
THE BERTINI TRANSFORMATION IN SPACE*
BY

F. R. SHARPE and L. A. DYE

1. Introduction. Examples are known of involutorial transformations /

having an invariant pencil of planes through a line I, such that in each plane

of the pencil there is a transformation of the Geiser or the de Jonquières type.

We have shown in this paper that involutorial transformations exist which

have in each plane through l a Bertini transformation with 6 of the funda-

mental points lying on a C6, p = 3, the other two being on /, and either fixed

or variable. There is another type in which 6 of the 8 fundamental points lie

on a Co, p=A, and in every plane through / there is a degenerate Bertini

transformation. A third type is discussed in which there is a net of invariant

quartic surfaces through a Cn, /» = 14. The method of obtaining this last

transformation leads also to an involutorial transformation with a net of in-

variant surfaces of order «+1 through a C5n-3 of genus 12» —19. This type

has on each plane through / a Geiser transformation having the 7 fundamental

points on C5„_3.

2. The involutorial Bertini transformation IB on a cubic surface F3.

The conies tangent to a cubic surface F3 at two fixed points Oi, 02 meet F3 in

two residual points P, P' whicbare conjugate points of an involutorial Ber-

tini transformation Is on F3. The web of quadrics tangent to Ft at 0\, 02

meet F3 in a web of sextic curves of genus 2 which is invariant under IB as is

also the pencil of plane sections through the line l:Oi+02. If the space (y) of

F3 is transformed into a space (z) by means of the web of cubic surfaces

through a fixed Co, /» = 3, on F3, then F3 is transformed into a plane meeting

the fundamental sextic of the transformation in 6 points Q3, ■ ■ ■ , Q3. If

Qi, Q2 are the transforms of Oi, 02, then Ib becomes a plane transformation

of order 17, a line going into a G7.8Q6. The image of each six-fold point Q,-

is a Co'.Qi3 +7Q? (jVi). The line QiQ2 is the transform of a cubic curve on

F3 through Ou 02.

Analytically, if y2 = 0, yi = 0 are the planes tangent to F3 at Oi = (1,0, 0, 0),

O2 = (0, 1, 0, 0), the equation of F3 may be written

(1) Ayi + By2 + C = yi(a*yiy2 + a) + y2(b2yxy2 + ß) + yyiy2 + 5 = 0,

where a, ß, y, 8 are binary forms in y3, yt. The transformation IB is defined by

(2) Ayi = By2, Byi = Ayu yi = y3, y i = yt.

* Presented to the Society, December 27,1933; received by the editors November 20, 1933.

292



THE BERTINI TRANSFORMATION IN SPACE 293

The images of Oi, 02 are the sextics in which the quadrics A =0, B = 0 meet

F3. Since the second polars of Oi, 02 differ from A, B by terms containing

y2, 3»i respectively, the quadrics have second-order contact with F3 at Oi, 02

respectively and meet F3 in sextics having triple points at Oi, 02 respectively.

3. The transformation IB for a pencil of cubic surfaces. Since a point P

determines an F3 of the pencil (parameter X) on which P' can be found by

the method of §2, we can define involutorial space transformations by either

taking Oi, 02 as fixed points lying on each F3 of the pencil, or by taking one

or both of them variable (the coordinates being functions of X), on a rational

curve lying on each F3.

4. Case I, Oi, 02 are fixed. For this case we take a pencil of cubic surfaces

F3 having in common a Co, /» = 10, through Oi = (\, 0, 0, 0), O2 = (0, 1, 0, 0),

and write the equation of the F3 in the form

Ft = F¡ — \F3

(3)
= ax? x2 + bxix22 + ex2 + dxix2 + ex22 + fxi + gx2 + h = 0,

where a=a'—\a", etc., ande', c", etc., are binary forms in x3, xt. A change of

coordinate system given by

(4) yi = bxi + e,    y2 = ax2 + c,    y3 = x3,    yt = xt

will express F3 in the form (1). The transformation (2) in terms of x{ is

x[ = (ax2B + cB — eA)Ba,

(5) x{ = (bxiA - cB + eA)Ab,

x3  = x3ABab, x( = x^ABab.

The surface of invariant points K=yiA —y2B = 0 contains ab as a factor as

does the transformation (5). The forms A, B are of degree 4 in X and of de-

gree 2 in Xi, so that the x{ are of degree 5 in x, and of degree 8 in X. If X is

replaced by F3 /F3" we have an 729 in which the image of Oi is A = 0, the image

of 02 is B = 0, and the image of C9 can be obtained by applying the transfor-

mation to an Sio- The table of characteristics of the 729 is

Oi~Fu: o\ +ol +ct,

02~FU: o\ +0l +Ct,
28 2S 16

Co~FM: Oi +02 +C9,

5i~529: OÎ4 + 024 + Cl,

Ki2: Ol +ol +C¡.
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Every plane through the line l:Oi+02 cuts from the F¡o a composite curve

of order 56, the 7 components of which are the images of the 7 residual inter-

sections of Co with the plane. If 0< (i = 3, • ■ ■ , 9) is any one of these 7 points

and 60, (j = 3, ■ ■ ■ , 9) are the others, then

0i~C3:0\ + 0\ + 0\+6(?, (i,j = 3,---,9;iw*j).

In each of these planes there is a transformation of the Bertini type of order

29. If it is transformed by a quadratic transformation having Ox, 02, O i for

fundamental points it becomes the usual Bertini transformation of order 17

with 8 six-fold points at Ox, 02, 60,.

Since C» is of genus 10 there are 11 trisecants of the C9 which pass through

Oi or 02Any one of these 22 lines meets an S29 in 14+2-8 = 30 points and

therefore lies on the S29. These lines are the fundamental lines of the second

species in the IM. The surface R& of trisecants of C9 contains C9 as an 11-fold

curve. The line / meets Ri2 in 20 points not on C9 from which trisecants of C9

may be drawn. In any one of the 20 planes determined by one of these trise-

cants and /, the 6 residual intersections of C9 lie on a conic. Each of these 20

conies meets an S29 in 2 • 14+4-8 = 60 points and therefore lies doubly on the

S29. They are the fundamental conies of the second species in the 729. The tan-

gent planes to the pencil of cubic surfaces at Oi form a pencil of planes

through the tangent line to C9 at Ox. The plane of the pencil which passes

through 02 cuts from the corresponding F3 a cubic curve with a double

point at Oi and through 02 and the 6 residual intersections of C9 with the

plane. There is another such cubic curve with the roles of Ox, 02 interchanged.

Each of these cubics meets an SM in 28 + 14+6-8 = 90 points and hence lies

triply on the S2<>. They are the fundamental cubics of the second species in

the I29. There exist then 22 lines, 20 conies, and 2 cubics which are parasitic

curves in the involutorial transformation 729.

If the Co is composed of a space cubic C3 through Ox, 02 and a C6, p = 3,

[C3, C6]=8, the surface F56 breaks up into an Ft:Oxi+02+C£ +C62, the

image of C3, and an Fa'.Ox* +02* +C312 +C613, the image of C6. If we trans-

form the space (*) into a space (z) by means of the cubic transformation

r3,3.C6 the pencil of F3s becomes a pencil of planes through the line I' which

is the transform of C3. In each plane through I' there is a Bertini transforma-

tion of order 17. The transform of the surface Fa of trisecants of C3 is Ci, and

to Ox, 02 correspond the points Qx, Q2. The characteristics of the I2i in the (z)

space are

0i~FiO: q\ +qI +l'1 +C'o,

Q2~F10: q\ +Q\ +l" +C'o\
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i'~F8: OÍ +Q.I +l'3 +C?,
r'       j?   ■ ni0 _i_ ni0 _i_ ;'28 _i_ r'13Ce~F6l. Qi  + Q2  + I     + Co   ,

Si~St9: ÇÎ8 + Q2  + l'1* + Cs\

Kit: Q\ +Ql +Í3  +Co.

In the ix) space in place of the surface R&iCt11 of trisecants of C9 we have

the surface RS:C6Z of trisecants of C6, the surface R¿ :C34+Ct of bisecants of

C3 which meet C6, and the surface i?26:C37+C67 of bisecants of C6 which meet

C3. The 22 parasitic lines in the ix) space are (a) the 4 bisecants of C3 through

Oi which meet C6, (b) the 4 bisecants of C3 through 02 which meet C6) (c) the

7 bisecants of C6 through Oi, (d) the 7 bisecants of C6 through 02. The lines

of types (a), (b) correspond to parasitic conies in the (z) space through Qi or

Q2 and meeting Co in 5 points. The lines of types (c), (d) correspond to para-

sitic lines which are bisecants of C¡ from Qi or Q2. The 8 trisecants of Có

meeting V are parasitic and correspond in the ix) space to the 8 points

[C3,Co].

The line I meets the surface Rs'.Ce3 in 8 points, hence 8 trisecants of C6

meet /. Each of the planes determined by I and one of these trisecants meets

the F3 containing the trisecant in a residual conic which is parasitic. The 8

conies go into parasitic cubics in the (z) space which have double points on

C¿ and pass through Qi, Q2, and 5 points on C¿. The surface i?26:C37+C67 is

met by I in 12 points, hence 12 bisecants of C6 meet C3 and I. In each of the

12 planes determined by these lines and / there is a parasitic conic which cor-

responds to a parasitic conic in the (z) space through Q%, Q2, and 4 points of

C¿. The two parasitic cubics with double points at Oi or 02 and through 02

or Oi and 6 points of C6 correspond to similar cubics in the (z) space. The 739

in the (z) space has 22 lines, 20 conies, and 10 cubics which are fundamental

curves of the second species.

5. Case II, Oi is variable on a space cubic curve C3. We take a pencil of

cubic surfaces (parameter X) through a space cubic curve C3 containing the

points Oi = i\, X3, X2, X), O2 = (0, 1, 0, 0), and having the equation

ipx)       Xi      Xi

XF3" = (px)Hp + (qx)Hq + (rx)HT = 0,(6)    F3 = (qx)     xt    x¡

(rx)      x3     x2

where (px)=piXi+p2x2+p3x3+p4xi, pi=pl — X/»/', etc., and Hp, Hq, HT are

quadrics through C3. A point P(x) determines an F3 of the pencil and a defi-

nite point Oi so that by the construction of §2 we can determine a point

P'(x').,A change of variables is made by



296 F. R. SHARPE AND L. A. DYE [April

yi = p2xt — q2xu

y2 = p(x2 — 2\x3 + \2xt) — q(x3 — 2\xt + \2xi),

y3 = x3 — \Xi,

3»4 = Xi — \xi,

where p=XP-Q, q=\Q-R, P=-/»i+/»2X3+M2+M, etc. The planes yi=0,
y2=0 are the tangent planes at 02, Oi respectively, and the planes y3 = 0,

y4 = 0 are a pair of planes through the line /:0i+02. The pencil of cubic sur-

faces is now of the form (1) and the transformation (2) gives Ib-

The equations of the surfaces A=0, B = 0, K = 0 may be written in terms

of Xi and y i as follows:

A = mp[p(PHp + QHq + RHr) + (y3 - \yi){\q(px) - Miqx) + pirx)} ]

— y2[miy3 - \yi)i\qp2 — Mq2 + pr2) + pyt(Qp2 — Pq2)] = 0,

B = mp[mip2Hp + q2Hq + r2HT) — yi{q2ipx) — p2iqx)} ]

— yi[miy3 - \yi)(\qp2 — Mq2 + pr2) + pyt(QPi — Pq2)] = 0,

K m yi[p(PHp + QHq + RHr) + (y3 - \yi){\qipx) - Miqx) + pirx)}]

— y2 [mip2Hp + q2Hq + r2Hr) — y i {q2ipx) - p2irx)} ] = 0,

where m=\p2—q2, M=\p+q. The surfaces A =0, 5 = 0 are of the second

degree in xt and of degrees 16,10 in X respectively. The surface K = 0 is of the

third degree in Xi and of degree 9 in X.

We transform the space ix) into a space (z) as was done in the latter part

of §4. A surface of the web in the ix) space goes into a surface of the web in

the (z) space such that in any plane through /.' there is a Bertini transforma-

tion of order 17. By this In the image of /' is a C&:Qi+Q2+6Q2 which with /'

makes up a C6:8Q2 that is the plane section of a sextic surface having Qi, Q2,

C¿ as double elements. This sextic surface is the transform of a quadric sur-

face through C3 and tangent to F3 at Ox, 02. This quadric which is the image

of C3 and is of the sixth degree in X has the equation

pp2Hp + pq2HQ + (\pq2 - \qp2 + qq2)Hr = 0.

Any plane through /' is invariant under IB, hence a pencil of surfaces of

the web in the (z) space is made up of the pencil of planes through /' together

with the image surfaces of /', Qi, Q2. Since the image of Qi by the 7i7 in a

plane through I' is a C6:Qi3 +Ç22+6Q2 and since A =0 is of order 16 in X,

the image of Qi by the IB in the (z) space is a surface of order 6+16 = 22 on

which V is a 16-fold line with 3 sheets of the surface having contact along V.

The point Qi is 16+3 = 19-fold; Q2 is a 16+2 = 18-fold point; C¿ is a double
curve. In the same way we obtain the surfaces corresponding to Q2 and I', and
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the invariant surface K. The table of characteristics of the 7„i is

*'~/?u :ln+t    +C? +Q*i +Q¡,

Qx~F22:lnt+st + CÍ" +Qx9 + Q2,

Q2~Fxo:ï10+î' +CÍ* +Qxi + Ql\

C'o-Fxn.r^' + C^ + QT + Ql*,

Si~¿6i ■ í + C6    + Ci   + Q2 ,

Kxo : I +     + C6   + Qx + Q2 ,

where the coefficient of / indicates the number of fixed tangent planes at a

point of V.

In determining the number of parasitic lines, conies, and cubics the meth-

ods in the previous section have to be changed when the variable point Qx

is involved. There are 7 bisecants of Ci through Q2 and 8 trisecants of Ci

meeting I' which are parasitic. In any plane X through /' the 15 bisecants of

d meet I' in 15 points p; through any point ¿u on I' the 7 bisecants of Ci

determine 7 planes X through /'. The number of coincidences in the (X, p)

correspondence is 15 + 7 = 22, and hence in 22 positions of Qx a bisecant of

d can be drawn from Qx in the plane through /' associated with Qx. These

bisecants are parasitic lines.

There are 4 conies through Q2 and 5 points of Ci in planes through /'

which are parasitic. In any plane X through /' the 6 conies through 5 points

of Ci meet /' in 12 points p; through any .point p on I' the 4 conies through 5

points of Ci lie in 4 planes X through /'. There are 12+4 = 16 coincidences in

this (X, p) correspondence and therefore 16 positions of Qx such that Qx and

5 points of Ci lie on a conic in the plane through /' associated with Qx. In

any plane X through I' the 15 conies through Q2 and 4 points of Ci meet /'

in 15 points p; through any point pon I' the 12 conies through Q2 and 4 points

of Ci lie in 12 planes X through /'. The 15 + 12 = 27 coincidences of this (X, p)

correspondence determine 27 positions of Qx such that Qx, Q2, and 4 points of

Ci lie on a conic in the plane through I' associated with Qx. These 47 conies

are all parasitic.

There are 2 values of X given by m = 0 for which the tangent plane to F3

at 02 contains 0\, and there are 5 values of X given by /» = 0 for which the tan-

gent plane to F3 at Ox contains 02. In each of these 7 planes there is a cubic

with a double point at 02 or Ox and passing through Ox or 02 and 6 points of

Co. These 7 cubics correspond to 7 similar cubics in the (z) space. In any

plane X through /' there are 6 cubics with a double point on Ci and through

Q2 and the 5 remaining points of Ci. These 6 cubics meet /' in 12 points ju.



298 F. R. SHARPE AND L. A. DYE [April

Through any point ß on I' there are 8 cubics with a double point on C« and

through Q2 and the other 5 points of C¿ ■ These cubics lie in 8 planes X through

I' so that there are 12+8 = 20 coincidences in the (X, ß) correspondence and

20 positions of Qi such that Qi, Q2, and the 6 points of Co lie on a cubic with

a double point at one of these latter points. These cubics lie in planes

through I' associated with the positions of Qi. There are then 37 lines, 47 con-

ies, and 27 cubics which are fundamental curves of the second species in the

hi.
6. Case III, 0%, 02 are both variable on a space cubic C3. To illustrate

the case where the points 0\, 02 are variable on a rational curve which is part

of the basis curve of a pencil of cubic surfaces we again utilize a rational

space cubic. Other rational curves might be considered and other arrange-

ments of the points 0\, 02 might be used, but the transformations obtained

resemble the J6i in Case II and the J6i derived in the following case.

The points Oi = (l, ßs, ß2,ß),02 = (l, —ß3,ß2, —ß), where X=/i2, lie on the

C3 which with Co makes up the basis of the pencil of cubic surfaces F3 given

by (6). A change of coordinate system is made by

yi = p(x2 + 2ßx3 + p.2Xi) — q(x3 + 2pxx + ß2Xi),

y2 = p(x2 — 2ßX3 + ß2Xi) — q(x3 — 2/1X4 + ß2Xi),

yt = x2 - ß2Xi,

yi = x3 — ß2xu

where p=ßP—Q, q=ßQ—R, P = pi+p2ß3+p3ß2+piß, etc., and the dashed

letters indicate a change of sign in u. The surface F3 is now in the form (1)

and the involutorial transformation (2) is determined. We have the following

expressions for A, B, K written in terms of x{ and y i for the sake of concise-

ness:

A=Aß2MM[MiPHp+QHq+RHr)-iy3-ßyi){-ßqipx)+Miqx)-pirx)\]

+ y2[y3{MißPq-QM+Rp)+Mi-ßPq-QM+Rp)}

+ßyi{ -MißPq-QM+Rp)+Mi-ßPq-QM+Rp)\ ],

B = 4p2MM[M(PHp+QHp+RHr)-(y3+ßyi){ßq(px)+M(qx)-p(rx)}]

+ yi[y3[M(ßPq-QM+Rp) + M(-ßPq-QM+Rp)\

+ßyi{ -MißPq-QM+Rp) + Mi-ßPq-QM+Rf) ] ],

K = yi[M(PHp+QHq+RHr)-(y3-pyi){-ßq(px) + M(qx)-p(rx)}]

-y2[M(PHp+QHq+RHr)-(y3+ßyi){pq(px) + M(qx)-p(rx)} ],

where M=ßp+q.
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The surfaces A =0, B =0 are of order 2 in x{ and of order 13 in p2 after the

removal of a factor p2. The invariant surface K = 0 is of order 9 in p2 and of

order 3 in x{. The image of C3 which is the quadric which contains C3 and is

tangent to F3 at Ox, 02 is of order 6 in p2 and has the equation

ipM - pM)Hp + pipq + qp)Hq + piqM + qM)Hr = 0.

The table of characteristics of the IB in the (z) space may be obtained as

in Case II and with the same results except that the images of the points

Qx, Qï combine and the joint image is

(Oi,Ç2)~F3B:r+6i + C64+((2i,e2)31.

In any plane X through /' the 15 bisecants of Ci meet /' in 15 points p;

through any point pon I' the 7 bisecants of C¿ determine 7 planes X through

/'. In the correspondence (X, p) there are 15+7+7 = 29 coincidences since

X =p2, and hence in 29 positions of the pair of points Qx, Q2 a bisecant of Ci

can be drawn from one of them in the plane through /' associated with the

pair. There are 8 trisecants of Ci which meet /'. These 37 lines are parasitic

in Tii.

In any plane X through I' the 6 conies through 5 points of Ci meet /' in

12 points p; through any point p on I' the 4 conies through 5 points of Ci

Ue in 4 planes X through /'. The number of coincidences in the (X, p) corre-

spondence is 12+4+4 = 20 and hence in 20 positions of the pair of points

Qx, Q2, one of the pair and 5 points of Ci lie on a conic in the plane through

I' associated with the pair. In any plane X there is a pencil of conies through

each of the 15 sets of 4 of the 6 points of Ci. Each pencil determines an in-

volution on I' which has one pair in common with the involution of points

p,, hence 15 pairs of points p2 are determined. Given any pair of points p2 on

/' there are 12 planes X through /' in which there are conies through the pair

M2 and 4 points of Ci. In the correspondence (X, p2) the 15 + 12 = 27 coinci-

dences fix 27 positions of the pair Qx, Q2 such that conies in the associated

planes pass through them and 4 of the points of d.

The 7 values of X given by MM = 0 determine 7 planes tangent to ^3 at

Ox or 02 which pass through 02 or Ox. From the associated F3 each of these

planes cuts a cubic with a double point at Ox or 02 and passing through 02 or

Ox and 6 points of C6. These 7 cubics correspond to similar cubics in the (z)

space which are parasitic in the /». In any plane X through /' there are 6

pencils of cubics through the 6 points of Ci and with ä double point at one

of them. Each pencil determines an involution of the third order on I' which

has 2 pairs in common with the involution of points p, hence to a X correspond

12 pairs of points p2. Given any pair of points p2 on /' there are 8 planes X
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through V in which there are cubics through the pair p2 and 6 points of Ci

and which have a double point at one of the points of Ci. The correspondence

(X, p2) has 12+8 = 20 coincidences which determine 20 positions of the pair

Qx, Q2 such that in the associated plane there will be a cubic through Qx, Q2

and the 6 points of Ci and having a double point at one of the points of Ci.

Hence as in Case II we have 37 lines, 47 conies, and 27 cubics which are fun-

damental curves of the second species in the In.

7. A Bertini transformation on a cubic variety in Si. In a space of four

dimensions we take a cubic variety V3 with a double point at 06 = (0, 0, 0, 0, 1)

and through the points 0i»(l, 0, 0, 0, 0), 02 = (0, 1, 0, 0, 0). The equation of

the variety is
V3 = faxi + fa = 0,

where fa, fa are quaternary forms in Xx, x2, x3, xt with the Xx*, x2s terms missing

in fa. The conies tangent to V3 at the points Ox, 02 meet V3 in two residual

points P, P' which are conjugate points in a Bertini involution JB on V3.

This involution can be mapped on the 3-space x& = 0, and a Bertini involution

IB in 3-space is thus determined. The hyperplane xb = 0 meets V3 in the cubic

surface fa = 0, and meets the tangent hypercone to V3 at 06 in the quadric

fa = 0. The surfaces fa = 0, fa = 0 meet in a sextic curve C6 of genus 4. Any

plane it through the line G02 meets C6 in 6 points R which lie on a conic. The

hyperplanes through Ox, 02 are invariant under JB, and the planes ir are in-

variant under IB. Since the 6 points R lie on a conic in each plane tt, the Ber-

tini involution in such a plane is degenerate and of the form /i3.0i6+O26

+6J?4, with an invariant curve k7:Ox* +023 +6R2. The IB in the space xh-0

has the characteristics

Ox~F6 : OÎ +0\ +Cl,

02~F6 : OÎ +0l +cl,

C6~F24: Ox* + ol* + cl,

5i~5i3: ol +ol +c\,

K- : ol + ol + d.

The 6 bisecants of C6 from Ox and the 6 from 02 are parasitic lines in IB

and correspond to lines on the V3 through Ox or 02. To determine the number

of parasitic conies we must find the number of conies which lie on V3 and pass

through Oi and 02, since in any such conic the construction used to determine

Jb will fail in the sense that to a point on the conic corresponds the whole

conic. By a proper choice of coordinate system we can write the equation of

any cubic variety in the form
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2 2

(7) Xix2 + Xix2 + axi + bx2 + cxix2 + d = 0

where a, b, c, d are ternary forms in x3, Xi, x6. The left hand member of (7)

can be factored as follows:

ixix2 + b)ixx + x2 + c),

if

(8) a - b = 0 and ac - d = 0.

Equations (8) represent two hypercones of the second and third orders re-

spectively whose rulings are planes. The 6 planes common to the two hyper-

cones cut conies from the cubic variety through the points Oi, 02. Hence there

are 6 fundamental conies of the second species in the 7i3 besides the 12 lines

of the second species.

8. A family of space Bertini transformations. A net of planes ir=Xi^i

+\2x2+\3x3=0 through the point (0, 0, 0, 1) and a net of cubic surfaces

(9) F3 m Xiiax)2 + XiX2Q>x) m XiF3 + X2F3' + XjFs" = 0,

where iax)2 and ibx) are quaternary forms in xi, x2, x3, xt, and

&tj — Xi«<j + taßij + X3a,-,-, and bi = Xi¿»< + X2¿>< + X3Z»<   ,

through the lines li^x2=Xi = Q and h=Xi=Xi = 0 may be used to determine

a transformation of the Bertini type. A point F(x) determines a set of X< and

hence a plane ir and a surface F3. The plane w cuts the Unes h, l2 in a pair of

points Oi(X3, 0, —Xi, 0), O2(0, X3, —X2, 0). The conic through Pix) and tan-

gent to F3 at Oi and 02 will meet F3 in a residual point P'ix') which is the

conjugate of Pix) in an involutorial transformation 7.

If we make the linear transformation

yi = \3B2xi + A2Xi,

y2 = \3Bix2 + AiXi,

yz = Ai*i + A2x2 + X3*3,

y*. = Xi,

where
Bi m b{K3 — &3X1,

B2 == o2X3 — o3X2,

2 a
Ai = flnX3 — 2ai3XiX3 + a33Xi,

2 2
A2 = a22X3 — 2a23X2X3 + ci33X2,

then equation (9) is in the form of (1), and the transformation (2) may be

used to obtain
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where

xi = BiBiBy2 - AiAyi),

xi = BiAiAy, - AiByi),

xi = - BiBiBy2 - A2Ayi) - B^MAyi - AiByt),

xi = XsBiBiAByi,

2 2        2 2     2
A m Biyxy2 + B2yi[AxB2 + 2X351(a14X3 — a34Xi)

2 2   t
+ ^4i5i(2ai3X2X3 + 2a23XiX3 — 2di2X3 — 2a33XiX2 — ¿»4X3)],

2 2        2 2     2
B =; F2yiy2 + Biyi[A2Bi + 2\3B2ia2i\3 — a^M)

2 2
+ ^42-ß2(2cii3X2X3 + 2a23XiX3 — 2ai2X3 — 2a33XiX2 — Ô4X3)].

The \i are now replaced by

Xi =- fa = xtfi" - X3Fl',

X2 = fa = XzFi — XiF3",

\3 = <b3 = xiFl' - X2F{ .

The quartic surfaces fa; = 0 have in common the lines h, l2, and a residual curve

Cu of order 11 and genus 14. The surfaces A =0, F = 0 which are the images

of the lines h, l2 are of order 8 in </>,• and 2 in xt after a factor fa2 is removed.

The factor fahBxB2 can be removed from the transformation, and the invari-

ant surface K=yxA —y2B = 0 has the factor fa3BiB2. The characteristics of

the transformation are
11 10 8

h~F3i : h + l2 + Cu,

l2~Fu : h + l2 + Cu,
66 66 47

Cu ^F2oi'. h  + l2  +C11,
22 22 16

Sl~Sf><i  : h + l2 + Cu,
9              9 6

Jl27   '.  li + l2 + Cu-

The x parasitic lines of 7 are trisecants of Cu which meet either h or It-

Since Cu meets h in 4 points there are 7 residual intersections F< in a plane

through h. In any such plane a line RiR, meets h in a point P, and through

each of Ri and R,- pass 5 other bisecants of Cn meeting h in 10 points Q. If

h' is the number of bisecants of Cn through any point of h, the points P, Q

are in (10A', 10A') correspondence. The 20h' coincidences are determined by

the x trisecants of Cu meeting h, the r' tangents of Cn meeting h, and the 4

tangents to Cn where it meets h. Hence

20Ä' = 6x + 5r' + 30-4.

Since the Cu is of class r = 48 and has Â = 31 apparent double points, then
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h' = h—4 ■ 3/2 = 25, and r'=r — 2 ■ 4 = 40. These values make x = 30, but among

the 30 trisecants the Une l2, which is a quadrisecant, is counted 4 times. Hence

there are 26 trisecants of Cxx meeting h and 26 more which meet l2. These 52

lines are the parasitic lines of the transformation I.

Let y be the number of parasitic conies and z be the number of parasitic

cubics of I. The complete intersection of two surfaces of the web of.569 is

made up of

69a = 69 + 222 + 222 + 11 • 162 + 52 + 8y + 27z,

and the complete intersection of an Se9 and the K& is made up of

69-27 = 27+ 9-22+ 9-22+ 6-16-11 + 52 + 4y + 9z.

The solution of these equations is y=45, z = 18, whence we can conclude that

the fundamental curves of the second species in I consist of 52 lines, 45 con-

ies, and 18 cubics.

9. A family of space Geiser transformations. If Fn=0 is a surface of or-

der » with an (»—2)-fold Une l=x3=xi = 0, the equations

(10) T = \xXx + X2*s + \ix% = 0,

(11) Fn m axl + bxl + 2hXlx2 + 2fx2 + 2gxx + c - xX + X«F"+ xX"= 0,

where a=Xio'+X-»a"+X3a"', etc., and a', a", a'", etc., are binary forms in xt,

xit define a net of plane curves C„ of order » with an (» — 2)-fold point

Q = (X2, —Xi, 0, 0). A Une through Q and a point P(x) on C„ meets it in a re-

sidual point P'(x'), thus defining an involutorial transformation I having the

invariant net of surfaces

¿101 + k2fa + k3fa

=■ ¿i(*X" - ZsFl') + k2(X3F'n - XxF'n") + k3(xxF'J - X2F'n) = 0.

The pencil of planes /» = Xi—px3 = 0 through / are invariant under I and in

any such plane F„ takes the form

(12) axx + bx2 + cx3 + 2hxxx2 + 2fx2x$ + 2gxxX3 = 0,

where the coefficients are polynomials in p. This net of conies enables us to

map I on a double space S(Xi.X2:X3, p). A plane

(13) mxXx + m2x2 + m3x3 + miXi = 0

is mapped on 5 by eliminating Xi between (10) and (13) and using Xi=uxt.

The values of x> thus obtained are substituted in (12) giving
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a(m2\3 — m3\2)2 + b(m3\x — miki)2 + c(mik2 — m2\i)2

+ 2h(m2\3 — m3\2)(mikx — mx\3) + 2f(m3\x — mx\3)(mxK2 — m2\i)

+ 2g(m2\3 — miK2)(mxK2 — miki) = 0, where m3 = m3 + pmt,

which must be identical with

(mxXx + m2x2 + m3x3 + miXi)(mxx{ + m2xi + m3x3 + mixi) = 0.

From this identity we have

2 2
*i*i  = b\3 — 2/X2A3 + c\2,

2 2
x2xi = cXi — 2gXiX3 + a\3,

2 2
x3x3  = a\2 — 2AXiX2 + b\2,

xi = px3 .

If we replace p by xt/x3 and X< by fa- we have the transformation I in the form

2 2

xxxl = bfa — 2ffafa + cfa,
2 2

x2xi = cfa — 2gfafa + afa,
2 2

x3  = x3(afa — 2h<jjxfa + bfa),
2 ■ 2

xi = xt(afa — 2hfafa + bfa),

where X\, x2 are factors of the first two equations respectively. The surfaces

fa = 0 are of order «+1 and have / as an (« —2)-fold line. The residual basis

curve of the net of <fn is a C6n-3 of order 5»—3 and genus 12» —19 through the

point (0, 0, 0, 1). The image of / in I is the surface L=afa2 —2hfafa+bfa2 =0,

which is of order 3 in fa- and of order « — 2 in x3, xA. The image in S of the in-

variant surface K has the equation

a

h

g

Xi

ä g

b f

f e

X2 X3

Xi

x2

x3

0

0,

which corresponds to K2 in the space (x). Hence K is of order 2 in </>,- and of

order w — 1 in x3, x4. The table of characteristics of I is

I'

Csn-3 '

t        . 74n-7    _i_ r
J -Lln+X  •  I T ^6n-3,

12n-18 8

'^12n+3 •   » + C6n-3,

' Stn+2   '.  I

'3n+l

4n-6

+ c6

K3n+ X   '•  I + Csn-3-
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In any plane /» through / there is an ordinary Geiser transformation,

therefore the C6n-3 meets such a plane in the 7 fundamental points 2?, of the

Geiser transformation and in 5« —10 points on I. The section of C6„_3 by the

plane x3 = 0 is the point (0, 0, 0, 1) and 6 points lying on the conic x3 = 0,

F/" =0. Hence on this plane the Geiser transformation degenerates and the

conic is parasitic for I.

The x parasitic lines of 7 are trisecants of C6n-3 meeting /. Since C6n-3

meets any plane /» in 7 points not on / the method of §8 may be used in deter-

mining the number of trisecants of C5n_3 which meet I. The number x —15» —15

is obtained from the equation

20«' = 6x + 5r' + 30(5» - 10),

where r' = 24« —26, and Ä' = 18» —26. Therefore the fundamental curves of

the second species for 7 consist of 15» —15 lines and one conic.
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