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BY
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A function of a line or functional F [X (x) ] is a function having as its argu-

ment an arc defined over an interval a == x Si b. It may be regarded as a

generalization of a function P(Xi, • • •, X«) of a finite number of variables

X< (i = 1, • • •, n) , the index i with the range 1,2, • • •, n being replaced by

the variable x with the interval a 3= x Si b as its range. It is the purpose of

this paper to consider some properties of a functional of this kind which has a

minimum value at a particular arc Xo ( x ). As in the case of a function F (X,) ,

(i = 1, ■•■ ,n), this involves the notion of derivatives or differentials of

the first and higher orders.

Fréchet has defined firstf and secondf differentials for a function of a line

P(X) in terms of which the difference P(X0 + 77) — P(Xg) may be expressed,

when X0(x)-f-T7(x)isa variation of Xo(x). The first differential is a so-

called linear functional L(n), and the second is expressible in the form

■B ( V, V ), where B ( u, v ) is a bilinear functional in the independent arguments

u(x), v(x). Riesz has shown§ that a linear functional can always be

represented as a Stieltjes integral

L(n) =   I   77(x)dM(x),
i/o

and Fréchet has deduced an analogous formula for B (n, r>) ,

B(n,n)=   I    I   v(x)n(y)dxvp(x,y),
•Ja   Je

in terms of a double integral which is a generalization for two dimensions of

the simple Stieltjes form.

* Presented to the Society, October 30, 1920.
t M. Fréchet, Sur la notion de différentielle d'une fonction de ligne, these Transactions,

vol. 15 (1914), p. 139.   This article will be referred to as Fréchet I.
JM. Fréchet, Sur les fonctions bilinéaires, these Transactions, vol. 16 (1915),

p. 232.   This article will be referred to as Fréchet II.
§ F. Riesz, Sur les opérations fonctionéües linéaires, Comptes Rendus, 149, p. 974-

•977; Démonstration nouvelle d'un théorème concernant les opérations fonctionéües linéaires,

Annales scientifiques de l'école normale supérieure, vol. 31

<1914).    The first article will be referred to as Riesz I; the second, as Riesz II.

Trans. Am. Math. Soc. 24 357
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The definitions of Fréchet apply only to functionals and differentials having

continuity of order zero, which means in the case of P(X) that the difference

F(Xo + tt) —P(Xo) approaches zero with the maximum of |»?(a;)| on the

interval a6. The continuity of F (X) is, on the other hand, of order one when

the difference approaches zero only if the maxima of |w(a;)| and |r/'(a;)|

âo so simultaneously. The integrals of the calculus of variations have con-

tinuity of this latter type, and it was desired to have a theory which should

apply to them as a special case. It is shown therefore in the following pages

that differentials L (v) and B (n, n) with continuity of order one are ex^

pressible in the forms

Jr>b fb
n(x)du(x)+j   n'(x)dui(x),

a va

nb nb fb
v(x)ri(y)dxyp(x,y)+2 I    I   v (x)n'(y)dxyq(x, y)

va  va

nb v'{x)n'(y)dxyr(x,y).

If the functional P(X) has a minimum at Xo then it is proved that u and u%

must satisfy an equation of the form

ui(x) —  I   u(x)dx = kx + 1,
va

where k and I are constants. Furthermore, under restrictions which are

explained in §§ 4 and 5, a necessary condition for a minimum analogous to

the Jacobi condition of the calculus of variations is deduced. It is proved

that when F (Xo) is a minimum the equation

J   [u(y)dyq(y, x) + u'(y)dyr(x,y)]

I   [u(y)dyp(x,y) + u'(y)dyq(x,y)]dx = kx + t
a   va

can have no solution u(x), except u(x) = 0, vanishing at x = a and a

point x = x' between a and 6.

These results are deduced in §§ 2 and 5. In §§ 1, 3, and 4 the necessary

definitions of differentials are given and their properties discussed. The

interpretation of the results of the paper for the integrals of the calculus of

variations is given in § 6.

1. Linear functionals and first differentials

If 8 = [ X ] be a class of arcs in the plane representable in the form

y = \(x),       a Si x Si 6,
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then we mean by the functional operation F (X) a real, single-valued function

of the curve X such that to every X in the class 8 there corresponds a real

number P(X).

If Xo is of class C(n) ,* then by the neighborhood (X0)ï of order ra is meant

the totality of arcs X of class C(n) satisfying the inequalities :

|X(x) -Xo(x)| <5, |X'(x) -X„(x)| <5, •••, |X(n)(x) -X§°(*)| <o.

Consider now a class 8 containing all arcs in a neighborhood (Xo)£ of an arcX0

of class C(n). A functional P(X) is said to have continuity of order n at Xo

if for every e there exists a ô such that the inequality

\F(\) -P(Xo)| <6

holds whenever X is in (Xo)«.

A functional P(X) is said to be linear in a class 8 if for some constant A

it has the following properties :f

(1) ¿(ciXi + c2X2) = Cii(Xi) + c2L(\i),

(2) \L(\)\^A-M(\),

whenever Xi, X2 and Ci Xi + c2 \2, with Ci, c2 constants, are in 8, and where

M (X ) denotes the maximum value of | X |. In the class 80 of arcs X continuous

on o si x Si b a functional L (X) which has the property (1) and is continuous

with order zero will also have the property (2)4 F. Riesz§ has shown that

such a functional is always in the form

L(\) =  f X(x)dra(x),
Ja

where ra(x) is of limited variation on the interval ab, and »the integral is

taken in the sense of Stieltjes.

Theorem 1. Let 81 be the totality of arcs X which are of class C on the

interval a Si x = 6. 7/ i(X) has the linear property (1) and is continuous

with order 1 in 8, it is always expressible, indeed in an infinity of ways, in the

form

X(x)dra(x) +  I   X'(x)drai(x),
t/o

where ra(x), wi(x) are functions of limited variation on a si x Si b . |j

* An arc X ( x ) is of class C(n> onoíiít, if X ( x ), X' ( x ). • • • . X(n) ( x ) exist and are

continuous on this interval; it is of class D(n) if X (x ) is continuous and consists of a finite

number of arcs of class C("', Cf. Bolza, Lectures on the Calculus of Variations, p. 7. The arc

will be said to be of class D if it is bounded and has a finite number of discontinuities of the

first kind.

t Riesz II, p. 10.
Î F. Riesz I, p. 974.
§ Ibid., pp. 974-977.   See also Riesz II, p. 10.
|| C. A. Fischer, Note on the order of continuity of functions of lines, Bulletin of the

American Mathematical Society, vol. 23 (1916-7), pp. 88-90.
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For, from the hypothesis that X is of class C, we may write

X(x) =  f X'(x)dx + X(d).
Ja

By the property (1) of a linear functional,

L(\)=l(\  X'(x)dx) +L(\(a)\.

The first term on the right of the equality is linear and has continuity of order

zero in the class of all functions X'(x) which are continuous. Hence with

the help of the theorem of Riesz,

L(\) =  I   X'(x)dwi(x) +  I   \(x)du(x),-
Ja Ja

where w(x) is defined by the conditions,

w(d)=0,       u(x) = L(l)       for       d < x Si 0.

The infinity of ways is evident from the fact that u(x) and Wi(x) may be

altered by a constant; but there are even more representations as will be

indicated at the end of § 2.

Fréchet* has given a definition of a differential of a functional F (X) defined

on the class So of functions X ( x ) continuous on a Si x Si b. According to

this definition a functional F (X) has a differential at Xo if there exists a linear

functional L(A\) such that for every arc Xo + AX in 80

F(Xo + AX) - F(\o) = I(AX) + e(AX) • M (AX),

where M (AX) is the maximum of |AX| on a Si x Si b, and e(AX) is a func-

tional which approaches zero with M ( AX). It is an immediate consequence

of Fréchet's definition that F (X) has continuity of order zero at Xo, a property

which is not possessed by the functionals occurring in the calculus of varia-

tions. The following definition is however applicable at least to the func-

tionals defined by the integrals of the calculus of variations containing only

first derivatives.

Definition 1. Let Xo be an arc of class C on a si x si b and F (X) a func-

tional defined at least in a neighborhood (Xo){. Then F (X) is said to have a

differential at X0 if there exists a linear functional L(A\) with continuity of

order one, such that for all arcs Xo + AX in (Xo)í,

(2) F(Xo + AX) -.F(Xo) = ¿(AX) + e(AX) ilfi(AX)

* Fréchet I, p. 139.
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Mi ( AX ) is the maximum of the values of | AX | and \ AX' | ore a Si x Si ¿, and

e (AX) is a functional which vanishes with Mi (AX).

The linear functional L ( AX) is always expressible in the form (1), according

to Theorem 1.

2. The first variation of F(\)

It is proposed in this section to study the properties of the first variation,

in other words the first differential, of a functional F (X) which has a minimum

or maximum at a particular X0. For this purpose we shall be concerned with

(1) an arc X0 of class C" on the interval a;i Si x Si a;2, joining the two fixed

points (xi, t/i) and (xz, ^2) ; (2) a functional F (X) defined in a neighborhood

(Xo)s of order one of X0, which has a differential of the kind described in § 1

at the arcX0; (3) the totality 8 of all arcs of class C joining (xiyi) with ( a;2 y2 )

and lying in (X0)á.

Definition 2. The functional F(\) is said to have a minimum at \0 in

the class 8 if there exists a neighborhood of order one of Xo in which F ( X ) ¡sF(Xo)

for every arc X of 8.

Consider the special one-parameter family of arcs

y =\(x,a) = ~K0(x) + ar)(x) ,

for which 77 (a;) is of class C" on xi Si x Si a:2 and 77 (a;i) = 77 (a^) =0. These

will all be in 8 for sufficiently small values of a, and the value of F(\) on

any one of them is from formula (2)

F(\(<c,a)) =F(\o) +aL(V) + <xM (V)e(ar,).

Then will follow readily

Lemma 1.    If F ( Xo ) is a minimum according to the definition given above, then

s*xt /*xt

(3) ¿(77) =  I    77 «"M+ I    77'dwi
VX\ *Jx\

must vanish for every function y(x) of class C on xi x2 such that

v(xi) = 77(3:2) = 0.

We shall next determine a necessary and sufficient condition that the sum

of two integrals of form (3) shall vanish as described. Since the value of a

Stieltjes integral is unaltered if the function of limited variation is changed

at a finite or denumerable infinity of points between a;i and X2, and since the

discontinuities of a function of limited variation are denumerable, we may

take u(x), Ui(x) to be regular* for a¡i < x < a;2; that is, at every point

between a¡i and a;2,2re(a;) =w(a; + 0) + M(a; — 0).

* Fréchet II, p. 217.
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According to a well-known property of a Stieltjes integral,*

7i(x)dw(x) = 77(x2)w(x2) - ji(xi)m(xi) -   I    tt(x)d77(x),
XI •'xi

and since 77 (x) is of class C it follows readily from the definition of a Stieltjes

integral that the last integral is also expressible as an ordinary Riemann

integral

I    u (x) 77' (x)dx.

Furthermore one may prove without difficulty the relation

77' (x)uix)dx =   I    77' ( x ) d I   m ( x ) dx,

so that with the help of the values 77 ( Xi ) = 77 ( x2 ) =0 the expression for

L i 77 ) from (3) may be written in the form

(5)

where

[7?(x)dw(x) + 7j'(x)dM1(x)] =  I    7?'(x)dtí(x),

ûix) = uiix) —  I   uix)dx.

Let «1, ßi, a2, /32 be any four points of the interval xi x2 such that

Xi < ai < ßi < a2 < ß2 < x2,       ßi — ai = ~ß2 — a2.

Let A be a positive number such that

xi < «1 — h < ßi + h < «2 — h < ß2 + h < x2.

Define a continuous function 77' (x) by the conditions

tj'(x) =0 for Xi Si x Si ai — h, ßi + h Si x Si a2 — h, ß2 + h Si x Si x2,

17' (x) = 1  for «i Si x Si p\,

77' (x) = — 1  for «2 Si x Si /3ä,

and the condition that 77' (x) is linear in the remaining parts of the interval

xi x2.   Then the function

77 (x) =   I.  77' (x)dx

is of class C" and has 77 (xi) = »7 (x2) = 0.

*T.-J. Stieltjes,*Récherches sur les fractions continues,   Annales  de  la  Faculté

des Sciences de Toulouse, vol. VIII (1894), J. 72.
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The substitution of n' (x) so defined in the expression (4) gives

£.1      (x-ai + h)dû+J    dû-^l        (x-ßi-h)du

-7  I      (x - a2 + Ä)dÄ -  I    dtí + Tl        (x-ßi-h)du,

and this must vanish for every choice of ai, ßi, a2, ß2, h satisfying the con-

ditions described above if /"(X) is to have a minimum at X0. The trans-

formation (4) applied to this expression gives, after some simplification, the

necessary condition for a minimum

î û(x)dx — t \     4 ( x ) dx = t I       û(x)dx — t  I      4 ( x ) dx.
hJßl hjal_h hjßl hja,_h

If we apply the mean value theorem to each of the above integrals and take

the limit as h tends to zero we obtain

(6) 4(ft + 0) -Û(ai-O) = 4(ft + 0) -4(a,-0),

where c, ßi, a2, ß2 satisfy the restrictions described above.

By the definition of û(x) its discontinuities are identical with those of

Ui(x) and are therefore denumerable. Select «i arbitrarily between Xi, and

x2 and let a2 > ai be a value at which Û (x) is continuous. If in the equation

(6) we let ßi and ß2 approach «i and a2 respectively, it follows that

4(ai + 0) -û(ai -0) =4(«2 + 0) -û(a2 - 0).

The second member of this equality is zero by the hypothesis that û(x) is

continuous at a2.    Hence

û(ai + 0) -û(ai -0) = 0,

and the same relation holds for Mi(x) whose discontinuities are coincident

with those of û(x). Since ai was an arbitrarily selected point between

xi and x2, and since Ui (x) was taken to be regular, it follows from the above

that Mi (x) díid also û(x) are continuous everywhere between xi and x2, so that

equation (6) may be written

u(ßi) -û(ai) =4(ft) -4(c).

The function 4(x), being continuous and of limited variation for xi < x

< x% has a derivative everywhere except on a set of points of measure zero.*

Let c be an arbitrarily selected point on Xi x2 and let c > C be a point

where 4 ( x) has a well defined derivative. The differences ft — c and ft — c

being equal we may write

* Vallée Poussin, Cours d'analyse infinitésimale, 3d edition, vol. I, p. 275.
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u(ßi) -û(ai)      u(ß2) -û(a2)
(7)

ßi — ai ß2 — a2

If we let ßi -*■ «i, ß2 —■ a2 in such a manner that ß2 — a2 and ßi — «i remain

equal, the right member of (7) tends to a limit and the left member therefore

approaches the same-limit. Hence we have the result that u ( x) has a deriva-

tive everywhere between xi and x2 and that this derivative has a constant

value,
û' ( x ) = k,       Xi < x < x2.

We are now able to prove that û (x), and therefore Ui(x), is continuous

also at the points Xi and x2.   To do this, consider the equation

VXi

n'(x)dû(x) = 0.

Since û (x) is discontinuous at most at Xi and x2 and is linear between these

values, this equation may be written

v'(xi)[û(xi + 0) -û(xi)] + v'(x2)[û.(x2) -û(x2-0)]

+ k I    r¡'(x)dx = 0,
VX\

or, since -g (xi) = rj (x2) = 0,

v'(xi)[û(xi + 0) -Û(xi)l + V'(x2)[û(x2) -û(x2-0)] = 0,

a result which must be true for every n(x) of class C vanishing at xi and x2.

Hence it follows that

û(xi + 0) = û(xi),       û(x2 - 0) = û(x2),

and that the same relation holds for Ui(x).   We have accordingly proved

Lemma 2.    If u(x), ui(x) are of limited variation on the interval XiXt

and regular for xi < x < x2, and if the integral

(8) [n(x)du(x) + n' (x)dui(x)]

vanishes for every v(x) of class C such that rj(xi) — n(x2) = 0, then a rela-

tion of the form

(9) û(x) = ui(x) —      u(x)dx = kx + I

must hold everywhere on the interval xix2, k and I being constants.

Conversely, if the last equation is true the integral (8) vanishes for all functions

n(x) with the properties just described.

The converse follows readily by substituting û(x) = kx + I in the for-

mula (5).
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It is interesting also to find the additional conditions on re (a;) and wi(a;)

which must hold if the expression (3) for the functional L ( 77 ) is to vanish

for all functions 77 (x) of class C on the interval ïiîî, whether or not the

conditions 77(3:1)= 77(0:2) =0 are satisfied. The necessary condition of

the lemma just proved must be satisfied in this case also, and the relation

analogous to (5) now is

P[7,(a;)dre(a;) + 77' (x)dui(x)] = [77 (x)u(x)]% + f ' r,'(x)dû(x)

nx¡

= [r¡(x)u(x)]% + k I    n'(x)dx = ri(x2)[u(x2) +k]-r)(xi)[u(xi) +k].
«/*i

This last expression vanishes for every 77 (a;) of class C"; hence we conclude

that
k = — u(x2) = — u(xi),

and it follows from the relation (9) that

u[(xi) = u (xi + 0) — u(xi),

(10)
rei(x2) = u>{x2 — 0) — «(.1:2) •

By the preceding arguments we have therefore arrived at the following

theorem :

Theorem 2. If F (\o) be a maximum or minimum according to the condi-

tions described in Definition 2, then the functions u(x) and ui(x) occurring in

the first variation

[r\(x)du(x) + ri (x)dui(x)\

must satisfy the relation

ui(x) —  I   u(x)dx = kx + l.

If F (\o) be a maximum or minimum with respect to the values of F (\) for all'

arcs whatsoever of class C on xi Si x Si X2 lying in a neighborhood (Xo)', then

the additional conditions

u[(xi) = u(xi + 0) - u(xi),

u[ (x2) = u(x2 — 0) — u(x2)

must be satisfied.

In relations (9) and (10) we have the conditions that integral (8) shall vanish

for all »7's of class C on Xi «2.   Consequently, if we have two representations

of the same linear functional,

[ r¡du + r\' dui ]        and I    [ i¡dv + i¡' dvi ],
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then u — v and ui — Vi must satisfy the conditions that

J    [ydiu - v) 4-y'diui-vi)]

shall vanish for all 77's of class C" on Xi X2.

3. Bilinear functionals and second differentials

For the purpose of discussing further the conditions which characterize a

minimum of the functional P(X) we next introduce the notion of a second

differential. The basis of the investigation is found in the paper of Fréchet

on bilinear functionals.*

IfX(x), piy) are two continuous functions defined on the two intervals

o si x Si 0, c Si y Si d, then according to Fréchet, P(X, p) is a bilinear

functional of X, p if it is a linear functional of X for a fixed p and a linear func-

tional of p for a fixed X. The bilinear functional B(k,p) so defined has

continuity of order zero simultaneously in X, p and it has also the property

that there is a constant P such that

|P(X,M)| s=P1T(X)M(m).

By use of the theorem of Riesz on linear functionals Fréchet derives a

representation of a bilinear functional by means of two iterated Stieltjes

integrals. He then shows that each of these iterated integrals is equal to a

double integral of the form

\(x)p(y)dxup(x,y)

m      n

= lim 2Z,2Z^(xi)p(y'j)AiJp(x,y),
«-»•0 »=1 >=1

where the values x, (i = 1, • ■ •, m) are the division points of a partition of

the interval a si x Si b of norm 8, the y¡ (j = 1, • • •, ra) are division points

for a similar partition of c si y si d, and where A,/p(x, y) is the second

difference

Aijp(x, y) = p(xiyj) - p(x,_i, y¿) - p(xit y>-i) + p(x*_i, y,-i) .

The function p(x, y) is of limited variation with respect to the set (x,y)

and with respect to x and y separately, the total variation with respect to

the set (x, y) being defined as the upper bound of the expression

\H H^'e'jAiipix,y)\,i     i

where e,-, e,- are of arbitrary signs but in absolute value equal to unity.

* Fréchet II, pp. 215-234.
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Theorem 3. If\,p are of class C on the intervals ab, cd and if B (X, p) is

linear and continuous with order one in each variable when the other is fixed, then

B (X, p) is expressible in the form

nd r*b    s*d
\(x)p(y)dxup(x,y) +  I    I   X' (x)p(y)dxv q' (x, y)

+  f   \\(x)p'(y)dxyq"(x,y) + f   Ç\'(x)p'(y)dxvr(x,y),
Ja   Je Ja   Je

where the functions p, q' ,q" ,r are of limited variation with respect tox,y together

and with respect to each separately.

By hypothesis X and p are expressible in the form

X(x) =   fx'(x)dx+X(d),       p(y) =   Cp'(y)dy+p(c).
Ja Je

Then by the properties of B (X, p),

B(\,p) =B^J\'(x)dx,£p'(y)dy^ + B^f\'(x)dx>p(c)^

+ B(\(a),£p'(y)dy) + B(\(a),p(c)).

Since the first functional in the right member of the equality is linear and

has continuity of order zero in X', p', the second in X', p, the third in X, p',

the fourth in X, p, we have by help of the Fréchet theorem the desired form

for B(\,p).

A definition of a second differential will now be given which is somewhat

different from that of Fréchet.* Consider an arc Xo(x) which is of class C"

on the interval xi si x Si x2, and let F (X) be a functional which is well defined

for all arcs X of class C" on Xi X2 and lying in a neighborhood (Xo)j of order

one of Xo.

Definition 3. The functional F(\) will be said to have a second differential

at Xo if there exist a linear functional L (X) drad a bilinear functional B (X, p)

having continuity of order one for all arcs X, p of class C on Xi x2 such that

F(\o + v) = F(\o) + L(v) + B(i,,r,) + M2(V)e(V)

for every arc Xo + r¡ of class C in a neighborhood of order one of Xo. The symbol

M(77) represents the maximum of \n\, \n'\ on the interval Xi x2 and e (77) is a

functional which vanishes with M ( r\ ).

If we consider in particular a family of arcs of the form

y = Xo(x) +«77(x)

* Fréchet II, p. 232.
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where 77 ( x ) is of class G' on the interval Xi x2 and ?7(xi) = 77 ( X2 ) — 0. then

F(Xo + «77) -P(Xo) =«¿(77) +a2Bir,,r,) + «2 M2 (77) e (77) ,

and the following lemma can readily be proved.

Lemma 3. // F(Xo) is a minimum in the sense described in Definition 2,

then the conditions

L(t,)=0,       £(77,77)1=0

must hold for every function 77 ( x ) of class C on the interval xi X2 having

77(xi) = 77(x2) = 0.

4. Theorems concerning integrals of Stieltjes and Fréchet

The theorems of the preceding sections on linear and bilinear functionals

presuppose that the arcs considered are continuous. In the study of the

second variation which follows it has been found convenient to introduce

arcs which have a finite number of discontinuities of the first kind on the

interval xi x2 and to consider linear and bilinear functionals defined for such

arcs and expressible as integrals of Stieltjes or of Fréchet. For this purpose

it will be necessary to show the existence of the integrals under the neW hypo-

thesis and to prove the validity of certain relations, some of which have

already been proved for the original definitions of the integrals.

Theorem 4. If aix) is continuous and of limited variation on the interval

ab, and fix) is of class D, then the integral

/(x)da(x)

exists.

This is a special case of a theorem of G. A. Bliss.*

Theorem 5. If ai x) is continuous and of limited variation on ab and fix)

is of class D, then the integral

f «(x)d/(x)
Ja

exists, and the relation

* A necessary and sufficient condition for the existence of a Stieltjes integral, Proceedings

of the National Academy of Sciences, vol. 3, pp. 633-637, November, 1917.
W. H. Young states and proves this theorem for a monotonie function a ( x ) in his paper

On integration with respect to a function of bounded variation, Proceedings of the

London Mathematical Society, ser. 2, vol. 13 (1914), p. 133. Young states

but does not prove the theorem for a double integral for an arbitrary function of 2 variables

of limited variation in the paper, On multiple integration by parts and a second theorem of the

mean, ibid., vol. 16 (1917).

Í
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f f(x)da(x) + f a(x)df(x) =f(b)a(b) -f(a)a(a)

holds*

Theorem 6.   Iff(x) is of class D' on ab, and

A(x) =   I   a(x)dx + A(a),
Ja

where a(x) is of limited variation on the same interval, then

Ç f (x)dA(x) = [f(x)a(x)]ba -  i"f(x)da(x).
«/o >'a

By definition,

ff'(x)dA(x) =UmZf'(èk)[A(xk) -A(x^i)].
Ja k

If the discontinuities oîf'(x) are among the division points of the interval ab,

and the points £* are properly chosen, the right member of the above equation

may be written in the form,

v    Vfí/    ^      if       \-,A(xk) - A(xk-i)
hm 2^[f(xk) -f(xk-i)]-

k Xk — Xk-l

= HmT,[f(Xk) -f(xk-i)] ■ ak,
k

where ctk is a value between the maximum and minimum of a(x) on the

interval Xk-i Xk.   It is easily shown that the expressions

Z«k[f(xk) -f(xk-i)],        !:«(£*) [/(x*) -f(x^i)],
k k

in which «(£*) is the value of a(x) at an arbitrary point in the interval

Xk-i xk, and ak a number which lies between the maximum and minimum

of a (a:) on the interval, both approach the same limit, so that

f/'(3;)iL4(3;) =  f a(x)df(x).
Ja Ja

From this last equality and the relation of Theorem 5 follows the desired

relation of the theorem.

Consider a function p(x, y) which is

(1) continuous on the square S:aSia;Si¿, a = y = b\

(2) expressible in the form

* For a proof of this theorem see G. A. Bliss, Integrals of Lebesgue, Bulletin of- the

American Mathematical Society, 2d series, vol. 24, No. 1, pp. 1-47; H.

E. Bray, Elementary properties of the Stieltjes integral, Annals of Mathematics,

vol. 20 (1919), p. 185.
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PÍx,y) =       pi(x,y)dx 4- p(a,y) =   I   p2 (x, y)dy + p (x, a) ,
Ja Ja

where pi(x, y) and p2(x, y) are both of limited variation in y uniformly

with respect to x, and in x uniformly with resepct to y.

The function P2 ( x, y ), for example, is of limited variation in x uniformly

with respect to y when there is a constant V such that the total variation

of p2 ix, y) with respect to x on the interval ab is less than V for every y on ab .*

Consider a subdivision of S into rectangles by abscissas x¿ (i = 0,1, • • • , m)

withxo = a, xm = b, and ordinatesy¡ ij = 0, 1 ,.•••, ra) with i/o = a,yn = b,

and let Ai7- p ( x, y ) represent as before the second difference

AiiPix.y) =pixtys) -p(xiyj-i) - p(x+-i, y}) + J>(s<_i, ys-i) .

Lemma 4. The function p is of limited variation in the sense that the sums

2~lT=i 2~l"=i\Aijp\ have a common upper bound P for all subdivisions of S of

the type described above.

If the lemma is true the function p is evidently of limited variation in the

weaker sense of Fréchet also.

To prove the lemma write

ZZ|A«p| ==Z P 2Z\piixi,y) ~Piix^i,y)\dy^Vib-a).
t      i 1    "Vj—l    »

Theorem 7.    If \ (x) , p (x) are of class D on a si x Si b the integral

(11) J J \ix)piy)dxypix, y)

is well defined in the sense of Frechet.

Consider a sum

o- = 2X(£,-)ju(rh)Ai;-p,

where £, and y¡ are arbitrarily chosen values in the intervals x¿_i x¿ and y,-i ir-

respectively. The sum of the terms of a belonging to a single row of rectangles

has absolute value less than

2ZM2 I    \piixi,y) -piixi-i,y)\dy^M2Viyj-yi-i),

where M is the maximum of the values of |X (x) | and \p (x) | on ab, and the

sum of the terms of several rows is therefore in absolute value Si M2 Vw,

where w is the sum of the width of the rows. The same property is true for

columns.

* H. E. Bray, loc. cit., p. 180.
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Let r and s be the number of discontinuities of X (x) and p (y) on ab re-

spectively. Then the discontinuities of the product\(x)p(y) occur on r lines

parallel to the y-axis and on s lines parallel to the x-axis. If the intervals

«¿_i Xi and y¡-i z/y all have lengths Si 20, the sum of the terms of a corre-

sponding to rectangles containing points of these lines of discontinuity will

have absolute value not exceeding ( r + s ) M2 V2b. Furthermore, since

X (x) and p (y) are of class D on ab, the norm Ô can be chosen so small that

the oscillation of the product \(x)p(y) in the rectangles containing none

of its discontinuities will be less than e.

Consider now a sum a' formed by subdividing the intervals Xj_i x, and

yj-i y,- which were used to form a.    Then

\<r -<r'| SseP + 4(r + s)M2VS.

For the first term on the right exceeds the absolute value of the difference of

the parts of <r and a' belonging to rectangles containing no discontinuities

of \(x)p(y); and one half the second term exceeds the absolute value of

the sum of the remaining terms of either a or a'.

If two sums a and a" of norm S are given, a third sum a' can be formed by

using all of their division points, and its rectangles will be subdivisions of

those of a" as well as those of a. From the preceding paragraph it follows

that the difference

|<r — a   | = \<j — o | -t- |<7   — <T   |

can be made less than e' by taking the norm 5 sufficiently small. It follows

readily then by the usual arguments that the limit of a as Ô approaches zero

exists.

Theorem 8. // X(x) and p(x) are of class D on the interval ab the two

integrals

/ib f*b /ib /ib

(12)     /  \(x)dx j   p(y)dvp(x,y),        I  p(y)dy I  \(x)dxp(x, y)

exist and are equal to the integral (11) of Theorem 7.

Since p (x, y) is continuous and of limited variation in y, the integral

<p(x) =   I   p(y)dvp(x,y)
Ja

surely exists for every value of x .* It is to be proved first that it is also a

continuous function of x. For this purpose, let the discontinuities of p(y)

on a Si y Si b be enclosed in a set of intervals cft (k = 1, • ■ ■ , s) of total

* See Bliss, A necessary and sufficient condition for the existence of a Stieltjes integral, Pro-

ceedings of the National Academy of Sciences, vol. 3, pp. 633-637,

November, 1917.
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length less than e, and let ß0 = a, a,+i = b.    Then

•+i   /»•* •     nßt

(13)       0(«)=E        p(y)dyp(x, y) + JL I     u(y)dyp(x,y).

Each term of the first sum is a continuous function of x according to a theorem

of Bray,* and the second sum has an absolute value less than M Ne, where N

is the maximum of | p2 ( x, y ) | in S.    For we have the relations

\p(x, y¡) - p(x,y¡-i)\ =    I    p2(x,y) dy N(y¡ -yj-i),

and hence

El Cp(n)dyp(x,y)\^JLMN(ßk-ak) <MNe.
*=1   i/o» k=\

The continuity of 4>(x) follows readily from the properties of the sums in

the expression (13).

The function t¿ ( x ) is also of limited variation,! so that by the theorem of

Bliss cited above the integrals (12) exist.

It remains to show that the integrals (12) are equal to (11). For a suf-

ficiently fine avpartition,

(14)

But

(15) ¿X(fc)[«MzO-*Oi-i)]-  Cp(y)dp(y) =0,
t=l Ja

where
n

P = EM^i) [p(x¡, y) - p(xi-i,y)]

is continuous and of limited variation. The integral in (15) exists and for a

sufficiently fine ¿/-partition

f -K(x)dd>(x) - ZX(€<) [*(*<) -«¿(*i-i)]   <e/2.

(16) p(y)dp(y) - T,u(v})[p(y,) - p(yj-i)]
¡=i

< e/2.

By adding (14), (15), (16), and writing p out in full, we have

X(x)d«¿(z) - 22X(£i,)/i(ly)A,7p(a:,y)   < e,fva

which proves the theorem.

Theorem 9.    If p(x, y) is of limited variation in y uniformly with respect

to x and r¡ (y) is continuous, then

* Loc. cit., p. 180.

t Fréchet II, p. 229.
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viy)dvpix,y)dx=   I   viy)dy \   pix,y)dx.
Ja Ja

If co represents the maximum oscillation of viy) on the intervals yj-iy,-,

then

SicoF.*I   niy)dypix,y) -Eif(íó)[p(a:,yy) - p(x,7/y_i)]
I »/o y=i

Consider the relation

i)iy)dypix,y)dx - \   2Zviy'j) [pix, y¡) - p(x, yj-i)]dx
•Ja    Ua t/a    j—l

I        I   viy)dypix,y) - 2Zliy'j)[pix,yi) - p(x,i/y_i)]
Ja     ( Ja j=l

=  I   | I   viy)dvpix,y)
Ja    i «/o

dx

- Ll(|/i.)[p(^!/i)   - p(x,7yy_i)]
J=l

dxSicoF(6 -a) ^ e/2,

or,

no n /»x
viy)dypix,y) - Z)i7(yi)  I   [p(*,yi)-p(a:,2//-i)]

i=l */a

dx Si 6/2.

It is true further that

I   viy)dv I   p(x,2/)dx

Hence,

X»?(?¿)   I   [pi«, 2/i) - 2>(a;> 2/i-i)]dx  Si e/2.
i=l »/a

I   Viy)dypix,y)dx -  I   viy)dv I   pix,y)dx
Ja    *Ja «■'a «^a

S 6,

and since these integrals are independent of e, we have the desired equality.

Theorem 10.    If n ix) is of class D' on ab and p, q, r have the properties

described for p, the integral

(17)  7(h) = §f{vix)niy)dXyp + 2r,ix)V'iy)dXyq + v'ix)v'iy)dxyr}

is well defined and a function 771 (x) of class C can be chosen so that

771(a) =7?(a),        77!(6) = 77(6),        1/(770 -/(t,)| < 6,

where e is an arbitrarily assigned positive quantity.

* H. E. Bray, loc. cit., p. 179.

Trans. Am. Math. Soc. 25
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Let the corners of the curve 77 (x) be rounded off to form a function 771 (x)

in such a way that each interval in which 77 differs from 771 has length less

than 25. Then the portions of S in which the products v(x)n(y) and

ni(x)vi(y) differ consist of strips of width 23 parallel to the x-axis and to

the i/-axis. If the numbers of strips parallel to the two axes are r and s re-

spectively, then the proof used in Theorem 7 shows that the integrals

J j v(x)v(y)dxvp,     J J vi(x)vi(y)dxyp

differ by less than 4 ( r + s ) M2 Vô. A similar argument applies to the

second and third parts of (17), and since 5 is arbitrary the theorem is estab-

lished.

In the sequel we shall be interested in the solution m of a linear functional

equation of the form

(18) L(u;x) = kx + 1,

where k, I are constants. The functional L(u; x) is supposed to be single-

valued when u ( £ ), x are given, and linear in the argument u. We wish to

study some properties of this equation when it has a unique solution for

each k,I.

Theorem 11. // L (u; x) = kx + I has a unique solution u(x) of class C

for each k, I, then the equation L(u;x) = 0 has only the solution u = 0, and

there exist two linearly independent solutions ui, u^ of the original equation such

that the determinant

L'(ui;x)    L'(ut;x)

L(ui;x)     L(ut;x)
is different from zero.

By hypothesis the equation (18) has a unique solution for each k, I and

therefore a unique solution for k = 0, I = 0. But from the properties of a

linear functional it is clear that u =- 0 satisfies the equation L (u; x) = 0, and

therefore this equation has only the solution u = 0. Let Ui be the unique

solution of (18) for k = 1, I = 0; u? the solution for k = 0, I = 1.   Then

L'(ui;x)    L'(uí;x)

L(ui;x)     L(u2;x)

Conversely, we can prove

Theorem 12.    If L(u; x) = 0 has only the solution u = 0 and if Ui, Ut

are two solutions of L (u; x) = kx + I such that the determinant

L' (ui; x)    L' (w¡¡; x)

L(ui;x)     L(u2;x)

is different from zero, then the equation L (u; x) = kx + I has one and only

one solution for each k, I.

1    0

|x    1 *0.
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Let fci, li be the constants corresponding to the solution Mi, and k2, h the

constants corresponding to the solution w2 •    Then

ki ¿2

ki x + h   fc2 x + h I
ki   k2

+ 0.
L'(ui;x)    L'(u2;x)

L(ui;x)     L(u2-,x)

Hence the equations
Ci ki + c2 fc2 = k,

Ci h + c2 h  = I

can be solved uniquely for ci, c2, and u = Ci Ui + c2 «2 satisfies the equation

(18). Moreover it is the only solution because of the hypothesis that

L(u; x) =0 has only the solution u, m 0.

5. The second variation of F(X)

The purpose of this section is to study the second variation of a functional

F (X).    To this end we shall be concerned with

(1) An arc Xo of class C" on the interval a:i Si x Si a;2 joining the points

(xiyi) and (a^).

(2) A functional F(X) defined on all arcs of class C" in a neighborhood

(Xo)« of order one, and having first and second differentials at X0 as in § 3,

with p, q', q", r having properties described for p in § 4. The functions

p and r may be taken symmetric without loss of generality.

At the end of § 3 it was proved that if F (X0) is a minimum then the second

differential B ( 77, 77 ) must be positive or zero for every function 77 ( x ) of class

C" on the interval a;i a:2 such that 77(0:1) = 77(3:2) = 0.

We shall now consider the problem of minimizing the second variation.

To this end we compute the first differential of B ( 77, 77 ).    Written out in full,

/"J2     f'*l

B(v,v) = I    [v(x)v(y)dxyp{x,y)
(19) Jri «/*,

+ 2t?(x) 77' (y) dxyq (x, y) + 77' (x) 77' (y) dxyr(x, y)],

where
q(x,y) = hlq'(y.x) +q"(x,y)].

If we give to 77, 77' the increments f, f and compute the first differential

of (19), we obtain

2 f'[Ç(x)do3(x) + r'(x)do3i(x)],
*Jx\

where

(20)
f*2[n (y) dy V (x, y) + 77' (y)dy q (x, y) ],
-.

Jrtxt
[v(y)dyq(y,x) +v'(y)dyr(x,y)].

m
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From the results of § 2 it follows that if a function y(x) of class D' with

i?(xi) =t;(x2) =0 minimize the expression (19) for the second variation it

must satisfy the equation

L(y; x) = o)i(x) —  I   <j> ix) dx = kx 4- I,        Xi Si x Si x2.
Jx\

We make the following hypotheses on Z(ti; x) which is defined for every

y (x) of class D' on Xi x2:

(1) It has a reciprocal Ti (77; x) such that for every y of class C" on xi x2

L7i(77; x) = LiLiy; x) = 17 (x).

(2) When y is of class C" so is 7i (7/; x) .

(3) There exists a constant A such that

\L(y;x)\ ^AM, \L'(y; x)\ ^ AM,

where JT is the maximum of |y | and \y'\ on Xi x2.

Theorem 13. If L(y;x) has the properties described above and if P(Xo)

is a minimum then no solution u (x) of class C of the equation

(21) L(u;x) = kx + I

can exist vanishing at xi and a point x\ between xi and xi but not identically zero

between Xi and xi, and having u' ( x[ ) =(= 0.

We shall first prove the

Lemma 5. If ra ( x) is a solution of equation (21) with the properties described

in the theorem, then for the function

y(x)=u(x),       XiSixSixi,

= 0, x'i Si x Si X2,

the value of B (y, y) is zero.

By Theorem 8 of § 4 the second variation can be written in the form

Ç.X, nx¡

B(y,y)=j    y(x)dx j   [yiy)dypix, y) + y'iy)dv q(x, y)]

nx, nx,

+ 1    y'(x)dxj    [y(y)dvq(y, x) + n'(y)dvr(x, y)]

nx,

—   I    [y ix) du ix) 4- y' ix)dcoi (x) ].
Jxi

Substitute for y (x) the function defined in the theorem.    Then

nx,'

P*('7,i?)=   I     [u(x)du(x) 4- u' (x) dcoi ( x ) ]
Jxi

= [ra(x)co(x)]^'+ I     u'(x)d   wi(x) —  I   w(x)dx   .
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The terms outside the integral sign vanish since m(xi) = u(x[) = 0.    By

hypothesis u(x) satisfies the equation (21), and therefore

I     u'(x)d   wi(x) —  I   w(x)dx    = k I     u'(x)dx = k • u(x) ]§' = 0,
Jxi L. Jx\ J Jx\

which proves the lemma.

Hence the function 77 (x) thus defined gives the second variation the value

zero, and this is the smallest possible value for B (77, 77) if F (X) is a minimum

at Xo, as has been proved. We can show, however, that in case there exists

such a function 77 (x) making B (77, 77) vanish, then there will surely be

others which make it negative.   For this purpose write

(V, V) = J J   iv(x)v(y)dxyp* + 2n(x)r)'(y)dxyq

+ V'(x)v'(y)dxyr\ - h I    772(x)i

= B*(n,n) -h C r,2(x)dx,
Jxi

with p* defined by the conditions,

p*(x,y) = p(x,y) + h(y - x)       for       xi Si y Si x,

= p(x,y) for       xsiy = x2.

If we denote by A* (77; x) the result obtained by replacing in L(n; x) the

function p(x,z/)byp*(x,i/)we have the relation

/*x    /%x

(rj;x) = L(n;x) - h j     I   n(y)dydx.
Jx\   Jx\

Lemma 6.   For sufficiently small values of h the equation

(22) L*(u;x) =kx + l

has a solution Ui(x, h) of class C on XiX2 corresponding to k = 1, I = 0,

and a solution u2(x, h) of class C on xix2 corresponding to k = 0, I = 1.

These solutions are continuous in a domain xi si x Si x2, | A | = 5, dnd dre

linearly independent.

According to hypothesis (1) the equation

(23) L(u;x) = v(x),

where u, v are of class C on Xi x2 has a unique solution u (x) . If we apply

the operation ii to the members of the equation

(24) L*(u;x) =v(x),

we obtain
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u(x,h) — hLil I   u(y)dydx;x ) = Li(v;x) = <j>(x),

or,

(25) u(x, h) = <t>(x) + hL2 (u; x),

where L2 has the properties (2) and (3) of ¿i and <¿ ( x ) is of class C. Re-

peated applications of the last equation give the series

(26) u(x, h) = <p(x) + hL2(<¡>;x) + h2Ll(<p;x)

+ ••• +hnL"2(<p;x) + •••.

By property (2) each term of this series is of class C. By (3) the terms of

the series formed of the z-derivatives of (26) as well as the terms of the series

itself are dominated by the terms of the series,

M(l + hA(x2-xi)2 + h2A2(x2-xiy+ ■■■ + hnAn(x2 - xi)2n + ■■■),

whence it is seen that the two series are uniformly convergent for xi ta x =1 x2,

| A | = 8, when 5 is sufficiently small.

The series (26) satisfies equation (25) and therefore (24) as we see by oper-

ating on (26) with L2. To justify this last statement write (26) in the form

« = *n + rn, where s„ is the sum of the first re terms.   Then

\L2(u) -L2(sn)\ = |X2(rn)| ^e'.

Also (26) is the only solution. For if there were two solutions, their differ-

ence y//(x) would satisfy the equation

(27) «Hz) -U»0;x).

This equation can have no solution other than «/- = 0 for h ^ 5 when 5 is

sufficiently small. For the functions hn L2((p; x) in (26) tend to zero if

|A| Si 5; but if \J/(x,h) satisfies (27) all these terms are identical with

<¿ (x) = 0, and therefore yf/ = 0.

These results together with Theorem 11 of § 4 prove the lemma.

Lemma 7. 7/ equation (21) has a solution u(x) as described in the theorem

then for sufficiently small values of \h\ the equation (22) has a solution u(x, h)

with similar properties.

Let u(x) be the solution of (21) with constants k, I. Then by Theorems

11 and 12 of § 4 it is expressible in the form

u(x) = kui(x, 0) +Z«2(a;,0).

Since u(x) vanishes at xi it may be that both ui (xi, 0) and «2 (xi, 0) are

zero; in which case

u(x, h) = kui(x, h) + lu2(x, h)

is the desired solution.    If ui(xi,0) and Ui(xi, 0) are not both zero, then
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w(xi) = kui(xi, 0) + lut(xi, 0) = 0,
or,

k :l = — í¿2(xi, 0) :mi(xi,0);
and

_    mi(x,A)     m2(x,A)

U^X'   '"  ui(xi,h)    «¡¡(xi.A)

is the solution demanded. For, from the hypothesis that u' ( x\ ) is different

from zero it follows that ui(x[ — ô) and ui (x[ + 5) will have opposite signs

for a sufficiently small S. The same will be true of u(x{ — 8, A) and

u(x[ + ô, A) for sufficiently small |A|. Hence u(x, h) for such values of A

will surely vanish at least once between xi — 5 and xi + 5. The value xh

below can be selected as the first zero of u(x, A) after x[ — ô.

To prove Theorem 13, choose A > 0, and

n(x)=u(x,h)        for       xi Six Six/,,

= 0 for       Xh = x Si X2,

where Xh is a zero of u (x, h) between Xi and x2.   Then

5(77,77) = B*(n,n) - A p772(x)dx = - A fn2(x)dx < 0,
JX\ Jx\

since jB*(77,77)=Ofor the 77 just chosen. Finally, if B(77, 77) < 0 for an

77 of class D' it will also be less than zero for an arc of class C as is seen by

applying Theorem 10 of § 4.

6. Application to the calculus of variations

The purpose of this part of the paper is to interpret the foregoing results

in the case of the functionals of the calculus of variations.

For the simplest problem of the calculus of variations the functional F (X)

has the form

(28) F(\) =   P/(x,X,X')dx.
Jx\

We have seen that the functions u (x) and ui (x) occurring in the expression

(3) of the first variation of F(\) are not uniquely determined by the F (\),

since the integrals are unaltered if u(x) and Ui(x) are each increased or

diminished by a constant; hence we are at liberty to assign to them an arbi-

trary value, say zero, at a particular point of the interval Xi x2. We may

then make u(x) and wi(x) vanish at Xi. If for the functional .F(X) in

(28) we define u(x) and «1 (x) as follows:

(29) u(x) =  I  fKdx,       ui(x) =   I  /vdx,
Jx\ Jxi
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then the expression (3) for its first variation assumes the familiar form

f (fy+U'y')dx.

We have derived as a first necessary condition for a minimum of F (X) the

relation
û'(x) = k,

where

•ú(x) = Mi(x) —  I   w(x)dx.
Jx\

For the functions in (29) this condition is equivalent to the relation

U> -  I   fdx = k,

which upon differentiation leads to the Euler equation

Since the function u(x) defined in (29) is continuous the conditions (10)

on w(x) and Mi(x), which were found to hold if the first variation vanishes

for every y (x) of class C" whether or not t?(xi) = t?(x2) = 0, become the

transversality conditions

U'(xi) =U'(xi) =0.

Let us next consider the second variation B (y, y) of P(X) when P(X)

is given by (28). Again, the functions p, q, r, occurring in B (y, y) are not

uniquely determined by P(X), for the value of the double integral (19) is

unaltered by the addition of an arbitrary function of x alone or an arbitrary

function of y alone. The functions may therefore be chosen identically zero

for a particular value of x and a particular value of y. Define the function

p i x, y ) by the conditions

V(x,y) =   I    Pdy       for       xiSii/Six,
Jxi

(30)
Pdy       for       x Si y Si x2.

/*VX\

where P = /AX, and make similar definitions for q(x, y) and r (x, y) in terms

of Q = Aa' and R =/w, respectively. The functions p, q, r so defined

have all the properties assumed for p in § 4.

If the functions defined above are substituted in the expression for B (y, y)

the double integral (19) is reduced to the single integral
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H (r,2 P + 27777' Q + V'2R)dx.
Jx\

The first member of the equation

(21) L(r¡; x) = 03i(x) —  \   o)(x)dx = kx + I,
Jxi

where w, a>i are defined by the relations (20), assumes for the p, q, r in (30)

the form
XX /*x

03(x)dx=J    \n(y)[Q(y) - (x - y)P(y)]dy

+ v'(y)[R(y)-(x-y)Q(y)]dy}

=   (\(y){(x-y)[Q'(y)-P(y)]
*sx\

-R'(y)}dy + v(x)R(x).

Accordingly, the equation (21) reduces to a Vol terra integral equation of the

first kind and has therefore a unique solution for every v(x) of class C,

provided R(x) #= 0. The properties assumed for L(-n;x) in §5 are here

justifiable. Equation (21) differentiated twice gives the Jacobi differential

equation,

v(x)[Q'(x) -P(x)]+jx[v'(x)R(x)] = 0.

7. The character of the operation L(u;x)

The analog of the Jacobi condition of the calculus of variations which

has been obtained as a second necessary condition for a minimum of F(X) is

expressed in terms of a solution of the equation

XXi[u(y)dyq(y,x) + u' (y)dyr(x, y)]

(.¿l) nx    cm

-I     I    [u(y)dyp(x,y) +u'(y)dyq(x,y)]dx = kx + l.
*Jx\   *JX\

The first member of this equation is a linear functional L(u; x) and with the

help of the theorems of § 4 is expressible as a Stieltjes integral. Theorem 6

and the conditions u(x\) = u(x2) =0 enable us to replace the two integrals

nxi f*X2

u'(y)dyr(x,y), I    u' iy)dy q(x, y)
Jxi Jx\

by the integrals

-   I    u(y)dyr2(xJy),        -   I    u(y)dyq2(x, y),
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where r2 (x, y) and q2 (x, y) have the properties defined in § 4.    Now apply

Theorem 9 and we see that equation (21') reduces to the form

rJx,

uiy)dyKix,y) = kx + I,

where

Ki.x, y = qiy,x) - r2(x, y) -  I   [p(x, y) - q2 (x, y)]dx.
J X\

If the only discontinuity of the function r2ix, y) occurs on the diagonal

of the square S and is there equal to R ( x ), the equation will have the form

(31) uiy)dvKiix,y) - Rix)uix) =kx + l,

where Ki (x, y) is continuous and of limited variation in each variable uni-

formly with respect to the other.

We can show that the integral in (31) represents a transformation which

has the property of complete continuity.* A transformation is said to be

completely continuous if it transforms a bounded sequence into a " com-

pact " sequence, that is, into a sequence such that every subsequence of

itself contains a further subsequence which is uniformly convergent. A neces-

sary and sufficient condition that a bounded sequence {fa} be compact is

that for a positive «e there exists a 5 such that for | x — x' | < 8 and for all fa

the inequality
|c6„(x) - c6„(x')| < e

holds, t

Let {un\ be a bounded sequence of continuous functions such that \un\ < G.

The integral

uiy)dyKiix, y)

is a continuous function of x 4 The total variation with respect to y of the

function {Ki ( x, y ) — Ki ( x', y )} is the upper bound in the set of continuous

functions u ( y ) of the expression!

I f uiy)dy[Kiix,y) - Kiix',y)]

Jf(u)

* F. Riesz, Ueber lineare Funktionalgleichungen, Acta Mathematica, vol. 41: 1

(1916), p. 73.
t C. Arzelà, Sulle funzioni di linee, Memorie d. R. Accad. d. Scienze di

Bologna, ser. 5, vol. V (1895), S. 225-244.   F. Riesz, loc. cit., p. 93.
t H. E. Bray, loc. cit., p. 180.
§ F. Riesz, Sur certains systèmes singuliers d'équations intégrales, Annales scien-

tifiques de l'école normale supérieure, vol. 28 (1911), p. 43; Fréchet II

p. 217.
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But on account of the continuity of d> ( x ) this last expression may be made

less than e/G by taking | x — x' | < ô. Hence the total variation with respect

to y of {Ki(x, y) — Ki(x', y)} is less than e/G for |x — x'| < 5. We have

then the relation

\4>n(x) -(bn(x')\ =    rUn(y)dy[Ki(x,y) - Ki(x',y)]
I Jxi

< e.

F. Riesz discusses in his article on linear functional equations referred to

above the inversion of a transformation of the form E — A, where E is the

identical transformation and A is a completely continuous transformation.

The results of his article are applicable to the equation (31)ifjR(x)#=0.

The University of Kentucky


