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The classical theory of representations of a group G concerns itself with

some well known group U, like the unit group of a suitable ring or the group

of all the admissible transformations of some manifold, and with all the

homomorphic maps of G into U. The theory of representations of the group G

which we propose to investigate here deals again with some class of well

known groups F, like the free groups and their generalizations; but then we

are concerned with the homomorphisms of these groups F upon(x) G. As a

matter of fact our point of view is slightly more general. For we define : if

A7 is a normal subgroup of the group F, and if F/N and G are isomorphic

groups, then F/N is a representation of G. Well known instances of this sort

of representation are the so-called "abstract definitions" of G by generators

and relations: in this case we impose upon a free set of generators of F the

relations from the normal subgroup N in order to obtain G. These representa-

tions and those as quotient groups of free abelian groups are practically the

only representations as quotient groups that have been investigated in a sys-

tematic fashion.

It is apparent that representations of groups as quotient groups and group

extensions(2) are strongly related problems. For F/N is a representation of G

if, and only if, F is an extension of N by G. These two theories are distin-

guished, however, by a different point of view. If we represent G in the form

F/N, then we presume that everything is known about F; we are not much

interested in N and we want information about G. If on the other hand we

consider F as an extension of N by G, then a complete knowledge of G and

N are presupposed ; and we aim at information about F.

The classification of representations is the main object of this first part

of our investigation. Two representations F/M and V/N of the group G are

termed equivalent whenever there exists an isomorphism of F upon V which

maps M upon N. Since equivalent representations are essentially identical,

and since this concept of equivalence emphasizes too much the subgroups

Presented to the Society, September 17, 1945; received by the editors November 20, 1944.

(*) The word "upon" shall signify that the whole group G is the image of /'under the homo-

morphism considered.

(2) For the theory of group extensions cp. Baer [l ], Eilenberg-MacLane [l ], Schreier [l ],

Zassenhaus [l]. The numbers in brackers refer to the Bibliography at the end of the paper.
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M and N, this classification is too narrow. Thus we term the representations

F/M and V/N of the group G related representations of G, if there exists a

homomorphism <p of £ into V and a homomorphism v of F into £ such that <j>

and v induce reciprocal isomorphisms between F/M and V/N. This concept :

"related representation" is reflexive, symmetric and transitive, and equiva-

lent representations are related.

A justification for such a classification may be seen in the existence of

extensive systems of invariants of classes of related representations. This is

indeed the case. For we are able to derive from every representation F/N of

the group G by means of a straightforward application of the commutator

calculus various families of (inductively defined) subgroups F(i), N(i) of £

with the following properties: (1) F(i) is a fully invariant subgroup of £;

(2) N(i) is a normal subgroup of F(i) and is fully invariant relative to N;

(3) F(i)/N(i) is an invariant of the class of related representations of G de-

termined by F/N. The third of these properties is a generalization of an in-

variance theorem which is due to H. Hopf (3). If the class of related represen-

tations of G is selected in some fashion independent of G, like the representa-

tions as quotient groups of free groups, and so on, then the invariants of this

class of related representations of G are actually absolute group invariants(4)

ofG.
This last remark shows the importance of finding what may be called

"absolute classes of representations." We note first that a representation

F/M of the group G reflects only in a very general way the structural proper-

ties of G, since it need not be possible to obtain the automorphisms of G by

means of endomorphisms of £. Hence we term F/M a true representation

of G whenever it is possible to induce all the automorphisms of G by means of

endomorphisms of £. Two groups £ and V shall be termed similar, provided

representations F/M and V/N of the same group G are always true as well

as related. Classes of similar groups will be an appropriate tool for finding

the desired absolute classes of representations, since representations of a

group G as quotient groups of similar groups are always both true and re-

lated. But there is a fundamental difficulty connected with this concept of

similarity, since groups need not be self-similar, and since the similarity rela-

tion is not transitive. Thus it is important to obtain criteria assuring that the

groups U and W are similar, in case both are similar to a third group V. De-

fining the concept "retract of a group" in obvious analogy to the topological

concept, we may show the similarity of retracts of self-similar, similar groups.

But we prove conversely that £ is a retract of a group in the set S of similar

and self-similar groups if, and only if, £ is a homomorphic image of a group

in S and is similar to every group in S.

To obtain concrete instances of "absolute classes of representations" we

(3) Hopf [l]; see also Eilenberg-MacLane [3,4].

(*) For applications of these invariants, see the third part of this investigation, Baer [5 ].
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prove that a group is a free group if, and only if, it is similar to every free

group; and we introduce the concept of reduced free group: these are groups of

the form R = F/J where J is a fully invariant subgroup of the free group F.

It is noteworthy that reduced free groups admit of essentially only one repre-

sentation in this normal form F/J; and that reduced free groups are iso-

morphic if each of them is a homomorphic image of the other one. If F/M

and V/N are reduced free groups, if F and V are free groups, and if every

homomorphism of F into V maps M into N and every homomorphism of V

into F maps N into M, then F/M and V/N are similar groups, and we term

them in this case similarly reduced free groups. If F/J and V/H are the repre-

sentations of similarly reduced free groups in normal form, then every homo-

morphism of F into V maps J into H and every homomorphism of V into F

maps H into J. Reduced free groups may be shown to be similarly reduced

free groups if each of them is isomorphic to a subgroup of the other one.

If E is a system of similarly reduced free groups, then all the representa-

tions of a given group G as quotient group of a group in H belong to the same

class of related true representations. The invariants of these classes of repre-

sentations are absolute invariants of G, since they depend only on G and on

the preassigned class S. These classes of representations constitute therefore

"absolute" classes of representations of G.

Classes of similarly reduced free groups are characterized by the fact that

the system of their homomorphic images is the class of all groups satisfying

a suitable set of identical relations(6). An internal characterization of these

systems by properties of a lattice theoretical type, achieved in Theorem 5 of

III.5, is one of the main objectives of this part of our investigation.

New results both in the theory of fully invariant subgroups and in the

theory of free groups had to be obtained in order to make the necessary ap-

plications of these theories. Some of them are of interest in themselves, like

the criteria for a homomorphism to be an isomorphism which we obtained in

II.3 and III.2 and the isomorphisms between lattices of fully invariant sub-

groups of free groups, derived in 111.2.

Chapter I. Derived series relative to a normal subgroup

1.1. The commutator calculus. In this section we collect a number of

definitions and facts which we shall need in the future. Though at least part

of the contents of this section is well known, it will be convenient to state it

in the form best suited to our purposes.

If x and y are any two elements in the group G, then their product is xy

and their commutator is (x, y) =x~ly~lxy. If X and Fare subsets of the group

G, then X(~\ Y is their cross cut, X Y is the subgroup generated by all the

products xy for x in X and y in Y, and (X, Y) is the subgroup(6) generated

(6) In the sense of B. Neumann [l]; see also P. Hall [2].

(6) Zassenhaus [l, p. 58].
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by all the commutators (x, y) for x in X and y in Y. If X and Fare subgroups

of G, then (X, Y) = (Y, X), and if X or F is a normal subgroup of G, then

XY=YX.
The following three formulas are verified by direct computation(7):

(1) (y,x) = (x,y)-1.

(2) (x, yz) = (*, z)z~\x, y)z=(x, z)(z, (y, x))(x, y).

(3) (xy, z)=y~l(x, z)y(y, z) = (x, z)((x, z), y)(y, z).

If U, Fand IF are groups, then it is customary to term a W-valued pairing

operation of the groups U and V any binary function uov for u in U and v in V,

meeting the following requirements:

(i) m o v is a uniquely determined element in IF for every u in U and every

v in V.

(ii) uo (v'v") = (uov')(uov").

(iii)  (wV)oii=(i('o!))(«"oii).

Theorem 1(8). If M, N, H, K are normal subgroups of the group G, if

M^H and N^K, then a binary function of the groups H/M and K/N with

values in (H, K)/[(M, K)(N, H)] is defined by

MxoNy= (x, y) modulo (M, K)(N, H)

for x in II and y in K; if furthermore (H, K) i= M(~\N, then this binary function

is a pairing operation.

Proof. If m, n, h, k are elements in the groups M, N, II, K respectively,

then k~x(h, n)k belongs to (N, H) and &_1(m, k)h belongs to (M, K), since

(N, H) and (M, K) are normal subgroups of G. Hence it follows from formulas

(2) and (3) that
(mh, nk) = (h, k) modulo (N, H)(M, K),

proving the first assertion.

Assume now that (H, K)^MC\N. If u is in H and v', v" are in K, then

(v', u) is in (H, K) ^M. Hence (v", (v', u)) belongs to (K, M), and it follows

from (2) that

(u, v'v") = (u, v")(u, v') modulo (K, M).

Since ((u, v'), (u, v")) belongs to ((H, K), (H, K))^(K, M), we deduce

(u, v'v") = (u, v')(u, v") modulo (K, M).

By a slightly simpler argument one derives from (3) the congruence

(«'«", v) = (w\ v)(u", v) modulo (H, N)

for u', u" in H and v in K, completing the proof.

(') P. Hall [1, p.43].
(8) The author is indebted to S. MacLane for his suggestion of substituting this more gen-

eral statement for the author's original special case.
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P. Hall(') has derived from (2), (3) the following fact which we state here

for future reference.

Lemma 1. If U, V and W are normal subgroups of the group G, then

(U, (V, W)) = (V, (W, U))(W, (U, V)).

If S and F are subsets of the group G, then we define their commutator

quotient(10) 5-f- F as the set of all the elements x in G which meet the require-

ment : (t, x) belongs to 5 whenever / is in T (in symbols : (T, x) — S).

Theorem 2. If S and T are normal subgroups of the group G, then S+T

is the normal subgroup of G which consists of all the elements in G inducing the

identity automorphism in T/(Sf~}T).

Proof. If x is an element in G, then an automorphism of T/(Sf~\T) is in-

duced by mapping the coset (Tf~\S)t of T/(Sf~\T) upon (Ti~\S)x~llx. The

elements in G which induce in this fashion the identity automorphism in

T/(SC\T) form a normal subgroup of G. Clearly the element a: in G induces

the identity automorphism in T/(Sf~}T) if, and only if, (x, T)—SC\T. But

(G, T)^T, since F is a normal subgroup of G. Hence (x, T)=S if, and only

if, (x, T)—Sf~}T; this completes the proof.

Lemma 2. If R, S, T are normal subgroups of the group G, then R^S+T is

a necessary and sufficient condition for T^S-i-R.

The proof of this lemma is an immediate consequence of the fact that both

inequalities are equivalent to (T, R)^S.

The best known example of a commutator quotient is 1-í-G, which is by

Theorem 2 just the center Z(G) of G. Likewise one derives from Theorem 2

that N=N + G and (N+G)/N = Z(G/N) for every normal subgroup N oj G.
If X and F are subsets of the group G, and if 17 is a homomorphism of G,

then (X, F)"= (AT', F"). It is well known that no like statement may be ex-

pected for commutator quotients (n). Thus the following result will prove

useful.

Theorem 3. If V and U^V are normal subgroups of the group W, if K

and H=K are normal subgroups of the group L, and if 77 is a homomorphism

of W into L such that U'^H and VH=K, then

(U -r- V)i g H -î- K.

Proof. If x belongs to U+ V, then (x, V)^U and consequently (x", Vv)

= (x, V)''—U'I = H. Since ii is a normal subgroup of L, and since x" belongs

(8) P. Hall [1, p. 47, Theorem 2.3].
(10) Zassenhaus [l ].

(u) See, for instance, Baer [3, p. 145] and Levi [2, p. 92].
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to £, we have furthermore (x", H) ^H. Hence it follows from formula (2) and

the hypothesis K = HV" that (**, K) = (x", HV) «(*', H)(x", V) £H. Con-
sequently x" belongs to H+K, as we desired to show.

Remark, rj induces, in the terminology of 1.4 below, a homomorphism of

VIU upon K/H.
1.2. Definition of the /»-derived series relative to N. Throughout we shall

denote by p an ordered pair of integral-valued functions j(i), k(i) such that

0¿j(i) <i and 0¿k(i) <i for 0 <i. The normal subgroups S(i) of G, for 0 ^i,

are said to form a p-derived series of G if

S(i) g (S(j(i)), S(k(i))) for 0 < i.

There exists always a /'-derived series. For define the subgroups G(i) =G(i, p)

inductively by the equations:

G(0) = G,  G(i) = (G(j(i)), G(k(i))) for 0 < i.

This special /»-derived series will always be referred to as the p-series of G.

It is readily seen that the /»-series of G consists of fully invariant(12) sub-

groups of G.

Remark 1. Generalizing the concept of central series, introduced by

P. Hall [l], we might say that the normal subgroups S(i) of G form a /»-cen-

tral series if

(S(j(i)), S(k(i))) = S(i) for 0 < i.

We shall not make any use of this concept, though the /»-series of G is both

/»-derived and /»-central.

We are not so much interested in these "absolute" invariants of the group

G as in some subgroups which are only "invariant relative to a distinguished

normal subgroup N of G." We define :

The ordered pairs of normal subgroups S(i), T(i), for O^i, of the group G

form a p-derived series of G relative to the normal subgroup N of G, if N^S(0)

^ £(0) and if, for positive i,

(S(j(i)), T(k(i)))(S(k(i)), T(j(i))) S S(i) = T(i) ^ (T(jd)), T(k(i))).

Thus the T(i) alone form a /»-derived series of G.

There exists always a /»-derived series of G relative to N, namely the fol-

lowing inductively defined series of pairs of subgroups N(i)=N(i, p),

G(i) =G(i, p) whose defining equations are:

N(0) = N,       G(0) = G,

N(i) = (N(j(i)), G(k(i)))(N(k(i)), G(j(i))) for 0 < i,

G(i) = (G(j(i)),G(k(i))) forO < i.

(u) A subgroup is fully invariant if it is mapped into itself by every endomorphism of the

group. Endomorphisms are homomorphisms of a group into itself.
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This special ^-derived series relative to N will always be referred to as the

p-series relative to N or the p-N-series of G. It is readily verified that the

p-N-series of G is fully invariant relative to N in the sense that every endo-

morphism of G which maps N into part of N maps at the same time N(i)

into part of N(i) and G(i) into part of G(i), and one may prove inductively

N(i)=N.

Theorem 1. If a p-dsrived series of G relative to the normal subgroup N of G

is formed by the pairs S(i), T(i) of normal subgroups of G, then

(1) T(i)^G(i,p)for0^i;
(2) T(i)=G(i),for every i, implies N(i, p)^S(i) for 0gi;
(3) N=N+G£(S(j(i)) + T(j(i)))r\(S(k(i))H-T(k(i))) ^S(i)■*-T(i);
(4) N(i, p)^S(i), for every i, implies N(i)+G(i)^S(i) + T(i) for 0 =i.

Remark 2. If in particular/(i)=&(i)=i — 1 for positive i, then we deduce

from (3) that S(i-1) + T(i-1)^S(i)-4-T(i) for positive i.

Proof. Clearly F(0)^G(0), since G(0, p)=G. Using induction and the

definition of a ^-derived series (relative to N) we find that

T(i) á (ru«), T(k(i))) = (G(j(i)),G(k(i)))=G(i),
proving (1).

Clearly N(0)—S(0), since iV(0) =N. Using induction, the definitions, and

the additional hypothesis T(i) =G(i) we find

N(i) = (N(j(i)),G(k(i)))(N(k(i)),G(j(i)))

= (S(j(i)), T(k(i)))(S(k(i)), T(j(i))) = S(i),
proving (2).

The normality of the subgroup AT of G is equivalent to the inequality

(G, N) = N, and this inequality is equivalent to N—N+G. For positive * we

put D(i) = (S(j(i)) + T(j(i)))n(S(k(i)) + T(k(i))). Then we deduce from the
definition of commutator quotients that (T(j(i)), D(i))^S(j(i)) and

(T(k(i)), D(i))~S(k(i)). Applying the definition of a /»-derived series (rela-'

tive to N) and Lemma 1 of 1.1 we find that

(T(i), D(i)) = ((T(j(i)), T(k(i))), D(i))

= (T(j(i)), (T(k(i)),D(i)))(T(k(i)), (T(j(i)), D(t)))

= (T(j(i)), S(k(i)))(T(k({)), S(j(i))) = S(i)

or D(i)^S(i) + T(i). From N£S(0) one deduces that N+G^S(0) + T(0).

Hence it follows inductively that N-^-G^D(i) ^S(i) + T(i) so that N+G

^S(i) + T(i) holds for every i. This completes the proof of (3). (4) is an al-

most immediate consequence of (1) and its special hypothesis.

If p = (j(i), k(i)) is an admissible pair of integral-valued functions, then

we have in particular j(l)=^(l)=0. Consequently

N(0, p) = N,   G(0, p) = G;       N(l, p) = (N, G),   G(l, p) « (G, G).
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Thus the first two pairs of all p-N-series are the same. We shall indicate

later possibilities of generalizing the conditions imposed upon these series in

such a way that the range of the first two terms is extended substantially.

The following remark will be of some interest.

Corollary. If N is a normal subgroup of G, then (N+G)/N is the center

of G/N, [iV-r-(G, G)]/N is the centralizer(lz) of the commutator subgroup of

G/Nin G/N, and N+G£(N, G) + (G, G)£N+(G, G).

This is an almost immediate inference from (3) of Theorem 1 and the in-

equality (N, G) ^N which is valid for every normal subgroup N of G.

We shall be particularly interested in a special class of series of the type

described in this section. The ordered pairs of normal subgroups S(i), T(i),

for 0 Ssi, of the group G are said to form an interlocking series, if £(0) =G and

S(i+l)^S(i)^T(i + l)^T(i) for O^i. It is termed strictly interlocking, if in

addition 1 is the cross cut of the subgroups S(i).

Theorem 2. If the subgroups S(i), T(i)form an interlocking series, if U is a

subset of G such that
U H S(i) = U O T(t) for 0 < i,

then U is part of the cross cut S(a) of all the subgroups S(i).

Proof. For * = 0 we infer from our hypothesis that

u = ur\G = un £(o) = uns(o)  or  u á s(o).

Suppose that we have already verified U^S(i). Since the series is interlock-

ing, this implies £^£(¿+1), and hence it follows from the hypothesis that

U=Ur\T(i+l) = UnS(i+l) or U^S(i+l). Thus Ug.S(o)) is proved by
complete induction.

Theorem 3. If the pairs of normal subgroups S(i), T(i) of the group G form

an interlocking p-derived series of G relative to its normal subgroup N, then

S(i-l)/S(i)^Z(T(i-l)/S(i)).

Here Z(H) indicates the center ltJETof the group H.

Proof. Both the series S(i) and T(i) are monotone decreasing. Hence

S(i-l)èS(h), T(i-l)^T(h) for h =j(i) or k(i). Furthermore

(S(i - 1), T(i - 1)) Û (S(j(i)), T(k(i)))(S(k(t)), T(j(i))) è S(i),

and this proves our contention. (Note that we did not make use of the condi-

tion S(i-1) g T(i)\)

1.3. The derived and the lower central series relative to N. Of the p-N-

series of a group G, two are of particular importance. Thus we shall attempt

to obtain more precise results for these special series.

(") If 5 is a subgroup of the group G, then the centralizer of 5 in G is formed by all the ele-

ments z in G which satisfy zs=sz for every s in 5.



1945] REPRESENTATIONS OF GROUPS AS QUOTIENT GROUPS. 1 303

The derived series relative to the normal subgroup N of G. Its members are

denoted by A7,-, G(<), and they are defined inductively by the equations

#„ = N, G<°> = G   and    N{ - (G«"1', AVi), G<« = (G'*-», G<«~1>)

for positive i. Clearly Ni is part of G(i), and both the Ni and the G<0 form a

descending chain of normal subgroups of G. If we put j(i) =k(i)=i — 1, for

positive t, then the derived series relative to A7 is obviously just, the p-N-

series of G for this particular choice of the pair p.

If 0 = m<n, then G'»-1' gG("*> and therefore (iVm, G<-n-») ̂  (Nm, G(m))

= Arra+i. Furthermore Nn-i^Nm and hence (AVi, G'"0) ^(A^,, G(m)) = A7M+i.

Using the commutator quotients these inequalities may be restated in the

following fashion.

G(»-l)   ̂    Nm+1 +  Nmi Gim)   =   Nm+1  _=_  Nn_u

Nn-i = AVh -i- G<->,        tf» ^ Ar„+i -H G<-».

To enunciate the following slightly deeper property of this series we need

the ascending (or upper) central chain Zt(H) of the group II which may be

defined inductively as follows:

Zo(H) = 1,       Zi(H) = Zi..i(H) + H for positive i.

It is readily seen that Z,(/f)/Z,_i(F7) is just the center of H/Zi-i(H) so that

this definition coincides with the usual definition of this chain(u).

Theorem 1. If Nis a normal subgroup of G, and if 0—i = n, then

(G<»> H Nn-i)/Nn   á Zi(G^/Nn).

Proof. The inequality under consideration is certainly true for i = 0 ; and

thus we may assume its validity for i — 1 in order to prove it for i. Applying

the fact that the derived series is descending and making use of the last of

the four inequalities (1), we show:

G<»> r\ NR-i = G<»> H (AVi+i -J- G<-»>) = G<»> H (Nn-i+i 4- G<«>)

= G<»>n   {(*,G<»>)   =   Nn-i+l}

= {(*,G<»>) = (A^+iH (G<»\G<»>))}

Ú {(*,G<»>) = (Nn-i+iC\G^)} = (Nn-i+iC\G^) -s-G<»>.

Now we deduce from the induction hypothesis that

(G<»> l~\ Nn-i)/Nn Ú   [(Nn-i+lC\G^)  + G^]/Nn

=   [(Nn-i+li\G^)/Nn]   -   [G^/Nn]

= Zi-i(G^/Nn)  +  (G^/Nn)   = Zi(G^/Nn),
completing the proof.

(u) See for instance Zassenhaus [l, p. 44].
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Theorem 2. If N is a normal subgroup of G, then

Ni g N(i, p)    and   G(<) g G(i, />)        for every i and />.

Proof. From the fact that both the iV,- and the G(<) are monotone decreas-

ing and that j(i) <i, k(i) <i, we deduce by complete induction

Ni = (2V,-_i, G«-») g (Arj(i),G<*f<»)(Ari(<),G<^>))

á (*(/«, />),G(¿(i), *))(#(*(*), P),G(j(i), p)) = A7(¿, ¿),

G«> = (G«-1', G»-1)) g (G««»^*"»)

á(G(;(¿),/>),G(¿(¿),/>))=G(;,/»),

proving our contention.

£Äe lower central series relative to the normal subgroup N of G. Its members

are denoted by iN, *'G; and they are defined inductively by the equations:

oN = N, °G = G   and    ,-7V = (G, ,-iA7), « = (G, '-'G)    for positive ».

Clearly iN is part of *G; and both the iN and the 'G form a descending chain

of normal subgroups of G. The following two inequalities are readily verified

by complete induction and application of Lemma 1 of 1.1.

(2)(16) (<G, ¿N) g i+i+iN   and   Ni g 2i-iN.

Choosing in particular N = G we obtain the following important special case

of (2).

(2') (fG, 'G) g 1+<+'G   and   G«> g «*-"<?.

Denote by wiV the cross cut of the subgroups {N and by "G the cross cut

of the subgroups iG.

(3) ("G, N) g UN g "G.

Proof. Clearly „iVg.-iVg'G for every i, proving WN^"G. Furthermore it

follows from (2) that

("G, N) g CG, N) g i+iN

for every i, and hence ("G, iV) gM2V.

Using the concept of commutator quotient we may restate the first in-

equality (2) in two different forms :

(4) n-m-iN g JV -r- -G   and   "-»-»G ^ nN + „N       for 0 g> m < n.

A special case of (2) is the inequality (<G, N)^i+iN=(G, ,-iV). But this

shows that the lower central series relative to N is just the p-N-series ob-

tained by selecting j(i) =0, k(i)=i — \.

(") For a detailed proof see Zassenhaus [l, p. 120].
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Theorem 3. The lower central series of the group G relative to its normal

subgroup N is interlocking, if (and only if) N^(G, G).

Proof. By hypothesis we have oN=N^(G, G) = XG. Thus we may as-

sume that we have already verified .--lA'g'G for some positive i. Then

iN=(G, i-iN)^(G, iG) = i+1G, proving our contention.

Remark. If 1 happens to be the cross cut of the subgroups *G, a property

which is, for example, enjoyed by the free groups(18), then the lower central

series of G relative to N is strictly interlocking, provided N^(G, G).

For a more detailed investigation of the lower central series relative to N

see the second part of this investigation (").

1.4. Invariance of /»-iV-series. If S, T are subgroups of the group G,

if 5 is a normal subgroup of £, and if the endomorphism rj of G satisfies f = t

modulo S for every t in £, then rj may be said to induce the identity in T/S.

If rj induces the identity in T/S, then 5" g S and £'.S = T.

Theorem 1. If the normal subgroups S(i), T(i) form a p-derived series of

the group G relative to the normal subgroup N of G, and if the endomorphism r¡

of G induces the identity in G/N, then v induces the identity in every T(i)/S(i)

forO^i.

Proof. The endomorphism rj induces the identity in T(0)/S(0), since

N^S(0)^T(0), and since r\ induces the identity in G/N. Hence we may

assume that the identity is induced by v in every T(h)/S(h) for 0^h<i, in

order to prove that the identity is induced by 77 in T(i)/S(i). It follows from

this induction hypothesis that the identity is induced by r¡ in T(j(i))/S(j(i))

as well as in T(k(i))/S(k(i)). If n is either j(i) or k(i), and if t is an element in

T(n), then we have therefore /' = / modulo S(n). Hence we deduce from the

formulas (2), (3) of 1.1 or from Theorem 1 of 1.1 that for x in T(j(i)) and y

in T(k(i))

(x, y)< = (*", r) - (*. y) modulo (S(j(i)), T(k(i)))(S(k(i)), T(j(i))).

But (T(j(i)), T(k(i))) is generated by these commutators (x, y). Thus it fol-

lows that the identity is induced by r¡ in

(T(j(i)), T(k(i)))/[(SUd)), T(k(i)))(S(k(i)), T(j(i)))l

and this implies in particular that the identity is induced by 17 in T(i)/S(i), as

follows from the definition of a /»-derived series relative to N (as given in 1.2).

Remark. This theorem admits of various generalizations and each general-

ization leads naturally to a corresponding extension of the subsequent in-

variance theorems whose proofs are based on Theorem 1. We do not attempt

(») Magnus [l].

(") Baer [4].
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here to reach the acme of generality(18) and thus we content ourselves with

giving a typical example.

If 5 is a subgroup of the group G, then we denote by Sn the subgroup of 5

which is generated by all the reth powers of elements in S. If A7 is a normal

subgroup of G, then N/(N, G) is part of the center of G/(N, G). Hence

(xy)" = xnyn modulo (N, G)       for x inG and y in N.

If the endomorphism 77 of G induces the identity in G/N, then it follows now

that the identity is induced by 77 in [Gn(G, N)]/[Nn(G, N)]. If we combine

this result with Theorem 1, then we find that the identity is induced by 77 in

[G«(G,G)]/[N»(G,N)].
If M and N are normal subgroups of the groups H and K respectively,

if 77 is a homomorphism of H into K, and if AT is a coset of H/M, then Xi is

a subset of K; Xi is part of one coset of K/N if, and only if, Mi^N. If M

is mapped by 77 upon part of N, then the coset which contains Xi consists of

all the products nxi for »in A7 and x in X, and thus we may denote this coset

without danger of confusion by NXV. If Mi = N, then a homomorphism of

H/M into K/N is defined by mapping the coset X of H/M upon the coset

NXi of K/N. This homomorphism shall always be termed the homomorphism

induced by 77, and whenever we speak of the homomorphism (or isomorphism)

of H/M into K/N which is induced by r¡, this shall be supposed to imply

Mi — N. We are now ready to state and prove the main result of this section.

Theorem 2. If M and N are normal subgroups of the groups II and K re-

spectively, if the isomorphism a of H/M upon K/N is induced by the homo-

morphism 77 of H into K, and if crx is induced by the homomorphism k of K

into H, then an isomorphism a(i), for 0=i, of H(i, p)/M(i, p) upon

K(i, p)/N{i, p) is induced by 77 and a(i)~l is induced by k.

Note that the theorem holds for every admissible pair p.

Proof. It is readily verified by complete induction (and has been pointed

out before) that H{i, p)"^K(i, p), K(i, p)'SH(i, p) and M(i, p)i£N(i, p),

N(i,p)" — M(i, p), and that therefore a homomorphism a(i) of H(i, p)/M(i,p)

into K(i, p)/Nii, p) is induced by 77 and a homomorphism ßii) o(K(i, p)/Nii, p)

into H(i, p)/M(i, p) is induced b}' k. It is an immediate consequence of our

hypothesis that t?k is an endomorphism of H which induces the identity in

H/M. Hence it follows from Theorem 1 that 77« induces the identity in every

H(i, p)/M(i, p). But a(i)ß(i) is induced by 77/c in H(i, p)/M(i, p), and thus

it follows that a(i)ß(i) =1. Likewise one proves ß(i)a(i) = l, and this makes

our contention evident.

Lemma. If R and S are normal subgroups of the groups U and V respectively,

(ls) Cp. in this context the theory of marginal and word subgroups. P. Hall [2], Neumann

[1].
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if the isomorphism a of U/R upon V/S is induced by the homomorphism r¡ of

U into V and the isomorphism a~x is induced by the homomorphism nofV into U,

and if A and B are subgroups such that R^A g U, S^B^ V, AV^B, B'¿A,

then
(A/RY = B/S.

Proof. One deduces readily from the hypotheses that

B/S = (B/S)"-1" = ((£"£)/£)» = (A/RY = (A"S)/S g B/S,

and the desired equality is an immediate consequence of these inequalities.

Using the hypotheses and notations of Theorem 2 one readily deduces the

following equations from Theorem 2, the above Lemma, Theorem 3 of 1.1,

and Theorem 1 of 1.2.

(l)O') [(M(i, p) + H(i, p))/M]" = (N(i, p) - K(i, p))/N,

[(H(i, p) n H(m, p))M(i, p)/M(i, p) ]»«>

= (K(i, p) r\ K(m, p))N(i, p)/N(i, p),

[(H(i, p) C\ M(m, p))M(i, p)/M(i, />)]"<«>

= (K(i, p) C\ N(m, p))N(i, p)/N(i, p).

Since M(i) ^H(i), we may deduce from Dedekind's law that

(H(i, p) H H(m, p))M(i, p) = H(i, p) H E(m, p)M(i, p)

and

(H(i, p) r\ M(m, p))M(i, p) = H(i, p) H M(m, p)M(i, p),

and by means of these equations various simplifications of formulas (2), (3)

are possible in special instances. Of these we mention only the following one

which will be most important for our applications.

(4) If the p-M-series of H and the p-N-series of K are both interlocking,

then [M(i-1, p)/M(i, /»)]<•«> =N(i-l, p)/N(i, p).
The commutativity of these quotient groups is a consequence of Theo-

rem 3 of 1.2.

1.5. A general isomorphism principle. It is the object of this section to

derive certain criteria for a homomorphism to induce an isomorphism in cer-

tain quotient groups, provided it is known that this homomorphism induces

isomorphisms in certain other quotient groups. The basic criterion is the fol-

lowing simple fact.

Lemma 1. If M and N are normal subgroups of the groups H and K respec-

tively, and if the homomorphism 77 of H into K induces an isomorphism of M

upon N and an isomorphism of H/M upon K/N, then tj is an isomorphism of

H upon K.

(1!>) This admits of various generalizations.
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Proof. If ac»=l for x in H, then N = N(Mx)i and hence Mx = M, since 77

induces an isomorphism of H/M. Consequently x is in M. But this implies

x = 1, since 77 induces an isomorphism in M. Thus 77 has been shown to be an

isomorphism of H.

If y is an element in K, then there exists an element z in H such that 2'

is in Ny, since 77 induces an isomorphism of H/M upon K/N. Hence y(zi)~1

is an element r in N. But 77 effects an isomorphism of M upon N, and hence

there exists an element s in M such that si = r. Thus y = rz* = sW = (sz)i,

proving Hi = K.

Remark. It should be noted that 77 is not uniquely determined by the iso-

morphisms it induces in M and H/M, since there exist, in general, automor-

phisms of H which are different from the identity, though they induce the

identity both in M and in H/M.

If P(i), for O^i, is a descending chain of normal subgroups of the group Q,

then the derived group

(Q; Pit"))

may be defined as follows : its elements may be represented in one and only

one way in the form x=(x(0), ■ ■ • , x(i), • • • ) where x(i) is a coset of Q/P(i)

and where x(i) —x(i — l) for positive *; the product of the elements x and y is

obtained in the customary fashion as

xy = (x(0)y(0), • • • , x(i)y(i), ■ ■ ■ ).

If F(w) is the cross cut of the subgroups P(i), then it is readily seen that

«2; P(i»

depends on Q/P(u) only and that the elements of Q/P(u) are "everywhere

dense in

«2; rii)).n

Lemma 2. If M(i) is a descending chain of normal subgroups of M(0) =H,

if N(i) is a descending chain of normal subgroups of N(0) = K, and if the homo-

morphism 77 of H into K induces, for every i, an isomorphism of M(i — 1)/M(i)

upon N(i-1)/N(i), then:

(a) 77 induces an isomorphism of H/M(i) upon K/N(i).

(b) 77 induces an isomorphism of H/M(u) into K/N(u).

(c) 7j induces an isomorphism of

(H; M(i))    upon    (K; N(i)).

Proof. Statement (a) is immediately deduced by complete induction from

Lemma 1.

M(w) 1 = N(o)), since M(i)i = N(i) by hypothesis; and thus 77 induces a
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homomorphism of H/M(u) into K/N(u). If the element x in H is mapped by rj

upon an element in N(u), then N(i)(M(i)x)* = N^x* = N(i) for every i.

Hence M (i) = M(i)x for every i, proving that x belongs to every M (i) and

therefore to M(u). Thus r¡ induces an isomorphism of H/M(u) into K/N(u).

If x = (x(0), ■ • • , x(i), • ■ ■ ) is an element in

(£; M(i)),

then we define xe= (x (0)', • • • ,x(i)", ■ • ■), and this function ß is readily seen

to be a homomorphism of

(H; M(i))    into    (K; N(i)),

since an isomorphism of H/M(i) upon K/N(i) is induced by r¡ (statement

(a)!). This last fact clearly implies that xß = yß if, and only if, x(i)=y(i) for

every i, proving that ß is an isomorphism. If finally z is some element in

(K; N(i)),

then there exists, for every i, one and only one coset r(i) of H/M(i) such that

z(i)=N(i)r(i)". Then

[M(i - l)r(i)]' = M(i - l)v(i)' g 2V(* - l)z(i)

g AT(í - l)z(t - 1) = z(i - 1).

But M(i — l)r(i) is a coset of H/M(i — l) and r(i — 1) is the only coset of

H/M(i — 1) which is mapped by r¡ into part of z(i — 1). Hence r(i — 1)

= M(i — l)r(i) or r(i)^r(i— 1). Thus r = ( ■ • • , r(i), • • ■ ) is a well deter-

mined element of

(H; M(t))

such that r^ — z. Hence ß is an isomorphism of

(H; M(i))    upon    (K; N(i)),

completing the proof.

Chapter II. Similarity

ILL Classification of representations. If M is a normal subgroup of the

group H, and if H/M is isomorphic to the group G, then we consider H/M

as a representation of the group G. The two representations H/M and K/N

of the same group G may be called equivalent if there exists an isomorphism

of H upon K which maps M upon N. But this classification of representations,

though quite natural, is too narrow for our purposes. Thus we say that the

two representations H/M and K/N of the same group G are related if there

exists a homomorphism 77 of H into K and a homomorphism k of K into H

with the following property:
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(R) 77 induces an isomorphism a of H/M upon K/N and k induces the iso-

morphism a-1 of K/N upon H/M.

It is readily verified that this concept of relatedness is reflexive, sym-

metric and transitive, and that equivalent representations are related.

For many of our purposes the concept of representation is too general.

The representation H/M of the group G shall be termed a true representation

if there exists to every automorphism of H/M an endomorphism of H induc-

ing it in H/M. The validity of the following statement is immediately obvious.

The representations H/M and K/N of the same group G are related true

representations if, and only if, they meet the following requirement.

(S) To every isomorphism a of H/M upon K/N there exists a homomorphism

r\of H into K inducing a ; to every isomorphism ß of K/N upon H/M there exists

a homomorphism k of K into H inducing ß.

It will be convenient to term related true representations, that is, repre-

sentations meeting requirement (S), similar representations. This concept of

similarity is certainly symmetric and transitive, but it need not be reflexive,

since only true representations are self-similar.

There exists always a true representation of the group G, namely the rep-

resentation G/l of G. We term this representation the trivial representation

of G, and we prove as a first justification of our terminology the following fact.

Theorem. The representation H/M of the group G is similar to the trivial

representation if, and only if, H is a splitting extension of M by G.

The extension H of M by G is said to be splitting if there exists a subgroup

of H which contains one and only one element of every coset of H/M.

Proof. Clearly every isomorphism of H/M upon G is induced by a homo-

morphism of H upon G. Suppose now that H is a splitting extension of M

by G. Then there exists a subgroup S oí H which contains one and only one

element in every coset of H/M. If a is an isomorphism of G upon H/M,

x an element in G, then there exists one and only one element x* in the cross

cut of S and x". Mapping x upon x* is an isomorphism of G into II which

induces a. Suppose finally that H/M and G/l are similar representations of G.

Then there exists a homomorphism 7 of G into H which induces an iso-

morphism between G and H/M. Consequently GT is a subgroup of II which

contains one and only one element of every coset of H/M.

Note that in the proof of the necessity of our condition we only had to

assume that H/M and G/l are related representations.

It is now readily verified that all representations of the group G are similar

(or related) if, and only if, G is a free group. To prove this one has to remem-

ber that every group may be represented as a quotient group of a free group,

that subgroups of free groups are free groups (Schreier's Theorem) (20), and

(20) Schreier [l ]; for further proofs see, for example, Levi [l ] where further references may

be found.
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that extensions by free groups are splitting extensions(21).

The free groups are, however, not the only groups all of whose represen-

tations are true representations. A group G has this property, for example,

if every automorphism of G is an inner automorphism, a property which is

satisfied by all the finite and infinite symmetric groups of degree greater

than 6.

If on the other hand the group G is the direct product of two isomorphic

groups G' and G" which are not free groups, and if H'/M is a representation

of G' by means of a free group H', then the representation (H'XG")/M of G

is readily seen not to be a true representation of G.

II.2. Invariants of classes of related representations. Suppose that M,

S', S" are normal subgroups of H, S'^S", that N, £', T" are normal sub-

groups of K, T' — T", that a is an isomorphism of H/M upon K/N and that

ß is an isomorphism of S"/S' upon £"/£'• Then ß is said to be induced by a,

if ß is the (one and) only isomorphism of S"/S' upon T"/T' meeting the fol-

lowing requirement.

(I) There exists a homomorphism r¡ of H into K which induces a in H/M

and ß in S"/S'.
Note that this concept of inducing an isomorphism coincides with the

usual one, in case S"/S' is a sub-quotient-group of H/M.

Theorem 1. (a) If H/M and K/N are related representations of the same

group G, then there exists an isomorphism a of H/M upon K/N which induces

an isomorphism a(i, p) of H(i, p)/M(i, p) upon K(i, p)/N(i, p) (for every i

and />).

(b) If H/M and K/N are similar representations of the same group G,

then every isomorphism a of H/M upon K/N induces, for every i and p, an iso-

morphism(22) a(i, p) of H(i, p)/M(i, p) upon K(i, p)/N(i, />).

Proof. If the isomorphism a of H/M upon K/N is induced by the homo-

morphism 77 of H into K and the isomorphism ar1 by the homomorphism k

of K into H, then we deduce from Theorem 2 of 1.4 that an isomorphism

a(i, p) of H(i, p)/M(i, p) upon K(i, p)/N(i, p) is induced by 77 and the iso-

morphism a(i, p)-1 is induced by k. If the isomorphism a is induced by an-

other homomorphism v of H into K in H/M, and if v induces v(i, p) in

H(i, p)/M(i, />), then it follows from Theorem 2 of 1.4 that v(i, p)a(i, p)~x = 1

or v(i, />) =a(i, p) ; and now it is clear how to complete the proof.

Clearly the equations (1) to (3) of 1.4 may be restated here without any

change. From (1) in particular we can deduce the following interesting infer-

ence.

Corollary 1. If H/M is a true representation of the group G, then

(M(i, p) +H(i, p))/M is, for every i and p, a characteristic subgroup of H/M.

(21) Baer [l, p. 397 ]. A direct verification of this fact is almost trivial..

(ffi) These isomorphisms are "natural" in the sense of Eilenberg-MacLane [2].
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Applying formulas (2) and (3) of 1.4 we obtain the following generaliza-

ization of H. Hopfs invariance theorem (23).

Corollary 2. If H/M and K/N are related representations of the same

group G, then :

(a)(H(i,p)r\H(m,p))M(i,p)/M(i,p)and(K(i,p)r\K(m,p))N(i,p)/N(i,p)
are isomorphic groups ;

(b)(H(i,p)r\M(m,p))M(i,p)/M(i,p)and(K(i,p)r\N(m,p))N(i,p)/N(i,p)
are isomorphic groups.

Corollary 1 shows that invariants of the group G may be obtained by con-

sidering the subclass of true representations in a given class of related repre-

sentations of G. We shall now select further subclasses distinguished by the

fact that certain series are interlocking.

Theorem 2. Suppose that the p-M-series of H and the p-N-series of K

are both interlocking.

(a) If H/M and K/N are related representations of the same group G, then(u)

H/M(i, p) ~ K/N(i, p),       H/H(i, p) ~ K/K(i, p),

M(i - 1, p)/M(i, p)~N(i-l, p)/N(i, p),

(H; M(i, p)) ~ (K; N(i, p)),       (H; H(i, p)) ~ (K; K(i, p)).

(b) If H/M is a true representation of G, then (M(i, p) 4- M(i — 1, p))/M is,

for positive i, a characteristic subgroup of H/M.

(c) If the p-M-series of H is strictly C1*) interlocking, if r¡isa homomorphism

of H into K which induces an isomorphism a of H/M upon K/N, and if there

exists a homomorphism of K into H which induces a~l, then n is an isomorphism.

Proof. Suppose that 77 is a homomorphism of H into K, that k is a homo-

morphism of K into H, that the isomorphism a of H/M upon K/N is induced

by 77, that a-1 is induced by k. Then we deduce from (4) of 1.4 that an iso-

morphism (p(i) of M(i — 1, p)/M(i, p) upon N(i — 1, p)/Nii, p) is induced"

by 77 (and it may be shown that <p(i) is the isomorphism induced by a). It

is now an immediate consequence of Lemma 2 of 1.5 that 77 induces an iso-

morphism of H/M(i, p) upon K/Nii, p) and of

iH; MÜ, p))    upon    iK; N(i, pT).

It is a consequence of Theorem 1 (or of Theorem 2 of 1.4) that an isomorphism

of Hii, p)/Mii, p) upon K{i, p)/N{i, p) is induced by 77. Thus we deduce from

the fact that 77 maps 11/Mij, p) isomorphically upon K/Nii, p) the desired

assertion that an isomorphism of H/II{i, p) upon K/K(i, p) is induced by 77.

(**) Hopf [l]; cp. furthermore Baer [4, §3, Remark 1 ] and footnote 13.

(") A~B signifies the isomorphy of the groups A and B.

(25) That is, if 1 is the cross cut of the subgroups M{i, p).
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Consequently H(i — 1, p)/H(i, p) is mapped isomorphically by 77 upon

K(i— 1, p)/K(i, /»); and hence we may deduce from Lemma 2 of 1.5 that

(H; H(i, p))    and    (K; K(i, /»))

are isomorphic groups. Applying Theorem 3 of 1.1 and the lemma of 1.4 it

follows that (M(i, p)-i-M(i — l, p))/M is mapped by a upon (N(i, p)

+ N(i—1, p))/N. We infer from (b) of Lemma 2 of 1.5 that 77 is an isomor-

phism if 1 is the cross cut of the groups M(i, p). Now it is clear how to com-

plete the proof.

Note that the isomorphism of H/M(i, />) which is induced by 77 is, in

general, not uniquely determined by the isomorphism a of H/M upon K/N.

In the course of the proof of (a) we verified the following interesting fact.

Corollary 2. If the p-M-series of H and the p-N-series of K are both

interlocking, and if H/M and K/N are related representations of the same

group G, then

(H; M(i, p))/(M; M(i, /»))    and    (K; N(i, p))/(N; N(i, p))

are equivalent representations of G.

The following application of the results of this and the preceding section

may be worth noting.

Theorem 3. If H is a splitting extension of its normal subgroup M, then

H(i, p)C\M=M(i, p) for every i and p.

Proof. Let K = H/M and ¿V=l. Then it follows from the theorem of II.l

that H/M and K/N are similar representations of the same group. Hence

it follows from (b) of Corollary 2 that (H(i, p)i\M)M(i, p)/M(i% p) and

(K(i, p)C\N)N(i, p)/N(i, /») = 1 are isomorphic groups. Consequently M(i, p)

= (H(i, p)r\M)M(i, p) or H(i, p)HM='M(i, p). But M(i, p) is always part

of both M and H(i, />), proving the desired equality.

It is easy to construct examples which show that the conditions which are

by Theorem 3 necessary for splitting certainly do not suffice to assure splitting.

II.3. Comparison of invariant subgroups(28). If H/M is a representation

of the group G, and if N is a normal subgroup of H which is part of M, then

(H/N)/(M/N) is a representation of G too. This latter representation may be

more advantageous than the first one, since a certain p-M-series of H may

not be interlocking whereas the /»-[Af/iV]-series of H/N is interlocking.

On the other hand it may happen that H/M is a true representation of G,

but (H/N)/(M/N) is not. If, however, N is fully invariant relative to M,

then (H/N)/(M/N) is a true representation of G whenever H/M is a true

representation. This condition, though sufficient, is certainly not necessary.

(") See in this context Baer [3, §l].
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Witness representations of groups G all of whose automorphisms are inner.

Suppose now that H/M and K/N are similar representations of the same

group G, that M* is a subgroup of M which is fully invariant relative to M

in H, and that N* is a subgroup of N which is fully invariant relative to N in

K. Then (H/M*)/(M/M*) and (K/N*)/(N/N*) are certainly both true rep-

resentations of G, but there is no reason to assume that they are similar

representations of G. Thus there arises the problem of comparing subgroups

of different groups. The following concepts will be needed for our discussion

of this problem.

If M and N are normal subgroups of the groups II and K respectively,

then (H—*K; M—>N) is the set of all the homomorphisms of H into K which

map M into part of N. In particular (H—*K; 1—>1) = (H—*K) is the set of all

the homomorphisms of H into K.

If S and F are subsets of the groups H and K respectively, and if P is

a set of homomorphisms of H into K, then we denote by Sv the subgroup

generated by all the elements s* for s in 5 and <j> in P, and by PF the subgroup

generated by all the elements x in H such that x* is in F for every <p in P.

The subgroup PF should be well distinguished from the inverse image of T

under P which, in general, will be a larger subgroup. If in particular F hap-

pens to be a subgroup of K, then PF consists exactly of those elements x in

H whose images under homomorphisms in P belong to F, in symbols:
pF=(*PâF).

Theorem 1. Suppose that M and N are normal subgroups of the groups H

and K respectively, and that A={H—>K; M-+N) and B = 'K-+H; N—>M).

(a) // 5 is a subgroup of H, then SA and S are fully invariant relative to N

in K; 5AB = (5A)B, AB5 = A(B5); and (BSf = S^K(SK).

(b) If the subgroup S of II is fully invariant relative to M, then S ^ S and

(5A)B = 5^A(B5).
(c) If H/M and K/N are similar representations of the same group G, and

if the normal subgroups S and T of II and K respectively satisfy T ^S^M and

SK = T^N, then (H/S)/(M/S) and (K/T)/(N/T) are similar representations

of G. If in particular FBA = F and S1* = S, then T* = S and SK = F.

The proofs of all these facts are fairly immediate and may safely be left

to the reader.

In order to obtain more precise results we have to consider pairs of groups

//, K which are in a certain sense "locally isomorphic." To define this relation

we have to introduce the concept "retract of a group" which is not only of

great interest in itself, but will prove of importance throughout our investiga-

tions. The subgroup R of the group G may be termed (in analogy to a topologi-

cal concept (")) a retract of G, if there exists an idempotent endomorphism v of G

(") VV. Hurewicz pointed out many years ago, in a conversation with the author, the

desirability of translating the concept "retract" from topology to group theory.
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such that R = G". If v is an idempotent endomorphism of G, K its kernel(28)

and R = G", then every element in £ is a fixed element under v so that v in-

duces the identity in G/K. One and only one element of £ is contained in

every coset of G/K so that G is a splitting extension of K by £; and conversely

every splitting extension G of a normal subgroup K by G/K leads to retracts.

It should be noted, however, that the kernel K of the idempotent endomor-

phism v need not be a retract of G. Two extreme instances of retracts may be

mentioned : the free and the direct factors of a group. The latter may be char-

acterized as those retracts which are at the same time normal subgroups.

If £ is a retract of G, and if £ is a fully invariant subgroup of G, then

(JR)/J is a retract of G/J, since every idempotent endomorphism of G with

image £ induces in G/J an idempotent endomorphism with image (JR)/J.

Theorem 2. (a) The subgroup R of the group G is a retract of G if, and only

if, there exists to every homomorphism i\ of R a homomorphism y of G satisfying

G1, = £' and x'1=x"> for x in R.

(b) If R is a retract and S a fully invariant subgroup of G, then Sia~*R)

= 5Pi£ = (°^B'5n£.

Proof. If v is an idempotent endomorphism of G, mapping G upon £, then

7 = v-n for 77 a given homomorphism of £ is a homomorphism of G which meets

the requirements of (a). If conversely the condition of (a) is satisfied by the

subgroup £ of G, then put 77 = 1. There exists therefore an endomorphism v

of G which maps G upon £ and which leaves every element in £ invariant,

showing that £ is a retract of G. This proves (a).

Suppose now that £ is a retract of G, v an idempotent endomorphism of G

which maps G upon £, and that 5 is a fully invariant subgroup of G. Then

v(R—>£) ^ (G—>£) = (G—>R)v = (G—*G)v. Since S is a fully invariant subgroup

of G, we have S(C-*G>=S^(0-Ä>Sand S' = Sr\G' = Sr\R. Now it is clear how

to finish the proof of (b).

Theorem 3. If every element in the group G is contained in a retract of G

which is isomorphic to some subgroup of the group H, then M*-0"H) = l,for M a

not vacuous subset of G, implies M=l.

Proof. If x 5^1 is an element in G, then there exists a retract Roi G which

contains x and an isomorphism a of £ into H. It is a consequence of (a) of

Theorem 2 that a is induced by a homomorphism of G into H which certainly

does not map x upon 1, proving our contention.

Theorem 4. If every element in the group G is contained in some retract

of G which is isomorphic to a suitable retract of the group H, and if A = (G—*H)

and B = (H—>G), then :

(**) The kernel of a homomorphism consists of the elements mapped upon 1 by the homo-

morphism.
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(i) t3S=i*S)3£S£*iSk)=Sa for every subgroup S of G.

(ii) J = J^ =    J for every fully invariant subgroup J of G.

(iii) kT= FB for every subgroup T of H.

(iv) KK = K* for every fully invariant subgroup K of H.

Proof. If x is an element in the subgroup 5 of G, then there exist iso-

morphic retracts U and V of the groups G and H respectively such that x

is in U. One proves readily the existence of a homomorphism 7 of G into H

and of a homomorphism 77 of H into G which induce reciprocal isomorphisms

between U and V. Clearly xyi=x so that x belongs to 5AB. Consequently:

(i') S ¿S™ for S a subgroup of G.
If F is a subgroup of H, then (AF)A ̂  F by (a) of Theorem 1, and hence it

follows from (i') that AF^(AF)AB = ((AF)A)B = FB, proving (iii). If F happens

to be a fully invariant subgroup of H, then we infer TB = AT from (b) of Theo-

rem 1, and thus (iv) is a consequence of (iii).

If 5 is a subgroup of G, then 5A and B5 are fully invariant subgroups of H.

Substituting SK and BS for K in (iv) we obtain therefore A(5A) = S"3 and

ABS=(BS)B, and (i) is an immediate consequence of (a) of Theorem 1. Like-

wise (ii) is an immediate consequence of (i) and (b) of Theorem 1.

Corollary 1. If every element in the group G is contained in a retract of G

which is isomorphic to a retract of the group H, and if the subgroups M and N

of G and H respectively satisfy jfefW-*) giV and N{H-*G) = M, then M is a fully

invariant subgroup of G and

M = Ar(H",0) = (°-4ff'A7'.

Proof.   It   is  an   immediate  consequence  of   (i)   of  Theorem   4   that

M=M^H"H^ = WH-0> = Mor M = WH-+aK From M<G~H> = Nwe deduce

M^^^N and from (iii) of Theorem 4 we deduce '«-»JVá NW-o) ¿ M¡ com.

pleting the proof.

Remark 1. If N happens to be a fully invariant subgroup of the group H,

then we deduce from (iv) of Theorem 4 that M= NiB~*a) and M={a~*B)N are

equivalent properties of the subgroup M of G, and from M = NiH^'0) we deduce

MW-H) =N(H-.a,<.a-,H) ^Ht showing that in case N is fully invariant the two

equations are not only necessary, but even sufficient for the validity of the

two inequalities.

If G is any group, then it will be convenient to denote by J(G) the partially

ordered set of all the fully invariant subgroups of G. Projectivities (or isomor-

phisms) of partially ordered sets are 1:1 and monotone increasing maps. Us-

ing this terminology we obtain a significant interpretation of Theorem 4.

If every element in the group G is contained in some retract of G which is

isomorphic to a suitable retract of the group H, then projectivities of J(G) into

part of J(H) are obtained both by mapping X in J(G) upon AT<0~*H) and by

mapping X in J(G) upon (fr_,C)Ar. These two projectivities need not be equal.
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If, however, in addition to the hypothesis already made every element in H

is contained in some retract of H which is isomorphic to a suitable retract of

G, then these two projeclivit/ies are equal and map J(G) upon the whole system

J(H) so that J(G) and J(H) are essentially the same.

Theorem 5. If R and S are isomorphic retracts of the groups H and K re-

spectively, and if the normal subgroups F and V of H and K respectively satisfy

F<M-k>£V and V^K^H>^F, then (££)/£ and (SV)/V are isomorphic retracts

of H/F and K/V respectively.

Proof. It has been pointed out before that (££)/£ is a retract of H/F

and that (SV)/V is a retract of K/V. There exists an isomorphism <j> of R

upon 5. It is a consequence of (a) of Theorem 2 that homomorphisms of re-

tracts are induced by homomorphisms of the group. Hence (Rf^FY^R*

nFW^v^SrW and likewise (SHVY'^RHF or ¿rW^(£Pi£)*. Conse-
quently we have SC\ V= (RC\FY, proving that <p induces an isomorphism of

£/(£P\£) upon S/(SC\V). But these groups are isomorphic to (££)/£ and

(SV)/V respectively, completing the proof.

Corollary 2. If M and N are normal subgroups of the groups G and H re-

spectively such that Mia-"H)^N and NiH^G)^M, and if every element in G is

contained in some retract of G which is isomorphic to a suitable retract of H,

then every element in G/M is contained in some retract of G/M which is iso-

morphic to a suitable retract of H/N.

This is an almost immediate consequence of Theorem 5.

(c) of Theorem 1 and Corollaries 1 and 2 show the importance of the rela-

tion Mi0~*Hl^N for M and N normal subgroups of the groups G and H re-

spectively. It is, therefore, desirable to find criteria for this inequality.

Theorem 6. Suppose that M and N are normal subgroups of the groups H

and K respectively, and that there exists a homomorphism r\ of H into K which

induces an isomorphism of H/M into K/N.

(a) If Lisa subgroup of H such that L{H-*K) ^ N, then L^M.

(b) If the fully invariant subgroup J of K is part of N, then JCA-,Í/) ¿ M.

Proof. If x is in £, and if L(H^K)^N, then x* belongs to N. Hence

(Mx)*^N. But 77 induces an isomorphism of H/M into K/N. Consequently

Mx = M so that a; is in M or £ S M, proving (a).

If the fully invariant subgroup J of £ is part of N, then J<-K-*H'> is a sub-

group of H satisfying : [J(x-.h>](h-x) ^ j-(k-x) *,J¿Nt and we deduce from (a)

thatJ<*^>^Jl£

Corollary 3. Suppose that M and N are normal subgroups of the groups H

and K respectively, and that there exists a homomorphism of H into K which
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induces an isomorphism of H/M into K/N and a homomorphism of K into H

which induces an isomorphism of K/N into H/M.

(a) // J is a fully invariant subgroup of H, then the inequalities J^M and

jw—K) ^ _/y impiy ¿ach other.

(b) If U and V are greatest fully invariant subgroups of the groups H and K

respectively with the properties U = M and V — N, then

7j(H-./o g y   and    V^K^B) ^ U.

Proof. If / is a fully invariant subgroup of H, and J^M, then J<s-X> ^ N

by (b) of Theorem 6, and if conversely J(B-K)^N, then J—M by (a) of

Theorem 6.

If U is a fully invariant subgroup of H and U^M, then UiB~*K) is a fully

invariant subgroup of K which is, by (b) of Theorem 6, part of N. If F is a

greatest fully invariant subgroup of K which is part of N, then these facts

imply U'-B'*K) = V. The second inequality of (b) is verified in a like manner.

Remark 2. The general hypotheses of Corollary 3 are satisfied, in particu-

lar, whenever H/M and K/N are related representations of the same group G.

Remark 3. The join of all the fully invariant subgroups of the group H

which are part of the subgroup M of H is readily seen to be a fully invariant

subgroup too so that there exists one and only one greatest fully invariant

subgroup of H which is part of M.

The results of Theorem 6 and Corollary 3 should be compared with Corol-

lary 1 and (c) of Theorem 1.

11.4. Similar groups. The groups H and K shall be termed similar, if there

exist, to every pair of homomorphisms 77 and k of H and K respectively which

satisfy Hi = K', a homomorphism 77' of H into K and a homomorphism k'

of K into H such that 77 = 77'K and k = «'77.

The symmetry of this similarity relation is obvious. But there exist groups

which are not self-similar, and likewise it is impossible to prove transitivity

of this concept of similarity, since every group is similar to the identity group,

though there exist dissimilar groups. On the other hand there exist trivial

cases of similarity; for the groups H and K would be certainly similar, if they

do not possess any isomorphic quotient groups excepting 1.

Theorem 1. The following condition is necessary and sufficient for the two

groups H and K to be similar.

If H/M and K/N are representations of the same group G, then they are

similar representations of G.

Proof. If H and K are similar, and if H/M and K/N are representations

of the same group G, then let a be an isomorphism of H/M upon K/N. A

homomorphism 77 of H upon K/N is defined by mapping the element x in H

upon the coset (Mx)a of K/N, and a homomorphism k of K upon K/N is

defined by mapping the element y in K upon the coset Ny. Clearly

Hi = K'( = K/N). Hence there exists a homomorphism tj' of II into K such
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that 77 = 77'«. If X is a coset of H/M, then NX*'=Xi'" = X' = Xa, showing that

a is induced by 77'. Likewise one shows the existence of a homomorphism of K

into H which induces or1. Thus H/M and K/N are similar representations

ofG.
Assume conversely that the condition is satisfied by H and K and that

H" = K' is satisfied by the homomorphisms 77 and k of £f and K respectively.

Denote by M the kernel of 77 and by N the kernel of k. Then H/M and K/N

are isomorphic groups, since they are both isomorphic to G = ££» = £". As a

matter of fact 77 induces an isomorphism 77* of H/M upon G and k induces an

isomorphism k* of K/N upon G, and there exists therefore one and only one

isomorphism a of H/M upon K/N such that v*=aK*. But H/M and K/N

are by hypothesis similar representations of the group G, and hence there

exists a homomorphism 77' of H into K which induces a in H/M. If x is an

element in H, then Ä:'=(Maí;),'*=(M'a£:)a"•=(iV(ikfíc)'')**=(A^x'')"* = Ä:,''^ prov-

ing 77 = 7j'(c, and likewise one shows the existence of a homomorphism k' of

jRT into H such that k = k't) so that £f and £ have been shown to be similar

groups.

Corollary 1.7/5 and T are normal subgroups of the groups H and K re-

spectively, and if S^-**' á £ and T(K~'H) ̂ S, then the similarity of H/S and

K/T is a consequence of the similarity of H and K.

This is an immediate consequence of Theorem 1 and (c) of Theorem 1

of II.3.
Remark. Exactly as we distinguished related and similar representations,

so one may differentiate between related and similar groups. The former

would be defined as follows: The groups J£and K are related groups, if they

meet the following requirement.

If M and N are normal subgroups of H and K respectively such that

H/M~K/N, then there exist homomorphisms of H into K and of K into H

which induce reciprocal isomorphisms between H/M and K/N.

Though this concept is quite natural and seems to be useful in applica-

tions, we shall not discuss it in this first part of our investigation.

Corollary 2. If the groups H and K are similar, if the groups K and L are

similar, and if every homomorphic image of both groups H and L is a homo-

morphic image of K too, then H and L are similar.

Remark. The impossibility of omitting the hypothesis concerning the exist-

ence of sufficiently many homomorphic images of £ is a consequence of the

fact, pointed out before, that similarity is, in general, not transitive.

Proof. Suppose that H/M and L/N are representations of the same group

G. Then we infer from our hypothesis the existence of a normal subgroup S

of K such that K/S is a representation of the group G too. It is a consequence

of the similarity of £fand K and of Theorem 1 that H/M and K/S are similar
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representations of G, and likewise one sees that K/S and L/N are similar

representations of G. But similarity of representations is transitive so that

H/M and L/N are similar representations of G. Now the similarity of the

groups H and L is an immediate consequence of Theorem 1.

Theorem 2. The group G is isomorphic to a retract of the self-similar group H

if, and only if, (i) G is a homomorphic image of H, and (ii) G and H are similar

groups.

Proof. If conditions (i) and (ii) are satisfied, then we infer from the theo-

rem of 11.1 that every representation of G in the form H/N for N a normal

subgroup of H is a splitting extension of N by G, showing the sufficiency of

the conditions. If, conversely, G is a retract of H, then there exists an idem-

potent endomorphism e of H such that G=H'. Suppose now that M and K

are normal subgroups of G and H respectively and that a is an isomorphism

of G/M upon H/K. If E is the kernel of the endomorphism e, then G/M and

H/ME are essentially the same, since H = GE and 1=GC\E, M = GC\ME.

Thus an isomorphism ß of H/ME upon H/K is defined by mapping the coset

X of H/ME upon the coset (Xi\G)" = X^ of H/K. Since H is self-similar,

there exists an endomorphism 77 of H inducing ß in H/ME and an endo-

morphism k of H inducing ß~l in H/K. But 77 induces a homomorphism y of

G into H; and it is clear that a is induced by 7 in G/M. Furthermore ice is

a homomorphism of H into G which induces a-1 in H/K. Thus ü/iT and

G/M have been shown to be similar representations of the same group, and

the similarity of G and H is a consequence of Theorem 1.

Corollary 3. Retracts of similar self-similar groups are similar.

Proof. Suppose that the groups R and 5 are retracts of the self-similar

groups H and K respectively and that H and K are similar groups. It is a

consequence of Theorem 2 that R and H are similar groups. If G is a homo-

morphic image of both R and K, then G is a homomorphic image of H, since

R is a homomorphic image of H. Thus it follows from Corollary 2 that R

and K are similar groups. It is a consequence of Theorem 2 that K and S

are similar groups. If the group L is a homomorphic image of both R and S,

then Z, is a homomorphic image of iC, since F is a homomorphic image of S.

Thus the similarity of R and 5 is a consequence of Corollary 2, as we intended

to show.

If E is any class of groups, then denote by Er the class of all the retracts of

groups in E and by Ea the class of all the homomorphic images of groups in E.

Clearly E ^ ar = E* and Sr = Err, Ea = Ew> = E»*.

Theorem 3. // E is a class of similar groups(29), then the following proper-

ties of a group G in E» are equivalent :

(") That is, any two groups in S are similar and every group in E is self-similar.
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(i) G belongs to Er.

(ii) G is similar to every group in &,r.

(iii) G is similar to every group in S.

Proof. It is a consequence of Corollary 3 that (i) implies (ii), and it is ob-

vious that (iii) is a consequence of (ii). That (i) is implied by (iii) may be

inferred from Theorem 2.

Corollary 4. If S is a class of similar groups, and if G is a group in Sa,

then there exists one and only one class of similar representations of the group G

in the form F/N for Fin S.

This is an immediate consequence of Theorem 1.

Theorem 4. The following properties of the fully invariant subgroups J and

K of the self-similar group G are equivalent :

(i) G/J and G/K are similar groups.

(ii) G/(Jt~\K) is a splitting extension of (JK)/(J(~\K).

(iii) G/J and G/K are isomorphic to retracts of G/(Ji~\K).

Proof. We note that JK and D = Ji\K are fully invariant subgroups of G,

that JK/D is the direct product of J/D and K/D and that these latter groups

are normal subgroups of G/D, since inner automorphisms of G/D are induced

by inner automorphisms of G. Furthermore G/D is self-similar, since £ is a

fully invariant subgroup of the self-similar group G (Corollary 1).

If G/J and G/K are similar groups, then we infer from the self-similarity

of G the existence of endomorphisms e and <p of G which both induce the

identity in G/(JK) and satisfy J'-¿K, K*^J, since G/(JK) is a common

quotient group of G/J and G/K. But / and K are fully invariant subgroups

of G so that J'-^jr\K and K*^JC\K. Clearly e<p is an endomorphism of G

which induces the identity in G/(JK) and which satisfies

(JK)'* g (/H K)*K* á/AA = D.

To every element x in G there exists therefore an element x' in JK such that

x'* = xx', and *'** belongs to D. Thus ac^*' = (xx')'*=x"l'x''*=x'* modulo D,

proving that i<p induces in G/D an idempotent endomorphism with kernel

(JK)/D. Thus we have shown that (ii) is a consequence of (i).

That (ii) implies (iii) is a consequence of the facts mentioned before that

J/D and K/D are normal subgroups of G/D and that (JK)/D is the direct

product of J/D and K/D.

It is finally a consequence of Corollary 3 that (i) is implied by (iii), since

we mentioned before that G/D is self-similar.

Chapter III. Group theoretical properties and classes

of representations

It is well known that every group may be represented as a quotient group
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of a free group. If the group G under consideration is known to belong to some

special class of groups, then G may be represented as a quotient group of a

"reduced free group"; for example, if G satisfies *G = 1 or Gt,) = l or G' = l,

then G may be represented as a quotient group of some group F/iF or F/F(i)

or F/F' for F a free group, and these latter groups are reduced free groups. It

is the object of this chapter to discuss the classes of representations arising

in this fashion.

III.l. Free groups. A free group F is determined by one invariant only

which we call the rank r(F) of F. The rank of a free group is the number of

elements in every free set of generators. If F is a free group, then F/(F, F)

is usually termed a free abelian group; and r(F) is at the same time the rank

of the free abelian group F/(F, F) (in the terminology customary in the theory

of free abelian groups).

Every subgroup of a free group is a free group (Schreier's theorem), and

the free group of rank 2 contains a free group of countably infinite rank(30),

for example, its commutator subgroup.

Lemma 1. Every homomorphism of the free group F into the quotient group

G/N is induced by a homomorphism of F into G.

Proof. Denote by 77 some homomorphism of F into G/N and by B a free

set of generators of F. Select in the coset ¿>', for b in B, an element r(b) so

that bi = Nr(b) for every b in B. Since B is a free set of generators of the free

group F, there exists one and only one homomorphism <f> of F into G, satisfying

b* = r(b) for b in B. Denote finally by v the homomorphism of G upon G/N

which maps every element in G upon its coset modulo N. It is clear then that

4>v = r¡, showing that 77 is induced by <f>.

Remark 1. If 77 is a homomorphism of the quotient group G/N into the

group H, then 77 is induced by the homomorphism vr¡ of G into H where v

is the natural homomorphism of G upon G/N.

Theorem 1. The group G is a free group if, and only if, it is similar to every

free group.

Proof. If M and N are normal subgroups of the free groups F and V re-

spectively, then it follows from Lemma 1 (and Remark 1) that every homo-

morphism of F/M into V/N is induced by a homomorphism of F into V,

and that every homomorphism of V/N into F/M is induced by a homo-

morphism of V into F. This implies in particular that F/M and V/N are

similar representations of the group 5 if they are both representations of 5.

Thus we deduce from Theorem 1 of 11.4 the similarity of F and V, proving

the necessity of our condition.

Assume now that the group G is similar to every free group. There exists

a representation F/N of G as a quotient group of a free group F. Thus the

{") Levi [1 ].
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free group £ and its quotient group F/N are similar, and we infer from Theo-

rem 1 of 11.4 that F/N and the trivial representation G/l of G are similar

representations of G. Hence it follows from the theorem of II.l that £ is a

splitting extension of N by G. Consequently G is isomorphic to a subgroup

of the free group £. Since subgroups of free groups are free too, we have shown

that G is free, and this completes the proof.

Remark 2. It is apparent from the second part of the proof that it suffices

to assume the similarity of G and of a free group of sufficiently large rank. On

the other hand it does not suffice to assume the similarity of G and of some

free group, since every group is similar to the free group 1.

The following fact has already been verified in the first part of the proof

of Theorem 1 ; it is clearly an immediate consequence of Theorem 1 and Theo-

rem 1 of II.4, and shall be restated because of its importance.

Corollary 1. Any two representations of the group G as quotient groups of

free groups are similar.

We say that the representation H/M of the group G is not redundant^)

if there exists a set of representatives of the cosets, not M, of H/M which

generates the group H. Clearly many representations are redundant. Note

furthermore that a representation may be not redundant, though some of the

sets of representatives generate proper subgroups.

The most important instance of a not redundant representation is the

regular representation. The representation H/M of the group G is said to be

regular if there exists a set of representatives of the cosets, not M, of H/M

which is at the same time a free set of generators of H (so that II is in particu-

lar a free group).

The existence of a regular representation of the group G may be seen as

follows. Let £ be a free group such that r(£) + l is the finite or infinite num-

ber of elements in G. If B is any free set of generators of £, then there exists

a 1:1 correspondence b(g) mapping the set of elements g^l upon the whole

set B. It will be convenient to put b(l) = 1. Since £ is a free group and £ a

free set of generators of £, there exists one and only one homomorphism 77

of £ upon G which maps b(g) upon g. The kernel of this homomorphism is

readily (32) seen to be the smallest normal subgroup N of £ which contains all

the elements
b(x)b(y)b(xyYx for x, y in G.

It is fairly obvious that every regular representation of G has this form, and

that therefore any two regular representations of the group G are equivalent, a

fact that we may obtain too as a special case of a theorem proved below.

Thus the regular representation is a normal form for representations of the

(3l) Much use has been made of this and the following concepts in Baer [4].

(a) This fact is well known; see Magnus [2, p. 14].
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group G, and every invariant of F relative to N, for F/N the regular represen-

tation of G, is an absolute invariant of the group G.

The universal character of the regular representation is expressed by the

following statement.

Theorem 2. If F/N is the regular representation of the group G, if the repre-

sentation H/M of the group G* is not redundant, and if y is a homomorphism

of F/N upon H/M, then there exists a homomorphism r¡ of F upon H with the

following properties :

(i) rj induces the homomorphism y of F/N upon H/M.

(ii) Fi=H and Ni = M.

(iii) Fit, p)i = H(i, p) and N(i, p)i = M(i, p) for every i and p(n).

Proof. Since F/N is the regular representation of the group G, there exists

a set of representatives b(g) of the cosets of F/N (such that Nb(g) is the coset

corresponding to the element g in G, and) such that b(l) = 1 whereas the ele-

ments b(g) for g?±l form a free set of generators of F. Since H/M is a not

redundant representation of G*, there exists a set of representatives r(x) of

the cosets of H/M such that r(l) = 1 and such that H is generated by the r(x).

Since the b(g) for g?¿ 1 form a free set of generators, there exists one and only

one homomorphism 77 of F into H such that :

(iv) b(x)i = r(xt) forx in F/N.

Clearly F* = H. If x, y are elements in F/N, then

(b(x)b(y)b(xy)-l)i = r(x~')r(y)r((xy)'>)-1 = r(x->)r(y)r(xiy<)~1,

proving Ni—M, since N is the smallest normal subgroup of F which contains

all the elements b(x)b(y)b(xy)~l; and now it is evident that 77 induces the

homomorphism 7 of F/N upon H/M. If z is an element in M, then there exists

an element y in F such that yi = z. Hence (A^y)* = MiNy) ' = Mz = M. There

exists furthermore one and only one element w in N such that y = wbiNy),

and we find :

wi = wvr(M) = wir((Ny)"<) = v>ib(Ny)i = (wb(Ny))i = yi = z,

proving Ni = M. Thus we have shown that 77 meets the requirements (i) and

(ii). This completes the proof of our theorem, since the equivalence of the

properties (ii) and (iii) is easily verified.

We note for future reference the degree of freedom in the construction of

the homomorphisms 77 which expresses itself in equation (iv).

The equations (iii) of Theorem 2 have several important and obvious con-

sequences. We mention that 77 induces a homomorphism of F/F(i, p) upon

H/H(i, p), of F/N(i, p) upon H/M(i, p) and of F(i, p)/N(i, p) upon
H(i, p)/M(i, p). Furthermore N(i, p) + F(i, p) is mapped by 77 upon M(i, p)

+ H{i, p).

(33) For the notations see §1.2.
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111.2. The fully invariant subgroups of free groups. The following theo-

rems concerning fully invariant subgroups of free groups are due to F. Levi :

(a)(34) If the fully invariant subgroup / of the free group £ is not part of

the commutator subgroup (£, £) of £, then Fn^J for some positive integer ».

(b)(35) If the commutator subgroup (£, £) of the free group £ is part of

the characteristic subgroup C of £, then C=(£, £)£"' for some integer m.

For our purposes we shall need the following extension of these theorems.

Theorem 1. Suppose that J is a fully invariant subgroup of the free group

(i)(36) There exists one and only one integer n2:0 such that Fn='J^(F, F)J

= (£,£)£".

(ii) If O^m, then the inequalities Fm^Jand Fm^(F, F)J imply each other.

(iii) // O^n, then the equations (£, £)/=(£, £)£" and J=((F, F)nj)Fn

imply each other.

Proof. Clearly (£, F)J is a fully invariant subgroup of £. Hence there ex-

ists by (b) one and only one integer n~=0 such that (£, F)J=(F, £)£".

Suppose next that £m^(£, £)/ for some integer m. There exists a (not

vacuous) free set B of generators of £. If b is an element in £, then bm belongs

to (£, F)J; and there exist therefore elements/ and j in (£, £) and J respec-

tively such that bm=fj. There exists furthermore one and only one endomor-

phism 77 of £ which maps b upon itself and every element, not b, in £ upon 1.

Since £' is an infinite cyclic group, we have (£, £), = 1. Since J is fully invari-

ant, /'Si/so that j" belongs to /. But bm = (bm)''=(fj),|=f''j,'=j,', showing

that bm belongs to /. If x is any element in £, then there exists an endomor-

phism e of £ which maps b upon x. Since J is fully invariant, xm= (bm)' be-

longs to / too, and thus we have shown that Fm%J is a consequence of

Fm^(F, F)J. This proves (ii), and (i) is an immediate consequence of (ii)

and of the results stated in the first paragraph of the proof.

Suppose finally that (£, F)J= (£, £)£" for some n. Then every element j

in J has the form j'j" for j' in £" and j" in (£, £). It is a consequence of (ii)

that Fn^J, proving that j' and therefore j" =j'~xj belong to /. Consequently

j" belongs to Ji~\(F, £); and hence we have shown that J^Fn (jr\(F, £)).

But F" = J and hence J=((F, F)f\J)F». If conversely /=((£, F)r\J)Fn,

then (£, £)/=(£, £)£", completing the proof.

The following fact is an immediate consequence of this theorem.

Corollary 1. F is the only fully invariant subgroup J of the free group F

which satisfies (£, £)£=£.

To apply the results of II.3 on free groups we need the following facts.

(*) Levi [2, p. 93, Satz 3].

(36) Levi [2, p. 91, Satz 2].

(36) Fora similar statement see Neumann [l, p. 523, Theorem 19.1 ].
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Theorem 2. (a) The group G is isomorphic to a retract of the free group F if,

and only if, G is a free group of rank not exceeding riF).

(b) Every element in the not abelian free group F is contained in a retract

of F which is isomorphic to a subgroup of the free group V if, and only if, V is

not abelian.

(c) Every element in the not abelian free group F is contained in a retract of

F which is isomorphic to a retract of the free group V if, and only if, r(V)<r(F)

implies the infinity of r(V).

Proof. A retract of a free group is at the same time a subgroup and a

homomorphic image of this free group. The first property implies that re-

tracts of free groups are themselves free groups, and the second property

shows that the rank of a retract cannot exceed the rank of the original group.

This shows the necessity of the conditions of (a). If conversely G is a free

group such that r(G)^r(F), and if B is a free set of generators of F, then B

contains a subset 5 containing exactly r(G) elements. It is readily seen that

the subgroup, generated by S, is a retract of F which is isomorphic to G,

proving the sufficiency of our conditions.

The statements (b) and (c) are readily deduced from (a) and the following

two facts : every not abelian free group contains a free subgroup of countably

infinite rank, and every element in a free group is contained in a retract of a

finite rank.

Remark 1. It is readily seen that every free factor of a (free) group F is a

retract of F. Whether or not every retract of a free group is a free factor has

not yet been decided. It follows, however, from a proof of F. Levi(87) that

every retract of a free group of finite rank is a free factor.

Corollary 2. If F and V are free groups such that l^r(F)¿r(V), then

there exists a projectivity of the partially ordered set of all the fully invariant sub-

groups of F into the partially ordered set of all the fully invariant subgroups of V,

and infinity ofr(F) implies that these partially ordered sets are projections of each

other.

It is an immediate consequence of Theorem 2 and of Theorem 4 of II.3

that J(p-V) for / a fully invariant subgroup of F effects the desired projectiv-

ity. If r(F) = 1, then the validity of our statement is obvious.

Remark 2. If F and V are not isomorphic free groups, both of finite rank,

then their fully invariant subgroups form essentially different partially or-

dered sets. This may be illustrated by some examples. The most obvious

example is obtained by assuming that F is an infinite cyclic group, V a not

abelian free group. Then the only fully invariant subgroups of F are the sub-

groups F" for n any not negative integer, but V possesses apart from the fully

invariant subgroups Vn among others the following ones: "V, Ftn), and so on.

The following example, however, is less trivial.

(") Levi [2, pp. 95-97, proof of Satz 6].
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Let £ be a free group of rank 2 and V a free group of greater rank. De-

note by W the subgroup of V which is generated by all the elements of the

form (w, (v, u)) for u and v in V. Clearly IF is a fully invariant subgroup of V,

and it is possible to verify that W<2V. On the other hand one sees that

W<-v~**">=* v(y—r> = *F, and this example indicates how much richer becomes

the partially ordered set of all the fully invariant subgroups of a free group

as its finite rank increases.

Theorem 3. The homomorphism 77 of the free group F is an isomorphism if,

and only if:
(i) £' is a free group.

(ii) No element in the kernel of n belongs to a free set of generators of F.

Proof. The necessity of these conditions is obvious. Assume conversely

that the conditions (i) and (ii) are satisfied by the homomorphism 77. If 77

were not an isomorphism, then the kernel £ of 77 would contain an element

xj^I. Clearly £ is the free product of two free groups U and V such that x

is in Fand such that r(V) is finite. We infer from (i) that F/K is a free group,

and it follows from Schreier's Theorem that the subgroup (VK)/K of F/K

is a free group too. But (VK)/K and V/(VC\K) are isomorphic groups,

showing that the latter group is free. Now we may infer from a result due

to F. Levi(38) that V is the free product of free groups W and Z such that

Wr\[Vr\K] = 1 and ZS VC\K. Thus Z is a free factor of £. Sincea;?il is in

VC\K, this cross cut is different from 1. Hence W^ V, and this implies Z^l.

Thus we have found a free factor Zt^ 1 of £ which is part of the kernel K of 77.

This contradicts (ii), proving that £=1 and that 77 is an isomorphism.

Corollary 3. The homomorphism 77 of the free group F is an isomorphism

if, and only if :
(a) £' is a free group.

(b) There exists a characteristic subgroup Cj^F of F such that rj induces an

isomorphism in F/C.

Proof. The necessity of the conditions is obvious. If the conditions are

satisfied, then the kernel £ of 77 is certainly part of C. Since C is a character-

istic subgroup, different from £, it is impossible that C contains elements from

a free set of generators of £. Thus the conditions (i) and (ii) of Theorem 3

are satisfied by 77, showing that 77 is an isomorphism, as we intended to prove.

III.3. Reduced free groups. If J is a fully invariant subgroup of the free

group £, then we term the group R = F/J a reduced free groupC).

Theorem 1. Reduced free groups are self-similar.

(") This result is contained in the proof of his Eliminationssatz; see footnote 37.

(39) These reduced free groups are equivalent to the F-groups as defined by B. Neumann

[l, p. 512, Definition 9.3]; see the Appendix below.
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This important fact is an immediate consequence of Corollary 1 of II.4

since free groups are self-similar by Theorem 1 of 111.1.

Corollary 1. The group G is isomorphic to a retract of the reduced free

group R if, and only if, G is similar to R and a homomorphic image of R.

This is clearly implied by Theorem 1 and Theorem 2 of 11.4.

Corollary 2. Retracts of similar reduced free groups are similar.

This is an obvious inference from Theorem 1 and Corollary 3 of 11.4.

The author has not been able to decide the important question whether or

not the retracts of reduced free groups are themselves reduced free groups.

The following two facts concerning abelian groups will be needed. Infinite

cyclic groups are termed cyclic groups of order 0; and the order of an element

is always the same as the order of the cyclic group which it generates. If an

abelian group is the direct product of cyclic groups of equal order, then the

number of direct cyclic factors is the same in any two decompositions and is

called the rank of this abelian group.

Theorem 2. If R = F/J, for J a fully invariant subgroup of the free group F,

is a reduced free group, not 1, then R/(R, R) is the direct product of riF) cyclic

groups of equal order o(R), (R, R) = (F, F)J/J= [(F, F)Fo(Ä)]/J and oiR) is

the l.c.m. of the orders of the elements in R.

We note that riF) equals therefore the rank r(R) of R/iR, R), and we term

riR) the rank of R.

Proof. There exists by Theorem 1 of 111.2 one and only one not negative

integer re such that F" = J and (F, F)J=iF, F)Fn. From J<F we deduce

re^l. From {R, R) = (F, F)J/J we deduce the isomorphy of R/iR, R) and

F/[iF, F)Fn], and the latter of these groups is clearly a direct product of

r(F) cyclic groups of order re, since F/{F, F) is a free abelian group of rank

r{F). From Fn = J we deduce that the orders of the elements in R are divisors

of re, and R contains elements of order « since R/(R, R) has been shown to

contain elements of order re.

Remark 1. J=(F, FY for 1 <i is clearly a fully invariant subgroup of the

not abelian, free group F so that R = F/J is a reduced free group. Clearly

R/(R, R) and F/(F, F) are isomorphic groups so that o(R) =0. But the orders

of the elements in (R, R) are divisors of i, showing that o(R) =0 does not im-

ply that every element, not equal to 1, is of order 0.

Theorem 3. A reduced free group R^l may be represented in one and essen-

tially only one way in the form F/J for J a fully invariant subgroup of the free

group F.

Proof. If R is a reduced free group, then R = F/J for / a suitable fully

invariant subgroup of the free group F. If if is a fully invariant subgroup of
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the free group V such that £~F/£, then we infer from Theorem 2 that

r(F) =r(R)=r(V), proving the isomorphy of Fand £. Hence we may assume

without loss in generality that V=F. Since F/J and F/K are isomorphic

groups, we deduce from Corollary 1 of III. 1 the existence of an endomorphism

<p of £ which induces an isomorphism of F/J upon F/K, and hence it follows

from (b) of Theorem 6 of II.3 that K = K(F^F) g/; likewise we see that J^K,

proving J = K. Thus we have shown : To every reduced free group R¿¿ 1 there

exists one and essentially only one free group £and exactly one fully invariant

subgroup J of £such that £~£/J; this proves our contention.

Theorem 4. Suppose that Jt*-F is a fully invariant subgroup of the free

group F, that N is a normal subgroup of the free group V, and that F/J~ V/N.

Then:

(2) // the homomorphism <p of F into V induces an isomorphism of F/J upon

V/N, if the homomorphism v of V into F induces an isomorphism of V/N upon

F/J, and if K is the kernel of v, then :

(2a) <t> is an isomorphism of F.

(2b) F*f\K=l.

(2c) £~F/£.
(3) J^N* for every homomorphism k of V upon F.

Proof. (1) is an immediate consequence of Corollary 1 of III.l and (b) of

Theorem 6 of II.3.

If an isomorphism of F/J upon V/N is induced by the homomorphism <f>

of £ into V, then we deduce from Corollary 3 of 111.2 that <p is an isomorphism

of £ into V. If furthermore the homomorphism v of V into £ induces an iso-

morphism of V/N upon F/J, then the endomorphism <pv of £ induces an

automorphism of £/£, and we deduce from Corollary 3 of III.2 that <f>v is

an isomorphism of £ into £. Hence an isomorphism of £* into £ is induced

by v in F* so that 1 is the cross cut of £* and the kernel of v. Thus we have

verified (2a) and (2b). Since V'^F, it follows from Schreier's Theorem that

V/K is a free group. That V/K and £ are isomorphic free groups is now read-

ily deduced from r(F)=r(F/J)=r(V/K), showing the validity of (2c).

If k is a homomorphism of V upon £, then £ and V/H, for H the kernel

of k, are isomorphic free groups. There exists therefore a subgroup 5 of F

such that HS= V and H(~\S= 1. This implies in particular that k induces an

isomorphism of 5 upon £, and the reciprocal of this isomorphism may be de-

noted by 77. It follows therefore from (1) that Jv^Nr\S. Since 77 and k effect

reciprocal isomorphisms between £ and 5, this implies J = J1" ^ (Nf~\S) ' g iV",

and this completes the proof.

Theorem 5(40). // the subgroup S of the free group F contains the fully in-

(«•) Neumann [l, p. 512, Theorem 9.1].
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variant subgroup J of F, then the following properties of S imply each other :

(i) S is a fully invariant subgroup of F.

(ii) S/J is a fully invariant subgroup of F/J.

Proof. If 5 is a fully invariant subgroup of F, and if 77 is an endomorphism

of F/J, then there exists by Lemma 1 of ULI and Remark 1 of 111.1 an

endomorphism y of F which induces 77 in F/J. But Sy^S, since 5 is fully

invariant. Hence S/J is mapped into itself by 77, proving that (ii) is a conse-

quence of (i). If conversely (ii) is satisfied by S, and if <p is an endomorphism

of F, then J*^J, since / is fully invariant. Hence an endomorphism of F/J

is induced by <p so that JS* = S is a consequence of (ii). Thus 5* = S, complet-

ing the proof of the equivalence of (i) and (ii).

Remark 2. The fact that (ii) implies (i) is independent of the hypothesis

that F be a free group. But it is easy to construct examples which show that

(i) would not imply (ii) if F were not free.

III.4. Similarly reduced free groups. The groups G and H are certainly

similar groups if 1 is the only group which is a homomorphic image of both

of them. Instances of such pairs of trivially similar groups are rather numer-

ous; we mention only the reduced free groups F/F2 and F/F3 for F a free

group. Thus it seems indicated that we introduce a classification principle

more restrictive than that of similarity, and to do this is the object of the pres-

ent section.

If H and K are any two groups, then we have denoted by (H—+K) the

set of all the homomorphisms of H into K. Thus (H—>H) indicates the set of

all the endomorphisms of II, and JW—bî g/ is the property characteristic for

fully invariant subgroups / of H.

Theorem 1. The following properties of the reduced free groups R and S,

satisfying 0<r(R)^r(S), imply each other.

(a) There exist normal subgroups M and N of free groups H and K respec-

tively such that H/M~R, K/N~S and

(b) There exist fully invariant subgroups J and U of free groups F and V

respectively such that F/J~R, V/U~S, and

(c) There exists a fully invariant subgroup Q of a free group P and an idem-

potent endomorphism e of P such that P/Q~S and P'/Q'~R.

Proof. We are going to show first that the following condition (d) is a con-

sequence of (a).

(d) There exist fully invariant subgroups J and U of free groups F and V

respectively such that F/J~R, V/ U~S and
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JiF-Y)  g   Uy TJlV^F)  ^ J.

When proving that (d) is a consequence of (a), we are not going to make

any use of the hypothesis r(R)^r(S). Thus we may assume during this proof

without loss in generality that r(H)^r(K). It follows now from Theorem 2

of III.2 and Corollary 1 of II.3 that M = N<-K~*B) is a fully invariant subgroup

of the free group H. Since 5 is a reduced free group, there exists a representa-

tion S=V/U for U a fully invariant subgroup of the free group V. From

5^1 and r(S)=r(V) we deduce immediately that r(V)^r(K). Hence there

exists a homomorphism k of K upon V, and U^N" is a consequence of (3)

of Theorem 4 of III.3. If v is some homomorphism of V into H, then kv is a

homomorphism of K into H, and we infer N" ¿ M from hypothesis (a). Thus

U' g N" ^ M, proving Uir~*B) g M. Since K/N and V/ U are both representa-

tions of the same group 5, we deduce from Corollary 1 of III.l the existence

of a homomorphism ß of V into K which induces an isomorphism of V/U

upon K/N. Thus in particular VßH\N = Uß, and it follows from (2a) of Theo-

rem 4 of III.3 that ß is an isomorphism. If 77 is some homomorphism of H

into V, then 77/? is a homomorphism of H into K, and M* ^ N is a consequence

of hypothesis (a). But M*ß is part of Vß, and thus we have shown that

M*ß^Vßi^N=Uß. Since ß is an isomorphism, the last inequality implies

M"^ U, proving M(P~>r> ̂  U. Thus (d) is a consequence of (a).

During the remainder of the proof we shall make use of the hypothesis

r(R)^r(S).
Assume now that (d) be satisfied by £ and S. Then it is a consequence of

Theorem 2 of III.3 that r(R) =r(F) and r(S) =r(V). Thus it is a consequence

of (d), Theorem 2 of III.2 and Corollary 1 of II.3 that £^-p> = J. Hence (b)

is a consequence of (d) and, therefore, of (a).

Assume now the validity of (b). Then JtF-T) = jjcv-*f)(f-.v) g rjt smce rj is

a fully invariant subgroup of V, showing incidentally the equivalence of (b)

and (d) as well as the equivalence of (b) and (a). From Theorem 2 of III.3

we deduce again that r(F) =r(R)^r(S)=r(V), and there exists therefore an

idempotent endomorphism e of V such that V' and £ are isomorphic. (To

construct e consider a free set B of generators of V and a subset B* of B

which contains exactly r(F) elements; then e is the endomorphism of F which

leaves invariant all the elements in £* and which maps upon 1 all the ele-

ments in B, not in £*.) Clearly V'DU^U', since e = e2, and U'^V'CMJ,

since U is fully invariant, proving U* = Vtr~\ U. There exists an isomorphism

a of F upon V*. Then a is an isomorphism of £ into V too, and we deduce

Ja ^ Vr\ U from £(i,-,v> ^ TJ. Since a-1 is an isomorphism of V' upon £, it

follows that ea~x is a homomorphism of F upon £. Thus î/"*-1^/ is a con-

sequence of U<-r~*F) =J. But a and a~x are isomorphisms so that the last in-

equality implies V*C\U= U'^J". Consequently we have shown that U' = J";

and the isomorphism a of £upon V' induces therefore an isomorphism of F/J

upon V'/U', proving that (c) is a consequence of (b).
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Assume finally the validity of (c). Then we verify, as before, that

U' = V'(~\ U. If f is a homomorphism of V into V', then f is an endomorphism

of V and Ul= UC\ V'= U', since U is a fully invariant subgroup of V. Hence

it follows from (b) of Theorem 2 of 11.3 that U'= U^^'K Thus If is a fully

invariant subgroup of V', and we have shown that (b) is a consequence of (c).

Since we have proved before the equivalence of the properties (a), (d) and

(b), this completes the proof.

During the proof of the fact that (c) implies (b) we showed that J' = Jf~\F',

if / is a fully invariant subgroup and e an idempotent endomorphism of the

free group F. Since idempotent endomorphisms map the group upon retracts,

we deduce from (b) of Theorem 2 of II.3 that jr\F' = JlF^'F"). Thus we have

established the following fact.

Corollary 1. If J is a fully invariant subgroup and e an idempotent endo-

morphism of the free group F,then J' = Ji~\F' = JiF~'F"> is a fully invariant sub-

group of the free group F'.

If the reduced free groups R?¿1 and 5^1 meet the requirements (a) to (c)

of Theorem 1, then they shall be termed similarly reduced free groups.

Corollary 2. Similarly reduced free groups are similar.

Proof. Any two free groups are similar by Theorem 1 of 111.1. Thus the

similarity of similarly reduced free groups is a consequence of (a) of Theo-

rem 1 and of Corollary 1 of 11.4.

Remark 1. It should be noted that "similar reduced free groups" need not

be similar/y reduced free groups" (that is, the converse of Corollary 2 is not

true), as may be seen from the following example: If F and V are free groups,

not 1, and if m and re are positive integers, not 1, then F/Fm and V/V" are

similar reduced free groups, since the normal subgroups M and N of F and V

respectively meet the requirements Fm—M, Vn — N and F/vW~V/N only if

Fd = Mand Vd<, N for d the g.c.d. of m and re. But F/Fm and V/Vn are—by

(b) of Theorem 1—similarly reduced free groups if, and only if, m=n.

Remark 2. The question might be raised why we have not termed the

groups F/M and V/N similarly reduced free groups whenever F and V are

free groups and M{F^V) =N, AT(V-,F) — M. This definition would clearly assure

similarity of F/M and V/N, and it is really a wider concept. But it will be-

come clear in the next section that the admission of groups F/M and V/N

which are not reduced free groups would cause inconvenience. That the differ-

ence between these two concepts is not very great may be seen from the fol-

lowing considerations: If—-as we may assume without loss in generality—

r(F) = r(V), then we deduce from Theorem 2 of III.2 and Corollary 1 of II.3

that M=N<-v-*f"> is a fully invariant subgroup of F so that at least one of the

two groups is a reduced free group; and if furthermore r(F) is infinite, then

iV=M(;?~,V) is a fully invariant subgroup of V so that in this last case both

groups are reduced free groups.
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Theorem 2. If M and N are normal subgroups of the reduced free groups

R?¿1 and S^l respectively, if 1 is the only fully invariant subgroup of R (S)

which is part of M (N), and if each of the groups R/M and S/N is isomorphic

to a subgroup of the other one, then R and S are similarly reduced free groups.

Proof. There exist fully invariant subgroups / and U of free groups F

and V respectively such that R = F/J and 5= V/U. There exist furthermore

uniquely determined normal subgroups M* and N* of F and V respectively

such that J=M*, M*/J= M and U=N*, N*/U = N. We deduce from Theo-
rem 5 of III.3 that J is a greatest fully invariant subgroup of F which is part

of M*, and that U is a greatest fully invariant subgroup of V which is part

of N*. There exists an isomorphism of R/M=F/M* into S/N= V/N*, and

hence we deduce from Lemma 1 of 111.1 the existence of a homomorphism

of F into F which induces an isomorphism of F/M* into V/N*, and likewise

we prove the existence of a homomorphism of V into F which induces an

isomorphism of V/N* into F/M*. Hence it follows from (b) of Corollary 3 of

II.3 that Jl'-n&U and UIV-*^^J, and we deduce from (a) of Theorem 1

that R and S are similarly reduced free groups.

The following interesting special cases of Theorem 2 are obtained by

putting M and/or N equal to 1.

Corollary 3. The reduced free groups R^l and S?¿1 are similarly reduced

free groups, if they meet either of the following requirements.

(a) Each of the two groups is isomorphic to a subgroup of the other one.

(b) There exists an (idempotent) endomorphism e of S such that R~S' and

such that 1 is the only fully invariant subgroup of S which is part of the kernel of e.

Remark 3. If G and H are free groups of finite or countably infipite rank,

not less than 2, then each of them is known to be isomorphic to a subgroup

of the other one, though they need not be isomorphic (condition (a)!). It is

not known to the author whether or not these are the only instances of re-

duced free groups which are not isomorphic, though they are each of them

isomorphic to a subgroup of the other one.

Remark 4. It is clear that neither of the conditions (a) and (b) is a neces-

sary condition. Condition (b) implies that R is a retract of S, but it has been

pointed out before that a reduced free group which is a retract of another

reduced free group need not be similarly reduced. It would be interesting to

find conditions necessary and sufficient for a retract to be similarly reduced.

Theorem 3. The following properties of the reduced free groups i?=f 1 and

S¿¿1 are equivalent:

(i) i?~5.

(ii) r(R) =r(S) and there exists a reduced free group T of rank not less than

riR) such that both R, T and S, T are pairs of similarly reduced free groups.

(iii) Each of the two groups R and S is a homomorphic image of the other one.
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(iv) r(R)=r(S) and each of the two groups R and S is isomorphic to a sub-

group of the other one.

Proof. It is clear that (ii), (iii) and (iv) are consequences of (i). That, con-

versely, (iv) implies (ii) is immediately deduced from (a) of Corollary 3. Thus

we have to show only that (i) is implied by (ii) as well as by (iii).

If condition (ii) is satisfied by the groups £ and S, then there exist fully

invariant subgroups / and £ of a free group £ such that £~£/J, S~F/K,

and there exists a fully invariant subgroup £ of a free group V such that

r(F)^r(V) and such that £, V/U and V/U, S are pairs of similarly reduced

free groups. But then it follows from (b) of Theorem 1 and from Theorem 3 of

III.3 that
J = per-.« = K¡

proving that (i) is a consequence of (ii).

The proof that (i) is a consequence of (iii) shall be preceded by the proof

of a lemma.

(3.1) If J and K are fully invariant subgroups of the free groups F and V

respectively, and if there exists a homomorphism of V/K upon F/J, then
Ki7-*ngJ.

There exists a normal subgroup M of V which contains K such that

F'/M~F/'J. Hence it follows from Theorem 1 of III.l and (b) of Theorem 6

of 11.3 that our contention is true.

Assume now that condition (iii) is satisfied by the reduced free groups £

and S. Then their ranks are clearly equal, and there exist therefore fully in-

variant subgroups J and £ of a free group £ such that £~£/£ and S~F/K.

But now it follows from (3.1) that J = J<F-F>^K = K<-F-*F> g>J, and that con-

sequently K = J, proving the desired isomorphy of £ and 5.

Corollary 4(41). If M, R and N, S meet the requirements of Theorem 2,

and if r(R) =r(S), then R~S.

This is a fairly immediate consequence of Theorem 2 and of (ii) of Theo-

rem 3.

Theorem 4. If R, S, T are reduced free groups, not l,if R, S as well as S, T

are pairs of similarly reduced free groups, and if r(S) is not at the same time

finite and smaller than both r(R) and r(T), then R and T are similarly reduced

free groups.

Proof. We assume without loss in generality that r(£)i£r(£). From our

hypotheses we infer the existence of fully invariant subgroups J and H of

the free groups  U and   V respectively such that £~£///, S~V/H and

(4l) This result is closely connected with certain theorems of B. Neumann [l]; see in par-

ticular his Theorem 11.2, p. 514 and his Theorem 12.6, p. 516.
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J(u->v) _jjt HiV~*tr)^jt and the existence of fully invariant subgroups H*

and K of the free groups V* and W respectively such that S~V*/H*,

T~W/K and ü*""-"r> ^K, K^-^ giF*. It is a consequence of Theorem 3

of III.3 that we may assume without loss in generality V= V* and H = H*K

We note finally that r{U) = r(R) ^r(T) = r(W) is a consequence of Theorem 2

of III.3. We distinguish several cases.

Case 1. r(R) ^r(S) gr(T). Then, as before, r(U) ^r(V) ^r(W). There ex-

ists therefore an isomorphism u of i/into Fand an idempotent endomorphism

e of V such that U" = V'. If 77 is a homomorphism of W into U, then

77= (771;)(eu-1), since e affects the identity in V', and since u-1 is an isomor-

phism of V' upon U. But 77U is a homomorphism of W into V and eV"1 is a

homomorphism of F into U, proving (W—*U) = (W—*V)(V—*U). From (c)

of Theorem 2 of III.2, Corollary 1 of II.3 and r(U)^r(V)^r(W) we infer
that ipy^v) = j and Kiw-~r) = H Consequently we have K< *-»> = xw-n (r-iri

= H(v-+u)=J and 7«7-ir)=2f(ir-.to(í7-iF)^jK-f s¡nce # ¡s funy invariant, and

this proves that R and F are similarly reduced free groups.

Case 2. r(R)^r(T)^r(S). Then we put J*-K?*~** and R*=U/J*.

Clearly R*, T and F, 5 are pairs of similarly reduced free groups, and it fol-

lows from Case 1 that R* and S are similarly reduced free groups. But

r(R)=r(R*) and R and S are similarly reduced free groups too. Hence it

follows from Theorem 3 that R and R* are isomorphic groups, proving that

R and F are similarly reduced free groups.

Case 3. r(S)<r(R)=riT). It follows from our hypothesis that the three

ranks riR), r(5) and r{T) are infinite. Then it follows from (c) of Theorem 2 of

III.2 and Corollary 1 of II.3 that J = iF™> and H = J^V\ &w^ =11 and
jj(v—w) =x. Consequently we deduce from the full invariance of /, II, K that
2f = jjcv—w) = jw-v)i,r->w) _: jw->w)  ano;   j — jjir—m = j£(w->v)ív—ú) ̂ ^w^u)

^j(u^w)(w-.u)^j_ Hence J = K^U\ and likewise one sees that K=J<U-W\

proving again that R and F are similarly reduced free groups.

Remark 5. The indispensability of the condition concerning the ranks of

R, S, T may be seen from the following example. Denote by Z an infinite

cyclic group and by F a free group of rank 2. Then both pairs F, Z and Z,

F/{F, F) are pairs of similarly reduced free groups; but F and F/(F, F) are

certainly not similarly reduced free groups, they are not even similar.

We note that the relation of "being similarly reduced free groups," though

not transitive, is symmetric and reflexive, as may be deduced from (a) of

Theorem 1.

Theorem 5. If R, S and T are reduced free groups, not 1, such that r(S)

is not smaller than both riR) and r(T), if R and S are similarly reduced free

groups, and if S and T are similar, then R and T are similar.

Proof. If r(R) ^r(S), then R is by (c) of Theorem 1 isomorphic to a retract

of S, and the similarity of R and F is a consequence of Corollary 2 of III.3.
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If r(S) <r(R), then it follows from our hypothesis that r(T) ^r(S). Since

£, S and £ are reduced free groups, there exist fully invariant subgroups

J, K, L of free groups £, V, W respectively such that R~F/J, S~ V/K and

T~W/L. Since r(W) gr(F)<r(£) by Theorem 2 of III.3, there exist re-

tracts £* and F* of £and V respectively such that F*~F*~IF. Hence there

exist normal subgroups £** and V** of £ and V respectively such that

£= F*F**, 1 = F*r\F** and V=V* V**, 1 = V*i\ V**. Since £ and 5 are simi-

larly reduced free groups, we deduce from (b) of Theorem 1 (and Theorem 3

of III.3) that J<-F-*v>> =£. Assume now that M and N are normal subgroups

of £ and W respectively, that J^M, L^N and F/M~W/N (so that F/M

and W/N are isomorphic quotient groups of £ and £). There exists an iso-

morphism a of IF upon £*. Then F**Na is a normal subgroup of £=£*£**,

since Na is a normal subgroup of £*, and F/(F**Na)~F*/Na~W/N~F/M.

Thus it follows from Corollary 1 of III.l and (b) of Theorem 6 of II.3 that

J^M implies /= J(-F~tF'>^F**Na. There exists furthermore an isomorphism

ß of W upon V*, and as before we see that V/(V**Nß)~W/N. But W/N

and F/(F**Na) have been shown before to be isomorphic groups. Thus we

deduce from J^F**N" and Corollary 1 of III.l, (b) of Theorem 6 of II.3,

that K = J<í'-,v> ^ y**Nß. Hence we have shown that S~V/K possesses

a quotient group isomorphic to F/M~W/N. But £ and 5 are similar by

Corollary 2 and S and T are similar by hypothesis. Hence the similarity of

£ and £ is a consequence of Corollary 2 of 11.4.

Remark 6. The impossibility of completely omitting the hypothesis con-

cerning the ranks of £, S, T may be seen from the example in Remark 5.

Comparing Theorems 4 and 5 one may wonder whether infinity of r(S) would

suffice. It is clear that the main step of our proof would break down if r(S)

were smaller than both r(R) and r(T). For we had to show that every com-

mon homomorphic image of both £ and £ is a quotient group of S, which is

clearly impossible to prove if r(S) is smaller than both r(R) and r(T). Still,

it is an open question whether or not infinity of r(S) is a sufficient condition.

Theorem 6. The reduced free groups R and S, satisfying 0<r(R) ^r(S), are

similar if, and only if, there exist reduced free groups T and U such that:

(i)C2) r(R)=r(T)=r(U).

(ii) £ and T are both isomorphic to retracts of U.

(iii) 5 and T are similarly reduced free groups.

Proof. Assume first the existence of reduced free groups £ and U meeting

the requirements (i) to (iii). Then we deduce from (ii) and Corollary 2 of

III.3 the similarity of £ and £; the similarity of £ and 5 is now a consequence

of (i), (iii), r(R)^r(S) and Theorem 5.

Assume conversely the similarity of £ and S. There exist fully invariant

subgroups J and K of free groups £ and F respectively such that £//~£

(a) It will be seen from the proof that it suffices to assume 0 <r(R) Sr(7*) =r(U) Sr(S).
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and V/K~S. Put £=£<*r--P). Then we deduce from r(R)^r(S) and from

(b) of Theorem 1 that £/£ = £ and S are similarly reduced free groups, and

it is a consequence of (c) of Theorem 1 that £ is a retract of S. Thus the re-

duced free groups £ and £ are retracts of the similar reduced free groups 5

and £ respectively, and it follows from Corollary 2 that £ and £ are similar.

Consequently we may deduce from Theorem 1 of III.3 and (iii) of Theorem 4

of 11.4 that £= £/£ and [£~]£/£ are isomorphic to retracts of the reduced

free group U= F/(Li\J). It is clear now that the reduced free groups £and U

meet the requirements (i) to (iii), completing the proof.

The following theorem is a partial extension of Theorem 2 of III.l from

free groups to reduced free groups.

Theorem 7. If M and N are normal subgroups of the reduced free group R

such that M^N and such that R/N is a not redundant representation, then there

exist a reduced free group Q and a normal subgroup L of Q with the following

properties.

(a) £ and Q are similarly reduced free groups.

(b) R/M~Q/L.
(c) There exists a homomorphism y of Q satisfying Q^ = R and L~> = N.

Proof. There exists one (and essentially only one) representation £ = F/J

for J a fully invariant subgroup of the free group £, and there exist uniquely

determined normal subgroups M* and N* of £ which satisfy J^M*^N*

and M*/J = M, N*/J = N. Since the representation R/N is not redundant,

it follows that the representation F/N* of R/N and the representation F/M*

of R/M are not redundant.

Denote by V/L* the regular representation of the group R/M. Since

R/N is a homomorphic map of the group R/M, there exists by Theorem 2

of III.l a homomorphism v of 7 such that F" = £ and L*" = N. We de-

duce from Lemma 1 of III.l the existence of a homomorphism <p of V into

£ which induces the homomorphism v of V upon £ = F/J. From V/L*~R/M

~£/M* and Corollary 1 of III.l we deduce the similarity of the representa-

tions V/L* and F/M* of the group R/M. Hence it follows from (b) of Theo-

rem 6 of II.3 that K = J<-F~V)^L*. Clearly £ is a fully invariant subgroup

of the free group F, satisfying K<-r"F) ^J. Consequently £ and Q = V/K are

similarly reduced free groups. Furthermore £=£*/£ is a normal subgroup

of Q such that Q/L~V/L*~R/M. Finally we note that K*^J and that <f>
induces therefore a homomorphism y of Q into £. But y is clearly the homo-

morphism induced by v in Q= V/K so that Qy = R and Ly = N, completing

the proof.

We note that the representation Q/L of R/M constructed in the course

of the proof might be termed a "reduced regular representation."

III.5. Complete systems of similarly reduced free groups. We precede our

discussion by the proof of two useful lemmas.
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Lemma 1. If Rt^I is a reduced free group, if eis a cardinal numberifz), notO,

and if r(R) is not at the same time finite and smaller than c, then there exists one

and essentially only one reduced free group S such that r(S) =c and such that R

and S are similarly reduced free groups.

Proof. R = F/J for J a fully invariant subgroup of the free group F. Denote

by F a free group of rank c and put K = /<*-*•>. Then £-(*-*> = JV*n (*-*> £ /.

Hence 5= V/K is a reduced free group of rank c, and R and 5 are clearly

similarly reduced free groups ((a) of Theorem 1 of III.4).

Suppose now that F and R are similarly reduced free groups and that

r(T)=c. Then it follows from our hypothesis concerning c and r(R), and from

Theorem 4 of 111.4, that 5 and F are similarly reduced free groups of equal

rank, and hence 5 and F are isomorphic groups by Theorem 3 of 111.4.

Remark 1. We note that the hypothesis concerning c and r(R) has been

used only in the proof of the unicity statement. That this hypothesis is indis-

pensable for the proof of the unicity statement has been pointed out before

(Remark 2 of III.2).

Lemma 2. If P is a system of similarly reduced free groups whose ranks are

finite, but not bounded, then there exists one and essentially only one reduced free

group R of rank ib o such that R and S, for every S in P, are similarly reduced

free groups.

Proof. It is a consequence of Lemma 1 (or of Theorem 3 of III.4) that P

contains at most one reduced free group of any given finite rank i (apart

from isomorphic ones which we do not consider different). Hence it is possible

to number the groups in P in such a way that P contains a group i?< for every

positive integer * and that r(Ri) <r(Ri+i) for 0<i. Clearly Ri = F(i)/J(i) for

J(i) a fully invariant subgroup of the free group F(i) and r(F(i))=r(Ri). If

we put K(i) = /(t)«"«-*) for F a free group of rank « „, then K(i)<-F-'W> g /(*)

and it follows from (a) of Theorem 1 of 111.4 that i?¿ and F/K(i) are similarly

reduced free groups. We deduce from Theorem 4 of III.4 that i?,_i and

F/K(i) are similarly reduced free groups, and from this fact we infer—because

of Theorem 3 of III.3—that K(i-l)^K(i). We denote by J the (set-

theoretical) join of the subgroups K(i) of F. It is clear that / is a fully

invariant subgroup of F; and that /(í)(F(i)~,í') =J. If x is an element in /,

and if i is a given integer, then there exists an integer j, not less than i, such

that x belongs to K(j). Since F/K{j), i?,- and i?,-, i?, are pairs of similarly re-

duced free groups, and since r(Ri) <r(R¡) <riF/Kij)), it follows from Theo-

rem 4 of III.4 that Ri and F/K(j) are similarly reduced free groups, implying

K(j)<*~rii»gJii). Thus in particular *<*-*•«» g/(») for every x in /, or

j(f—fu)) ^J(i)t proving that i?¿ and F/J = R are similarly reduced free groups.

If 51 is any reduced free group of rank No such that 5 and Ri are similarly

(43) Cardinal numbers may be finite or infinite.
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reduced free groups for every i, then 5 may be represented in the form F/K

for K a suitable fully invariant subgroup of £. We deduce K(F~tF(i)) = J(i)

from (b) of Theorem 1 of III.4 and Theorem 3 of III.3, proving K(i) ^K for

every i. Hence J^K. If x is an element in K, then there exists a retract £*

of £ which contains x and which satisfies r(F*) =r(F(i)), for suitable i, since

the finite ranks r(F(i)) are not bounded. There exists a homomorphism 77 of

£ upon £(î) which induces an isomorphism a of £* upon F(i). Hence xa=x,<

belongs to J(i). But a~x is an isomorphism of F(i) into F. Hence x=xaa~l

belongs to J(i)(Fii)~*F> = K(i) ^ J, and thus we have shown K^J too. Hence

J = K, proving the isomorphy of £ and S. This completes the proof.

If £ is a system of similarly reduced free groups, that is, if any two groups

in £ are similarly reduced free groups, then £ contains at most one reduced

free group of any given rank, if isomorphic groups in £ are not considered

different (Lemma 1). Thus a maximal system of similarly reduced free groups

would be one that contains reduced free groups of all ranks. Since such a defi-

nition might lead us into a controversial set-theoretical situation, we prefer

the following slightly more general concept.

A c-complete system, for c a (finite or infinite) cardinal number, is a set 3

of groups meeting the following requirements.

(1) Every group in S is a reduced free group of rank smaller than c.

(2) S contains groups of every rank smaller than c.

(3) Any two groups in S are similarly reduced free groups.

Because of (3) and Lemma 1 it is impossible that S contains essentially

different groups of any given rank. If we identify isomorphic groups in 2,

then (2) may be restated in the following equivalent form.

(2') S contains one and only one group of every rank smaller than c.

The existence of c-complete systems will be assured by the following:

Theorem 1. Suppose that P is a system of similarly reduced free groups,

not 1, and that the cardinal number c is greater than the rank of every group in P.

(a) £ is contained in some c-complete system.

(b) £ is contained in one and essentially only one c-complete system, if either :

(b') c is finite and P contains a group of rank c — \.

(b") c is infinite and the ranks of the groups in P are not bounded by a finite

number.

Proof. Consider the class of all the systems Q meeting the following re-

quirements :

(i) £ is part of Q.
(ii) The elements in Q are reduced free groups of rank smaller than c.

(iii) Any two groups in Q are similarly reduced free groups.

It is readily seen that this class contains a maximal system Ço (maximum-

principle) (44). Denote by m any cardinal number less than c.

(«) Teichmüller [l ], Zorn [l ].
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Case 1. Qo contains a group R such that r(R) is not at the same time finite

and smaller than m.

Then we deduce from Lemma 1 the existence of one and essentially only

one reduced free group 5 of rank m such that R and 5 are similarly reduced

free groups. If X is any reduced free group in Q0, then both X, R and R, S

are pairs of similarly reduced free groups, and we deduce from Theorem 4 of

111.4 that X and 5 are similarly reduced free groups. The system consisting

of the groups in QQ and of the group 5 meets therefore the requirements (i)

to (iii), proving that 5 is isomorphic to a group in Qo.

Case 2. The rank of every group R in Ço is finite and smaller than m. It

will be convenient to distinguish two subcases.

Case 2.1. The ranks of the groups in Ço are bounded by a finite number.

Then there exists a group G of greatest rank in G>. Clearly r(G) <m, and we

deduce from Lemma 1 (see Remark 1) the existence of a group F of rank m

such that G and F are similarly reduced free groups. If X is any group in Ço,

then r(X) =r(G) <r(T) and both X, G and G, F are pairs of similarly reduced

free groups. Hence it follows again from Theorem 4 of 111.4 that X and F are

similarly reduced free groups, and we show, as in Case 1, that Qo contains a

group isomorphic to T, a contradiction.

Case 2.2. The ranks of the groups in Q0 are not bounded by a finite num-

ber. Then m is necessarily infinite. We deduce from Lemma 2 the existence

of one and essentially only one group H of rank fct0 such that Z and H are

similarly reduced free groups for every Z in Qp. Thus it follows, as in Case 1,

that Ço contains a group isomorphic to H, a contradiction.

Thus we have shown that Qo contains reduced free groups of every rank

m<c, proving that Qo is a c-complete system, containing P.

Suppose now that Qo and E are c-complete systems, containing P. If P

contains a group R which is either of infinite rank or, in case c is finite, of

rank c—1, then we infer from Lemma 1 that the groups of rank m<c in Ço

and E respectively are isomorphic, proving that Qa and E are essentially the

same. If the groups in P are all of finite rank, but their ranks are not bounded

by a finite number, then we deduce from Lemma 2 that Ço and E contain

isomorphic groups of rank fc$0, provided N0<c, and their essential identity

is proven as before. If c = N0, and if the ranks of the groups in P are not

bounded, then we deduce from Lemma 1 that Q0 and E do not differ sub-

stantially. Thus Qo and E are essentially the same if conditions (b') or (b")

are satisfied by P, and this completes the proof of our theorem.

That the conditions (b') and (b") are not necessary may be seen from

the following fact.

Theorem 2. If the c-complete system E contains a free group of rank not less

than 2, then every group in E is free.

Proof. Suppose that F is a free group of rank not less than 2, that / is a
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fully invariant subgroup of the free group V, and that £ and V/J are similarly

reduced free groups. Then JW—** = 1, and we deduce 7=1 from Theorem 2 of

111.2 and Theorem 3 of II.3. Our theorem is an immediate consequence of this

fact.

Theorem 3. The group G is a homomorphic image of a group in the c-com-

plete system S if, and only if:
(i) G may be generated by less than c elements.

(ii) There exists a reduced free group R such that G is a homomorphic image

of R and such that R and S, for every S in S, are similarly reduced free groups.

Proof. The necessity of the conditions being obvious, let us assume that

conditions (i) and (ii) are satisfied by G. Then there exists a free group £ of

rank less than c, a normal subgroup N of £ and a fully invariant subgroup /

of £ such that F/N~G and such that F/J belongs to E. There exists further-

more a free group V, a normal subgroup M of F and a fully invariant sub-

group Lof V such that V'/M~G, L^M and such that F/J and V/L are simi-

larly reduced free groups. If r(V) ^r(F), then V/L belongs to S by Lemma 1,

and G has been shown to be a homomorphic image of a group in S. If

r(F) <r(V), then we infer from (b) of Theorem 1 of III.4 and Theorem 3 of

111.3 that £(^^=7 and J<-F^V^L, and we deduce from (b) of Theorem 6

of II.3 that J = L<-V^F^N, since V/M~F/N. Thus G is a homomorphic

image of the group F/J in S, completing the proof.

If S is a c-complete system, then Sä is the system of all the homomorphic

images of groups in S, and it has been pointed out in Corollary 4 of 11.4 that

the representations of a group G in Sa in the form F/N for £ in S form one

and only one class of similar representations of G. Since every class of groups

is equivalent to a group theoretical property, it seems important to charac-

terize the systems S* by inner properties, and not only as a derívate from the

c-complete system S.

We precede the existence theorem by the following uniqueness theorem.

Theorem 4. // S and 2 are c-complete systems such that S* = 2&, then

S=2.

Proof. If m is a cardinal number smaller than c, then S contains by

Lemma 1 one and only one reduced free group £ of rank m, and 2 contains

likewise one and only one reduced free group 5 of rank m. But £ belongs to

2¿ and is therefore a homomorphic image of some group in 2. Thus it follows

from Theorem 3 and its proof that £ is a homomorphic image of S, and like-

wise one shows that 5 is a homomorphic image of £. Hence it follows from

Theorem 3 of III.4 that £ and 5 are isomorphic, proving our contention.

Theorem 5. The system 2 of groups is of the form 'Z = 'Ehfor S a suitable

c-complete system if, and only if, 2 meets the following requirements.
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(i) Every group in 2 may be generated by less than c elements.

(ii)  2=2*.
(iii) 7/ the normal subgroup N of the group G does not contain any fully in-

variant subgroup of G excepting 1, if G may be generated by less than c elements,

and if G/N belongs to 2, then G belongs to 2.

(iv) If II is a subset of 2, and if there exists a cardinal number m<c such

that every group in TI may be generated by not more than m elements, then there

exists a group P in 2 such that every group in II is a homomorphic image of P.

Proof. If 2 = E* for E a c-complete system, then the validity of (i) and

(ii) is obvious. If the group G may be generated by less than c elements, then

G = F/M where F is a free group of rank less than c. Since E is c-complete,

there exists a uniquely determined fully invariant subgroup J of F such that

F/J belongs to E. If AT is a normal subgroup of G, then denote by N* the

uniquely determined normal subgroup of F which contains M and satisfies

N = N*/M. If A7" does not contain any fully invariant subgroup of G excepting

1, then we infer from Lemma 1 of III.l that every fully invariant subgroup

of F which is part of N* is contained in M. If G/N belongs to 2, then there

exists a free group V, a normal subgroup H of V and a fully invariant sub-

group Koi V such that V/K is in E, KgH, and V/H~G/N~F/N*. Since

both V/K and F/J belong to E, they are similarly reduced free groups and

K^F)g:J, J(F^V)=K may be inferred from Theorem 1 of 111.4 and Theo-

rem 3 of III.3. We infer now from the isomorphy of V/H and F/N*, from

Corollary 1 of III.l and (a) of Theorem 6 of II.3 that J = N*. But J is a fully

invariant subgroup of F, proving J=M. Thus G = F/M is a quotient group of

the reduced free group F/J in E, showing that G belongs to 2. Hence we have

verified the necessity of condition (iii). Suppose now that IT is a subset of 2,

that m <c is a cardinal number and that every group in II may be generated

by not more than m elements. There exists in S one and only one reduced

free group R of rank m. If G is a group in II, then it may be generated by

not more than m elements, and G is a homomorphic image of a group 5 in S.

Then we deduce from Theorem 3 the existence of a reduced free group S*

in E such that r(S*) ^m and such that G is a homomorphic ¡mage of S*. It

is a consequence of (c) of Theorem 1 of 111.4 and of the fact that R and S*

are similarly reduced free groups that S* is a homomorphic image of R.

Hence G is a homomorphic image of R too, proving the necessity of condi-

tion (iv).

We assume conversely that the conditions (i) to (iv) are satisfied by the

system II. If G is any group in II, then G admits because of (i) a repre-

sentation G = F/N where N is a normal subgroup of the free group F and

where r(F) <c. Denote by J the (uniquely determined) greatest fully invari-

ant subgroup of F which is part of N. The reduced free group F/J is of rank

less than c. It follows furthermore from Theorem 5 of III.3 that every fully
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invariant subgroup of F/J which is part of N/J is equal to 1. Thus it follows

from condition (iii) that the reduced free group F/J (of which G = F/N is a

homomorphic image) belongs to IT. We restate the result thus obtained.

(a) Every group in II is a homomorphic image of a reduced free group

in n.
Denote by IIm, for m?¿0 a cardinal number smaller than c, the set of all

the reduced free groups of rank m which are contained in II. If £m is a free

group of rank m, then it follows from Theorem 3 of III.3 that every group

in nm may be represented in one and only one way in the form Fm/J for J a

fully invariant subgroup of £m. It is a consequence of condition (iv) and of

(a) that there exists a reduced free group £ in II of which every group in ITm

is a homomorphic image. Obviously m^r(R). There exists by Lemma 1 one

and only one reduced free group 5 of rank m such that £ and S are similarly

reduced free groups, and from r(S) úr(R) and (c) of Theorem 1 of III.4 it fol-

lows that 5 is a homomorphic image of £. Thus we deduce from condition (ii)

that S belongs to llra. Let R=V/U and 5= Fm/Jm where Jm is a uniquely de-

termined fully invariant subgroup of £m and where U is a fully invariant sub-

group of the free group F. Then TJ{V~'Fm) = Jm. If G is any group in Ylm, then

there exists a fully invariant subgroup J of Fm and a normal subgroup N

of F such that U^N and V/N~Fm/J~G. Hence it follows from Corollary 1

of III.l and (b) of Theorem 6 of 11.3 that Jm^J. Thus the following fact may

be deduced from condition (ii).

(b) If m^O is a cardinal number smaller than C, then there exists a fully

invariant subgroup Jm of the free group Fm such that IIm is exactly the set of

all the reduced free groups Fm/J for / any fully invariant subgroup of £m

satisfying Jm — J.

Suppose now that m and n are two cardinal numbers satisfying 0<m <n

<c. Put A = (£m—>£„) and B = (£„—>£ro). Then it follows from (c) of Theorem

1 of III.4 that £m/£» is a homomorphic image of £„/£„, and belongs there-

fore as a consequence of condition (ii) to nm. Applying (b) we deduce Jm^Jn

so that Jt = Jnk = Jn- There exists a homomorphism 77 of Fn upon the whole

group Fm. If N is the normal subgroup of £„ consisting of all the elements

which are mapped by 77 upon elements in Jm, then Fm/Jm~Fn/N belongs to

II. If W is the uniquely determined greatest fully invariant subgroup of £„

which is part of N, then we deduce from condition (iii) that £„/IF belongs to

n„. Hence it follows from (b) that /„^ W^N. Consequently we deduce from

Corollary 1 of III.l and (b) of Theorem 6 of II.3 that Jl^Jm. Thus FjJm
and Fn/Jn are similarly reduced free groups; and we have shown :

(c) The set S of the reduced free groups Fm/Jm, for m a cardinal number

smaller than c and Fm, Jm defined as in (b), is a c-complete system.

But it is an immediate consequence of (a) and (b) that IT = Sa, and this

completes the proof of our theorem.

Remark 2. The set of all the homomorphic images of a given group G
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meets, for suitably chosen c, the requirements (i), (ii) and (iv), but not the

requirement (iii), unless G is a reduced free group, showing the impossibility

of omitting condition (iii).

Remark 3. The class Pc of all the groups generated by less than c elements

the orders of whose elements are divisors of a suitable positive number (which

may change from group to group) meets the requirements (i) to (iii), though

it cannot satisfy (iv), since 1 is the cross cut of the groups Fn, for F a free

group and re ranging over all the positive integers, showing the impossibility

of omitting condition (iv).

Appendix on word subgroups and identical relations. The following way

of defining "word subgroups"^5) seems to be most convenient for connecting

these concepts with the concepts discussed here. Denote by IF a free group

of countably infinite rank. If G is any group, and if 5 is a subset of W, then

£(w-+G) js ¿fa word subgroup of G defined by S. Clearly every word subgroup of

the group G is a fully invariant subgroup of G. If G is a free group (or a re-

duced free group), then one infers readily from the results of §111.2 the well

known theorem(*e) that all the fully invariant subgroups of G are word sub-

groups. Likewise one sees easily that the reduced free groups F/J and V/K,

for / and K fully invariant subgroups of the free groups F and V respectively,

are similarly reduced free groups if, and only if, J and K may as word sub-

groups be defined by the same subset of W, and that is equivalent to saying

that the same "identical relations'^47) are satisfied in F/J and V/K. One

deduces finally that the system 2 of groups is exactly the class of all the

groups which may firstly be generated by less than c elements and which

secondly all satisfy the identical relations from a certain subset 5 in IF if,

and only if, 2 = Eä for E a suitable c-complete system.

III.6. Representations with interlocking lower central series. If any of

the ^-AT-series of the group G is interlocking (for concepts see §1.2), then

N^(G, G). If conversely N£(G, G), then it follows from Theorem 3 of 1.3

that at least the lower central series relative to N is interlocking. We have

shown furthermore that interlocking p-N-series lead to more invariants than

ordinary series (Theorem 2 of II.2). Thus we are led to the problem of repre-

senting a given group in the form G/N with N^(G, G). Since the trivial rep-

resentation of every group has this property, we have to restrict the range of

groups G admitted, and thus we ask for representations of a given group in

the form R/M for M a normal subgroup of the reduced free group R, satis-

fying M^(R, R).

Theorem. The group G^l may be represented in the form R/M where R

is a reduced free group and where the normal subgroup M of R is part of the

commutator subgroup (R, R) of R if, and only if:

(") Levi [2, pp. 92, 93]; Neumann [l, p. 510, Definition 6.1].

(") Neumann [l, p. 512, Theorem 9.1].

(") Neumann [l ].
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(i) G/(G, G) is the direct product of cyclic groups of equal order o(G) ^ 1.

(ii) o(G) is the l.c.m. of the orders of the elements in G.

(iii) There exists a set of generators of G which represents exactly a basis of

G/(G,G).

Proof. Assume first that G = R/M where M is a normal subgroup of the

reduced free group £ and where M^(R, R). It is a consequence of Theorem 2

of III.3 that £/(£, £) is the direct product of r(R) cyclic groups of equal

order o(R) and that o(R) is the l.c.m. of the orders of the elements in £. But

£/(£, £) and G/(G, G) are isomorphic groups, since Afi£(£, £), and the

"natural" isomorphism between £/(£, £) and G/(G, G) proves immediately

that (i) and (ii) are satisfied by G. The necessity of (iii) is verified likewise,

since it is easy to see that property (iii) is satisfied by all reduced free groups.

Suppose conversely that the conditions (i) to (iii) are satisfied by G. Then

there exists a set D of generators of G which represents exactly a basis of

G/(G, G). This implies the existence of a free group £, a free set B of genera-

tors of £ and a homomorphism 0 of £ upon G which effects a 1:1 correspond-

ence between B and D. The kernel of </> may be denoted by M.

Since o(G) is the l.c.m. of the orders of the elements in G, we have G°(0) = l,

and this implies

(1) £><°> ̂ M.

Since B represents exactly a basis of £/(£, £), it is possible to write every

element x in £ in the form :

x = x'b(lY^ ■ ■ • i(*)"(«

where x' is in (£, £) and where the b(i) are" distinct elements in B. Clearly

x+ = x'+ d(l)"(1) • ■ • d(k)Mk) where x'* belongs to (G, G), and where the ele-

ments d(i)=b(i)* are distinct elements in D. If x happens to belong to M,

then x* = l; and we deduce from the fact that D represents exactly a basis

of G/(G, G) the fact that o(G) is a divisor of all the n(i). Thus we have shown

that x is in (£, £)£°(0), whenever x is in M ; or

(2) M ^ (£,£)£>< «.

We put now £ = £/£°(°) so that £ is a reduced free group, namely the free

group reduced modulo o(G), and we put N = M/Fo(a), which is possible be-

cause of (1). Clearly R/N~F/M = G and N = M/F°<-G>¿ [(£, F)F°<-G>]/F°<-<»
= (£, £) because of (2). Thus we have shown the sufficiency of the conditions

(i) to (iii). As a matter of fact we have shown slightly more, namely the fol-

lowing theorem.

Corollary. If conditions (i) to (iii) of the theorem are satisfied by the group

G, then G = R/N where R is the free group reduced modulo o(G) and where

N£(R,R).
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Remark 1. If o(G) in condition (i) happens to be 0, then G/(G, G) is a free

abelian group and condition (ii) may be omitted.

Remark 2. Condition (iii) does not imply that every set of elements in G

which represents exactly a basis of G/(G, G) generates the group G; as an ex-

ample to the contrary take for G any not abelian free group. It should be

remembered, however, that the property just mentioned may serve in the

case of finite groups as a characteristic property of nilpotent groups(48). Con-

sequently the finite nilpotent groups with the property that the orders of all

their elements are squarefree meet all the requirements of the theorem.
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