 — a;2)0i = (xy — x)621.

Hence we have

Theorem 2. If S2 is parallel to S and S y is any transform of S, one of the

surfaces Sy2 is parallel to Sy ; moreover the lines joining corresponding points on

Sy2 and S2 and on S and Sy are parallel.

If both »Si and »S2 are parallel to »S, the functions 0i and 02 are constants.

Hence from (33) it follows that x12 is a linear function of x, Xy, x2, with con-

stant coefficients, and consequently »S12 also is parallel to »S.

5. Envelope of the planes of a quatern

If M, My, M2, M12 are corresponding points of four surfaces of a quatern,

it follows from (35) and (36) that these four points lie in a plane 7r.    Since
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this plane contains the lines MMi and MM2 which generate congruences

conjugate to the parametric conjugate system on S, it envelopes a surface 2

upon which the parametric curves form a conjugate system, as follows from

the general theory of congruences.* Moreover, if II is the point of the en-

velope corresponding to M on S, the tangent at LT to one of these curves

passes through the focal points F[ and P2 of the lines MMi and MM2 respec-

tively, and the tangent to the other curve passes through the focal points

Pi' and F2 .    We will now find the coordinates of II.

In cartesian coordinates equations (5) and (7) are of the form

/on\ ,     ,        <Ti ,,    ,        Ti(39) tx'i xi = xl o-l — -¡-x,       wi xi = —a:, t1 + — x,
VI Pi

where now x[ o-\ and x" t[ are respectively equal to the right-hand members

of (3). Similar equations with subscripts 2 hold for the congruence of lines

MM2.

The cartesian coordinates £, n, f of IT are given by equations of the form

(40) = ^l- XiWi +^-x) +t2\ ^{-XiWi+^xj

-\{-Z2W2+ïX)]'

where h and t2 are to be determined. When these two expressions for £ are

equated, we get an equation of the form

Ax + Bxi + Cx2 = 0,

where A, B, and C are determinate functions. Since similar equations in

the y's and z's also must hold, we must have A — B = C = 0. From the

first two of these equations we get

0i ( w2 + ^ J + ti Í w2 0i - 7üi 02 + - -yj^—- J = 0,

(To \               /                                               0~2 Tl  — 0~i T» \
W2   — g-   1 + ti I   Wi 01  - Ti'l 02 +-â~â-)  =  0 .

These values satisfy C = 0, and when substituted in the above expressions

* Guichard,   Annales   de   l'école   normale   supérieure,   ser. 3, vol. 14

(1897).
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for £ we get

/ a2 Ti — o-y t2 \
íl   W2 <f)y — Wy <j>2 + -¿—ñ-   I  =  W2 <py X2  — Wy <p2 Xy

(41) V 6ld2       J
o-y T2   — <T2 Ty

01 02

We shall find the functions of the theorem of permutability when homo-

geneous coordinates are used.    Now the functions 0i2 and 02i are given by

(A~ Mii à    /0y\ dOif d   /0A (i = l,2,    .A

(42) -du- = Tiau\ëJ'     Tv=-°idv\7eí)    Kj-i.*.**')'

and the coordinates xy2,  • ■ • , wy2 of »S12 must satisfy the equations of the

form

mo\ dXi) d(xi\ dxn d (xi\       (i = i,2, \
(43)    -du^^duK^)'    ~dv=-ffiid-v\j;1)   0=1,2, i*0-

From (35) it follows that the functions t]2, oy2, <py2 are of the form

02 021 Ty 01 012 7"2

Ty Ty2   =   T2 T21   = a + ñ ~  012 021,
01 02

u, x / 02 021 0-1 01 012 Q"2 \
(44j ffi 0-12 = a2 0-21 =  — I -2-r-a- + 012 021 I ,

912  = I    —  021 +  (.01 Tn — <r2 Ti ; T-—   I .

(Ty Ti \ 02 01 /

Moreover, the coordinate £12 is expressed by

(45) 01 012 Xy2   =   02 021 Xy  +  01 012 X2   —   dy2 021 X .

6. Transformations f determined by the same function d>

We consider now the relation of two transformations determined by 0i

and 02 respectively but by the same function <pi ■    If we put

(ry)2 = j 02 (^ - Hi)du + d)y (^~ + ad2Jdv,

(ay )2 =   I <py Í z^ + bd2 J du + 02 Í -~ - ad)y J dv,

we have in consequence of (26)

02 02
(46) (1-1)2  = J-Ty — Wydy2, (<Ty )2 = -¿-ffy + Wy 812 .

01 01

When these values are substituted in equations analogous to (20), namely

¿(M) = {Tl)2L\¥2) '        1{X2W2) = ~ {(Tlhlv\J2)>
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the latter can be integrated in the form

,.„ 012(47) x2 w2 = xi wi — xwi -¿— ."i

In like manner from equations analogous to (19) we get

701
(48) Wi =-^(02-0i2)+c,

<72

where c is a constant.    By means of this result equation (47) can be given the

form

(49) ( Xi — x ) Wi = ( xi — x ) w i — ex.

From this it is seen that the congruence G2 of lines joining corresponding

points on S and S2 is the same as the congruence Gx only in case c = 0 in (48).

When the above expressions for (<ri)2 and (ti)2 are substituted in (37),

we find
a

(50) 702 021  =- Wi 012 r+ k,
02

where k is an additive constant.

From (33) and (34) we obtain for the present case

W2        i a        a    \l    ,   n   a ( 02 - 012 ) k— = (di - Ou) k + Oi One,        wu = --T-i-he,
t>12 Pi Cl2

(51)

xu(k(9i- 0i2) +001012) = k^x2.

Hence if k = 0, the surface S12 reduces to a point; if c = 0, it coincides with S».

In the inverse transformation from Si to S the function wT1 has the value

1/01, as is evident from (20).    If we look upon S and S12 as transforms of Si,

the analogue of equation (47) is

(52)
-> ( d2\

X12 7012 = 701    1 X — Xi -r- J .

This equation is satisfied by the value of £12, given by (51), provided k = — 1,

Incidentally we remark that the last of (51) can be written

(53) X12 = Xi i1-!««)

The denominator of this equation is a solution of the point equation of S2.

Moreover, corresponding points on S2 and S12 are on a line through the origin.

This is a type of transformations which we will consider later (§ 13); we call

them radial transformations.

Accordingly we have
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Theorem 3. When a transform Sy of S is known, the determination of another

transform S2 with the same function <p requires a single quadrature; then the

fourth surface of the quatern is a radial transform of S2.

7. Another form of transformations T

Particular importance attaches to the results of the preceding section when

we take a parallel surface for »S2. As in § 3, we call it Sm and its coordinates

xmf ywt 2(i)( We take e2 = \, then flu = 1. Also we take c = 1. Then

(47) assumes the desired form

xm
(54) Xy = x + —  .

Wy

In consequence of (24) equations (19) can be written

d . . ,30i d ,dBy
öu(Wydy)=   -Ti^, ^(^10!)=^—.

Hence if we put

(55) Wy dy =   - 0i\

we have

fUR dW ,ddy dW ,dh
(56) ~d^ = Tldu~'     ~d7 = -fflTv>

which are similar to (25).    By means of (55) equation (54) is reducible to*

a

(57) xy = x -pz(1).

The significance of this result is that the problem of finding transformations

T is reduced to that of finding parallel transforms and the integration of

equation (1).

Equations (57) enable us to show that when we take

0i = ax + by + cz,       0i° = ax™ + bym + cza),

where a, b, c are constants, then »Si is the plane azi + by y + czi = 0.

In consequence of (24) and (54) equations (39) giving the coordinates of

the focal points of the congruence Gy are reducible to

XW n xw
(58) x'y = x +—i- ,        x" — X-.

0"l Ty

As an application of these results we seek the condition that »Si shall be

normal to the lines of the congruence Gy. From (57) it is seen that x(1),

3/(1), zm are the direction-parameters of the lines of this congruence.    Hence

* Cf. Jonas, 1. c, p. 102.
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we must have

^      du     u'       ^      dv     Ul

Substituting the values of X\, yi, Zi from (57), we have to within a constant

factor

(59) 0<11> = A/:r(1)2 + 7/1>2 + z<1>2.

From (22) it follows that the point equation of Sa) is

32 tf> _    <r[ 30(11) _    t\ 30^

3n3?j t'i du o-[   dv

Expressing the condition that the above value of 6^ satisfies this equation,

we get

and consequently

Tdx™dxV _ djffdffP
du    dv        du   dv

T-y dx dx     301 301

du dv      du dv

But this is the condition that x2 + y2 + z2 — 6\ also is a solution of the point

equation of S. Moreover, it follows from (59) and (57) that in this case 0i

is the distance from S to Si. Hence from this point of view we have estab-

lished the known

Theorem 4. When the developables of the congruence of normals to a surface

Si meet a surface S in a conjugate system, the function t giving the distance betiveen

corresponding points on S and Si is a solution of the point equation of S as is

also the function x2 + y2 + z2 — t2.

Returning to the general case, we have from (50) in consequence of (55)

(60) 021 = 0(/) - 1.

We have taken k = — 1 so that (52) shall hold. Then Si2 is the parallel S^

of Si by means of which S is obtained from Si. Consequently the present

form of (53) is

(61) ^-frö-

8. Another form of the equations of the theorem of permutability

Suppose now that we have two transforms Si and S2 of S; we wish to give

the theorem of permutability a new form in view of the preceding results.

Evidently the functions 0i2 and 02i are given by expressions analogous to (57),

namely

(62) 012 = 02 - l^        021 = 0i - |U2),
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where 0(/) is defined by

dey= ,ddi      d#p_     ,d9i
{   ; du      T'du' dv ai dv'

o-'j and t'j being given by equations obtained from (23) on replacing 1 by j.

Now

ei2~ 0\,)022)l '  2      2  ' j'

and from (33) we have

(0(11)0?)-0(21)0(12))(xi2-a:)

(64)
= ( 6f 02 - df 0i ) z(1) + ( 0»> 0i - 0(/> 02 ) *« .

From this equation and (57) we obtain

(65) ((f? df - 0'2,) Bf )(xy2-xy) = (0?> 02 - 02'>0i) (|r¡*<» - xf» ) .

We note that the expression in the last parenthesis is similar in form to the

right-hand member of (57).    Hence if we put

0(2)
(66) x™ = x™ - ^x™,

the surface S{2) whose coordinates are a:'^, yf, z(2) is a transform of <S(2).

If equation (66) be differentiated, the resulting equations are reducible to

du

(67)
0f _, ̂ \ ByWy dXy

Oy      dv '

-( ' _ ?jl >\ e-i^i Van
- yT2 - ea,Tij Ti  du,

d¿p   ( ,   0<2) ,\

-fo={**-#p"l)

Hence <S(i2) is parallel to »Si. We wish to show that it is the parallel surface

whose coordinates enable the equations of the transformation from »Si to »Si2

to be given a form similar to (57). The first derivatives of the coordinates

of this desired parallel surface are equal to

, da:i , dxi

Ty2lht'        ~ai2~dv~'

where in consequence of (24), (35), (57), and (55)

, T\i
Ty2 = p-~

012

(68)

Wy6y{    ,        6f    ,\
12 ~     Tl     V2        0(,1)Tl/'

, <r12    , Wydyl    ,        0f    A
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Comparing these results with (67) we find that S(2) is the desired surface.

If we write (65) in the form

02   - Sí) W

(69) xi2 = xi--~(2)

we note its similarity to (57).

cß)     *i >

"2 0U)ff2

9. Transformations K

We consider now the particular conjugate systems for which the invariants

A and k of the point equation are equal. From (14) it is seen that in this case

the point equation may be written

(70) 320      3 log Vp~30     3 log Vp"30_Q

dudv dv      du du     dv

From (22) it is seen that the parametric system on Si will have equal in-

variants, if ai and ti are equal. From (4) and (6) it follows that to within a

constant factor we must have

(71) 0i = 20! p.

It is readily verified  that this value of 0i satisfies the equation adjoint to

(70).    From (8) we have

(72) <ri = Ti = 0?p.

Now equations (21) become

dxi      p (    dx 301 \

-du- = WiVldu+^-x)du-)>

(73)
dxi t>(adx>, x3M

to = - WiV'dv-+ {Xi - X) ̂ v-) '

where 701 is given by

3t0i _ 301 3t0i _    301

(    > Ju ~ ~ p-dü ' ~dv==p~dv'

This transformation is the same which we have considered at length in a former

paper, and called a transformation K*

Equations (24) reduce to

O"! = p0, + 70! , T[ = p0, - wx,

and consequently the expressions (39) for the coordinates of the focal points

* M,, p. 400.
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of the congruence Gy become

, pdyX + Wy Xy ,,        pdy X — Wy Xl

1 p0i + Wy      ' l pdy — Wy

The foregoing results are stated in

Theorem 5. When a surface S is referred to a conjugate system with equal

point invariants and 8y is any solution of the point equation of S, the surface Sy

whose coordinates are given by quadratures of the form (73), is referred to a con-

jugate system with equal point invariants, and the developables of the lines jo ning

corresponding points on S and Sy meet these surfaces in these parametric curves.

Moreover, the focal points of the congruence are harmonic to the corresponding

points on S and Sy.

We assume that »Si and *S2 are two surfaces in the relation of transformations

K with »S, and apply the theorem of permutability. Equations (26) and (37)

are now reducible to

d ,     „   , ( ndBj      n dOA
^(wiO,) = p {Oi-ú-'sto )>

(75) O-}'a    '+*)>
a /   de t        ddi\ VJ-I.2, /d_
dv

from which it follows that

W2 021 + Wy 012  =  COnSt.

From (35) it is seen that the necessary and sufficient condition that o"i2 = n2 is

(76) W2 021 + Wy 012  = 0.

Hence we have

Theorem 6. When Sy and S2 are two surfaces in the relation of transforma-

tions K with a surface S, of the <x>2 surfaces Sy2 forming quaterns with them in

accordance with the theorem of permutability of transformations T, w1 are in

the relation of transformations K with Sy and S2.

From (35) we have

(77) 01 Wi2  = Wy ( 012  — 02 )  + W2 01, 02 W21 = W2 ( d2y  — 01 )  + Wy 02 ,

and from (36)

(78) 01 Wy2 Xy2  -   — Wy 02 Xy + W2 dy X2 + Wy 0y2 X .

The coordinates £, n, f, of II, the point of contact of the plane ir with its

envelope, as given by (41), are expressible in the form

_ W2 0i X2  — Wy 02 Xy _    _ 01 Wy2 Xy2  - Wy dy2 X

W26y — Wy 02 01 W>12 — Wy 6y2

Trans. Am. Math. Soc. M
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Hence II is the intersection of the lines M Mu and Mi M2 ; consequently the

points M12 of the »1 surfaces S12 lie on the line MMu. Therefore we have

Theorem 7. If S, Si, Si, Sn are four surfaces of a quatern for trans-

formations K, the plane it of the four corresponding points M, Mx, M2, Mu

touches its envelope in the intersection II of the lines MMu and Mi M2 ; the

parametric lines on the envelope form a conjugate system whose tangents are

harmonic to the lines MMu and Mi Mi, and contain the focal points of the lines

M Mi, M Mi, Mu Mi, Mu M2 for the congruences generated by them. *

10. Transformations T in tangential coordinates

When a surface S is referred to a conjugate system, if x, y, z, w and X, Y,

Z, W are the point and tangential coordinates respectively of S so that

(80) Xx + Yy + Zz + Ww = 0,

then X, Y, Z, W satisfy an equation of the form

32X 3X        3X

Evidently the analytical theory of § 1 is independent of the geometrical inter-

pretation there given, and has a meaning when applied to equation (81).

This we will give and study the relation between the two sets of equations.

The adjoint of (81) is

,0o. d2 p dp        dp     I da     dß\
(82) d^v-adu-^v + {y-toi--dv)fi = 0-

If Xi and pi are solutions of these equations, the following integrals have a

meaning :

ffi = J Mii -q^ + ß'^ijdu + 'Kil-^- apijdv,

(83)

^=/^(^-^i)d« + Mi(^+aXij^.

The functions Xi, Yi, Zi, Wi defined by equations of the form

3Ari     _  3 /X\ dXi _  3 fX\
(84) "3t7 = n3nAxJ'       "ô7= ~ffldi\\i)'

are the tangential coordinates of a second surface, upon which the parametric

curves form a conjugate system.

* Cf. M„ p. 409.
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In addition to (80) we have the equations of condition

(85)

dv dv dv dv

Consider the function

(86) Bl = X[x+Y[y + Z[z + W'iW,

where X[, Y[, Z[, W[ are given by integrals of the form

<87> K-f»{£ + (lx)*» + x(t-™) dv.

In consequence of (81) and (85) we have

(88)

dJl = Y<*X' + — W        a-^-Y-X'+ — W
du     ^duAl+du^1' dv ~^dvA1 + 3»l'

dlÊi = Y--X' +--W
dudv dudv    1     3n37>    ' '

where as usual the symbol Y signifies the sum for three terms in x, y, z.

Hence 0i is a solution of equation (1).*

In like manner it can be shown that Xi given by

(89) Xi = Xx[ + Yy¡ + Zz[ + Ww[,

where x[, y[ ,z[,w[ are given by equations of the form (3), is a solution of (81).

It is our purpose to show that equations (9) and (84) define the same trans-

formation of S, when 0i and Xi are given by (86) and (89).

The analogue of equation (5) is

(90) XX = X[-^X.
Al

From (9) it follows that the points Pi and P27 whose coöidinates £1, 7/1,

f 1, «1; £2, 7/2, U, W2 are of the form

<«> 6-b(s)'      *-£(*)'
are the intersections of corresponding tangents to the parametric curves on

S and Si.    Since

s-S-C-^-KC-SM*-d£2

* Cf. Darboux, Leçons, vol. 2, p. 188.
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the points Ty and T2 are the focal points of the congruence of lines Ti T2.

These lines are the intersections of the tangent planes to »S and »Si.

We shall show that X\, Y\, Z[, W[ are the tangential coordinates of the

locus of Ty.   In fact, it follows from (80), (85), (86), (87) and (88) that

Efi^i + «i^i = o,

(93) ndX'i,      dW'i     n
2-£i"5T+"1-57- = °-

Moreover, the condition

follows from

dv dv

v    dX[        dW[

ydxdx   dwdw_
dv du      dv   du '

which is a consequence of (85) and their derivatives.

In like manner it can be shown that the tangential coordinates X'x', Y'i,

Z" , W'i of the locus of T2 are of the form

(94) X'; = jx(^-ßuy}du + mi(— + aX^dv.

From (5), (86), (89) and (90) we have

01  =  Y,XyX + WyW,
(95) ^

Xi = ZxyX + WyW.

When the values of Xi and 0i from (89) and (86) are substituted in (4) and

(83), the resulting equations are reducible to

F/v   ,dX[       ,dW[\ /_   ,BX[,     ,dW\\,
ai = J \^^lu- + ^-dur)du + {^^-dv- + w^-dV)dv-

Hence by a suitable choice of the additive constants of integration we have

(96) o-! + o\ = £ X'y x[ + W\ w[.

In consequence of these results we have from (5) and (90)

J^XyXy + WyWy  = 0.
Since also

££2X; + co2W[ = 0,
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it follows from (9), (90), (91) and (93) that

^ y ÔXl _i_ n/ dwi     r, V y dxi i   n/ dwi     n
^Zl3l7 + iFl3n"=0'       ^Zi3t7+PFi"37 = 0-

Hence equations (9) and (84) define the same transformation T of S.

By making use of the results of § 5, we can obtain the equations of the

theorem of permutability of transformations T from the standpoint of tan-

gential coordinates.    The functions Xi2 and X21 must satisfy

(97) -dñ=Tito\\i)' -dv-=-<Xldv\\i)     0 = 1,2,   **')•

The functions äi2, an, tu , tu are given by

(98)

-   - -   - X2 X2I Tl        Xl X12 T2 .       .
Tl Tu  —  Ti Tn  — -. + % A12 A217

Al Ä2

—   —             —   —                     ( X2 X21 0"!        Xl X12 (Ti \
(Tl (Tn  =  (Ti (Tn  =   — I r -)-J" + A12 A2I  I ,

and the tangential coordinates of S12, namely X12, F12, Zu, Wu, are of the

form

(99) Xi X12 A12 = X2 X21 Ai + Xi X12 A2 — X12 X21 X.

If equations similar to (95) are to be satisfied, we must have

Xl2  =  Y Xl Xu + Wi 7012  =  Y Xl X2 + Wi Wi  — 021,

(100) v, ^
X2I  =  Y Xi »12 + W2 7012  =  Y Xi Xl + Wi 701 - 012 .

When these equations are differentiated, we find that the resulting equations

are satisfied in virtue of the preceding formulas. Hence we may take X12

and X21 as given by (100).

Equations similar to (5) and (90) are

,    <Tl2
»12 = «12 +j-xi

On

021 Xl ( 01 0"2    ,     .     \

v,        v        äu X21 „     Xi / Xi v2 \
A 12 — A12 -f- 7     Ai = A2 — T~~ A   — =-I   —-       -f- A2i  I .

A12 Ai 0"i  \    A2 /

From these equations, (98) and (100) we obtain

Y X'u X'u + 70¡2 W'12 = <Ti2 + an.

Consequently when X12 and X21 have the values (100), the expressions (99)

are the tangential coordinates of S12 whose point coordinates are given by (45).

From the form of (99) we are led at once to

Theorem 8.    When S, Si, S2, Su form a quatern for transformations T,

four corresponding tangent planes meet in a point.
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During the remainder of this section we assume that the point coordinates

are cartesian and that X, Y, Z are the direction-cosines of the normal to S.

Consequently — W is the distance from the origin to the tangent plane.

From (58) it follows that x[ as it appears in (89) is equal to xo-[ + xm and

w[ = a[.    Hence (89) may be replaced by

(101) Xi = Xx™ + YyV + Zz<».

Consequently Xi is the distance from the origin to the tangent plane to »S(1).

We note that Xi and uy determine a transformation of »S(1). If Xi, Yi, Zi

are the direction-cosines of the normal to the transform S,1', and — W^

the distance from the origin to the tangent plane to S\X), equations (84) are

replaced by

„m 9   f Xy\ _    d   fX\ 9fXy\        _   d  (X  \
(102) d~u\Wf)=   ~7ldu\\y)> dv\W) = aidv\\i)-

But Xi, Yi, Zi are the direction-cosines of the normal to »Si also.    Moreover,

the function Wi is given by

,..„.        dfWi\ -  d (W\ d(Wi\     _ d (W\
(103) du\WfJ-   -Tidu\\y)' dv\Wf)) =  ffldv\\y)-

11. Transformations ß of conjugate systems with equal tangential

INVARIANTS

When equation (81) has equal invariants, it can be written

d2 Xi   a log -fp dXi   d log -fp axt =o
dudv dv       du du      dv

Analogously to the results of § 9 we have that «i = 2pXi is a solution of the

adjoint of this equation.    For this value we have

O-y  =  Ty  = \y p,

so that the tangential equation of the transform is

d2 x;   d,    .- dx;   d,    ,- dx;      v,   n
d^-d;IogVpXld27-d¡¡IogA'pXld7 + TlXl = 0'

which also has equal invariants.

If we put

*i = XiV-,     t?; = x;/VpXi,
these equations are equivalent to

dudv ~ \ ^fpdudv      y )ûl'       dudv ~ \   ^dudv VpXx     7l) Ôl '
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These equations are satisfied respectively by the functions

vi = VpX, Vi = yp~Y, v3 = VpZ;

vi = Xil -VpXi,       Vi = Y il VpXi,       v3 = Zil VpXi.

In terms of these functions equations (84) are reducible to

d ,-      .      /     dvi d#i\

(84') (¿ = 1,2,3).
d ,_      s /     dvi 3#i\

Since the tangential equation of S has equal invariants, there exists a surface

S with this spherical representation of its asymptotic lines. Its point coordi-

nates £, r¡, f are given by the Lelieuvre formulas

3£ 3jv3 3ív2 3£ 3i<3 3<v2

3n       2 3n        3 3n ' 3t; 2 3tj        3 3» '

Similar equations in the functions Vi give the point coordinates of a surface

Si with the same spherical representation of its asymptotic lines as the para-

metric system on Si. Moreover, equations (84') are the condition that S

and Si be the focal surfaces of a IP-congruence.t

From the theory of IP-congruences it follows that, if X, Y, Z and X\,

Yi, Zi are the direction-cosines (not merely direction-parameters), of the

normals to S and Si respectively, then

¡vi = VpX,       vi = 4pi Xi,

where — 1/p2 and — 1/p2 are the gaussian curvatures of S and Si respectively.

Hence (84') may be written

¿(Vp-pTXiZi) = pX^(^),     |(^x^) = -Pxî|g).

Comparing these equations with (102), we have

h/o = —-1—
i /—,.   >•Vppi Xi

and equations (103) become

¿«S».*>--*•£(£).   s<^x'r'>-*s(s;)-
But these are the equations of transformations fl of conjugate systems with

equal tangential invariants previously found by the author.J   Moreover, the

* E., p. 193.    A reference of this sort is to the author's Differential Geometry.

t E., p. 419.
1M„ §§1,3.
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special surfaces »S(1) and S^, treated in § 7, were used in the discussion of the

transformations fi.*

12. The extended theorem of permutability

In this section we extend the theorem of permutability so as to involve a

group of eight surfaces. Let »Si, »S2, <S3 be three transforms of »S by means

of functions 0¿, <p, for i = 1, 2, 3 respectively. Applying the theorem of

permutability to the three pairs of these surfaces, we get three new surfaces

Sy2, »S23, iSgi. We recall that Sa = S a. Since *Si2 and *Si3 are transforms

of »Si, there exists a family of surfaces »S', for each of which »Si, <Si2, »S13, *S'

form a quatern. It is our purpose to show that one of these surfaces S' is

such that »S2, »Si2, »S23, S' form a quatern; and likewise S3, »S13, »S23, »S'.

We denote by 0i2, w'n, <p'n the functions transforming »Si2 into >S'. The

equations analogous to the first of (35) and (36) are

(104) 0i2 0'12 Wy2  =  Wy3 ( 0i3 0l3 + 012 B'l2 - BU 6[3 ) ,

012 012 Wy2 X'  =  Wy3 (013 013 £12  + 012 012 #13   ~  013 012 Xy ) .

In consequence of (36) and an analogous expression for xi3 the second of (104)

is reducible to

012 012 w\2 X'  = Xy ( Wy2 0'12 Wy3 0'i3

02 021 -, . 03 031 a, 0     \
- Z~2~ W13 Ö13 W2 013 - ¿""T- Wy2 6l2 W3 6y2   I

(105) 6l612 6l6l\ J

— X2 Wy3 B'yz W2 013 — X3 Wy2 d[2 W3 dy2

X , ,
+ 2~ ( W2 021 Wl3 013 013 + W3 031 Wy2 0i2 012 ) .

01

In deriving these equations, we looked upon »S' as a transform of <Si2 which

in turn is a transform of »Si. Looking upon »Si2 as a transform of »S2 we get

the analogous equations

021 021 W2y  = W23 ( 021 021 + 023 023 _ 021 023 ) ,

021 021 W2y x'  = W23 ( 02i 021 a:i2 + 023 023 #23 — 021 023 X2 ) .

The latter equation is reducible to

021 021 w'ii X'  =   — Xy W23 023 Wy 023  — X3 W2y 02l W3 02l

( W2y 02+ X2 (  W2i 02i W23 023 — W2y 021 W3 021 !
02 023

a°6) a,    a 0i 012 \- W23 023 Wy 023 ¿-J"   j

02 021 /

X

+ -T-(W3 032 W21 021 021 + Wi 012 W23 023 023 ) •
02

* Mí, § 6.
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From their definition it follows that 02i and w'2y are the same functions as

0¡2 and w\2 respectively. Making use of this fact, we eliminate x' from (105)

and (106).    In the reduction we note that from (35) we have

Wy Wy2 01 012  = W2 W2i 02 02l.

The resulting equation is of the form

Axy + Bx2 + Cx = 0,

where A, B, and C are determinate functions. These functions must equal

zero, since equations similar to the above hold also in the y's and z's. This

gives the three equations
a a

01 Wit 012 Wy3 0i3 — 02 Wi3 B'y3 W2 02i T-03 Wy2 B[2 W3 B3y T~
012 013

+ 02 W2 023 W23 023 = 0,

(107) ^2 Wn ^21W23 ^M ~~ ^3 W21 ̂ 21 Wz "32 ff~ ~ 9l W2Z ̂ 23 Wl ®n fi~

+ By Wy 013 W13 0'13  = 0,

Wy3 6'13 Wy 8y3 W2 021 + Wl2 012 Wy By2 W3 83y — W2y 02i W2 B2y W3 032

— W23 023 Wi 012 W2 023 = 0 .

It is readily found that these equations are equivalent to the three

0-
(108) 6i wn B'ij = Bj Wj Bjij- + Bi w¡ 6jk - Bk w, B3i

o ¡i

/i = 1,2, ¿ = 1,2, fc = l,2\

V i + 3 + * /■3

When these values are substituted in (105), the result is reducible to

$X' = Xy (02 031 023 + 03 021 032 — 01 023 032)

+ X2 ( By  013 032 + 03 012 031 — 02 031 013)

(109)
+ X3 ( By  023 012 + 02 021 013 — 03 021 012 )

+ X ( 012 023 031 + 021 013 032 ) ,

where
01 012 Wy2 6[2 W¡2

<J>   =-
w2 w3

= 01 (013 032 + 012 023 - 032 ̂ 23) + 02 (031 023 + 021 013 — 013 031 )

+ 03 ( 012 031 + 032 021 — 012 021 ) + 013 032 021 + 012 023 031 •

When we proceed with >S' as a transform of 1S13 or 1S23, we arrive at the same

result, which evidently is of symmetric form.
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It remains for us to show that the functions Q'a as given by (108) satisfy

equations analogous to (26), namely

mil      d 3 feik\ d 3 (dik\(111) R0MV) = r«Ä^j,        gjOM«) - -^^^Ö-J-

We know that this is true, since (108) for i = 1, j = 2 , k = 3 follows from

(36) when £12, «i, x2, x are replaced by 0i2, 0i35 023, 03 respectively; and

these results are general. Hence we have the extended theorem of permuta-

bility:

Theorem 9. If S, Si, S2, Su; S, S2, S3, S23; S, S3, Si, S13 are three

quaterns of surfaces, a surface S' can be found, without quadrature, such that

Si, Su, Si3, S'; S2, Su, S23, S'; S3, S13, S23, S' are quaterns.

13. Relations between transformations T and radial transformations

If to is a solution of equation (18), the surface S whose coordinates x, y, z,

are given by

(112) * = ~>       y = 7,>       2=7,'
03 03 (0

is referred to a conjugate system.    In fact, the point equation of S is

«„.« d2d      (        3 1ogco\30      /,      3 1ogco\30     n

<113> dwTv+{a+^)du + {b+^-)d-v-0-

We say that S is obtained from S by a radial transformation, since the line

joining any pair of corresponding points on S and S passes through a point—•

the origin.

If 0i is a solution of (18), then 0i = 0i/co is a solution of (113). Also it

can be shown that if 0i is a solution of the adjoint equation of (18), then

0i = 0i 03 is a solution of the adjoint of (113).

We consider the transformation T of S by means of these functions 0i and 0i.

If ti and ai denote functions analogous to tx and ai, it is readily found that

to within additive constants we have

{xiüi) - 7i¿(|) '    £<**> = -^k{j)'

Tl  =  Ti, (Tl  = (Ti .

Assuming these values, we have from equations (20) and the analogous ones,

_3_
du

by integration

(114) xi 701 = £1701

to within an additive constant.    Also wi is given by

,,,,>        dwi     _3/l\ 3 /w\ 37Ï>i 3 (03 \

(U5) du =Tldu\JJ=Tldu\Ii)'        ~to= -^diVdJ
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Evidently there exists a function wi defined by

(116) ¿<«i«i)=n¿(^), ¿(«i^i) = -»i^GO«

which equations are similar to (20). Comparing (115) and (116), we note

that «i can be chosen so that

(117) coi wi = wi,

and consequently we have from (114)

ntQ\ -      xi .      Vi .      *i
(118) Xi=~>       yi=77>       Zl=7T-

Wi Wl Wl

Hence we have

Theorem 10. // two surfaces S and S are in the relation of a radial trans-

formation and Si is a T transform of S, a surface Si can be found by a quad-

rature which is a radial transform of Si and a T transform of S.

When in particular w = 0i, then 0i = 1, and consequently »S and »Si are

parallel.    Now in all generality we take

Wl = — 1,        Wl = — 1/wi.

Therefore, we have

Theorem 11. A transformation T is equivalent to the combination of an

axial, a parallel and an axial transformations.

Consider now a general quatern of surfaces »S, Si, S2, Si2. From (116),

(26) and analogous equations it follows that the functions

w = 02,        Wi = 0i2,        w2 = —- ,

determine axial transformations of S, Si and S2 respectively, into S, Si, S2.

The equations determining the axial transform of Si2 as of the pair Si and S12,

are

d^

dra'
(*y*wy2) = ri2^^J , ^(*i2W12) = - ^{^J-

In consequence of the preceding equations we may take wi2 = l/wi2.

In order to show that the same function wi2 determines the axial transform

of S12, as of the pair S2 and Si2, the following equations must be satisfied:

mc»  ±(H*i\ <L{J—\ È.(^\ d (   1   \
{ily)    du\wy2)~  T2ldu\w2B2y)  ' dv\wy2 ) ^ dv\ W2 021 / "

When the values of w12, w21, o-21 and i-2i, as given by (35) and analogous equa-

tions are substituted, it is found that (119) are satisfied.    Hence the surfaces
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S, Si, S«, Su form a quatern.   Their coordinates are of the form

X X\
X = -T , Xl = 7- , Xi  = Xi Wi , ¿12  = Z12 7012 ,

02 #12

the transformation functions being

0i
01 = W > 01  = 02 01, 701 = 701 0i2;

Vi

02 =   1 , 02   =  02 02 7 702 =   1 J

012   =   1 7 012  =  012 012 7 W12 =   1 J

■T - - 021 . Î021

(721  =  W2 (721 , 021 =  ~7" 7 Wn  —   —  .
Wi 7012

These functions satisfy equations analogous to (35).

In a similar manner we get a second quatern by using 0i for the axial trans-

formation of S.   Hence we have

Theorem 12. When a quatern of surfaces is known, two other quaterns each

containing two pairs of parallel surfaces can be found without quadrature, and

these surfaces are axial transforms of the surfaces of the given qtiatern.

As a matter of fact axial transformations can be looked upon as special

types of transformations T.   For if we take

1 w
T2=— 0-2   =   1, 02   = W  —   1 , 102=7" + 1= -7 7

(72 CO  —   1

equations of the form (19) and (20) with subscripts 2 instead of 1 are integrable

in the form
x y z

Xi = -,       y i =-,       z2 = - .
CO CO CO

Let us apply the theorem of permutability to the case in which S2 is given

as above.    One solution of (37) is

0     A--h
Oil  — a    —

CO2 02        CO

We find also

T12  =   — Cl2 =   1 7 °"21  = 0*1, T21  =  Tl,

7012 012   =   1  + 012 , Wn  =  70! ( 1  + 0J.2 ) .

Hence if we put coi = 0i2 + 1, equation (36) in this case reduces to (118).

Consequently the theorem of permutability is equally true when an axial

transformation is used.    It is readily shown also that theorem 12 can be

established by means of the generalized results of § 11.
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