
STRUCTURE OF LINEAR SETS

BY

ERNST SNAPPER

Introduction

In general only vector spaces whose scalar domains are fields have been

investigated. In this paper we study vector spaces whose scalar domains are

integral domains in which every ideal has a finite basis. It is shown that the

theory of the linear subsets of such a vector space can be developed by using

exactly the same technique which has always been applied to the ideals of

an integral domain. This technique is established in the first two sections and

is then used to develop the Noether decomposition theory of linear sets into

"primary" linear sets.

I. Basis theorem and ascending chain condition

We first define the notion of vector space:

Definition 1.1. An n-dimensional vector space consists of all the vectors

with n components where the components form an integral domain in which every

ideal has a finite basis.

This integral domain is called the scalar domain of the vector space.

Definition 1.2. A linear set is a subset of an n-dimensional vector space

closed under vector subtraction and multiplication by arbitrary scalars.

An integral domain in which every ideal has a finite basis is clearly a one-

dimensional vector space and its ideals are the linear sets. The ordinary theory

of ideals will therefore become a part of this theory of linear sets.

Notation. The fixed M-dimensional vector space will be indicated by V„

and its scalar domain by R. Otherwise the capital Latin letters will be used

exclusively to indicate linear sets and the small Latin letters to indicate vec-

tors. The ideals of R will be indicated by German letters and the scalars of R

by Greek letters. The radical of an ideal a will be indicated by a'. As is cus-

tomary, a' consists of all the scalars of which a power lies in a.

The following theorems, whose proofs are apparent from van der

Waerden's Moderne Algebra, vol. 2 (we refer to this book as [l]), will be used

frequently:

Theorem 1.1 (The basis theorem). Every linear set has a finite basis.
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Theorem 1.2 (The ascending chain condition). A chain of linear sets

L1GL2C. ■ ■ ■ in which Li is properly contained in L,+1 is finite.

Theorem 1.3 (Maximum condition). Every non-empty set of linear sets pos-

sesses a maximal set {that is, a linear set which is not contained in any other linear

set of that set).

Theorem 1.4 (Induction by division). If a property can be proved for every

linear set L, Vn included, under the assumption that the property can be proved

for all the linear sets which properly contain L, the property holds for every linear

set.

II. Products and quotients

The technique mentioned above for treating the linear sets is based upon

the following definitions:

Definition 2.1. The greatest common divisor or sum L = {L\-\-L2) of two

linear sets L\ and Li is the linear set L, generated by their logical sum.

Definition 2.2. The least common multiple L = [LiP\L2] of two linear sets

L\ and L2 is their intersection.

Definition 2.3. The product L = aL\ of an ideal a and a linear set L\ is

the linear set L, generated by the scalar products of scalars of a and vectors of Li.

Definition 2.4. The quotient L = L\/a of a linear set Li and an ideal a is

the linear set L, consisting of the vectors whose scalar products with all the scalars

of a lie in L\.

Definition 2.5. The quotient a = Li/L2 of a linear set L\ and a linear set L2

is the ideal a, consisting of the scalars whose scalar products with all the vectors

of L2 lie in L\.

The theorems concerning these notions are the same as in the case of ideals

and are proved in the same way. The most important ones are listed below

(for notation see Part I):

Theorem 2.1. Multiplication is associative and is distributive with respect

to addition:

(aia2)X = aifastL);      (a, + a2)L = (a^L + ctjZ);     a(Li + L2) = (aLi + aL2).

Theorem 2.2. Division is distributive with respect to intersection:

[LinLir\ • • • r\Lr]/M = [Li/M r\l2/m o • • • r,lt/m]-,

[Li r\ i,n • • • n Lr]/a = [Li/a n • • ■ Pi Lr/a].

Theorem 2.3. The quotient of the sum is the intersection of the quotients:

I/(ai + a2) = [L/ttiHI/a,];     L/{M, + Mi) = [L/Mi C\ L/M2].
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III. Closure, essential ideal and radical

The notions discussed in this section play an important role in the struc-

ture theory of linear sets.

Definition 3.1. The closure L of a linear set L is the linear set consisting

of all the vectors of which some scalar multiple, different from zero, lies in L.

This definition is clearly consistent and we always have

I Cl,     [ur\L2] = [Zi H Is].

Definition 3.2. The linear set L will be called closed if L = L and dense if

L=Vn.

Example 3.1. If R consists of all the rational integers, then in V2 over R

the set L\ generated by (2, 2) is neither closed nor dense; L2 = (1, 1) is closed

but not dense; L$, the set generated by (1, 0) and (0, 2), is not closed but is

dense.

Every closure of a linear set is a closed set and the nonzero ideals, consid-

ered as the linear subsets of a one-dimensional vector space, are dense sets.

The only linear set which is both closed and dense is V„.

The following theorem will be used later:

Theorem 3.1. The intersection of two closed sets is closed. The intersection

of two dense sets is dense. The irredundant intersection of a closed set and a dense

set is neither closed nor dense. (An intersection is called irredundant if none of

the intersection components is superfluous.)

This theorem follows immediately from the fact that

[ii^ii] = [Ztn Z2].

Definition 3.3. The essential ideal Q£.=L/Vnof a linear set L is the quotient

ideal of the linear set and the whole space Vn. The radical @' of L is the radical

of a.

The essential ideal @ clearly consists of all the scalars which transform the

whole space by means of scalar multiplication into the linear set. Therefore

we have Z-/(ÜS= Vn. The essential ideal of an ideal is the ideal itself and the

radical of an ideal is just its ordinary radical.

Theorem 3.2. The following three statements are equivalent: L is dense;

d 9* 0; L has maximal dimension n.

Proof. If L is dense, the ideals L/(l, 0, • • • , 0), L/(0, 1, 0, • • • , 0), • • ■,
Z/(0, ■ • • , 1) are nonzero ideals and therefore <& = L/V„= [Z/(l, 0, • • • , 0)

f \ - ■ ■ r\L/(0, ■ • • , 1)] is a nonzero ideal. If @?^0, there exists a scalar X

such that the n vectors (X, 0, • • • , 0) • • • (0, • • • ,X) lie in L and therefore L
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has maximal dimension n. If L has maximal dimension n, there are n inde-

pendent vectors /i, • ■ ■ , /„ in L. An arbitrary vector v may then be written

asv={cti/ß\)f\+ ■ ■ ■ +(ajßn)fn and therefore \v = pifi+ ■ ■ • +p„/„ lies in L.

Consequently, L is dense. This proves the theorem.

We conclude this section by remarking that L^L/aC.L and QZl MC.R,

where a has to be a nonzero ideal.

IV. Primary linear sets and prime linear sets

Definition 4.1. A linear set L will be called primary if \v = 0(L) implies

either v = 0(L) or X=0(d')-

Definition 4.2. A linear set will be called prime if the linear set is primary

and its @ is a prime ideal.

It is clear that the ideals which are prime or primary according to these

definitions are the ordinary prime and primary ideals.

Theorem 4.1. // L is primary @ is primary and therefore (§' is prime.

Proof. aß = 0(d) and /3^0(@) imply L/aß= Vn and L/ß?* Vn. We can find

therefore a vector v such that aßv = 0(L) and ßv^O(L) from which it follows

that a = 0(@'), q.e.d.

The converse does not hold, since the set generated by the vector (2, 4) in

the vector space whose scalar domain consists of the rational integers is not

primary while its essential ideal is the zero ideal and therefore prime.

Theorem 4.2. A primary linear set is either closed or dense.

Proof. If S^O, L is dense. If (g = 0, @' = 0, from which we conclude that

if Az/ = 0(L) and v^0(L), X has to be zero. This means that L is closed.

The converse does not hold since an ideal is a dense set but may not be

primary. However, every closed set is a prime linear set since every closed

linear set other than Vn has a zero essential ideal.

The following theorems will demonstrate further that a primary linear set

is the exact analogue of a primary ideal. These theorems are proved in exactly

the same way as in the case of ideals and are used constantly in the structural

theory of linear sets.

Theorem 4.3. Let L be an arbitrary linear set, (§ its essential ideal and a an

arbitrary ideal. Then L is primary and a is equal to the radical @' of the linear

set if and only if the following three conditions hold: (1) Xi> = 0(L) implies either

z/ = 0(L) orX = 0(a); (2) (gCa; (3) X = 0(a) implies X* = 0(@) for some k.

Theorem 4.4. Let L be a primary linear set, a an ideal and M a linear set.

Then aM=0(L) implies either M = 0(L) or ct = 0(@')-

Corollary 4.1. If Lis primary and a^0(@'). L/a=L.
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Theorem4.5. If L = [Li(~\L2r\ ■ ■ ■ r\Lr], we have d = [@in@/V • • H@r]

and @'= [S/nSfl • • • f~\(Er ], where (£, and @,' are the essential ideal and

radical of L,-.

V. The noether decomposition theory

A linear set will of course be called reducible if it is the irredundant inter-

section of two other linear sets and irreducible if it is not reducible.

From Theorem 1.2, the following theorem is derived:

Theorem 5.1. Every linear set is the irredundant intersection of a finite num-

ber of irreducible linear sets.

After each of the following theorems we have indicated how to derive the

proofs of these theorems from the very similar proofs of the corresponding

theorems on ideals, given in [l].

Theorem 5.2. Every irreducible linear set is primary.

Proof. (See [l, pp. 31 and 32].) Replace the radical of the ideal by the

radical of the linear set and the integral domain by the vector space.

An immediate corollary of Theorems 5.1 and 5.2 is:

Theorem 5.3. Every linear set is the irredundant intersection of a finite num-

ber of primary linear sets.

Theorem 5.4. The intersection of a finite number of primary linear sets

which all have the same radical is a primary linear set with that same radical.

Proof. (See [l, pp. 32 and 33].) Use Theorem 4.3.

By replacing the intersection components which have the same radical by

their intersection we prove:

Theorem 5.5. Every linear set is the irredundant intersection of a finite num-

ber of primary linear sets whose radicals are all different.

A representation of a linear set as described in Theorem 5.5 is called "a

representation by maximal primary components."

As a preparation for the first uniqueness theorem we need the following

lemma:

Lemma 5.1. In two representations of a linear set by maximal primary com-

ponents, each radical which is maximal among all the radicals of both the repre-

sentations is present in both the representations.

Proof. (See [l, pp. 35, 36].) Divide the components of both the representa-

tions by the essential ideal of a primary component whose radical is maximal

among all the radicals of both the representations. Use Corollary 4.1.

From this lemma the following theorem is easily derived:
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Theorem 5.6. An irredundant intersection of a finite number of primary

linear sets, whose radicals are not all the same, is not primary.

This theorem shows that in a representation of a linear set by maximal

primary components no group of components has a primary intersection.

Theorem 5.7 (The first uniqueness theorem). In two representations of a

linear set by maximal primary components, the number of components is the same

and so are the radicals of the components of the two representations.

Proof. (See [l, p. 36].) Single out, from the two representations, two linear

sets Li and L2 whose radicals @i and (§2' are the same and are maximal among

all the radicals of both the representations. Then divide both the representa-

tions by the intersection of the two essential ideals of L\ and L2.

The uniquely determined radicals which occur in a representation of a

linear set by maximal primary components are prime ideals (Theorem 4.1).

They will be called the "associated prime ideals" of the linear set.

The following theorems are essential for the proof of the second unique-

ness theorem:

Theorem 5.8. We have M/<El = M if and only if the essential ideal Sz, of the

linear set L is not contained in any of the associated prime ideals of the linear

set M.

Proof. (See [l, p. 37].) Divide by @L and use the fact that (giA^C [Ai^A^],

where N\ and A2 are linear sets and @i is the essential ideal of Ni.

Another way of stating this theorem is:

Theorem 5.9. We have M/(äL = M, where Sl is the essential ideal of L, if

and only if no associated prime ideal of L is contained in an associated prime

ideal of M.

This theorem leads to:

Definition 5.1. The linear set L is relatively prime with respect to the linear

set M if and only if M/(g.L = M.

The following definitions lead to the second uniqueness theorem:

Definition 5.2. An associated prime ideal of a linear set is said to be im-

bedded if it contains another associated prime ideal of that linear set.

Definition 5.3. An intersection of maximal primary components, all belong-

ing to the same representation of a linear set L by maximal primary components,

is called a component linear set of L.

Definition 5.4. Two component linear sets, which are taken from the same

representation of a linear set L by maximal primary components and which have

intersection L, are called conjugate component linear sets of L.
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If we call the conjugate of L, considered as a component linear set of it-

self, V„, we have: Every component linear set of a linear set has a conjugate,

which is not necessarily unique.

Definition 5.5. A component linear set of a linear set is said to be isolated

if none of its associated prime ideals contains an associated prime ideal of its

conjugate.

Theorem 5.10 (The second uniqueness theorem). An isolated component

linear set of a linear set is uniquely determined by its associated prime ideals.

Proof. (See [l, p. 38].) Use Theorem 5.9. If in [l] the author divides by

an ideal, here we have to divide by the essential ideal of the corresponding

linear set.

VI. Two consequences of the structure theory

It might be possible that the associated prime ideals of a linear set were

always the same as the associated prime ideals of the essential ideal of that

linear set. This would suggest that the representation of the linear set by

maximal primary components were induced by the Noether decomposition

of the essential ideal of the linear set. However, this conjecture will be dis-

proved by the following counterexample:

Example 6.1. Let V2 have the polynomials in two variables x and y with

integral coefficients as scalar domain. Let Li be the linear set consisting of all

the vectors whose two components have a difference congruent to zero modulo

(x2), and L2 the linear set consisting of the vectors whose two components

have a sum congruent to zero modulo (x2, y). Consider finally the linear set

L= [£1^X2]. The following statements can easily be verified:

Li is a primary linear set. @i=(x2) and @i =(x).

L2 is a primary linear set. @2 = (x2, y) and @2' ={x, y).

L = [LiP\L2] is a representation of L by maximal primary components.

The associated prime ideals of L are (x) and (x, y). However, the essential

ideal of L is (x2) and its only associated prime ideal is (x).

This example illustrates the general situation described in the following

theorem:

Theorem 6.1. The associated prime ideals of the essential ideal of a linear

set are among the associated prime ideals of that linear set.

Proof. From Theorem 4.5 we see that the representation of a linear set by

maximal primary components induces a decomposition of the essential ideal

into primary ideals, whose radicals are all different and equal to the associ-

ated primes of the linear set. However, this decomposition may not be irre-

dundant, as Example 6.1 shows, where this induced decomposition is

(x2) = [(x2)f^(x2, y)]. By deleting the unnecessary components in the inter-
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section, we get the Noether decomposition of the essential ideal and the re-

maining radicals are the associated primes of the essential ideal.

Theorem 6.2. Every linear set is the irredundant intersection of a closed set

and a dense set. The closed part of the intersection is unique and is the closure

of the set. The dense part of the intersection is not unique, even when the inter-

sections are restricted to representations by maximal primary components. The

dense part of the intersection is not present if and only if the linear set is closed,

and the closed part of the intersection is not present if and only if the set is dense.

Proof. Consider a representation of the linear set by maximal primary

components. From Theorems 3.1 and 3.2 it follows that the intersection of

the intersection components whose radicals differ from zero is a dense set and

that the intersection component whose radical is the zero ideal is a closed set.

This dense set and this closed set clearly satisfy the requirements of the theo-

rem. That the closed part of the intersection is the closure of the linear set

is proved as follows: Let L— [CC\D] where D is dense and C is closed. Then

1= \crXD) (Part III) and C = C and D= Vn. Therefore L = C. The last part

of the theorem follows immediately from Theorem 3.1. Finally, the following

example shows that the dense part of the intersection is not unique, even if

we restrict ourselves to representations by maximal primary components:

Example 6.2. Let F2 have the rational integers as scalar domain. Let L be

the linear set generated by the vector (2, 2). The following statements can ■

easily be verified: The linear set generated by the vector (1, 1) is the closure L

of L. L is the intersection of L and the dense set generated by the vectors (2, 2)

and (1, 3). L is also the intersection of L and the dense set generated by the

vectors (2, 2) and (2, 4). These are two representations of L by maximal

primary components and the two dense parts of the two intersections are dif-

ferent.
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