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Introduction

1. Relation of the present work to previous researches on map-coloring

and summary of results. The classical unsolved problem with regard to the

coloring of maps is to decide rigorously whether or not four colors always

suffice for the coloring of any map on a sphere(l). This problem has led to two

quite different types of investigation. The characteristics of these two types

may be roughly described as follows:

Type 1. Here the emphasis is qualitative, not quantitative. One is con-

tent to prove that the class of maps under consideration can be colored, with-

out being primarily interested in the number of ways this can be done.

Moreover, since the outstanding problem is the four-co\or problem, the num-

ber of colors considered is limited to four. Perhaps the most characteristic

method of Type 1 involves the use of the so-called Kempe chains, first intro-

duced by Kempe in an erroneous solution of the four-color problem in 1879

(Kempe [l](2)). The method was revived by Birkhoff in 1912 (cf. Birkhoff

[l]) and led through the efforts of Franklin, Reynolds, Winn and others to

considerable success. Winn has proved, for instance, that every map of not

more than 35 regions can be colored in four colors. Perhaps even more remark-

0) For a definition of what is meant by "coloring a map," cf. §2 below. Other terms used

in this introductory section will also not be defined until later.

(*) Numbers in brackets refer to the bibliography at the end of the paper.
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able is his result to the effect that every map containing at most one region

of more than six sides can be colored in four colors (cf. Franklin [l, 2],

Reynolds [l, 2], and Winn [l, 2, 3]).

Type 2. Here the emphasis is quantitative. Moreover no restriction is

made on the number of colors considered. This point of view leads inevitably

to certain polynomials each one of which gives the exact number of ways an

associated map may be colored in any number of colors. The theory of these

so-called "chromatic" polynomials was initiated by Birkhoff in 1912 (Birkhoff

[2]) and has been further developed both by him and by Whitney (Birk-

hoff [3, 4]; Whitney [l, 2]). These researches have not been as successful as

the researches of Type 1 in yielding results that are directly connected with

the four-color problem. It is certain that the greater generality of the problem

here considered has introduced complications which have so far rendered the

solution of the classical four-color problem more remote by the methods char-

acteristic of Type 2 than it is by the methods of Type 1. Nevertheless a

theorem which can be regarded as a weaker form, or a particular case, of a

stronger, or more general, theorem is often harder, rather than easier, to prove

than the stronger theorem. This is particularly true of theorems proved by

mathematical induction, a method especially suited to combinatorial topol-

ogy. In mathematical induction, a strengthening of the conclusion of the theo-

rem means also a strengthening of the inductive hypothesis. When the proper

balance between conclusion and inductive hypothesis has been reached, the

proof goes through ; otherwise not.

It is hoped that the more general point of view characteristic of Type 2

may lead to a stronger conjecture than the four-color conjecture, which may

eventually turn out to be easier to establish. We hazard such a conjecture

in §2, Chapter IV. It is also hoped that the theory of the chromatic polyno-

mials may be developed to the point where advanced analytic function theory

may be profitably applied.

This paper belongs primarily to Type 2. Its primary object is the study

of the chromatic polynomials. Nevertheless, in the later chapters (V and VI)

the most characteristic method of Type 1, namely, that of the Kempe chains,

has been taken over and modified so as to yield quantitative results in any

number of colors. Simultaneously, on the other hand, we have gained by an

alternative method a deeper insight into the nature of the results previously

obtained only by investigations of Type 1 by use of the Kempe chains. This

is true to the extent that we are now able, without using Kempe chains, to

prove the reducibility of the following configurations which are fundamental

in investigations of Type 1 :

1. The four-ring (Birkhoff [l, p. 120]).

2. The five-ring surrounding more than a single region (Birkhoff [l, pp.

120-122]).
3. Four pentagons abutting a single boundary (Birkhoff [l, p. 126]).
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4. A boundary of a hexagon abutting three pentagons (Franklin [l, p.

229]).
Undoubtedly numerous other similar configurations can be proved to be

reducible by the same methods, which are characteristic of the quantitative

point of view taken by investigations of Type 2. Thus, in accordance with

Franklin (cf. Franklin [l]), it would probably be possible, without the use

of Kempe chains, to prove that any map with fewer than 25 regions can be

colored in four colors. Only one further configuration, reducible by Kempe

chains, is needed to accomplish this result. Thus the present work can to

some extent be regarded as an attempt to bridge the gap between two previ-

ously separated points of view.

The earlier chapters are more exclusively of Type 2. The main results of

the first chapter are Theorems I and II of §4, concerning the formulas for the

reduction(3) of an wi-sided region, and their corollary, Theorem 1 of §6, which

is used later in an analysis of the theory of the Kempe chains. The second

chapter contains the outlines and results of a very extensive calculation of

numerous chromatic polynomials. The object of this calculation is the collec-

tion of experimental data. It is the basis of our conjecture of Chapter IV,

previously referred to. In Chapters III and IV are proved numerous inequali-

ties satisfied by the coefficients of the chromatic polynomials. Chapter III

also contains a determinant formula for the chromatic polynomials, differ-

ent from, but somewhat similar to, the one given by Birkhoff in 1912 (Birk-

hoff [2]). Both topics treated in Chapter III have close contact with

Whitney's notable theorem (Whitney [3]) to the effect that under certain

conditions it is possible to draw a simple closed curve passing once and only

once through each region but passing through no vertex.

2. Definitions. The formal definitions here listed deal with very simple

concepts in a terminology which, with a few notable exceptions, is quite con-

ventional. It is therefore suggested that this section be read very rapidly. It

may then later be used for purposes of reference as the need may arise.

The term region will be used to denote a two-dimensional open point set

whose boundary consists of a finite number of analytic arcs and which is

homeomorphic with the interior of a circle, or, more generally, homeomorphic

with any plane bounded connected open set S whose boundary consists of a

finite number of circles without a common point. In the former case the region

is said to be simply connected. In the latter case the multiplicity of connectivity

is the number of circles in the complete boundary of S.

The term map is used in a somewhat more general sense than is customary.

We use the term proper map when it is necessary to distinguish the usual

sense of the word from the more general sense, defined as follows: A map is a

collection of regions, finite in number, together with their boundaries, which

(3) The word "reduction" is here used in quite a different connection from the word "re-

ducible" of the previous paragraphs. Both words will, of course, be explained in the sequel.
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cover just once the entire area of a closed surface. We shall be concerned ex-

clusively with the case when this surface is a sphere or, what is topologically

the same thing, a complete plane closed by the addition of one point at infin-

ity. By a boundary point of the map we mean a point on the boundary of at

least one of the regions of the map. If a map contains at least one boundary

point which lies on the boundary of only one region, the map is called a

pseudo-map. Otherwise, it is called a proper map. In the literature, a pseudo-

map is sometimes referred to as a map with an isthmus. Such a map always

possesses a region which may be described colloquially as touching itself

across a boundary. Sometimes, for the sake of brevity, when no confusion can

result, a proper map will be called simply a map.

It is clear that the set of all boundary points of a map can be regarded

in more than one way as a one-dimensional complex. Those 0-cells of such a

complex which are the end points of three or more 1-cells or of just one 1-cell

are, however, uniquely determined for a given map. They will be termed ver-

tices of the wio¿> and also vertices of the regions on whose boundaries they lie.

Those 0-cells which are the end points of just two 1-cells are given no special

name, as they are not uniquely determined for a given map; and indeed the

only reason for introducing them at all is that in certain rather special and

uninteresting cases the configuration would not be a 1-dimensional complex.

We wish, for instance, to avoid the possibility of a 1-cell having both end

points at a single vertex.

The multiplicity of a vertex is defined as the number of 1-cells of which it

is the end point. It is well known that the four-color problem can be reduced

to the case when all vertices are of multiplicity 3. Hence, with one notable

exception, most of our work will be concerned with maps containing only

triple vertices, that is, vertices of multiplicity 3. A vertex of multiplicity 1 is

called a free vertex. It can occur only in a pseudo-map, but not all pseudo-maps

contain free vertices.

A maximal connected set of 1-cells and 0-cells which does not include a

vertex constitutes what is called a side or boundary line (or simply a boundary)

of the map and also of the regions on whose complete boundary it may lie.

It is clear from this definition that the boundary lines are uniquely determined,

by the given map. Moreover, a boundary line is evidently a simple arc exclu-

sive of its end points, which are necessarily vertices, or else it is a simple

closed curve isolated from all other boundary points (if any) of the map.

If two regions share the same boundary line / as parts of their complete

boundaries, they are said to be contiguous and to have contact with each other

across I. If a boundary line I is on the complete boundary of only one region,

that region is said to be self-contiguous and to have contact with itself across

the boundary line F The occurrence of at least one self-contiguous region is,

of course, charactristic of a pseudo-map.

A simply connected non-self-contiguous region having n vertices on its



360 G. D. BIRKHOFF AND D. C. LEWIS [November

boundary is an n-gon or n-sided region. For special values of n we have, of

course, various synonyms. A 3-gon is a triangle; a 4-gon is a quadrilateral;

a 5-gon is a pentagon, and so on.

A complete or partial map is said to be colored if to each region of the com-

plete or partial map there is assigned just one color in such a way that no

region has the same color as any of the colored regions with which it has con-

tact across boundary lines. The famous four-color conjecture is, in our termi-

nology, to the effect that any complete proper map (on a sphere) can be

colored in four colors. A pseudo-map, of course, can never be colored com-

pletely because it always contains at least one region that has contact with

itself across a boundary line.

Let P„ be a map of « regions and let P„(X) denote the number of ways

that Pn can be colored using some or all of X given colors. Then it is well

known that P„(X) can be written as a polynomial in X, identically zero in the

case of a pseudo-map, but otherwise of the wth degree (cf. Birkhoff [2]).

These polynomials are called chromatic polynomials. In accordance with the

notation just used, we shall invariable use the same symbol to indicate a

specific map and its associated chromatic polynomial, and the number of re-

gions in the map is usually indicated by a subscript. To give an example of the

use of this notation we may now state the four-color conjecture in the form :

".Km(4) ¿¿0, if Km is any proper map." One of Winn's theorems is to the effect

that Xm(4)^0, if Km is any proper map with m^35.

A constrained chromatic polynomial means a polynomial which gives the

number of ways a certain associated map can be colored under certain re-

strictions, as for example, that two non-contiguous regions should receive the

same color (or perhaps distinct colors), while perhaps certain other regions

are not to be colored at all. The regions on which these restrictions are placed

will be said to carry the constraints. By way of contrast an ordinary chromatic

polynomial will be occasionally termed a free polynomial. In Chapters V and

VI the constrained polynomials furnish a powerful tool for the investigation

of the free polynomials, the ultimate object of our study.

Two maps P» and Pm' are said to be chromatically equivalent to each other,

if P„(X)=Pm (X). Evidently any two pseudo-maps are chromatically equiva-

lent, since in this case both chromatic polynomials are identically zero. In

all other cases of chromatic equivalence it is necessary (but not sufficient)

that n=m, since the degree of the (free) chromatic polynomial is always pre-

cisely the same as the number of regions of the map in the case of a proper

map.

Two maps are said to be topologically equivalent if there exists a homeomor-

phism which carries the regions and boundaries of one map into the regions

and boundaries of the other map. Topological equivalence implies chromatical

equivalence, but we shall meet many examples of chromatically equivalent

proper maps which are not topologically equivalent.
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Two maps are absolutely equivalent if the regions and boundaries of one

map coincide with the regions and boundaries of the other. Two maps are

absolutely, topologically, or chromatically distinct if they are not absolutely,

topologically, or chromatically equivalent.

If two contiguous regions in a map of n regions together with their com-

mon boundary are united to form a single region we obtain a modified map,

which will have either n — 1 regions or n regions, according as the two contigu-

ous regions in the original map were distinct or not distinct. The latter case

can, of course, happen only if the original map was a pseudo-map. The modi-

fied map is called a submap of the original map. Moreover the process may

be repeated ; the submap of a submap is also called a submap of the original

map.

This process of forming submaps will be described as the erasure or ob-

literation of boundary lines.

It now begins to be clear why it was desirable to make our definition of a

map so broad as to include pseudo-maps: namely, the submap of a proper

map need not be a proper map. This will always be the case, for instance, if

two regions have contact across two or more boundary lines and only one of

these boundary lines is erased in forming the submap.

The term ring is used in a more general sense than usual, the term proper

ring being reserved for the sense of the word as hitherto used in the literature

on the four color problem. An n-ring consists of a closed curve C (which usu-

ally need not be specified) without double points, which passes successively

through n regions Ri, R2, • • • , Rn but which does not pass through any

vertices. Here Ri is contiguous with Ri+i (i taken modulo n) but the n R's

need not be distinct and it is not required that F,- should have no contact

with R¡ (j^i±í). If, however, the R's are distinct and if there are no contacts

between any nonconsecutive two of them (mod «), the ring is called a proper

n-ring. The inside and outside of the ring refer strictly to the parts of the map

inside and outside of C. The n regions Ri, • • • , Rn are said to form the ring.

We shall say that a map is four-color irreducible, or, for brevity, 4c. irre-

ducible, if it can not be colored in four colors, while any proper map with

fewer regions can be so colored. In previous papers 4c. irreducibility was sim-

ply termed irreducibility. Our purpose in adopting the newer term is that in

the future other types of irreducibility will probably play an important role.

In view of our conjecture of §2, Chapter IV, one might, for instance, define

a map Pn+» of triple vertices and simply connected regions to be absolutely

irreducible, if the relations,

F„+3(X)
(X-3)»«-=^-«(X-2)" for X à 4,V X(X - 1)(X - 2)

do not all hold but corresponding relations do hold for any proper map of

simply connected regions and triple vertices with fewer than n+3 regions.
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A map which is not irreducible (in a particular sense) is said to be reducible

(in the same sense). A configuration of regions is said to be reducible if its

presence in a proper map implies that the map is reducible.

The term reduction formula first introduced in §2, Chapter I, has little to

do with reducibility in the senses discussed above. It is used merely to denote

a fairly general formula which may be used to express a chromatic polyno-

mial associated with a map of n regions in terms of polynomials associated

with maps having fewer than n regions.

A scheme for a set of regions (usually forming a ring) is a rule which divides

the regions of the set into subsets of noncontiguous regions and requires that

all regions of a subset be colored alike but unlike the regions of any other

subset. The constrained polynomials mentioned above usually, though not

invariably, occur in connection with schemes. The word scheme in this tech-

nical sense does not play an essential role until §2 of Chapter V. It should be

mentioned that the word is used in a somewhat different sense in previous

work (cf. Birkhoff [l]).

Chapter I. First principles in the numerical and theoretical

treatment of chromatic polynomials

1. The three fundamental principles. Throughout this chapter, unless the

contrary is clearly indicated, all maps are assumed to have triple vertices

only. All results are still true for more general maps, but this convention

greatly simplifies the statement of most of our essential results.

® O © © ©
Fig. 1 Fig. 2 Fig. 3 Fig. 4 Fig. 5

A large part of the theory of chromatic polynomials can be based on three

very simple formulas, namely:

(1.1) P»(X)   =   (X   -   2)Pn-1(\),

(1.2) P„(X)  = (X - 3)Pn-l(\),

(1.3) P„(X) + F„_i(X) = P*(X) + P*n-x(\).

In formula (1.1), Pn is any map having a 2-gon and P„_i is the map obtained

by erasing from F„ one of the sides of this 2-gon. In the future, we shall need

to use this formula also in the case when one (but not both) of the vertices of

the 2-gon has multiplicity greater than 3, in which case the formula is obvi-

ously still valid. In formula (1.2), P„ is any map having a 3-gon and Pn_i is
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the map obtained by erasing from Pn one of the sides of this 3-gon. In formula

(1.3), the maps P„, P„_i, P„*, Pn-i* are illustrated in figures 1, 2, 3, 4, respec-

tively. Figure 1 represents any map P„ in which we isolate a given boundary b

by drawing a dotted simple closed curve completely around it. Each of the

other figures, 2 to 5, represents the same map appropriately modified within

the dotted curve. The part of the map exterior to the dotted curve is the same

for each of the five maps(4).

The proofs of formulas (1.1) and (1.2) are immediately obvious and are

therefore omitted.

The truth of formula (1.3) also becomes obvious when we note that any

coloration of P„ (fig. 1) or of Pn_i (fig. 2) yields a coloration of Qn (fig. 5);

and, conversely, any coloration of Qn corresponds to a coloration of either P„

or P„_i according as the two colors above and below the quadruple vertex are

distinct or the same. Hence (?n(X) =P„(X)+Pn-i(X). Similarly, Qn(X) =P„*(X)

+P*_i(X), and formula (1.3) is proved.

It may be remarked that in a certain sense our three fundamental formu-

las are not independent. Either one of the formulas (1.1) or (1.2) can be de-

duced from the other with the help of (1.3) without using any other funda-

mental principle except the axioms of elementary algebra and the convention

that the chromatic polynomial of a pseudo-map is zero. For the sake of sim-

plicity it seems wise to give no further attention to this aesthetic defect.

It would be extremely cumbersome to maintain a strictly consistent nota-

tion throughout this paper; and, indeed, a definite inconsistency in notation

is already to be noted with respect to formulas (1.1), (1.2), and (1.3), where,

for example, Pn does not necessarily refer to the same map in the three cases.

Hence, we shall think of our three formulas as embodying three simple funda-

mental principles, rather than as formulas in which we shall, more or less

blindly, carry out mechanical substitutions. We shall refer to these princi-

ples as Principles (1.1), (1.2), and (1.3) respectively.

2. The quadrilateral reduction formula. From the three fundamental prin-

ciples discussed above we can deduce a number of very important reduction

formulas of which the simplest is the following:

(2.1) P„(X) = (X - 4)F„_X(X) + (X - 3)P„_2(X) + P„-2(X),

which may be applied to any map P„ (fig. 6) containing a four-sided region T.

If the sides of F are h, l2, l3, h, in cyclic order, the map P„_i is formed from

P„ by erasing h (or l3); the map Pn-2 is formed by erasing both h and l3;

Pn-i is formed by erasing both l2 and h.

C) C. N. Reynolds, in an unpublished work, describes the modification of P„ (fig. 1) which

yields P* (fig. 3) as a "twisting of the boundary b." The map Pn-\ (fig. 2) is obtained by eras-

ing b from Pn, and P*-i (fig. 4) is obtained by erasing h from P*. It is understood, of course, that

some, or even all, of the maps represented in these five figures may be pseudo-maps.
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In the proof of this "quadrilateral reduction formula," we need also the

map Pb-i obtained by erasing l2 (or /4), as well as the maps P* and P*_t indi-

yw  Key   {Ky
p p* p*-t

Fig. 6 Fig. 7 Fig. 8

cated in figures 7 and 8, whereby it is understood that the part of the map

exterior to the dotted curve is the same for each of the three maps P„ (fig. 6),

Pt (fig- 7), and P^ (fig. 8). By Principle (1.3) we evidently have

(2.2) P»(X) = P*n(\) + p!-i(X) - P„-i(X),

while from Principles (1.1) and (1.2) we have P„*(X) = (X —3)P„_i(X) and

P*_i(X) = (X-2)P„_2(X). Hence (2.2) becomes

(2.3) P„(X) = (X - 3)P„_x(X) - P„_i(X) + (X - 2)P„_2(X).

Again using (1.3), we have P„_i(X) =P„_1(X)+P„_2(X) — P„_2(X). Substituting

this value of P„_i(X) in (2.3), we obtain the desired formula (2.1).

Similarly, by advancing the subscripts of h, l2, l», h, we have the formula

(2.4) P„(X) = (X - 4)Pn_1(X) + (X - 3)P„_2(X) + P„_2(X).

Hence, adding (2.1) and (2.4) and dividing by 2, we get the more symmetrical

formula

(2.5) P„(X) = —^— [P„_i(X) + P„_i(X)] + -^— [P„_2(X) + P„-2(X)],

first proved by another method in 1930 (cf. Birkhoff [3]; also Birkhoff [4,

pp. 14, 15]). It is evident that formulas (2.1) and (2.5) are almost equiva-

lent, as either one can be derived from the other by applying Principle (1.3).

We shall accordingly call (2.5) the symmetrical form of the quadrilateral re-

duction formula whereas (2.1), or (2.4), will be referred to as the simplest

nonsymmetrical form. Still another nonsymmetrical form is given by (2.3).

This form, however, is not used very much as it has the disadvantage, as

compared with (2.1), of involving two maps of n — 1 regions and only one map

ofn — 2 regions, instead of the other way around. The symmetrical form has

the disadvantage of involving fractions as well as four maps, instead of only

three, on the right-hand side.
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3. The pentagon reduction formula. Analogous to the results of the pre-

ceding paragraph we have various forms for a pentagon reduction formula.

The simplest nonsymmetrical form is

P„(X) = (X - 5)pI-1(\) + (X - 4)[P'_S(X) + P'_2(X)]

(3 '1} + pL(x) + P'-2(X) + P*_S(X),

which may be applied to any map P„ (cf. fig. 9) containing a five-sided region

T. Denoting the sides of T by h, l2, l3, h, h in cyclic order, Pi„_1 refers to the

map obtained by erasing ¿,-, while Pi_2 refers to the map obtained by erasing

/i_i and /«+i. Here the indices are taken modulo 5.

Fig. 9 Fig. 10 Fig. 11

In addition to these maps we need, for the proof of (3.1), the maps P*

(fig. 10) and P*_i (fig. 11), whereby it is understood that the part of the map

exterior to the dotted curve is the same for each of the three maps represented

by figures 9, 10, and 11. By Principle (1.3) "we evidently have

(3.2) Pn(X) = P*(\) + p!_i(X) - pLi(X).

But the map P„* (fig. 10) has a four-sided region. Hence the quadrilateral

reduction formula (2.1) can be applied and we get

P*(X) = (X - 4)pLi(X) + (X - 3)P'_2(X) + P»_2(X).

Also P*-i (fig. 11) has a three-sided region, so that (1.2) may be applied and

we get PÍ_i(X) = (X-3)P¿_2(X). Inserting these values of Pj(X) and P?_i(X)

into (3.2) we have

P»(X) = (X - 4)PÜ_i(X) - pLi(X) + (X - 3)pL(X)
(3.3) 3 4

+  (X  -  3)Pn-i(\)  + Pn-2(X).

Now it can easily be shown with the help of Principle (1.3) that Pi.xiA')

+Pn-2(A)=FH_i(X)+PiS_2(X) together with four other equations obtained

by advancing the indices (modulo 5). It follows that P¿_i(X) =PÍJ_1(X)

+Fi_2(X)-P2_2(X)+PS_2(X)-P2_2(X). Inserting this value of P¿_iO) into
(3.3) we obtain
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Pn(X) = (X - 5)pLi(X) + (X - 4)PL2(X) -+ Pl-2(\) + (X - 4)P3B_2(X)

+ Pn-2(X)  + pL2(X),

the required formula (3.1) with the indices advanced one unit (modulo 5).

The symmetrical form of the pentagon reduction formula is obtained by

adding (3.1) to the four other equalities obtained by advancing the indices

(modulo 5). After dividing by 5, the result is

X - 5 r i    <        1      2X-5r*<        1
(3.4) P„(X) = —— ̂  Z F„_i(X) j + —— L £ Pn-2(X) J,

a formula first proved by another method in 1930 (cf. Birkhoff [3, 4], loc. cit.).

(3.1), (3.3) and (3.4) are equivalent in the sense that any two of them can

be derived from the third by use of Principle (1.3). Although (3.3) involves

only five maps on the right-hand side, two of these have n — 1 regions. This

fact and the occurrence of a strictly negative term for X = 5 in (3.3) combine

to make (3.3) less useful than (3.1). Hence the expression "simplest" nonsym-

metrical form is used with reference to the latter formula.

4. The m-gon reduction formula. The methods used in deducing the quad-

rilateral and pentagon reduction formulas will evidently yield an m-gon re-

duction formula. Although the indicated proof of a general formula by com-

plete induction appears to be very complicated and has not yet been explicitly

constructed, the preceding statement is certainly true with regard to any pre-

assigned numerical value of m. The following is an entirely different method

of proof, somewhat reminiscent of the original method used by Birkhoff in

1930 (loc. cit.) for the special cases w=4 and 5. This proof rests on ideas

somewhat more complicated than the three principles of §1.

The symmetrical and nonsymmetrical forms of the m-gon formula are

given respectively by Theorems I and II below:

Theorem I. Let T be an m-gon in a map Pn of n regions. Let n„_*(X) de-

note the sum of the chromatic polynomials associated with the submaps obtained

by erasing just k boundary lines of T. Then

1      [m/2]

(4.1) Pn(X) = —    £  (k\ - m)Un-k(K),
m   k~x

where [m/2 ] = m/2 or m/2 — 1/2 according as m is even or odd.

Theorem II. Let the boundaries of T be denoted by h, l2, • • ■ , lm in cyclic

order. Let t/J_t(X) denote the sum of the chromatic polynomials associated with

the submaps obtained by erasing the boundary U together with just k — l other

boundaries of T. Then, with the notation of the previous theorem,

[m/2]        . [m/2]

(4.2) P„(\) - (X - m)  £ Ul-k(X) +  E (k - l)n„_,(X),
k~X k~2
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for any positive integral value of i from 1 to m, inclusive.

It may be remarked that not only are formulas (2.1), (2.5), (3.1), and

(3.4) special cases of (4.1) and (4.2) but so also are (1.1) and (1.2), as we

would see by taking m = 2 and 3 respectively.

Proof of Theorem I. The symbol p[cti, ßi, a2, ft, • • • , ct„ ß,], in which

the a's and ß's are positive integers with o¿i>a2> ■ • • >as>0, is of central

importance. Its value is defined as follows: Let ¿»[ai,/3i, • • •, a„ ft] equal the

number of ways Pn—T can be colored (in X colors) so that ßi distinct colors

each occur just a< times in the ring of. regions surrounding T. From this defini-

tion it follows that

(4.3) ßi + ß2 + • ■ • + ft = total number of colors occurring in the ring in

each of the colorations here enumerated;

(4.4) a,ft + a2ß2 H-+ a.ß. - m,

at least if ¿»[«i, ßi, ■ • • , a„, ft] 5^0. This shows, in particular, that 5 is

bounded, say not greater than m. Also a and ß are obviously bounded.

It is easy to see from (4.3) that

(4.5) P„(X) = E E (* ~ ft ~ ft- ß,)p[ai, ßu • - • , a„ ß,],

where E^.fl denotes a sum, for fixed s, over all possible sets of values for

oti, ßi, • ■ ■ , «», ft. E» represents a sum over all possible values of 5. Also we

see that

(4.6) n_i(X) = Z É   E ßtp[«i, ft, ■ • ■, «., ß.],
s     i=l    ai<=k

where 2J<»;--fc denotes a sum, for fixed 5 and i, over all possible, values of

oil, ft, • • • , «», ft such that cn = k. Multiplying (4.6) by k\ — m and summing
over all possible values of k, we have

T, (k\ - w)n_*(x) =Z(fe-»f)EI Z ßip[«\,ft, • • • , «., ft]
k k s     i=>l    ai=h

e

= Z E E   Z («*X - m)ßiP[ai, ßlt • • • , a» ß,\
k       s     t=l    ai=-=k

s

= 121111   E (<*<ft* - mßi)p[«u ft, • • • , o„ j8.]
«     i=l     it        ai = k

ê

= 121111 («<ftA - mßi)p[au ßu • « • , a„ ft]
s     <-l  o,/3

= E E E («.ft^ - mßi)p[ai, ft, •■• - , a„ ft],
«     o,ß  t=l
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and this, by (4.4), yields

mß.)p[ax,ßi, ■ • ■ , <x.,ß.].

The upper limit for the summation over k is [m/2], since the erasure of more

than half of the boundaries llt l2, • • • , lm of F could not possibly yield a

proper submap of P». In fact, the erasure of more than half the boundaries

of F would involve the erasure of at least two consecutive boundaries and

this would leave a free vertex.

Comparison of (4.7) with (4.5) yields the result that

[m/2]

wPn(X) =  E (k\ - m)nB_*(X).
¡fc-1

Division of this last equation by m completes the proof of Theorem I.

Proof of Theorem II. We introduce the map ß„_i obtained from the origi-

nal map P„ by shrinking F to a point in such wise that the m regions in the

ring about F abut on a single m-tuple vertex. Let Q„_i(X) denote the corre-

sponding chromatic polynomial. Then evidently

[*/2]       .

(4.8) Qn-xQC) =  £ Un-h(X)
t-i

independently of i, inasmuch as UH_t(k) is equal to the number of ways of

coloring ß„_i in such a manner that the region i?<, which originally had con-

tact with F across the boundary /,-, receives the same color as exactly k — 1

of the other regions about the m-tuple vertex. It is also clear from the defini-

tion of l£_i(X) that

(4.9) £ uLk(\) = Ml„_t(X),
i-X

inasmuch as each submap obtained by erasing just k boundaries of T will be

represented just k times in the sum on the left.

Taking i=j in (4.8) and subtracting the result from (4.8) in its original

form.weobtainanequalitywhichwesolvefor i/^_i(X)intermsof the other CFs,

(4.10) i/Li(X) = f/LiiX) + E [uLk(\) - i/L*(X)].
k-2

By taking k = 1, we obtain from (4.9)

nn_:(X) = ¿ uLi(\).
i-X

(4.7)

Im/S]

E (fcx - m)nB_t(X)
t-1

= E E (.nik — mßx — mß2
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Hence, substituting from (4.10), we get

m     [m/2]

nB_x(X) = muLi(\) + Z E [t/»-*(x) - un.k(\)].
<_1     A_2

Hence, reversing the order of summation and making use of (4.9), we have

tm/2] [m/2]

n„_i(X) = m ¿_ Un-k(\) -  Zu kUn-k(X).
k=l k-i

Inserting this value of II„_i(X) into (4.1), we get

I    t f   [m/2] [m/2] -| [m/2]

F„(X) =—U\-m)\m¿2 uLk(\) - E ¿nB_*(X) \+ Z (*x - >»)nn_*(x)}
ml L   i-i k-i J      t-2

[m/2] [m/2]     jfeW _ W

- (X - m) E tf»-*Q0 + Z  -nn_*(x).
... ,.     n «îi-2

Hence P„(X) = (X-w)Zim-/f ̂ -i+ZK'^-DIIn-fcO). But this is exactly
the formula (4.2) which we desired to prove with i replaced by/.

5. On the number of terms in the sums represented by Ii„-k and C^_t,

which occur in the w-gon formula. We wish to find the number F(m, k) of

absolutely distinct proper submaps that can be. formed by erasing just k of

the m boundaries of the region T in the map P„. For this purpose we assume

that the ring surrounding F is a proper ring. F(m, k) is then evidently inde-

pendent of the part of P„ exterior to the ring. It is, in fact, a function of the

integers m and k alone. In order to visualize the problem more clearly, we

note that F(m, k) =the number of ways in which any proper ring of m regions

can be colored in black and white in such wise that no two black regions shall be

in contact (but without regard to whether or not two white regions are in con-

tact) and so that just k regions are colored black.

Let us first consider three consecutive regions A, B, C in a ring F^m+i of

m+i regions. The colorations of Rm+i ennumerated by F(w + 1, k) fall into

just five types according to the way in which A, B, C are colored. These

types are indicated in the following table:

type

white

black

white

white

black

B

white

white

white

black

white

white

white

black

white

black

number of other black regions in Rm+i

k-i

k-i

k-1

k-2
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If we shrink the region B until it disappears in such a way that A and C abut

each other, we get a ring Rm of m regions. If in Rm we merge the abutting

regions A and C into a single region, we get a ring i?m_i of m — 1 regions. It

is evident from the above table that every coloration of Rm+i in types 1, 2,

or 3 yields just one coloration of Rm with k black regions, and conversely.

Likewise every coloration in types 4 and 5 yields one coloration of Rm-x with

¿ — 1 black regions, and conversely. It follows that

(5.1) F(m + 1, k) = F(m, k) + F(m - 1, k - 1).

The argument which led to this partial difference equation is valid as long

as m = 2 and k = 0, although the number of colorations in types 2,3,4,5 would

be zero for & = 0 and the number in type 5 would also be zero for k — i. Ac-

tually we only need the validity of (5.1) for & = 1. We also obviously have

(5.2) F(m,0) = 1, m = 1,

(5.3) F(2k, k) = 2, k = 1.

It is easy to see that the three equations (5.1), (5.2), and (5.3) determine our

function F(m, k) uniquely for integral values of m and k satisfying m = 2k >0.

Hence, we can verify a posteriori that

(- ~, rtm—Ä+1 ^m—k—X

5.4) F(m, k) = Ck        - Ck-*

where Cq is the coefficient of x" in the expansion of (l-\-x)p. For, in virtue

of the known properties of the binomial coefficients, particularly the relation

C*+1 = CÏ+CÏ-u it is easy to show that (5.4) satisfies (5.1), (5.2), and (5.3).

We are also interested in finding the number G(m, k) of absolutely distinct

proper submaps to be formed by erasing a preassigned boundary of F to-

gether with just k — i other boundaries, assuming again that the ring sur-

rounding F is a proper ring. As before, we obtain

G(m + 1, fe) - G(m, k) + G(m - 1, k - 1),

G(m, 1) = 1, m = 1,

G(2k, ft) — 1, k è 1.

It follows from these three equations that

(5.5) G(m, k) = CT-Ti*-1 - (k/m)F(m, k).

Thus, in the general case in which the ring surrounding F is a proper ring,

the expressions nn_fc(X) and U¿-t(\) which occur in (4.1) and (4.2) represent

sums of F(m, k) and G(m, k) chromatic polynomials respectively, where F(m, k)

and G(m, k) may be expressed in terms of binomial coefficients as indicated by

(5.4) and (5.5).
6. A general reduction theorem. We now consider a general reduction

theorem of which Theorem II of §4 is an explicit example.
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Theorem I. Let R, denote a ring (not necessarily proper) of v regions, of

which n are distinct (¡i^v) in a map Pn which has a regions on one side (say

exterior) of the ring and ß regions on the other side (interior), so that a +ß +ß = n,

the total number of regions in Pn. Let Px, P2, • • ■ denote the various submaps,

of not more than a+p, regions each, that can be obtained by erasing boundaries

wholly interior to R,. Then the chromatic polynomial P„(X) associated with P„

can be expressed in the form

(6.1) Pn(x) = XM'MP'CX),
i

where Ax(\), ^42(X), • • • are polynomials in X with integral coefficients, which

are entirely independent of the configuration exterior to the ring R,.

Proof. We prove the theorem by induction on ft The theorem is trivial

if ft=0, because then P„(X) can be regarded as a submap of itself of not more

than ct-\-ß regions and hence we may take P1(X)=Pn(X), ^41(X)=1, A2(X)

=A3(\) = • • • =0. We therefore assume inductively that the theorem is

true when ß^y — 1 (y^I). We shall prove that the theorem must then be

true when ß=y.

Since Pn has j3=7>0 regions interior to the ring R„ there must exist at

least one region F lying wholly within the ring. The proper submaps

Qx, Q2, • • • obtained by erasing the various boundaries of T have the same

configuration exterior to Ry that Pn has, but, interior to R„ each has at most

7 — 1 regions. Hence, by our inductive hypothesis and the fact that the sub-

maps of Qi must also be submaps of P„, we have

(6.2) Q'(\) = Z A«PK\), / = 1, 2, • ■ • ,
i

where A ij'(X) is a polynomial in X with integral coefficients independent of

the exterior of Ry. On the other hand, we know from Theorem II of §4 that

we can always write an identity of the form

(6.3) P„(X) - EJWG'XX).
1

where LX(K), F2(X), • • • are polynomials in X with integral coefficients (of

degree not greater than 1) depending only on the number, m, oí boundaries

of F, and hence wholly independent of the exterior of Rr. Ii, in (6.3), we sub-

stitute for <2'(X) its value given by (6.2), we arrive at an identity of the form

(6.1) with A{(\) =HjAii(X)L'(X). Since both A1' and L> have integral co-
efficients and are independent of the exterior of i?„, the same is true of A '(A)

and our proof by induction is complete.

It is important to notice for future application that this theorem is also

valid for constrained chromatic polynomials provided only that the constraints

are not carried by any regions completely interior to Rv- In such cases, the coeffi-

cients A *(X) are independent of the nature of the constraints.
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Evidently, as already noted, Theorem II of §4 is an explicit example of

the general theorem just proved with v=m and ß = i. We shall pause to give

another nontrivial example with »» = 6 and /3=4, the interior of the ring i?»

consisting of four pentagons (cf. fig. 12). By erasing boundaries inside the

Fig. 12

ring we get the submaps topologically equivalent to those indicated in fig-

ure 13. The chromatic polynomial Pn(X) associated with the map of figure 12

of the formula

P„(X) = (u* - 3«»+ 10m2 - 16« + 8)Ax(\) + («« - 4m2 + 9« - 4)5j(X)

+ (u* - 3m' + 9m2 - 12« + 5)/52(X) + (-«* + 4m - 3)/5,(X)

+ (m» - 4m2 + 9m - 4)/J<(X) + (- m2 + 4m - 3)B6(\)

+ («4 - 3m3 + 9m2 - 12m + 5).B,(X)

+ (m* - 6m2 +11m - 6)Ci(X) + (m4 - 2m» + 4m2 - 5m + 2)C2(X)

+ (m2 - 5m + 2)FI(X) + £2(X) + E3(\)

+ (u* - 3m' + 10m2 - 14m + 6)Fx(X) + (- 3m2 + 6m - 3)Fi(\)

+ (- 3m2 + 6m - 3)F8(X),

where m=X—3. The deduction of this formula along the lines indicated in the

proof of Theorem I, or by direct use of the three fundamental principles of
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§1, is routine but extremely laborious. Hence the actual calculations are

omitted. One reason for taking the trouble of calculating such a formidable

formula in the first place was the following :

It is known from a study of the Kempe chains (cf. Birkhoff [l, p. 126])

that the configuration of four pentagons surrounding a boundary is a 4c. re-

ducible configuration. The question arose as to whether or not the irreducibil-

ity of this, and similar configurations, could be proved also by means of a

reduction formula of the type discussed in Theorem I. The answer is in the

negative. For, if we put X=4 (that is, m = 1) in (6.4) we get

(6.5) P„(4) = 231(4) + 2734(4) - 2£i(4) + £2(4) + F3(4),

and the negative term — 2Ei(4) prevents us from concluding that Pn(4) is

positive.

Formula (6.5) is, however, not entirely useless; it enables us to prove the

following result, of some interest, perhaps, but of very minor importance:

Theorem II. If the map Bi (fig. 13) is colorable in four colors, then

(6.6) 273x(4) + 234(4) + F2(4) + F3(4) > 2Ex(±).

The proof consists in the remark that Birkhoff's result (loc. cit.), although

not explicitly stated in this way, is to the effect that, if Bx is colorable in four

colors, then Pn is also colorable in four colors, that is, P„(4) >0. Our inequal-

ity (6.6) will then follow at once from (6.5).

In spite of the disappointingly weak results obtainable by formulas of

the type indicated by Theorem I, it will be seen later in Chapter V that the

methods of the present chapter are indeed available for proving many, if

not all, of the results previously proved only by use of the Kempe chain

theory. This is done by considering not only the free chromatic polynomials

but the constrained chromatic polynomials as well.

7. The reduction of the 2- and 3-rings. We close this chapter by recording

two obvious formulas (cf. Birkhoff [4]) for the reduction of the 2-ring and

3-ring. They are

Pa(X)-Pß(\)
(7.1) Pn(X)=       \'     '\J , a + ß-2-fi,

X(X — 1)

for the 2-ring, and

Pa(\)-Pß(X)
(7.2) P»(X) =-——-1—-, a + ß-3 = n,V W      X(X - 1)(X - 2)

for the 3-ring. In either case Pa is the map obtained by shrinking to a point

the part of the map P„ which lies on one side of the ring, while Pß is formed

likewise by shrinking to a point the other side of the map. These formulas

may be regarded as generalizations of (1.1) and (1.2).
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These reduction formulas are very simple because all the regions forming

a 2-ring or a 3-ring are in mutual contact with each other and hence their

colors must be mutually distinct. Therefore, to match any coloration of Pa

with a given coloration of Pß it is only necessary to permute the colors of Pa.

This is, of course, not true for the w-ring (ra^4). Hence the analogue of

(7.1) and (7.2) for even the 4-ring is much more complicated. We have suc-

ceeded (cf. chapters V and VI) in obtaining these analogues for both the

4-ring and the 5-ring, but not for the w-ring—neither for the general case

nor for any explicit value of m 2ï 6. If we were in possession of the completely

general formula, the four-color problem could probably be considered sub-

stantially on the way toward solution.

Chapter II. The explicit computation of chromatic polynomials

1. Preliminary remarks and explanation of the method of computation. It

seemed desirable to have on hand a fairly large assortment of chromatic poly-

nomials in the hope that they might give some insight into the general theory.

Unfortunately, except for a few special cases, the explicit computation of

these polynomials is very involved for maps with a fairly large number of

regions. The computation may be somewhat simplified by introducing the

following.
m = X — 3,

(?»(«) =
X(X - 1)(X - 2)(X - 3)

Now P»(0) =P„(1)=P„(2) =0 for any map containing at least one (triple)

vertex and P»(3) =6, or 0, according as the map (all of whose vertices are

assumed to be triple) does, or does not, consist entirely of even-sided regions

(Heawood [l]). Ordinarily, then, when the map contains at least one odd-

sided region, P„(X) is divisible by X(X —1)(X —2)(X —3) and hence Qn(u) is a

polynomial in u of degree n — 4. In the relatively few cases when the map

contains no odd-sided region, Qn(u) is a polynomial in u of degree w —4 plus

a term u~x. In either case, we shall call Qn(u) the Q polynomial of the map

Pn  (W^4).

If we transform the fundamental formulas (1.1), (1.2), (1.3), (2.1), (3.1),

(7.1), and (7.2) of Chapter I so that they are expressed in terms of u and the Q

polynomials, we get

(1-1) Qn(u)   =   (u+l)Qn-l(u),

(1.2) Qn(u)   =   uQn-l(u),

(1.3) Qn(u) + Qn-l(u) =  Q*n(u)   + (fn-l(u) ,

(1-4) Qn(u) = (u - l)Qn-i(u) + uQn-2(u) + QÏ-2(u),
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(?•(«) = (« - 2)qLi(u) + (u - 1) [(£_,(«) + Qn-2(u) ] + QLî(«)

+ e3n_2(M) + ç4n_2(M),

Qn(u)   =  «(« +  1)G«(«)Q»(«). « + 0-2  =  1»,

Q„(m) = «Q«(«)eß(«). « + ß - 3 = m.

The interpretation of these formulas is obvious from §§1, 2, 3, 7 of the previ-

ous chapter.

In virtue of (1.1), (1.2), (1.6), and (1.7), the Q polynomial of any map

containing a proper 2-ring or 3-ring is easily expressed in factored form in

terms of one or two Q polynomials of maps with fewer regions. Hence the

only maps whose Q polynomials we list in the table of the next section are

those maps (having only triple vertices) which contain no proper 2-rings and

no proper 3-rings. Maps of this type are called regular maps.

For purposes of classification and reference, it has been found convenient

to associate with each regular map a symbol (n;a,b,c, ■ ■ ■ ), where

n = the total number of regions in the map,

a = the number of four-sided regions in the map,

¿>=the number of five-sided regions in the map,

c = the number of six-sided regions in the map,

and so on. It has been our experience that (for n ^ 16, at least) there are very

few topologically distinct maps associated with the same symbol; in many

cases, only one. In the cases where there are more than one map associated

with the same symbol, the two (or more) maps are easily distinguishable by

some easily described topological property. For example, we have two maps

associated with the symbol (16; 0, 12, 4), bat they are easily distinguished

from each other as follows : One of them has four isolated hexagons. The other

has two pairs of hexagons, each hexagon of a pair in contact with the other

hexagon of the same pair; but the two pairs are isolated from each other.

According to Bruckner(6), our list of regular maps is complete up to and'

including « = 10. We know, therefore, that our symbol and accompanying

topological description characterize our maps uniquely for « = 10. Hence it

is not necessary to provide further information for these maps.

For «>10, we can not tell (without going through an enormous amount

of work) whether or not the map in any given case is uniquely described.

Hence it seems necessary to provide a "contact" symbol for the unique char-

acterization of each map listed with more than 10 regions. A contact symbol

for a regular map of n regions is a set of 3n — 6 pairs of letters enclosed in

brackets. If the symbol contains the pair xy, it means that region x is in con-

tact with region y ; otherwise region x is not in contact with region y. With the

(6) Max Brückner, Vielecke und Vielflache, Teubner, Leipzig, 1900. Cf. also Reynolds

[3]. There are a total of 21 maps given by Brückner as having no 2-sided or 3-sided regions.

Three of these have proper 3-rings; eighteen are listed in our table.

(1.5)

(1.6)

(1.7)
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help of this symbol it will be possible for the reader to reconstruct a figure

representing each map.

In order to facilitate the work of reconstruction, the letters paired with

the particular letter a will be given in the same cyclic order in which the cor-

responding regions surround the region a. Thus the first seven pairs in the

contact symbol [ab, ac, ad, ae, af, ag, ah, be, bj, bi, bh, cd, cj, de, dj, ef, ek, ej,

fi, fi, fh, gh, gi, hi, ij,f ik, jk] indicate that the region o is surrounded by the

ring consisting of regions b, c, d, e, f, g, h, in exactly this cyclic order, so that

the further presence of the pairs be, cd, de, ef, fg, gh, hb is to a certain extent

redundant.

The number of sides possessed by a given region is, of course, equal to

the number of times the corresponding letter occurs in the symbol. Thus the

regions b, c, d, e, f, g, h (in the example just given) are easily seen to have

5, 4, 4, 5, 5, 4, 4 sides respectively. In this particular case this is all the in-

formation the reader will need to know in order to reconstruct the map, al-

though the symbol contains much confirmatory further information.

In a systematic calculation of a table, which is to be reasonably complete

up to a certain value of n, it is desirable to make the table as complete as

possible for w^¿» before starting with n = ¿» + l. Otherwise it is necessary to

keep going back to fill in gaps for smaller values of n.

A good illustration of our method will be presented, if we give a complete

computation for the chromatic polynomial of the dodekahedron, (12; 0, 12),

assuming that the chromatic polynomials for all regular maps of 10 or fewer

regions are already known. As a matter of fact it is not necessary to carry

the calculation through all of these (of which there are 18) but only a com-

paratively few (about 7).

Fig. 14

Let Qi2(u) be the chromatic polynomial for the map (12; 0, 12), divided

by X(X —1)(X —2)(X —3). Then applying the formula (1.5) to one of the five-

sided regions of the dodekahedron, we find that

(1.8) Qn(u) = (u - 2)Qn(u) + (2u + l)Qio(u),

where Qn refers to the map Pn of figure 14 and Qio refers to the map Pi0 of
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figure 14. Now Pio has a three-sided region (shaded in the figure). Hence, this

map is not listed in our table. We can, however, apply formula (1.2). This

gives

(1.9) (?io(m) = «&(«),

where Qt refers to the map P9 of the figure. P» has the symbol (9; 4, 4, 1)

and hence we find from our table that Q9 = w8+0m4+5m' — 2m2+m + 1. Sub-

stituting this value for Qt in (1.9) we find

(1.10) Qxo(u) = m« + 0m« + 5«4 - 2m» + m2 + m.

We next go back to Pu.This map has the symbol (11; 2, 8, 1). Moreover, if

suitable letters are assigned to its regions (as shown, for example, in figure 14),

its contact symbol is readily seen to be the same as that given in the table in

connection with (11; 2, 8, 1). Hence our required polynomial, Qxx(u), is also

found in our table in connection with (11; 2, 8, 1). We are not, however, for

Fig. IS

the purposes of our present example supposing that Qxx is known. Instead we

apply (1.4) to one of the four-sided regions of Pn. We thus find that

(1.11) Qxx(u) - (m - I)Öio(m) + uQ»(u) + Q*(u),

where Çl0 refers to the map (10; 3, 6, 1) and hence by our table is given by

(1.12) Çio(m) = m« + Om5 + 6m4 - 7m» + 6m2 + m - 1,

while Qa and Q* refer to the maps P9 and P* of figure 15. Neither of these two

maps is regular. They contain the shaded three-sided regions, which can be

reduced by formula (1.2). We thus find that Qt(u) =u2Qi(u) and Qt = uQ%(u),
where Q7 refers to the map (7; 5, 2) and hence is equal to ws+0m2+3m + 1,

while Qs refers to the map (8; 4, 4) and hence is equal to m4+0w3+4m2 — u — 1.

It follows that

(1.13) Q9(u) = m5 + 0«4 + 3m' + w2,   C/9(«) = w6 + Ow4 + 4«» - «2 - w.

Substituting the values of Qxo, Qt, Qt, as given by (1.12) and (1.13), in (1.11),
we find that
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(1.14) Qu(u) = u7 + Ou6 + 7m5 - 10m4 + 18«s - 6w2 - 3u + 1.

Finally substituting the values of Qi0 and Qn as given by (1.10) and (1.14)

in the equation (1.8), we find that

(1.15) Qi2(u) = m8 + Om7 + 8m6 - 14m6 + 39m4 - 42m3 + 12m2 + 8m - 2.

Anybody wishing to verify this result from the ground up would have to con-

firm the chromatic polynomials for the following regular maps: (7; 5, 2),

(8; 4, 4), (9; 4, 4, 1), (10; 3, 6, 1). Using the same method as that explained

above, he would not have a difficult task. Also, it may be noted that (1.15)

can be checked in various ways. The dodekahedron possesses a proper 6-ring

of such a type that formula (6.4) of Chapter I can be used. Other formulas

of this type could also be used for checking purposes. So can formula (1.3).

The polynomial (1.15) was first given by Whitney written in powers of X

(cf. Whitney [2, p. 718]). Whitney's method of computation was not pub-

lished, though it was made available to the present authors. It was entirely

different from the method explained above. So far as is known, this is the

only previous case in which a nontrivial chromatic polynomial has been ex-

plicitly calculated, certainly the only case published. One reason for this is

that most of the coefficients of the powers of X in the chromatic polynomials

are numerically very large for nontrivial maps. This is apt to cause an ex-

cessive amount of numerical calculation. This difficulty has been avoided in

the present work by writing the polynomials in powers of X —3 ( = w).

2. Table of chromatic polynomials (divided by X(X —1)(X —2)(X —3)) for

regular maps.

(6; 6) Qt = u2+0u + 2+u-x.

(7; 5, 2) m3+0m2+3m + 1.

(8; 4, 4) m4+0m3+4m2-m-1.

(8; 6, 0, 2) m4+0m3+4m2+3m+3+m-1.

(9; 3, 6) M54-0M4-r-5tt3-5M2-r-0M-r-l.

(9; 4, 4, 1) m6+0m4 + 5m3-2m2+m + 1.

(9; 5, 2, 2) m6+0m4 + 5m34-0m2 + 2m-|-1.

(9; 7, 0, 0, 2) m5+0m4+5m'+6m2+7m+2.

(10; 2, 8) m6+0m5+6m4-8m3-1-8m2 + 2m-1.

(10; 3, 6, 1) m6-t-0m6 + 6m4-7m3 + 6m2+m-1.

(10; 4, 4, 2) sixes(6) separate, fives in two mutually separated pairs,

m8+0m6 + 6m4-2m3 + 6m2 + 3m+0.

(10; 4, 4, 2) sixes separate, fives connected,

m6 + 0m5 + 6m4-5m3+4m2+0m-1.

(10; 4, 4, 2) sixes connected, fives connected,

m6+Om6 + 6m4 - 3m3 + 6m2 + 3m+0.

(6) Here and in the sequel the words "four," "five," "six," and so on, are used as abbrevia-

tions for four-sided, five-sided, six-sided, and so on, regions.
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(10; 5, 2, 3) m6+0m6+6m4-2m3+6m2+3m+0.

(10; 5, 3, 1, 1) w6+0m6+6m4-m3+3m2-m-1.

(10; 6, 0, 4) m6+0m6+6m4+m3+8m2+7m+4+m-1.

(10; 6, 2, 0, 2) m6 + 0m5+6m4 + 2m3+4m2-m-1.

(10; 8, 0, 0, 0, 2) m6 + 0m5+6m4+10m3+14m2+8«+4+m-1.

(11 ; 2, 8, 1) [ab, ac, ad, ae, af, ag, be, bh, bg, cd, cj, ch, de, dk, dj, ef,

eh, fg, fi, fk, gh, gi, hi, hj, ki, kj, ij]
k7+0m6+7m6-10m4+18m3-6m2-3m+1.

(11; 3, 6, 2) fours isolated [ab, ac, ad, ae, af, ag, be, bh, bg, cd, ck,

ch, de, dk, ef, ej, ek,fg,fi,fj, gh, gi, hk, hj, hi, kj, ij]
m7+0m6 + 7m6-9m4+14m3-5m2-2m + 1.

(11 ; 3, 6, 2) pair of fours in contact [ab, ac, ad, ae, af, ag, be, bi, bh,

bg, cd, ck, ci, de, dk, ef, ek, fg, fj, fk, gh, gj, hi, hj, ik, ij,
jk]
m7+0m6+7m6-8m4+13m3-3m2-m+1.

(11; 4, 4, 3) sixes connected; one single 4 surrounded by 5556; other

single 4 surrounded by 5566 [ab, ac, ad, ae, af, ag, be, bj,

bi, bh, bg, cd, cj, de, dj, ef, ek, ei, ej, fg, fk, gh, gk, hi,
hk, ki, ij]
m7+0m6+7m6-6m4 + 12m3-2m2-3m+0.

(11; 4, 4, 3) sixes connected; each single 4 surrounded by 5566 [a¿>,

ac, ad, ae, af, ag, be, bh, bg, cd, cj, ci, ck, de, dj, ef, ek, ej,

fg.fk, gh, gi, gk, hi, ij, ik, kj]
m7+0m6 + 7m5-7m4 + 14m3+0m2+0m + 1.

(11; 4, 4, 3) sixes disconnected [ab, ac, ad, ae, af, ag, be, bh, bg, cd,

ci, ch, de, di, ef, ek, ej, ei,fg,fk, gh, gk, hi, hj, hk, ij,jk]
m7+0m6 + 7m5-8m4 + 13m3-3m2-m + 1.

(11; 4, 5, 1, 1) six and seven separate [ab, ac, ad, ae, af, ag, ah, be, bj,

bi, bh, cd, cj, de, dk, dj, ef, ek,fg,fk, gh, gi, gk, hi, ij, ik,
jk]
m7+0m6+7m6-7m4+8m3-5m2-m + 1.

(11 ; 4, 5, 1, 1) six and seven in contact [ab, ac, ad, ae, af, ag, ah, be, bk,

bj, bh, cd, ck, de, dk, ef, ei, ej, ek, fg, fi, gh, gi, hj, hi, ij,
Jk]
m7+0m6+7m5-4m4+11m3+0m2-2m + 0.

(11; 5, 2, 4) [ab, ac, ad, ae, af, ag, be, bh, bg, cd, cj, ci, ch, de, dk, dj,

ef, ek, fg, fj, fk, gh, gi, gj, hi, ij, jk]
m7+0m8 + 7m6-m4+12m3+6m2+3m + 1.

(11; 5, 3, 2, 1) [ab, ac, ad, ae, af, ag, ah, be, bj, bi, bh, cd, cj, de, dj, ef,

ek, ej, fg, fi, fk, gh, gi, hi, ki, kj, ij]
m7+0m6 + 7m6-5m4+7m3-3m2+0m + 1.

(11; 6, 0, 5) [ab, ac, ad, ae af, ag, be, bj, bi, bh, bg, cd, cj, de, dk, di,
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dj, ef, ek, fg, fh, fi, fk, gh, hi, ij, ik]
M7+0M6+7M6-3M4 + 14M3-r-8M2-r-7M + 5+M-1.

(11 ; 6, 1, 3, l) [ab, ac, ad, ae, af, ag, ah, bc, bi, bh, cd, ci, de, dk, dj, di,
ef, ek,fg,fk, gh, gi, gj, gk, hi, ij, jk]
m7+Om6+7m6 - m4 +1 2m3 + 6m2+3m +1.

(11 ; 6, 2, 2, 0, 1) [ab, ac, ad, ae, af, ag, ah, ai, bc, bk, bj, bi, cd, ck, de, dk,
ef, ek,fg,fj,fk, gh, gj, hi, hj, ij,jk]
M7 + 0Mfl + 7M6 + 0M4 + 5M8-2M2-r-M-f-l.

(11; 6, 3, 0, 1, 1) [ab, ac, ad, ae, af, ag, ah, ai, bc, bj, bi, cd, ck, cj, de, dk,

ef, ek,fg,fk, gh, gk, hi, hj, hk, ijjk]
m7+0m6+7m6+m4+5m3-2m2+m-1-1.

(Il; 7, 2, O, 0, 2) [ab, ac, ad, ae, af, ag, ah, ai, bc, bj, bi, cd, ck, cj, de, dk,

ef, ek,fg,fk, gh, gk, hi, hk, ij, ik,jk]
u,,+0u«+7u6+5ui+8u3+u2+2u+l.

(11; 9, 0, 0, 0, 0, 2)      [ab, ac, ad, ae, af, ag, ah, ai, aj, bc, cd, de, ef,fg, gh, hi,
ij, jb, bk, ck, dk, ek, fk, gk, hk, ik, jk]
M7 + 0M6 + 7M6 + 15M4+25M3 + 2lM2-r-13M+3.

(12; 0, 12) [ab, ac, ad, ae, af, bc, bh, bg, bf, cd, ci, ch, de, dj, di, ef,
ek, ej, fg, fk, gh, gl, gk, hi, hl, ij, il, jk, jl, kl]
m8+Om7 + 8m6 -1 4m6+39m4 - 42m3 +1 2m2+8m - 2.

(12 ; 2, 8, 2) sixes in contact [ab, ac, ad, ae, af, ag, bc, bj, bi, bh, bg, cd,

cj, de, dk, dj, ef, el, ek, fg, fh, fl, gh, hi, hl, ij, ik, il,jk, kl]
m8+0m7+8m6-12m6+31m4-25m3+5m2+5m-1.

(12; 2, 8, 2) sixes separate [ab, ac, ad, ae, af, ag, bc, bj, bi, bg, cd, ck,

cj, de, dl, dk, ef, eh, el,fg,fh, gi, gh, ij, il, ih, jk, jl, kl, Ik]
m8+0m7+8m6-12m6 + 27m4-25m3+3m2+4m-1.

(12; 3, 6, 3) sixes disconnected, but not mutually isolated [ab, ac,

ad, ae, af, ag, bc, bi, bh, bg, cd, cj, ci, de, dk, dj, ef, ek,

fg,fl,fk, gh, gl, Ih, Ik, hi, hj, hk, ij,jk]
m8+0m7 + 8m6-11m6 + 25m4-19m3+3m24-3m-1.

(12; 3, 6, 3) sixes mutually isolated [ab, ac, ad, ae, af, ag, bc, bi, bh,

bg, cd, ci, de, dl, di, ef, ek, el, fg, fk, gh, gk, hi, hj, hk, il,
ij,jhjh, Ik]
m8+0m7+8m6-11m6+30m4-15m3+9m2+5m-1.

(12; 3, 6, 3) sixes connected [ab, ac, ad, ae, af, ag, bc, bi, bh, bg, cd,

cl, ck, ci, de, dl, ef, el, fg, fj, fk, fl, gh, gj, hi, hj, ik, ij,
jk,kl]
m8+0m7-t-8m6-9m64-21m4-16m3-2m2+3m+0.

(12; 3, 7, 1, 1) fours mutually isolated [ab, ac, ad, ae, af, ag, ah, bc, bk,

bj, bh, cd, ck, de, dl, dk, ef, el, fg, fi, fl, gh, gi, hj, hi, li,
lj,lk,ij,jk]
M8-r-0M7 + 8M«-llMs + 2lM4-18M3 + 4M2-|-3M-l.
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(12; 3, 7, 1, 1) fours not mutually isolated [ab, ac, ad, ae, af, ag, ah, be,

bi, bh, cd, cj, ci, de, dk, dj, ef, ek, fg, fl, fk, gh, gi, gl, hi
ij, U,jl,jk, Ik]
m8+0m7+8m6-10ms+23m4-12m3+6m2+3m-1.

(12; 4, 4, 4) [ab, ac, ad, ae, af, ag, be, bj, bi, bh, bg, cd, ck, cj, de, dk,
ef, el, ei, ek,fg,fl, gh, gl, hi, hi, ij, ik, il,jk]
w8+0w7 + 8m6-9w6 + 21m4-16m3-2m2+3m+0.

(12; 4, 5, 2, 1) [ab, ac, ad, ae, af, ag, ah, be, bi, bh, cd, cj, ck, ci, de, dj,

ef, el, ej,fg,fl, gh, gi, gk, gl, hi, ik, kj, kl, Ij]
m8+0m7+8mí-8m6+21m4-11m3+0m2+3«+0.

(12; 4, 6, 1, 0, 1) [ab, ac, ad, ae, af, ag, ah, al, be, bk, bj, bl, cd, ck, de, dk,
ef, ej, ek,fg,fi,fj, gh, gi, hi, hi, li, lj,jk, ij]
m8+0m7+8m6-4m6 + 13m4-5m3+m2+2m+0.

(12; 5, 2, 5) [ab, ac, ad, ae, af, ag, be, bh, bg, cd, cj, ci, ch, de, dj, ef,
el, ek, ej,fg,fl, gh, gi, gl, ih, ij, ik, il, kj, kl]
m8+0m7+8m6-8m5+24m4-5m3+7m2+5m+0.

(12; 5, 3, 3, 1) [ab, ac, ad, ae, af, ag, ah, be, bj, bi, bh, cd, cj, de, dj, ef,
el, ek, ej,fg,fl, gh, gl, hi, hi, ij, ik, il, kj, kl]
m8+0m7+8m6-7m6+22m4-m3+9m2+5m+0.

(12; 5, 4, 1, 2) [ab, ac, ad, ae, af, ag, ah, be, bl, bk, bj, bi, bh, cd, cl, de,
dk, dl, ef, ej, ek,fg,fj, gh, gi, gj, hi, kl, kj, ij]
m8+0m7 + 8m6-4m6 + 16w4-5m3-2m2+w+0.

(12; 5, 4, 2, 0, 1) [ab, ac, ad, ae, af, ag, ah, ai, be, bj, bk, bl, bi, cd, cj, c.,,

dj, ef, ek, ej,fg,fk, gh, gl, gk, hi, hi, il, kj, kl]
m8+0m7 + 8m6-4m6 + 13m4-5m3+m2+2m+0.

(12; 5, 5, 0, 1, 1) [aô, ac, ad, ae, af, ag, ah, ai, be, bj, bi, de, cj, de, dk, dj,

ef, ek,fg,fl,fk, gh, gl, hi, hj, hi, ij,jk,jl, kl]
m8+0m7+8m6-6m6+9m4-7m3+5w2+m-1.

(12; 6, 0, 6) [ab, ac, ad, ae, af, ag, be, bl, bk, bj, bg, cd, cl, de, dj, dk,
ef, eh, ei, ej, fg, fh, gj, gi, gh, jk, ij, kl, hi, dl]
m8+0m7+8m6 + 0m5 + 19m4+13m3 + 17m2+12m + 5+m-1.

(12; 6, 4, 0, 0, 2) fives connected [ab, ac, ad, ae, af, ag, ah, ai, be, bj, bi,

cd, cl, cj, de, dl, ef, ek, el, fg, fj, fk, gh, gj, hi, hj, ij,jl,jk,
kl]
m8+0m7 + 8w6-2w6 + 7m4-4m3+4m2+0m-1.

(12; 6, 4, 0, 0, 2) fives disconnected; one pair of adjacent fives [ab, ac,

ad, ae, af, ag, ah, ai, ib, be, cd, de, ef, fg, gh, hi, jk, cj,
dj, ej, kl, ki, kb, kc, ke, kf, fl, gl, hi, hk ]
m8+0m7+8m6+m6+9w4-2m3+3w2+2m+0.

(12; 6, 4, 0, 0, 2) fives mutually isolated [ab, ac, ad, ae, af, ag, ah, ai, ib,

be, cd, de, ef, fg, gh, hi, ij, jc, jb, kg, kh, ki, kj, kc, kd, ke,
kl,fl,gl,el]
m8+0m7 + 8m8+m6+9m4-2m3+3m2+2m+0.



382 G. D. BIRKHOFF AND D. C. LEWIS [November

(12; 7, 0, 4, 0, 1) [ab, ac, ad, ae, af, ag, ah, ai, ib, bc, cd, de, ef, fg, gh, hi,
jk, kl,fj, gj, hj, ij, bj, bk,fk,fl, bl, cl, dl, el]
M8-r-0M7+8M6-f-0M6 + 19M4 + 13M3+l7M2+12M+5-r-M-1.

(12; 7, 2, 1, 0, 2) [ab, ac, ad, ae, af, ag, ah, ai, ib, bc, cd, de, ef,fg, gh, hi,

jk, kl, hk, ik, bk, ck, dk,fk, dj,fj,je,fl, gl, hl]
u*+0u1 + 8u«+u,'+9ui-2u3+3u2+2u+0.

(12; 8, 0, 2, 0, 2) [ab, ac, ad, ae, af, ag, ah, ai, ib, bc, cd, de, ef,fg, gh, hi,

kb, kc, kd, ke, kf, kg, kh, kj, bj, hj, il, bl,jl, hl]
u3+0u7+Sut+6ui + í8ui + í8u3+22u2 + l3u+5+u-x.

(12; 8, 2, 0, 0, 0, 2)      [ab, ac, ad, ae, af, ag, ah, ai, aj, ij,jb, bc, cd, de, ef,fg,

gh, hi, kl, ki, kj, bk, bl, cl, dl, el,fl, gl, hl, il]
m8+0m7+8m6+9m6 + 15m4+7m3+5m2-m-1.

(12 ; 10, 0, 0, 0, 0, 0, 2)  [ab, ac, ad, ae, af, ag, ah, ai, aj, ak, bc, cd, de, ef, fg, gh,

hi, ij,jk, kb, Ib, le, Id, le, If, lg, Ih, li, Ij, Ik]
M8+0M7+8M6+2lM6-|-4lM4-f-45M3+35M2 + 15M + 5-r-M-1.

(13; 1, 10, 2) [ab, ac, ad, ae, af, ag, bc, bh, bg, cd, ci, ch, de, dj, di, ef,

ek, ej, fg, fl, fk, gh, gl, hm, mi, mj, mk, ml, ij, jk, kl,
hi, hi]

M9-f-0M8+9M7-15M6-r-48M5-65M4+49M3-6M2-9M+2.

(13 ; 2, 8, 3) sixes connected [ab, ac, ad, ae, af, ag, bc, bl, bk, bg, cd, cl,

de, dh, dm, dl, ef, ei, eh, fg, fi, gk, gj, gi, ij, ih, Im, Ik,
km, kj, hj, mj, mh]
ut+0u*+9u7-Uu°+é2us-53ui+37u3+2u2-6u + l.

(13; 2, 8, 3) sixes disconnected [ab, ac, ad, ae, af, ag, bc, bi, bh, bg,

cd, cj, ci, de, dk, dj, ef, ek, fg, fl, fk, gh, gm, gl, Ik, kj,
Ij, Im, hm, hi, mi, mj, ij]

m9+0m8+9m7-14m6+37m6-51m4+29m3+m2-5m + 1.

(13; 2, 9, 1, 1) [ab,ac, ad, ae, af, ag, ah, hi, hb, hg, gi, gf, gm,fm,fe,fl,
ed, el, de, dl, kl, dk, bc, ck, cj, bi, bj, ij, mj, mi, mk, lm,jk]
M9+0M8+9M7-14M«+36M6-46M4+3lM3-r-M2-5M + l.

(13; 3, 7, 2, 1) has a 6-6-7 open chain [ab, ac, ad, ae, af, ag, ah, bc, bi,

bh, cd, cl, cm, ci, de, dl, ef, ek, el,fg,fj,fk, gh, gi, gj, hi,
im, ij, Im, km,jm, kl,jk]
m9+0m8+9m7-12m6+38m6-35m4+23m3-m2-4m+1.

(13; 3, 7, 2, 1) has a 6-7-6 open chain [ab, ac, ad, ae, af, ag, ah, bc, bi,

bh, cd, cj, ci, de, dm, dl, dj, ef, em,fg,fm, gh, gk, gl, gm,
hi, hk, Im, kl,jl,jk, ki, ij]
M9 + 0w8 + 9M7-llM6 + 33M5-33M4 + 18M3 + 6M2-3M-f0.

(13; 3, 7, 2, 1) fours mutually isolated [ab, ac, ad, ae, af, ag, ah, bc, bi,

bh, cd, cj, ci, de, dk, dj, ef, ek, fg, fm, fl, fk, gh, gm, hi,
hm, li, Ij, Ik, Im, mi, ij, jk]
u*+0u*+9u7-13u«+37u6-<ilut+25u3-2u2-5u+l.

(13; 4, 6, 1, 2) [ab, ac, ad, ae, af, ag, ah, bc, bi, bm, bh, cd, ci, de, dj, di,
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ij, ik, il, im, ef, ek, ej,fg,fk, gh, gl, gk,jk, kl, Im, hm, hi]
m9+0m8+9m7-12M6 + 27«6-30m4 + 17m3-2m2-3m + 1.

(13 ; 4, 6, 2, 0, 1) sixes isolated from the eight [ab, ac, ad, ae, af, ag, ah, ai,

jk,jl, kl, km, Im, be, cd, de, ef,fg, gh, hi, ib, bk, bj, cj, dj,
ej, el, fl, fm, gm, hm, im, ik]
î<9+0m8+9m7-10m6+29m6-15w4 + 21w3+0m2-2m + 1.

(13; 4, 6, 2, 0, 1) both sixes in contact with the eight [ab, ac, ad, ae, af,

ag, ah, ai, be, cd, de, ef, fg, gh, hi, ib, jk, kl, Im, bk, bl,
bm, cm, dm, em, el,fl,fk,fj, gj, hj, ij, ik]
m9+0m8+9m7-6m6 + 24m6-15m4+6m3 + 6m2+0m + 0.

(13; 4, 7, 0, 1, 1) eight and seven in contact [ab, ac, ad, ae, af, ag, ah, ai,

be, cd, de, ef,fg, gh, hi, ib,jk, kl, Im, bj, bk, bl, bm, cm,
dm, em, el,fl,fk, gk, gj, hj, ij]
w9+0m8+9m7-6w6+24m5-15w4 + 6m3 + 6m2 + 0m + 0.

(13; 4, 7, 0, 1, 1) eight and seven separate [ab, ac, ad, ae, af, ag, ah, ai,

be, cd, de, ef,fg, gh, hi, ib, jk, jl, jm, kl, Im, bj, cj, ck, dk,
ek, el,fl,fm, gm, hm, hj, ij]
m9+0m8+9w7-11w6+22m5-21w4 + 16m3-4w2-3m + 1.

(13; 5, 2, 6) [ab, ac, ad, ae, af, ag, be, bj, bi, bh, bg, cd, cj, de, el, dk,
dj, ef, el,fg,fh,fl, gh, hi, ij,jk, kl, Ih, hm, im,jm, km, Im]
m9+0m8+9«7-11m6 + 39íí6-28m4 + 25m3+4m2-2íí+1.

(13; 5, 6, 0, 1, 0, 1)      [ab, ac, ad, ae, af, ag, ah, ai aj, be, cd, de, ef,fg, gh, hi,
ij,jb, kl, Im, bl, cl, cm, dm, em,fm,fl, gl, gk, hk, ik,jk,jl]
m9+0m8+9m7-3m6 + 14m6-7m4+6m3-m2-2m+0.

(14; 0, 12, 2) [ab, ac, ad, ae, af, ag, be, cd, de, ef, fg, gb, bh, ch, ci, di,
dj, ej, ek,fk,fl, gl, gm, bm, hi, ij, jk, kl, Im, mh, in, jn,
kn, In, mn, hn]

m10+0m9+10m8-18m7+64m6-118m6 + 160m4-89m3

— 3m2+16m — 3.

(14; 1, 10, 3) [ab, ac, ad, ae, af, ag, bh, bi, ci, cj, dj, dk, ek, el,fl,fm, gm,
gh, be, cd, de, ef, fg, bg, hi, ij, jk, kl, Im, mh, jl, hn, in,
jn, In, mn]

U,0+0u* + l0u<i-i7u7 + 60u'i-i05ut' + i26ui-64u3
-5«2+12«-2.

(14; 2, 8, 4) fours disconnected [ab, ac, ad, ae, af, ag, be, cd, de, ef,

fg, gb, bh, ch, ci, cj, dj, dk, ek, el, fl, fm, gm, gh, hi, ij,
jk, kl, Im, mh, in,jn, kn, In, mn, hn]

«10+O«9 +10«8 -1 6m7+60m6 - 94m6+11 3m4 - 49w3

-2m2+10m-2.

(14; 2, 8, 4) fours connected [ah, ai, aj, ak, am, an, hi, ij, jk, km,

mn, nh, gm, gn, gk, gh, bg, bh, ch, ci, di, dj, ej, ek, fk,

fg, be, cd, de, ef, fb, lb, le, Id, le, If]
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wio_|_Om9-1-10m8-15m7+58m8-85m6+97m4-38m3

-7m2+8m-1.

(14; 2, 9, 2, 1) sixes in contact [ab, ac, ad, ae, af, ag, ah, bc, bi, bn, bm,

bh, in, jn, kn, In, mn, cd, de, ef, fg, gh, ij, jk, kl, Im, ci,
di, dj, ej, ek,fk,fl, gl, gm, hm]
uxo+0u9+l0u'>-16u7+53u<,-&lu*-r-95ui-38u3~9u2

+ 7m-1.

(14; 2, 9, 2, 1) sixes disconnected; fives doubly connected [ab, ac, ad

ae, af, ag, ah, bc, cd, de, ef, fg, gh, hb, bi, bj, bn, en, dn,
dk, ek, el, fl, fm, gm, hm, hi, ij, jk, kl, il, jl, Im, im, kn,
jn]

m10+Om9-1-10m8-16m7+50m6-82m6-|-85m4-34m3-6m2

+ 7m-1.

(14; 2, 9, 2, 1) sixes disconnected; fives simply connected [ab, ac, ad,

ae, af, ag, ah, bc, cd, de, ef, fg, gh, hb, bi, bj, cj, dj, dk,
ek, el, fl, fm, gm, hm, hi, ij, jk, kl, Im, mi, in, jn, kn,
In, mn]

m10+0m9+10m8-16m7+57m«-87m5+92m4-53ms+0m2

+ 10m-2.

(14; 2, 10, 0, 2) [ab, ac, ad, ae, af, ag, ah, bc, cd, de, ef, fg, gh, hb, bi, ci,
cj, dj, dk, ek, el, fl, fm, gm, gi, hi, ij, jk, kl, Im, mi, in,
jn, kn, In, mn]

M10+0M9-r-10M8-15M74-54M8-7lM6+7lM4-4lM3+6M2

+9m-2.

(14; 3, 7, 3, 1) fours mutually isolated [ab, ac, ad, ae, af, ag, ah, bc, cd,

de, ef, fg, gh, hb, bi, ci, cj, ck, dk, ek, el, fl, gl, gm, gn,
hn, hi, in, jn, jm, km, kl, ij,jk, Im, mn]

m10+0m9 + 10m8-15m7+50m6-76m6 + 73m4-30m3-5m!!

+6m-1.

(14; 3, 7, 3, l) pair of connected fours [ab, ac, ad, ae, af, ag, ah, bc, cd,

de, ef, fg, gh, hb, bi, bj, cj, dj, di, dk, ek, el, fl, fm, gm,
hm, hn, hi, ij, in, il, kl, kn, In, Im, mn]

M10+0M9+10M8-13M7-r-47«6-58M6+60M4-15M3-llM2

+3M+0.

(14; 3, 8, 2, 0, 1) [ab, ac, ad, ae, af, ag, ah, ai, bc, cd, de, ef,fg, gh, hi, bi,
ij, jk, kl, Im, mn, nj, jm, jl, bj, bk, ck, dk, ek, el, fl, fm,
gm, gn, hn, in]

Ml°-r-0w9+10M8-14M7-r-43M6-52M6-|-5lM4-25M3-K2

+5m-1.

(14; 3, 9, 0, 1, 1) [ab, ac, ad, ae, af, ag, ah, ai, bc, cd, de, ef, fg, gh, hi, bi,
bj, bk, ck, cl, dl, el, em,fm, gm, gn, hn, in, ij,jk, kl, Im,

mn, nj, km,jm]
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m10+0m9+10m8-15m7+38m8-51m6+52m4-25m3-m2

+5m-1.

(14; 4, 8, 0, 1, 0, 1)      [ab, ac, ad, ae, af, ag, ah, ai, aj, be, cd, de, ef,fg, gh, hi,
ij, jb, bk, bn, en, dn, dl, el, em, fm, gm, hm, hi, il, ik,
jk, kl, Im, In, kn]

m10+0m9+10m8-9m7+25m6-24m6 + 22m4-8m'-3m2

+2m+0.

(14; 6, 0, 8) [ab, ac, ad, ae, af, ag, be, cd, de, ef,fg, gb, hi, hj, hk, hi,
hm, hn, ij,jk, kl, Im, mn, ni, bj, cj, ck, cl, dl, el, em, en,

fn,gn,gi,gj]
m10 + 0m9+10m8-12m7 + 58m6-48m6+85m4 + 9m3+23m2

+ 20M+5+M-1.

(14; 6, 3, 4, 0, 0, 1)      [ab, ac, ad, ae, af, ag, ah, ai, aj, be, cd, de, ef,fg, gh, hi,
ij,jb, bk, bl, bm, cm, dm, em, el, en,fn, gn, hn, hi, hk, ik,
jk, kl, Im, In]
m10+0m9+10m8-6m7+32m6-11m6+32m4+8m'-3m2

+0m + 0.

(15; 0, 12, 3) [ab, ac, ad, ae, af, ag, be, cd, de, ef,fg, gb, bh, bi, ci, cj,
dj, dk, ek, el, fl, fm, gm, gh, hi, ij, jk, kl, Im, mh, ho, io,
jo, ko, kn, In, mn, hn, no]

m11+0m10+11m9-20m8 + 78m7-170m6 + 291m6-284m4

+ 128m3+18m2-25m+4.

(15; 1, 11, 2, l) four in contact with a six [aô, ac, ad, ae, af, ag, ah, be,

cd, de, ef,fg, gh, hb, bi, ci, cj, dj, dk, ek, el,fl,fm, gm, gn,
hn, hi, ij,jk, kl, Im, mn, ni, io,jo, ko, lo, mo, no]

m11+0m10+11m9-19m8+74m7-138m6+224m6-200m4

+78m3+10m2-17m+3.

(15; 1, 11, 2, 1) four not in contact with a six [ab, ac, ad, ae, af, ag, ah,

be, cd, de, ef,fg, gh, hb, bi, ci, cj, dj, dk, ek, el, fl,fm, gm,
gn, hn, hi, ij.jk, kl, Im, mn, ni, jn,jo, ko, lo, mo, no]

mu+Om10 + 11m9-19m8 + 70m7-136m« + 207m6-184m4

+ 64m3+16m2-14m + 2.

(15; 2, 8, 5) [ab, ac, ad, ae, af, ag, be, cd, de, ef,fg, gb, bh, bi, ci, cj,
ck, dk, ek, el,fl, gl, gm, gh, hi, ij, jk, kl, Im, mh, jn, kn,
In, mn, oh, oi, oj, on, om ]

m11+0m10 + 11m9-18m8 + 72m7-137m6+214m6-173m4

+ 55w3+14m2-13w + 2.

(15; 2, 9, 3, 1) pair of sixes plus an isolated six [ab, ac, ad, ae, af, ag,

ah, be, cd, de, ef,fg, gh, hb, bi, ci, cj, ck, dk, dl, el,fl,fm,
gm, gn, go, ho, hi, ij,jk, kl, Im, mn, no, oi, jo,jn, kn, km]

Mn + 0M10 + llM9-18M8 + 63w7-120M« + 170M6-13lM4

+ 29m3+15m2-8m + 1.

(15; 2, 9, 3, 1) mutually isolated sixes [a&, ac, ad, ae, af, ag, ah, be, cd,
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de, ef, fg, gh, hb, bi, bj, cj, dj, dk, ek, el, fl, fm, gm, hm,
hn, hi, ij, jk, kl, Im, mn, ni, In, io, jo, ko, lo, no]

mu+Om10 + 11m9-18m8+70m7-135m6-|-188m5-166m4

+ 59m3+13m2-13m + 2.

[ab, ac, ad, ae, af, ag, ah, bc, cd, de, ef, fg, gh, hb, bi, bj,
bk, bl, cl, dl, dm, em, en,fn,fo, go, gi, hi, Im, mn, no, oi,
kl, km, kn, jn, jo, ij, jk]
MU + 0M10+llM9-18M8-f64M7-119M6 + 178Mfl-125M4

+37m3+15m2-9m + 1.

[ab, ac, ad, ae, af, ag, ah, ai, bc, cd, de, ef, fg, gh, hi, ib,
bj, ck, dk, dl, el, em, fm, fn, gn, go, ho, io, ij, bk, jk, kl,
Im, mn, no, oj, jl, jm, jn]

Mu-r-0Ml0 + llM9-18M8+57M7-90M8-|-130M5-104M4

+ 2 7m3 + 10m2 -7m 4-1.

[ab, ac, ad, ae, af, ag, ah, bc, cd, de, ef, fg, gh, hb, bn, bo,

bi, ci, cj, dj, dk, ek, el, fl, fm, gm, hm, hn, ij, jk, kl, Im,
mn, io,jo, ko, lo, mo, no]

Mu + 0M10 + llM9-l7M8 + 63M7-99M8-f-147M6-107M4

+ 28m3+12m2-7m + 1.

[ab, ac, ad, ae, af, ag, ah, ai, bc, cd, de, ef, fg, gh, hi, ib,
bk, kl, km, kn, ko, kg, kj, bl, Im, mn, no, go, gj, bj, ij,

le, hj,fo, eo, en, em, dm, dl]
Mu+0Ml0+llM9-13M8+5lM7-56M8-f-83M6-45M4-r-M'

+8m2-2m+0.

(15; 6, 4, 3, 1, 0, 1)      [ab, ac, ad, ae, af, ag, ah, ai, aj, bc, cd, de, ef,fg, gh, hi,
ij, bj,Jk,jl,jo, kl, km, kd, kn, kg, ko, go, Im, dm, dn, gn,
ho, io, bl, bm, cm, en,fn]
Mu+0M10+llM9-9M8+40M7-30M8-r-52M6-20M4-10Ms

4-3m2+0m+0.

(15; 6, 5, 2, 1, O, 0, 1)   [ab, ac, ad, ae, af, ag, ah, ai, aj, ck, bc, cd, de, ef,fg, gh,
hi, ij,jk, kb, bm, bn, en, dn, en, em, eo,fo, go, ho, hm, hl,

il, jl, kl, km, Im, mn, mo]
Mll+0M10+llM9-6M8-r-33M7-14M8+4lM5-5M4-r-M3

4-4m2+0m+0.

(16; 0, 12, 4) sixes mutually isolated [ab, ac, ad, ae, af, ag, bc, cd, de,

ef,fg, gb,fl, gl, gh, bh, bi, ci, ij,jk, kl, ih, hj, hk, hl, Im,
mn, np, pi, fm, em, en, dn, dp, cp, km, om, on, op, jp,

oj,ok]

Mi2 + 0MH-fl2M10-22M9-F93M8-232M7-l-468íí8-639MB

+541m4-180m3-47m2+41m-6.

(16; 0, 12, 4) two mutually isolated pairs of sixes [ab, ac, ad, ae, af,

ag, bc, cd, de, ef,fg, gb, gh, hb, hi, ib, ij, bj, cj,jk, ck, dk,
kl, dl, el, Im, em,fm,fn, gn, mn, nh, op, om, on, oh, oi,

(15; 2, 10,1,2)

(15;2,11,0,1,1)

(15; 3, 8, 2, 2)

(15; 5, 5, 3, 1, 1)
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pi,PJ,pk,PJ,pm]
m12 + 0m11 + 12m10-22m9+93w8-218w7+448m6-614m6

+487m4-144m3-46m2+35m-5.

(16; 0, 14, 0, 2) [ab, ac, ad, ae, af, ag, ah, be, cd, de, ef,fg, gh, hb, ij, ik,
il, im, in, io, ip, jk, kl, Im, mn, no, op, pj, bj, bk, ck, cl,

dl, dm, em, en,fn,fo, go, gp, hp, hj]
m'2+Omu + 12m10-22m9+91m8-187m7+370m,,-499m5

+380m4-93m3-33m2+26m-4.

(16; 1, 10, 5) [ab, ac, ad, ae, af, ag, be, cd, de, ef,fg, gb, gh, gi, gj,fh,
hi, ij, cj, bj, oh, oi, ok, ol, om, on, ik, kl, Im, mn, nh,fn,

en, em, dm, jk, dl, cp,jp, kp, Ip, dp]
m12+0mu + 12m10-21m9 + 91m8-212m7+415m6-536m6

+409m4-115m3-41m2 + 29m-4.

(16; 1, 11, 3, 1) sixes connected [ai», ac, ad, ae, af, ag, ah, be, cd, de, ef,

fg, gh, hb, bi, hi, ij, bj, cj, gk, hk, ik,jk,fl, gl, kl, em,fm,
Im, dn, en, mn, jo, co, do, no, pj, pk, pi, pm, pn, po]

u12+Om11 +1 2m10 - 21 w9 + 88m8 -1 84m7+351 m6 - 440m6

+317m4-72m3-32«2+21m-3.

(16; 1, 11, 3, 1) sixes disconnected [ab, ac, ad, ae, af, ag, ah, be, cd, de,

ef, fg, gh, hb, hi, bi, ci, gj, hj, ij, jk, ik, ck, cl, kl, dl, im,
dm, em, mn, en,fn, no,fo, go, jo, pj, pk, pi, pm, pn, po]

m12+0mu + 12m10-21m9+88m8-191m7 + 364m6-458m6

+ 328m4-79m3-35m2+22m-3.

(16; 2, 8, 6) [ab, ac, ad, ae, af, ag, be, cd, de, ef,fg, gb, bj, cj, dj, ij,
di, ei, hi, eh,fh, gh, bk, gk, kl, bl,jl, lm,jm, im, mn, in,
hn, ok, go, ho, no, po, pn, pm, pi, pk]

m12+0mu + 12m10-20m9+88m8-184m7+363m6-422m6

+ 287m4-60m3-37m2+18m-2.

(16; 2, 11, 1, 1, 1)        [ab, ac, ad, ae, af, ag, ah, ai, be, cd, de, ef,fg, gh, hi, ib,
dj, cj, bj, kj, bk, Ik, il, hl, bl, km, Im, hm, gm, kn, mn, gn,
fn, ko, no,fo, eo, po, pe, pd, pj, pk]
m12+Om11 + 12m10-20m9 + 78m8-137m7 + 247m6-281m6

+ 174m4-15m3-23m2+9m-1.

(16; 4, 8, 2, 1, 0, 1)      [ab, ac, ad, ae, af, ag, ah, ai, aj, be, cd, de, ef,fg, gh, hi,
ij,jb, hk, ik,jk, cm, dm, em, hi, gl, fl, kn,jn, bn, no, bo,
co, mo, po, pm, pe, pi, ph, pk, pn, el]

m12+0mu + 12m10-16m9+65m8-85m7+148m6-132m6

+ 67m4 + 13m3-11m2+2m+0.

(16; 6, 5, 3, 1, 0, 0, 1)   [ab, ac, ad, ae, af, ag, ah, ai, aj, ak, be, cd, de, ef,fg, gh,
hi, ij,jk, kb, jl, kl, bl, Im, bm, cm, dm, dn, en,fn, gn, go,
ho, io,jo, po, pj, pi, pm, pd, pn, pg]

m12+0mu+12m10-11m9+50m8-43m7 + 86m6-50m6

+ 22m4+14m3-3m2 + 0m+0.
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(17; 0, 12, 5) [ab, ac, ad, ae, af, ag, bc, cd, de, ef,fg, gb, ch, ci, cj, bh,
hi, ij, dj, fl, kl, Im, ik, il, im, hm, jk, en, fn, In, kn, go,
fo, lo, mo, po, pg, pb, ph, pm, eq, dq, jq, kq, nq]
m13+Om12+13m11 - 24m104- 108m9 - 259m8+619m7

-1039m84-H52M5-686m4 + 92m3+98m2-39m+4.

3. Further special results concerning regular maps. In addition to the pre-

ceding tabulated results, it is possible to obtain a limited amount of informa-

tion by use of linear difference equations with constant coefficients. We illus-

trate by deducing the number of ways in which a proper ring of m regions can

be colored from X available colors: Denote the required number by Fm(X).

Then it is easy to see that

(3.1) Fm(X) = (X - 2)Fm_1(X) + (X - l)Fm_2(X).

For, if o, b, c denote three consecutive regions of the ring of m regions,

(X —2)Fm_i(X) is equal to the number of ways the ring can be colored in such

a way that o and c are colored differently, while (X —l)Fm_2(X) is the number

of ways the ring can be colored so that a and c are colored alike. Now (3.1)

is a second order linear difference equation with respect to m. We proceed to

solve it under the appropriate initial conditions

(3.2) F2(X) = X(X - 1),       F,(X) = X(X - 1)(X - 2).

The characteristic equation is p2 —(X —2)p —(X —1) =0, which has roots

Pi = (X —1) and p2=—1. It follows that

(3.3) Fm(X) = A(\- l)m + B(- 1)-,

where A and B are independent of m. Substituting successively m = 2 and

m=3, we find from (3.2) that A=l and B=\ — 1. Hence

(3.4) Fm(X) = (X - 1)" + (X - 1)(- 1)-.

This result was also obtained by Whitney by other methods (cf. Whitney

[2, p. 691 ]) and leads at once to the following special result on regular maps:

Theorem I. The chromatic polynomial of a regular map Pn consisting of a

proper ring ofn — 2 regions together with an interior and exterior region is given by

(3 "Pn(X) = X [(X " 2) "~2 + ( ~ 1} n_2(X " 2) ]

+ X(X - 1) [(X - 3)»-2 + (- 1)-2(X - 3)].

Proof. The exterior and interior region can be assigned the same color in

X ways. After this has been done, there are X —1 colors available for the ring.

Hence, using formula (3.4) with m = n — 2 and X replaced by X —1, we find

that the number of ways in which P„ can be colored so as to give the same

color to the interior and exterior regions is X[(X — 2)n~2 + ( — l)n_2(X — 2)]. A

similar argument shows that the number of ways in which P„ can be col-
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ored so as to give different colors to the interior and exterior regions is

X(X-l)[(X-3)"-2+(-l)n-2(X-3)]. Formula (3.5) results from the addition

of these two quantities.

This formula (3.5) may be used to check the polynomials given in the pre-

ceding table for the maps (6; 6), (7; 5, 2), (8; 6, 0, 2), (9; 7, 0, 0, 2), and so on.

It will be observed from (3.5) that limn.00[PB(X)]1/n = X-2. This "asymp-

totic result" does not depend upon the explicit formula (3.5) but only on the

result limm^.0O[Fm(X)]1/'"=X —1, which follows directly from (3.3) and the fact

that A >0. Hence, in this sense, the asymptotic behavior of a family of chro-

matic polynomials which can be deduced in this way from linear difference

equations with constant coefficients depends essentially only on the root of

largest absolute value of the characteristic equation. Making use of this idea,

we obtained the following result with regard to a considerably more compli-

cated family of maps:

Theorem II. Let P2n denote the map (regular for n = 5) consisting of an "in-

terior" (n-i)-sided region surrounded by a proper (n — i)-ring of pentagons,

which in turn is surrounded by another proper (n — l)-ring of pentagons, the "ex-

terior" region being an (n-i)-sided region^). Then limn^0[P2„(4)]1/2n=(r)1/,

= 1.353 • • • , where r is the (only) real root of the equation p3+p2 — 3p —4 = 0.

The proof will be omitted inasmuch as the slight importance of the theo-

rem hardly justifies the inclusion of its rather involved proof. Still another

theorem of this type, whose proof will likewise be omitted, is the following:

Theorem III. Let P6„+2(m5ï2) denote the regular map consisting of an "in-

terior" 5-sided region surrounded by n distinct proper 5-rings (of which the first

and the last are rings of five-sided regions, the others are rings of six-sided regions)

and an "exterior" five-sided region^). Then lim«^, [P6n+2(4) ]1/«"+2) = [3 + 51'2]1'6

= 1.393 •••. In fact, in this case, we can make the more explicit statement that
P6„+2(4) = 12 [(5-2-51/2)(3+51'2)"+(5+2-51/2)(3-51/2)"].

4. Non-regular maps of triple vertices. We now consider proper maps

(that is, maps without isthmuses) with triple vertices only. The main rnult

of this section depends on the following theorem, which is also of importance

for other reasons.

Fixing attention on some region U oî a map Pn, let us define a certain

set F of vertices of Pn by saying that a vertex B belongs to the set F if, and

only if, it is not a vertex of U but is connected to Uhy a boundary line having

B for one end point and having for its other end point a vertex of U.

(') For « = 5, 6, 7, 8, P2„ is illustrated in §2 by (10; 2, 8), (12; 0, 12), (14; 0, 12, 2),
(16; 0, 14, 0, 2) respectively.

(8) For n = 2, 3 the map is illustrated in §2 by (12; 0,12) and (17 ;0,12, 5). The map (7; 5, 2)
can also be considered as belonging to the family for n = \, although in the above definition it

was convenient to make the restriction re&2.
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Theorem I. If every region abutting at a vertex of the set F (assumed not

vacuous) also abuts the region Ujust once, then P„ contains at least one three-sided

region abutting the region U.

Proof. Choose any vertex .Bi£F, so that there is a boundary line Li having

one end at Bi and the other end abutting U. Let Si and Ri be the two regions

having the side Fi in common. Let S2 be the third region abutting Bi and

hence, by hypothesis, also abutting U. If the (not necessarily proper) 3-ring

USiS2 contains only Fi on one side, which we hereafter call the "inside,"

then i?i is three-sided and the theorem is true. Hence we limit attention to

the case when the ring USiS2 has more than one region completely on the

inside. The part of the boundary of S2 which lies inside this ring must have

at least one vertex not on U other than Bi. Otherwise, since Li is the complete

inside boundary of Si, Ri would have to abut U more than once, contrary to

hypothesis. Let B2 therefore be the vertex on the inside boundary of S2 nearest

to U but not on U; and denote by L2 the boundary line of S2 abutting B2

and U. Let R2 be the other region which has L2 as a boundary line. Since

•ft£F by definition of F, the third region abutting B2, which we call 53, must

by hypothesis also abut U. The ring US2S3 contains fewer regions inside than

USiSi, since S3 is obviously completely inside USiSi but is not completely

inside US2S3. If the ring US2S3 contains only R2, then R2 is a three-sided re-

gion, and the theorem is true. Otherwise we repeat the process and obtain a

ring US3Si which contains still fewer regions. Since the map has only a finite

number of regions, we must eventually find a ring USkSk+i which has only

the one region Rk in its interior and this region clearly has three sides one of

which is a side of U.

The following theorem is an almost obvious corollary of the preceding:

Theorem II. Let Pn (n^3) be a map which contains a region U against

which each of the other n — l regions abut just once ; then

(4.1) P„(X) = X(X - 1)(X - 2)(X - 3)»-3.

Proof. The hypothesis of Theorem I is always satisfied by a map P„ of the

stated type, at least for n ^4. Moreover, it is obvious that we always get an-

other map P„_i of the same kind (with one less region) whenever we erase a

side of a three-sided region abutting on U. By Principle (1.2) of Chapter I,

we have P„(X) = (X —3)P„_i(X) for we4, while for n = 3 we obviously have

Pj(X)=X(X — 1)(X — 2). Hence for a map of this type (4.1) must hold.

Thus any two maps, each of which has the same number of regions and

satisfies the hypothesis of Theorem II, must be chromatically equivalent.

That they need not be topologically equivalent is clear from the maps illus-

trated in figure 16. In fact, one of these maps contains two five-sided regions;

the other contains none. Each has a total of seven regions.
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The theorems of this section suggest a species of induction which can cer-

tainly be used for the numerical computation of the chromatic polynomials

as well as for the proof of some of their properties. The process may be ex-

plained as follows :

Fig. 16

Let P„ denote a map containing a certain è-sided region U upon which

we fix attention. If the hypothesis of Theorem I is not fulfilled, we can select

a vertex BÇ.F, such that one of the regions abutting at B does not have con-

tact with U. We then "twist" the boundary line that connects B to U (cf.

footnote 4) and apply Fundamental Principle (1.3) of Chapter I. The result is

an equation of the form

(4.2) P*(X) = P*+1(X) + Pn-x(\) - P*_i(X),

where Pn+1 has a region U with one more vertex than the region U in Pn.

The same process can be repeated on the map P*^1 leading thus to a P„+i,

and so on. Eventually we arrive at P„l, k^l^n — i, for which the hypothesis

of Theorem I (in an extreme case, the hypothesis of Theorem II) will hold.

We can then apply fundamental principle (1.2) of Chapter I, obtaining

(4.3) Pln(\) = (X - 3)?„_x(X).

Thus, by equations of the type (4.2) and (4.3), we can express the original

P*(X) entirely in terms of chromatic polynomials of degree « —1, which may

be assumed to be known.

As a simple application of this inductive process, the reader can prove

by this method the known theorem (cf. Birkhoff [4]) that the first two terms

in the Q polynomial for Pj are m"-4 and 0 • m"~5 respectively, provided that the

map has no proper 2-rings (»^4). It is merely necessary to observe that the

process leading from Pn to Pn+1 does not introduce 2-rings. A modification

of this process is actually used in Chapter III to prove far reaching results,

of which the above may be considered a primitive example. The modification

involves the replacement of the region U by a multiple vertex.
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The process is, however, not now available for proving the four-color theo-

rem. This unfortunate circumstance is due, of course, to the negative term in

(4.2), namely — Pj_i(X). Perhaps, if we had a sufficiently sharp inequality

involving P„_i(X) and P£_i(X), this difficulty might be overcome. The in-

equality

- X(X - 3)P*+1(X) g (X - 3)Pn_1(X) - (X - 3)(X - l)P*_i(X) á P*+1(X),

which is to be proved in Chapter V and is valid for positive integral values

of X (together with all values of X ̂ 5), is not nearly sharp enough. It is pos-

sible that it might be sharpened if we were to use a hypothesis to the effect

that no region in Pj| has more than k sides.

5. Maps with multiple vertices. We close this chapter with the modified

formulation of the results of the preceding section which will be immediately

applicable in the next chapter.

We think of the ¿-sided region U as having been shrunk to a point V,

which is a vertex of the map of multiplicity k. At the same time we set

m = n — i. We deal exclusively in this section with maps Pkm that can be so

obtained, that is, maps of regions, whose closures are simply connected, hav-

ing one vertex F of multiplicity k, but all other vertices of multiplicity three.

The set F of vertices is defined so: B£Fif, and only ii, B^V and there is

a boundary line having B and F for its end points. The modified forms of the

two theorems of the preceding section can now be immediately written out.

Theorem I. If every region abutting at a vertex of the set F (assumed not

empty) also abuts at V, the map Pj, contains at least one two-sided region

abutting at V.

Theorem II. If every region of the map abuts at V just once (so that the

multiplicity of Vis m), then the chromatic polynomial of the map is

(5.1) pZ(\) = X(X - 1)(X - 2)m~\

Results of this character seem to have been known in somewhat different

form by Whitney for some time. In fact, his formula

5m = 3-2m

(Whitney [4, p. 212]) is really a special case of (5.1) withX = 4.

Chapter III. The expansion of the chromatic polynomials

in powers ofX —2

1. A conjectured asymptotic formula. A simple rational function of X,

namely (X —2)2/(X —1), turns out to be of fundamental importance in the

rigorous deduction of certain inequalities satisfied by the coefficients of the

chromatic polynomials written in powers of X — 2. It seems desirable therefore
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to give the loose argument which led to this function in the first place. An

attempt was made to find a simple "asymptotic formula" for chromatic poly-

nomials of maps not containing too many of the known reducible configura-

tions. The argument follows:

The number of contacts in a map of n simply connected regions, triple

vertices, and without proper 2-rings, is 3w —6 (cf. Birkhoff [4, p. 3]). Hence,

if n is large, the average number of contacts per region is nearly 3. Thus, if

we build up a map by adding successive regions to it, keeping the partially

constructed map simply connected at each step and coloring it as we go along,

each new region R, which we add, will (on the average) touch three of the

regions already there. Call these regions A, B, and C, and assume that there

is contact between A and B, and between B and C. A and B cannot have the

same color, nor can C have the color of B. But the probability that C has the

color of A is 1/(X —1), and the probability that it does not have the color

of A is (X —2)/(X —1). In the first case R may be colored in X —2 ways; in the

second case in X —3 ways. Hence, on the average R may be colored in

1                       X - 2 (X - 2)2
(X-2)+---(X-3) =

X-l X-l X-l
ways.

From the fact that no map with at least one triple vertex can be colored in

0,1 or 2 colors and only maps of even-sided regions can be colored in 3 colors,

we assume the factors X, (X —1), (X —2), (X —3). The conjectured asymptotic

formula for the number of ways a map of n regions may be colored in X colors

is therefore

r(x-2)2n»-*

(1.1) P„(X) ~ X(X - 1)(X - 2)(X - 3) [  x-1   j      •

The exponent n — 4 is chosen corresponding to the total of n factors, one for

each of the n regions.

The fact that this formula gives the number of ways the dodekahedron

can be colored in 4 colors with a discrepancy of less than .27 appears to be an

accident. If the formula has any significance at all, it is merely to the effect

that

(X - 2)2
(1.2) lFn(X)j1/n is approximately equal to -

A —  1

for maps with a large number n of regions. It is seen very definitely that this

is not true for the maps P„ of Theorem I, §3 of the last chapter. But these

maps are of very special type, having a large number of four-sided regions.

On the other hand, Theorems II and III of the same section seem to confirm

the conjecture (as regards X = 4, at least), where we get the limits 1.353 • • •

and 1.393 ■ • • , both of which are reasonably close to the conjectured value
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of 1.333 ■ • • =(X —2) 2/(X — l) I x=4-These maps, too, have reducible configura-

tions, but not of such an elementary type as that presented by the four-sided

region. It is felt that formula (1.2) is likely to be more valid for maps with no

reducible configurations or, at least, with only the reducible configurations of

the more complicated types.

2. Introductory remarks. Unless otherwise stated, we are concerned

throughout §§2-6 of this chapter with proper maps P£+3 of ra-|-3 regions,

whose closures are simply connected, with one vertex F of multiplicity k

(k ^ 2) and all other vertices triple. In case k = 2 the point F is a vertex only

by special convention. Actually it is an ordinary point on a boundary line

of the map. Its exact location will not be subject to doubt when this case is

met.

We use the following notation :

(2.1) se-X-2,

,„    „s ~*/   s Pn+ä(X)
(2.2) Qn(x) =-,

X(X - 1)(X - 2)

where (?£(*) is obviously a polynomial of degree n in x with leading coeffi-

cient equal to one. It is convenient to write the polynomial as follows:

(2.3) <?*(*) = Z(-1)V~*.

We do not assume that all the o's are non-negative, though this will turn out

to be the case (cf. Birkhoff [4, p. 10]). We also set

(X - 2)2 x2
(2.4) R = --- =-,

X - 1 1 + *

•       .. h.    . k-i     n-k+S k-S  (      X2     )    "-k+3

(2.5) Un(x) = x    R = x     \j—>

It will be convenient also to have recorded here the expansion of

U»(x) =R" in descending powers of x. The binomial theorem gives

(2.6)      Ul(x) = Rn = xn(l + 1)""= Z (- l)*Cr*-Y-*; x   > 1.

Likewise the following expansion is of some importance:

R» +  (-   l)nR    .     , ~-l "^, l  (  A      n-*_2+2()      n-A
X-

(2.7) "+i

+ (- ir'R - r (- D*( e cr*-*"U"
»i-0 V   (=0 /

+ Z(-D*ji+ z crh-i+2t\ x-\
h=n-l \ í-A+2-n /
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For the sake of completeness we add two further expansions to be used in the

future:

(2.8) (x - 1)" = Ê (- l)kClx"-\

(* - D" + x""1 - (x - I)"'1

(2-9) - ." - nx^+t (- l)h{cl + cT-\\xn-\
A=2

Letfn(x) and gn(x) be two functions developable in descending powers of

x and beginning with the term xn. Set

00 00

fn(x)   =   X» +  E (-   l)****"-*, gn(x)   =   Xn +  E (-   l)*****"*!
*-l »=1

then (contrary to the more usual notation of the next chapter) we shall in

this chapter write fn(x) <&gn(x) or gn(x)^>f„(x), if bh^ch for Ä = l, 2, 3, ■ • • .

Assuming f„(x) <£g„(x) for i = i, 2 and »=1, 2, 3, • ■ -, we evidently have

(2.10) fl(x) + (- l)'fl^(x) << gl(x) + (- i)'gl-,(x),     s = 1, 2, ••• .

The relation is also transitive. That is, if fn(x)<£.gn(x) and gn(x)<Kh„(x), then

/»(*)«M*).
3. The rigorous relation between the chromatic polynomials and the con-

jectured asymptotic formula. The fundamental result of this section is the

following theorem.

Theorem. For all maps Pj+3 of the type specified above, we have

(3.1) Qkn(x) « Ul(x).

Proof. There are only 3 topologically distinct maps P\ and only one map

P\ (cf. Birkhoff [4, p. 10]). It is therefore easy to verify the theorem for

« = 0, 1. Assuming inductively that the theorem is true for n<m (m\\2), we

shall prove that the theorem is true for n = m. That is, we shall prove that

(3.2) QÍ«Ukm.

Now, by Theorem II, §5, of the preceding chapter, we know that the above

relation is true when k = m-\-3. We therefore make a second inductive hy-

pothesis and assume that (3.2) holds when k>l (F_3), and our goal now is

to prove that

(3.3) QÍ«ul.

It may happen that Plm+3 has a region F which does not abut at V but
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which does abut at a vertex A £F(9). Let the other two regions abutting at A

be denoted by R and S (cf. fig. 17). R and S also abut at V. Shrinking the

r

I S
R

~—       Vf ^-^

Fig. 17

boundary VA to a point, we get a map Pj^+3 for which (3.2) holds by our

second inductive hypothesis. Also, without shrinking VA but by erasing it,

we get a map Pm+2 for which our first inductive hypothesis is valid, at least

if Pm+2 is actually a proper map. The special case, 1 = 3, should here be

parenthetically noted: In this case Fis a'vertex of PÍT+2 only by convention,

which then has only triple vertices and is thus in reality a map Pm+2 for which

we have <^,_i =^,_i«L^_1«L^_1. Returning to the general situation we evi-

dently have:

Case 1. Ql„ = Qtm1 if Plm+2 is a pseudo-map.

Case 2. Q    ?¿x - Qfcli if P1'^ is a proper map.
In Case 1, Q'm«U'+l«.U¡*1- Ul~\= Ulm. In Case 2, we have

(¿«üí^-DÍT-i^t/í.. In both cases we use (2.10) as well as the readily

verifiable identity Ulm(x) m U'+X(x) - U'~Ji(x).

Hence (3.3) has been proved if a region F of the type described above is

available. But in the contrary case, we know by Theorem I, §5, of the pre-

ceding chapter that Plm+3 has a two-sided region abutting at V. Erasing one

of the sides of such a two-sided region, we obtain a map F^ñ+i to which our

first inductive hypothesis may be applied. Furthermore Qm=(X — 2)CÍÍ-i

— xÇfm-i^xUmli^ U„. This completes the proof of the theorem.

The case of any map of simply connected regions and triple vertices is

covered by (3.1) with k = 3. From this formula we can now read off a rigorous

relationship existing between the chromatic polynomial of such a map and

the "asymptotic formula" of §1. It may be foimulated as follows:

(•) As in the last section of the preceding chapter, AÇ. F if, and only if, A fé V and there is a

boundary line having A and V for its end points. The possibility of the second condition holding

without the first is, of course, ruled out, as we are dealing with maps P*^ of regions whose

closures are simply connected.
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i'n(X) r(x-2)2-in-s
is dominated for X < 2 by \-

L x-i JX(X - 1)(X - 2)

4. Lower bounds for the coefficients, ai, a2, • • • . In the previous section

we obtained results which yield upper bounds for the numbers ai, a2, ■ ■ • .

We now prove the following theorem which yields lower bounds and, in fact,

is a refined form of the theorem proved by Birkhoff to the effect that the a's

are all non-negative (cf. Birkhoff [4, p. 10]).

Theorem. If Pn+3 (a map of the type considered above having one vertex

V of multiplicity k) has the property that no pair of its regions have two or more

sides in common(10), then Qn~2>xk~~3(x — l)n_*+3.

Proof. Exactly as in the previous proof, we may assume inductively that

(4.1) Q„»*    (x-iy

firstly for n<m and 3 ¿k^m-\-3, and secondly for n = m and k > /. We wish to

prove that

(4.2) Qn» x    (x-í)

If P'm+3 contains a proper three-ring, then by shrinking to a point the part

of the map on the side of the ring which does not contain Vwe obtain a map

of the type P'a+3- Shrinking the side that does contain V we obtain a map of

the type P|+3, with a+ß = m, 0<o¡, ß<m. Also we have Ö» = (&• Q| (cf.

Chapter I (7.2)). Thus from (4.1) we have <2L»x,-3(x-l)a-i+3-(x-l)''

=xl~3(x — l)m-,+s. Thus (4.2) must hold under the present circumstances. We

may therefore restrict attention to the case when no proper three-ring exists

in Pi,+3.

It may happen that P'm+3 has a region F which does not abut at V but

which does abut at a vertex A EF (for definition of F, cf. §5, Chapter II). Let

the other two regions abutting at A be denoted by R and S. Shrinking the

side VA to the point V, we get a map P'm+3 for which (4.1) holds by our

second inductive hypothesis. Also, leaving the point A in its original position

but obliterating the side VA, we get a map Pm+2 for which our first induc-

tive hypothesis is valid. For, in Pm"+\, the region formed by the union of R

and S can not be in a proper 2-ring, inasmuch as Plm+3 has no proper 3-ring.

Hence, if l>3, we have
„l 1+1 l-X 1-1, _m-I+2 1-4 «N™-i+8

Qm   =  Qm      -Çm_l»X       (X -   1) -X       (X~i)

=  *     (x — I) [x   — X + 1] » X     (x — 1) (x   — x)

I_» m-i+3
= x    (x — 1)

(10) It is thus possible by our hypothesis for P*^ to have two regions R and 5 such that

R+S is doubly connected, but the omission of the exceptional vertex V would render it simply

connected. (Here R is the closure of R.)
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But, if 1 = 3, F is a vertex only by convention in P„+2, and this map is a

P3*2. Hence

QÍ = QÍ- Öm-i» x(x - if"1 - (x - if'1 =(x- if.

Hence (4.2) has been proved if a region T oí the type specified above is

available. In the contrary case, we know from Theorem I, §5 of the preceding

chapter, that Pm+3 has a two-sided region abutting at V(xx). Hence

Qm= (\-2)Qm-i= xQm-i» xx    (x-l) =x    (x-l)

This completes the proof.

It is easy to see how the above theorem can be modified so as to take

care of the case when 2-rings are allowed. Namely, if the map has r proper

two-rings, but otherwise satisfies the hypotheses of the theorem, we would

have
k r+t-3, „.n-r-ir+3

Qn»  X (X-l)

5. Refinements of the results of the two preceding sections. The theorems

of the two previous sections can be somewhat sharpened, if we restrict atten-

tion to maps of sufficient regularity. Our results in this direction are given

below in Theorems I and II. We must first, however, prove the following

almost obvious lemma.

Lemma. If M„ is a proper map of triple vertices and n (n>3) simply con-

nected regions, it contains a side which together with its end points is in contact

with four distinct regions.

Proof. The lemma is true for n = 4, where there are only two topologically

distinct possibilities (cf. Birkhoff [4, p. 11]). Assume inductively that the

lemma is true for 4^«<w. If now we assume the lemma false for n = m, we

arrive at a contradiction as follows:

Consider a map Mm in which no side abutting four regions exists. Let R

and 5 be two regions separated by a side AB whose end points are the ver-

tices A and B(12). Let F be the third region abutting on AB. Then the point set

E consisting of T and the side AB must be doubly connected. If either of the

two collections of regions into which E separates its complement with respect

to the sphere consisted solely of one region (R or S), the obliteration of the

side AB would lead to a submap of m — 1 regions of triple vertices for which

the lemma would fail. It follows that F must have at least six vertices, since

no multiple vertices are allowed and since no multiply connected regions are

allowed. If the vertices of F are denoted in the order in which they occur by

(u) It should be noted that in this case we necessarily have k >3. Otherwise the map would

contain a pair of regions having two sides in common, contrary to hypothesis.

(u) The existence of two vertices in any map of simply connected regions with triple ver-

tices can never be in doubt. There are obviously at least 2m/3 vertices.
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Ax, A2, ■ ■ ■ , A», ■ ■ ■ , it is clear by our assumption that the region F1 in

contact with F across AxA2 must also touch F across AiA4, thus making

T+T1 doubly connected. The third region abutting at A% must therefore be

separated from the third region abutting at A\. Hence A^t must be in con-

tact with four distinct regions. This is the desired contradiction.

Theorem I. If P*+3 is a map of triple vertices with «+3 simply connected

regions, then

a Rn+(- i)nR n-X

(5.1) Qn(x)«x- K      '      + (- 1)     R,
K + 1

where the notation is explained in §2.

Proof. When » = 1, this reduces to Q\(x)<iCR, which is known to be true.

We inductively assume the theorem true for n<m. Consider, then, a map

Pm+3. By the lemma just proved, we know that it contains a side AB agajnst

which four distinct regions abut. If the two regions which have contacfacross

AB have no further contact, the obliteration of AB leads to a map P(m_i)+3

for which (5.1) is valid; otherwise we would get a pseudo-map. On the other

hand, in either case, the shrinking of AB to a point leads to a map PÍ,+3

with one quadruple vertex. We thus have either Qm = Qm —Qm-x or Q3m = Qm.

In either case, it follows from §3 and our inductive hypothesis that

3/s -_, *—» + (- 1)—»* _Qm(x) «xR      - x-(-1)     R
R+i

*■+(-!)■* „,-1

'        R+l-+ (_1)     *'

and the theorem is proved.

Theorem II. If Pn+3 is a map of triple vertices having «+3 simply con-

nected regions with no proper 2-rings or 3-rings, then

(5.2) Qn(x) » (* - 1)   + x      -(x-i)     .

Proof. According to Whitney there exists a simple closed curve C without

multiple points passing through each region just once and crossing each side

at most once, but not passing through any vertex (cf. Whitney [3]). The

complement of C with respect to the sphere consists of two simply connected

domains Dx and D2, separated by C(13). Each region of Pn+3 contains vertices

in both Di and D2. Select any vertex V in Di and any region Ri abutting V

and by a continuous deformation of the map which leaves invariant the

domain F>2 and is one-to-one except for the points which go into Vi pull up

(u) This is the classic theorem of Jordan.
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in succession all the vertices of Ri lying in F>i to coincide with F. At each step,

say right after we have pulled in the (k— 3)th vertex, we obviously have a

map of the type PÎ+3, with one ¿-tuple vertex, against which no region abuts

more than once. For, if a region abutted V more than once, either it would

exclude at least one region from being entered by C or it would itself be en-

tered at least twice by the curve C, contrary to the construction of C. Further-

more, with the deletion of F, the union of no three regions can be multiply

connected in P£+3.

Still using the notation of §2, we have

h kA-1 fc— 1

(5.3) Qn(x) = Q„ (x) - Qn-i(x), * - » + 3, .-., 4,

where the map P„+l referred to by Q%l\(x) contains no pair of regions

having two sides in contact, inasmuch as P*+3 has no proper ring of three

regions, as well as no ring of two regions.

We shall prove first by induction on k that

(5.4) (?*» xk~\x - lf~k+i + s""1 for k = n + 3, n + 2, • • • , 5, 4,

For k = n+3, this gives Q*+3»xn, which is known to be true (cf. Theorem II,

§5, Chapter II). Assume inductively that (5.4) holds for &>F^4. We shall

prove (5.4) for k = l. By (4.1), we know that QnZ\»xh-i(x—l)n-k+3. Com-

bining this with (5.3) and our inductive hypothesis, we find that

I 1-3 ,sn~l+3    , "-' ¡-4/ A»-l+3 Z-4 ,.n-l+j n-1
Qm» x    (x-l)        +x     -x    (x-l) = x    (x - 1) -j- x    .

This proves (5.4) for fe=4, 5, • • , n+3. For k = 3, we have, however, Qn(x)

= Qn(x)—Qn-i(x), since F would be a vertex by convention only for Pn+i.

Hence, using the fact that Qn*i»(x —1)"_1 by (4.1) and also the fact just

proved for &=4, • • • , we find that (5.2) holds, as desired.

6. Recapitulation of the inequalities proved in §§3,4,5, in the case of maps

with triple vertices only. Taking k = 3 and comparing (3.1) and (4.1) with

(2.6) and (2.8), we obtain the very interesting inequalities,

(6.1) Cl ^ ah â C?"-1, h= 1, 2, 3, • •• , ».

Likewise, comparing (5.1) and (5.2) with (2.7) and (2.9), we obtain the still

sharper inequalities,

(6.2) Cl + ClZl ga^¿ cTh~Wt, h = 2, 3, ••-,«- 2
(-0

The conditions under which these various inequalities hold are not the

same and are specified in detail in the preceding paragraphs. We merely note

here that they all hold for regular maps.

It is to be noted that (6.1) determines the exact value of Oj, while a2 is
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determined exactly by (6.2), with the result that for regular maps of «+3

regions, we must have

(6.3) d = «,        a2 = (n + 2)(« - l)/2.

These values for ai and a2 can, however, be determined by any one of a num-

ber of other methods (cf. Birkhoff [4, p. 19]). The complete set of inequalities

(6.1) or (6.2) seems to constitute a much deeper result.

7. A determinant formula for a chromatic polynomial developed in powers

of X —2. Birkhoff has given a general explicit formula for the chromatic poly-

nomials in terms of the number of ways the maps can be broken down into

submaps in various numbers of steps (cf. Birkhoff [l]; also Whitney [l]).

In this formula the polynomial is developed in powers of X. We now give a

similar formula (cf. (7.2) below) which yields us the polynomial developed in

powers of X —2.

The main features of the proof of our new formula are given in this sec-

tion. Several lemmas which are needed to make this proof rigorous are de-

ferred to §9. In §8, we give a simple example of the application of the new

formula.

Except where otherwise stated, we restrict attention to maps of at least

three regions, all of whose vertices are triple and none of whose regions are

multiply connected.

Let us "mark" some of the boundaries of a map of n regions in such a

manner that it is possible to number the regions of the map 1, 2, • • • , n in

such wise that region 2 is in contact with region 1 across an unmarked bound-

ary; region 3 is in contact with regions 1 and 2 across unmarked boundaries;

region 4 is in contact with just two of the regions 1, 2, 3 across unmarked

boundaries; and, in general, region k (2 <k ^n) is in contact with just two of

the regions 1, 2, • • • , k — 1 across unmarked boundaries, these two regions

themselves being in contact with each other across unmarked boundaries. The pos-

sibility of such markings will be discussed later.

If the boundaries of a map are marked so as to fulfill these conditions, we

shall, for brevity, speak of the map itself as having been marked. Also, if it

is possible to number the regions as described above without marking any

of the boundaries, we shall, in certain circumstances, think of the map as

having been marked, the set of the marked boundaries being vacuous.

Assuming that a map has been marked, it is obvious that, if we neglect

whether or not the colors match across the marked boundaries, the number of

ways the map can be colored in X colors is X(X — 1)(X — 2)n-2. For, coloring the

regions in the order in which they may be numbered so as to fulfill the above

requirements, we see that any one of the X colors may be assigned to the re-

gion 1 ; any one of the X — 1 colors different from the color assigned to region 1

may be assigned to region 2 ; any one of the X — 2 colors different from the two

colors assigned to regions 1 and 2 may be assigned to region 3 ; and, in general,
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any one of the X —2 colors different from the two colors (necessarily distinct)

already assigned to the two of the regions 1,2, • • • , k — 1, with which region

k is in contact across unmarked boundaries, may be assigned to region k. Such

a coloration, in which it is not required that two regions in contact across a

marked boundary should have different colors, will be called for brevity a

coloring of the marked map.

It is not possible in all cases to mark a map in the sense just explained.

A simple example to show this is indicated in figure 18. Nevertheless, in figure

19 is indicated a map chromatically equivalent to the map of figure 18 which

Fig. 18 Fig. 19

can be marked(14). This situation is general. According to Lemma 3, §9, there

is in any complete set of chromatically equivalent maps at least one which

can be marked, at least in a certain slightly generalized sense which does not

affect present considerations.

Let P be a map which can be marked. We consider some one particular

fixed marking. Then, any coloring of the marked map is an ordinary coloring

of some submap of P in which certain of the marked boundaries have been

erased but all the unmarked boundaries have been left inviolate. Namely the

marked boundaries to be erased are just those boundaries which separate

similarly colored regions. Conversely, any ordinary coloring of any submap

of P obtained by erasing marked boundaries only is a coloring of the marked

map P. Hence, if we denote by P1 = P(n), P2, P3, ■ ■ ■ , P* all absolutely dis-

tinct proper submaps of P obtained by erasing marked boundaries only, we

see thatZf-iF'(X) is equal to the total number of ways of coloring the marked

map P. Thus we have

(7.1) X(X- l)(X-2)-2= Z-PW-
<=i

where n is the number of regions in P.

(u) The chromatic polynomial for both maps is easily seen to be X(X— 1)(X — 2)10(\ — 3)s.

(u) Every map is considered to be a submap of itself in the present context.
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It will be proved later (Lemma 3, §9) that none of the submaps

P2, P3, • • • , P* has any multiply connected regions, the same being as-

sumed at the outset to be true of the map P = P1. We next replace, whenever

necessary, the maps P2, P3, ■ ■ ■ , Pk by chromatically equivalent maps which

can be marked. Since no confusion can result, we denote any map chromati-

cally equivalent to Pi also by P', and when we speak briefly of marking the

map P* we are really contemplating the double operation of (firstly) choosing

a particular map out of the appropriate class of chromatically equivalent

maps and then (secondly) of marking the chosen map. With this understand-

ing we can repeat the above process with each of the submaps P2, P3, ■ ■ ■ , Pk.

The submaps obtained from P2 by erasing only marked boundaries of some

particular marking of P2 are called P2, Pk+l, Pk+2, • ■ • , Pk+r. The submaps

of P3 are called P3, P**+l, Pk+'+2, ■ ■ ■ , pi+r+>t and so forth.

Our future use of the word "step" is made sufficiently precise by observing

that Pk+l is derived from P2 in one step and from the original map P in two

steps, regardless of the number of marked boundaries that were erased in

passing from P to P2 or from P2 to Pk+1, this number being in each case not

less than 1. However, a map, when considered as a submap of itself, is re-

garded as derived from itself in zero steps.

It is to be understood that all the maps obtained in two steps are treated

in the same way to give rise to still more maps obtained at the third step;

and the process is repeated until after a finite number of steps all the marked

maps have vacuous sets of marked boundaries. Here the process comes to a

natural halt after we have obtained a total of, say, m maps (cf. Lemma 4, §9).

Of course, the number of ways these m maps can be obtained is enormous.

For it is very arbitrary as to just how a map may be marked at each step. We

emphasize that we are now considering only some one fixed choice. It should

also be remembered that these maps P1, P2, • • ■ , Pm are not necessarily

distinct from each other.

Next we let the symbol [i, j] represent the number of these maps

P1, P2, • ■ ■ , Pm which contain just j regions and are derived from P in just

i steps(16). We shall now prove the formula

(7.2) P(X) = X(X - 1)[ E (- i)*[i,M - 2)'-2].

Proof. For each of the P* we evidently have an equation like (7.1), which

we write in the form

m

(7.3) X(X - 1)(X - 2)"<-2 = E EiiP'(X),       i - 1, 2,   • • , m,
i-x

(M) The following obvious equalities satisfied by these bracket symbols are of some interest:

[0, n] = l; [0, j]=0, if j<n; [i,j]=0, if i+j>n;¿~^¡, j[i,j] =m, the total number of maps in the

sequence P1, P2, • ■ ■ , Pm.
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where m,- is the number of regions in the map P* and where Eia = 1 if the map

P> is obtained from P* in one step or in zero steps (in the case of En) but is

otherwise zero. According to the notation chosen P' can be derived from P*

only ii j = i, that is, £,-, = 0 if i>j, while £,-,• = 1 for all i. Hence the determi-

nant \Eh\ is equal to unity and we can solve the m equations (7.3) for

P1(X)=P(X) in the form

(X - 2)»-2     £12

(X - 2)"*~2    E22

(X - 2) "3-2      0

(X - 2)"«-2      0
F(X) = X(X - 1)

Fl3

F23

F33

0

Fl4

-E24

F34

£44

-Elm

E2m

E3m

Eim

(X  -  2)"m-2        0 En

The value of the determinant is equal to the sum of all terms of the type

(- l)'EittE2ß • • • Et-i,y(\ - 2)«'-2El+i,, ■ • • Emt,

where i is the number of inversions in the permutation [a, ß, • ■ • , y, 1,

ô, • • • , e] of the m numbers 1, 2, 3, • ■ • , m. Now suppose that this permuta-

tion is factored into a product of cycles. The factors in the typical term can

be correspondingly rearranged so that we may write it in the form

(- 1)'[(X - 2)"r2ElaEabEbe • ■ ■ Edl][EpqEqr ■ • ■ E,p] ■ ■ ■ [Ezx]\Eyy]

where a, b, c, d, l, p, q, r, s, x, y, and so on, are mutually distinct and where

the brackets correspond respectively to the cycles (/ 1 a b c • • • d),

(p qr ■ ■ ■ s), ■ • • ,(x),(y), ■ ■ ■ . Here, without loss of generality, we take as

the first bracket the one which includes the element from the first column,

namely (X — 2)"'~2. If A^-p-l is the number of elements included in the /th

bracket, then i=^iJV( (mod 2) and we may therefore replace i by i=J*.tNt.

Since Eap vanishes when a>ß, it is clear that, for nonvanishing terms,

(7.4)

1 < a <b <c < • • • <d <l,

p <q <r < ■ ■ ■ < s < p,

But, since it is absurd for ¿» to be less than itself, as (7.4) would imply, and

since Exx = Eyy= ■ ■ ■ =1, it is clear that all nonvanishing terms are of the

type
(- iyEiaEabEbc ■ ■ ■ Edt(\ - 2) »i"2,

where i = A^ is the number of the factors Eia • • • En. By definition of the E's,

a term of this type is equal to ( — 1)'(X — 2)"'~2 or to zero according as to

whether the map Pl is derived from P in i steps through the intermediate

maps Pa, Pb, P", ■ ■ ■ , Pd, or whether it is not so derived. Each of the maps
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P1, P2, • • • , Pm is thought of as derived from P in just one way. Hence the

sum of all terms of this type, for which i is fixed but I ranges through the

values for which m, the number of regions in Pl, is equal to a fixed number j,

is evidently ( — 1) ' [i, j] (X — 2) '~2. Summing over both i and j we get the value

of the determinant and the desired formula (7.2) has been established.

8. Illustration of the determinant formula. Let P be the map illustrated

in figure 20. We mark it as there shown, indicating the marked boundaries

P1 with 6 regions

Fig. 20

by heavier lines. Then we evidently get a total of four maps at the first step.

These maps are shown in figure 21. These are also arbitrarily marked as

P* with 5 regions ps w¡th 5 regions pi w;th 5 regions pi w;th 4 regions

Fig. 21. Maps obtained at first step.

shown. At the second step we get the seven maps shown in figure 22. After

marking these, we finally get at the third step the three maps of figure 23.

By counting these maps we find [0, 6] = 1, [l, 5] = 3, [l, 4] = 1, [2, 4]=6,

[2, 3] = 1, [3, 3] =3, with all other bracket symbols vanishing. This gives

P(X) = X(X - 1){ [0, 6](X - 2)4 - [1, 5](X - 2)3 - [l, 4](X - 2)2

+ [2, 4](X - 2)2 + [2, 3](X - 2)i - [3, 3](X - 2)*}

= X(X - 1)(X - 2) [(X - 2)3 - 3(X - 2)2 + 5(X - 2) - 2].

This agrees with the Q polynomial listed in §2, Chapter II, for the map (6; 6).

For computing chromatic polynomials the present method is of little use, as

it is far more complicated than the method indicated in the first section of

Chapter II.

The determinant formula will probably also prove to be of little use for
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theoretical purposes. It is hard to believe, for instance, that it will ever yield

more precise results than the inequalities of §6. In fact, the known properties

of the chromatic polynomials yield a great deal more information about the

[i,j] symbols than the [i,j] symbols yield about the chromatic polynomials.

P* with 4 regions P' with 4 regions P" with 4 regions

@

P» with 4 regions

/>■• with 4 regions p" with 4 re8ions '" with three regionS

Fig. 22. Maps obtained at second step.

P13 with 3 regions P1« with 3 regions

Fig. 23. Maps obtained at third step.

P'5 with 3 regions

9. Proofs of the deferred lemmas. The following lemmas, needed for the

rigorous discussion of the determinant formula, were postponed to the present

section so as not to interrupt the continuity of exposition in §7.

Lemma 1. In any map of n simply-connected regions having all of its vertices

triple save for one n-tuple vertex against which each region abuts just once, there

exists at least one two-sided region (« ^ 3).

This lemma has already been proved. It is a special case of Theorem I,

§5, Chapter II.
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Lemma 2. It is possible to mark any map of triple vertices and n simply-con-

nected regions which contains no proper 2- or 3-rings. Furthermore, this can be

done in such a way that the three boundaries which abut on a preassigned vertex

are unmarked, and so that the number of marked boundaries is n — 3, while the

number of boundaries having no vertices in common with the unmarked bound-

aries is also n — 3.

Proof. Draw a Whitney curve, that is, a closed curve without multiple

points passing through each region once and only once but passing through

no vertex. This curve divides the map into two parts. Let the part which

contains the assigned vertex be called the outside, while the other part is

called the inside of the Whitney curve. If we deform the map continuously,

so that the inside of the curve is shrunk to a point while the outside is trans-

formed in a one-to-one continuous manner onto the rest of the sphere, it is

clear that we get a map of the type referred to in Lemma 1. But such a map

can be colored in X(X — 1)(X — 2)"-2 ways (cf. Theorem II, §5, Chapter II).

Hence the original map can be colored also inX(X —1)(X — 2)n_2 ways provided

that collisions of color which occur inside the Whitney curve be neglected.

Hence we mark all the boundary lines which lie entirely inside the Whitney

curve. We leave it to the reader to show in detail how the regions may be

numbered from 1 to n in the manner described in §7. Suffice it to say that the

number n is assigned to the region which corresponds to the 2-sided region

mentioned in Lemma 1. After erasing one of the two sides of this 2-sided

region, we get a map of the same type with one less region. This map also has

a 2-sided region and its position indicates the region in the original map to

which we assign the number n — 1. In this way all the regions are numbered

in reverse order.

To prove the last part of the lemma, we note that, if we erase the boundary

lines and the partial boundary lines which lie outside the Whitney curve, we

obtain a map of n-\-1 regions, provided we use the Whitney curve itself as a

set of additional boundaries. It is well known from Euler's polyhedral formula

that such a map has 3(m + 1)— 6 = 3« — 3 boundary lines (cf. Birkhoff [4,

p. 3]). Of these, n are the boundary lines lying along the Whitney curve; n

more are boundary lines abutting on the Whitney curve, while the remaining

n—3 boundary lines are entirely inside the Whitney curve. These are just

the ones which we marked. The fact that the number of boundaries not hav-

ing a vertex in common with the marked boundaries is also n—3 follows by

symmetry with respect to the Whitney curve, as these are precisely the

boundaries on the outside thereof.

Corollary. The number of unmarked vertices (that is, vertices which are not

the end points of any marked boundary lines) is n — 2, if n>3. In case n = 3,

the number is 2.

In fact, for n>3, the boundaries which have no vertex in common with
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the marked boundaries, together with their end points, form a tree, since they

form a simply connected set. Otherwise the Whitney curve would not pass

through every region. The relation between the number of vertices and the

number of edges of a tree is well known. The corollary then follows from the

last clause of Lemma 2.

The case w = 3 is an exception because the set of marked boundaries in

this case alone is vacuous.

Before stating Lemma 3, we describe two operations for passing from a

given map to another chromatically equivalent map.

The first one may be used in case the map contains a proper 2-ring. Any

pair of regions Rx and R2, whose union is multiply connected with multiplic-

ity r, divides the map If into a number of isolated configurations Fi, F2, • • •, Fr

(r^2), such that Fi + F2+ • • • +Fr+Rx+R2 = M, the whole map. Select one

of these configurations, say Ft', deform the map so that Fx fits into the in-

terior of a circle C1, which is then thought of as removed from the map by a

rigid motion in space, leaving the boundary of the circle behind on the map.

This circular boundary is now shrunk to a point Q. Next select any point P

in the interior of any boundary line of the map(17) as so far modified. Expand

P into a circular 2-sided region C of the same radius as that of C1, while the

rest of the map suffers a one-to-one continuous transformation. By a rigid

motion the configuration Fx is returned to the map in a new position, namely

into the circle C. The map as thus modified will be chromatically equivalent

to the original map, at least if we take care by a further deformation of Fi (if

necessary) that the vertices on the circular boundary of Fx are in the same

cyclic order after the modification as the corresponding vertices were in the

original map. This follows from (7.1), Chapter I.

The second operation may be used in case the map contains a 3-ring. It

is similarly described. The only modification is that the point P is taken at a

vertex instead of at an interior point of a boundary line. The point P is ex-

panded into a circular three-sided region into which the configuration Fi is

placed.

Suppose that we fix attention upon a certain set 5 of boundaries of a map.

Let S1 be the complementary set. Suppose further that P(X) denotes the num-

ber of ways the map may be colored in X colors so that no two regions which

have contact across boundaries in the set Sl shall have the same color, while

collisions of color across boundaries belonging to 5 are completely neglected.

Then the reduction formulas for 2- and 3-rings (that is, (7.1) and (7.2) of

Chapter I) still hold for these modified chromatic polynomials, provided that

the boundaries separating the regions in the ring do not belong to S (that is,

they do belong to S1). This obvious principle is fundamental in the proof of

Lemma 3, where the set 5 is the set of marked boundaries.

(") Or, more generally, of any chromatically equivalent map. This generalization is ac-

tually needed for the proof of Lemma 3.
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Lemma 3. Any map of simply connected regions and triple vertices containing

perhaps two-rings or/and three-rings is chromatically equivalent to a map which

can be marked, in such wise that at least one vertex is unmarked, provided at

least that we accept the following slight generalization of the term "marked": A

map of n regions is marked if the number of ways it can be colored in X colors

in such wise that no two regions with an unmarked boundary in common shall

have the same color (but without regard to the matching of colors at the marked

boundaries) wX(X-l)(X-2)"-2(18).

Proof. The proof is by induction on the number n of the regions in the

map. It is readily verified that the theorem is true for « = 3, when the set of

markings is vacuous and both vertices are unmarked.

The case when no 2- or 3-rings are present is disposed of in Lemma 2.

In the case to be considered, then, we can evidently find a proper 2-ring or

3-ring R which has the property that, if one of the two isolated configurations

Fi or F2 (say F2) into which R divides the map is shrunk to a point, the result-

ing map has no proper 2- or 3-rings. If we shrink F,- (i=l or 2) to a point

we obtain a map Mi oí fewer regions than the original map M. Hence, by

our inductive hypothesis, Mi can be marked so that there is at least one un-

marked vertex; or at least a map Mf chromatically equivalent to Mi can

be so marked. However, we must take care, when Aff and JlFjj are combined

to form a map M* chromatically equivalent to M, that none of the marked

boundaries occur between the regions of R. As a matter of fact, this is not

always possible. In virtue, however, of the fact that M2 has no proper 2- or

3-rings, we may by Lemma 2 choose the markings so that the crucial bound-

aries(19) are not marked in the map M2 = M*. The situation with respect to

M\ or MX is not so fortunate, but JFf has at least one unmarked vertex by

our inductive hypothesis, so that Fi can be replaced elsewhere according to

one of the two operations described above for passing to a chromatically

(18) This definition differs from the former merely in that we are not now required to

enumerate the regions in the manner prescribed in §7. Probably this enumeration can always

be carried out for maps that can be marked in this generalized sense, but, as this seems a bit

difficult to prove and as the enumeration is actually not needed, it seemed well to introduce the

above generalization. It is odd that the method which is easiest in its application to simple ex-

amples is the theoretically more difficult. This last remark applies also to regular maps, where

perhaps the easiest way to draw a Whitney curve is to carry out the enumeration first (more or

less at random) and mark the boundaries as we go along so as to suppress unwanted contacts.

No matter how this is done, in most cases the enumeration can be completed and the set S of

marked boundaries will turn out to be simply connected and will touch each region just once.

Hence a closed curve drawn completely around 5 and in the neighborhood of 5 will be a Whitney

curve. Yet for theoretical purposes, in connection with Lemma 2, we reverse the process by

drawing the Whitney curve first, marking the map secondly, and enumerating the regions (in

reverse order) last.

(19) There is only one such boundary if J? is a 2-ring and three such having a common

vertex if ii is a 3-ring.
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equivalent map. When M* has been thus formed, it will be seen that the mark-

ings of the constituent parts M* and M* yield a marking for the whole, at

least in the slightly generalized sense specified above.

Furthermore, by the corollary to Lemma 2, we may calculate the number

of unmarked vertices in M2 in terms of /, the number of regions in Fj. In

case R is a two-ring, M2 has/+2 regions and hence at least/ unmarked ver-

tices, all of which occur in (or on the boundary of) the configuration Fi. In

case R is a 3-ring, M2 has/+3 regions and hence/+1 unmarked vertices,

/ of which occur in (or on the boundary of) the configuration Fi. In either

case, as/= 1, the map M*, chromatically equivalent to M and marked in the

manner described, will have at least one unmarked vertex and our proof by

induction is complete.

Lemma 4. Any proper submap of a map marked in accordance with the direc-

tions given in Lemmas 2 and 3, which is obtained by erasing marked boundaries

only, can not contain multiply connected regions.

Proof. First we prove the lemma for the case of a map with no proper 2- or

3-rings, where all the marked boundaries are on the inside of a Whitney curve.

In order to obtain a multiply connected region in the submap, it must be

possible to find a set of regions Ri, R2, ■ ■■ , Rk, such that Ri is in contact

with Ri+i (i, i + 1 taken modulo k) across a marked boundary and such that

Ef-i^i is multiply connected. Since all the marked boundaries are inside the

Whitney curve and since this latter enters each region just once, it will be

possible to draw a simple closed curve T through Ri, R2, ■ ■ ■ , Rk, passing just

once through each Ri in the order named but not entering any other region

and lying entirely inside the Whitney curve. Furthermore, T must have at least

one region completely on each side of itself (since E-^« 's doubly connected).

This would imply the existence of a region completely inside the Whitney

curve, contrary to the definition of the latter.

The proof for maps containing proper 2-rings and/or proper 3-rings can

be carried through by induction. If we shrink one side of such a ring to a

point we get a map of fewer regions. Our inductive hypothesis is therefore to

the effect that a multiply connected region in the submap can not be obtained

from regions in the original map lying entirely on one side of any proper

2-ring or 3-ring. But the existence of any other such multiply connected region

in the submap would be absurd as our configuration of boundaries for the sub-

map would then necessarily contain an isthmus. We omit details.

Lemma 5. Any submap of the type described in Lemma 4 has at least three

regions.

Proof. The lemma is obvious for maps without 2- or 3-rings, as the number

of marked boundaries for a map of n regions is only n — 3, and every time we

erase a boundary we decrease the number of regions by just one and decrease
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the number of marked segments (originally marked boundaries) by at least

one.

The remaining cases are easily reduced to the case already treated.

Chapter IV. Expansions in powers of X —4 and X —5

1. Notation. We are concerned throughout this chapter exclusively with

proper maps of simply connected regions all of whose vertices are triple. In

connection with such a map P„+3 of w + 3 regions, we use the following nota-

tion:

(1.1) x = X - 4;        y = X-5,

P„+3(X)
(1.2) Ö„(X) = Rn(x) = Sn(y) =

X(X - 1)(X - 2)

Let/(£) and g(i-) be two polynomials in £. Then (contrary to the notation

of the preceding chapter) we shall in this chapter write/(£)<5Cg(£) or gfà^fil;)

ii, and only if, the coefficients of /(£) are non-negative and not greater than

the corresponding coefficients of g(£).

We also write

(1.3) F(X)«i/(X) forX^c,

when F and U are polynomials in X and c is a constant, if, upon setting

£=X-c, /(£) = F(X), and g(£) = U(X), we have /(£)«g(£) in accordance with

the preceding definition. It is evident that, if (1.3) holds, then F(X)<C£7(X)

forX^O, if b>c, so that our definition is consistent with the ordinary meaning

of the symbol ^.

2. Powers of X—4. The following theorem is fundamental:

Theorem I. If Pn+z has a proper 2-ring or a proper 3-ring or a four-sided

region K surrounded by a proper 4-ring, then

(2.1) (X - 3)" « <2„(X) « (X - 2)" for X ̂  4,

provided that this same relation, with n replaced by m, holds for certain maps

Pm+3 with m<n.

The detailed specification of these "certain maps" is given implicitly in

the following proof. This specification is not important. The one important

feature is that each of these maps has fewer regions than the given map P„+3-

This theorem does not lend itself (except under very limited conditions, in

the proof of Theorem II below, for instance) to complete induction, since the

hypothesis concerning P„+3 to the effect that it has a 2- or 3-ring or a four-

sided region need not hold for all the maps Pm+3.

Proof. Formulas (7.1), (7.2), and (2.5), of Chapter I, may be written in

our present notation as follows:
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(2.2) Rn(x) = (x + 2)Ra(x)Rß(x), cx + ß + 1 = «.

(2.3) Rn(x) = Ra(x)Rß(x), a + ß = n,

(2.4) Rn(x)   = ~   [Rn-l(x)  + *£?,(*)]   +  ^-—   [Rn-2(X) + Ä(*)]-
z Z

Assuming that

(2.5) (*+ l)T«2îT(a:)«(x+ 2)*, 7 = a and j3,

(2.6) (* + 1)t«!t(z)«(* + 2)\ 7 = a and/3,

(2.7)
(* + 1)" ' « Rn-i(x) « (* + 2)" \ » = 1 and 2,

(x + 1)" 2 « Rn-2(x) « (* + 2)" ', i = 1 and 2,

we are to prove that

(2.8) (*+l)»«22.(*)«(* + 2)».

If P„+3 has a proper two-ring, (2.2) and (2.5) may be used to prove (2.8)

in the following way: From (2.5) we have

(se + l)a+ß « Ra(x)Rß(x) « (x + 2)a+».

Hence, multiplying by (x-\-2) and using (2.2), we get

(x + l)«+e+i « (x + i)"+»(x + 2) « R„(x) « (x + 2)<*+<3+1.

Since in this case a+/3+l =«, (2.8) has been proved.

If Pn+3 has a proper three-ring, (2.3) and (2.6) are similarly applicable.

If P„+3 has a four-sided region K surrounded by a proper four-ring, we

use (2.4) and (2.7) as follows: From (2.7) we have

and

*(* + 1)"   X « y  [*n-l(*)  + RnU*)] « X(X + 2)"   '

(* + 2)(x + l)n~2«^^ [Rn-t(x) + RnZ(x)] « (* + 2)n~\

Adding and making use of (2.4), we obtain

(x2 + 2x + 2)(x + l)-2 « Rn(x) « (x + 1)(* + 2)— ».

The proof is completed by noting that  (x-\-i)n<^.(x2-\-2x+2)(x-T-i)n~2 and

(^ + l)(a: + 2)'-1«(^ + 2)».

Theorem II. The relations (2.1) always hold for w = 0, 1, 2, • • • , 8.

Proof. For« = 0, (2.5) holds, inasmuch as necessarily i?o(#) = l. Likewise

for w = l, we have Rx(x) =x-\-i or x+2, so that the theorem certainly holds

in this case also. The theorem then follows by induction from the previous
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theorem and the fact that Euler's polyhedral formula shows the existence, in

every map of triple vertices with less than twelve regions, of at least one re-

gion of two, three, or four sides. For such maps of n+3 regions, it is easily

seen that the hypothesis of Theorem I must be fulfilled for 1<«<9.

It is our conjecture that (2.1) always holds for maps of triple vertices.

Every attempt to prove this has broken down on account of the possibility

of the occurrence of maps without proper two-rings, three-rings, or four-sided

regions. Probably the only maps of this type with fewer than seventeen re-

gions are the maps listed in Chapter II with the symbols (12; 0, 12),

(14; 0, 12, 2), (15; 0, 12, 3), (16; 0, 12, 4) (two maps), and (16; 0, 14, 0, 2),
or maps topologically equivalent to these. It has been verified experimentally

that (2.1) holds for each of these six maps as well as for the map (17;0,12,5).

In accordance with Theorem I, this almost certainly establishes the truth of

our conjecture (2.1) for «<14; that is, for all maps having fewer than seven-

teen regions.

Needless to say our conjecture is a very strong form of the four-color con-

jecture. For, if (2.1) were true of all maps (of triple vertices), then, in particu-

lar, we could write 1 á(?n(4) for any map P„+3. Hence P„+3 could be colored

in four colors.

3. Powers of X —5. The situation, which is very obscure for X^4, is very

clear for X^5. We summarize the facts for this latter case in the following

theorem, part of which has already been published (cf. Birkhoff [3 and 4]).

Theorem. For all maps of triple vertices

(3.1) (X - 3)" « Qn(\) « (X - 2)- for X = 5.

Proof. This is already known to be true for n <9 by Theorem II of the pre-

ceding section. To prove the theorem for «^9, we assume inductively that

(3.1) is true when n<m, and show that it must therefore hold for n=m. To

this end we write formulas (7.1), (7.2), (2.5), and (3.4) of Chapter I in terms

of y and 5 (cf. §1) as follows:

(3.2) Sm(y) = (y + 3)Sa(y)Sß(y), a + ß + 1 = m,

(3.3) Sm(y) = Sa(y)Sß(y), a + ß = m,

(3.4) Sm(y) = y-~- [sZi(y) + SÍ\Uy)] + ~p [sZ*(y) + sZi(y)],

(3.5) sm(y) = |[ ¿^i(y) ] + £±î[ ±sLUy)

By Euler's polyhedral formula we know that we have only the following

(not mutually exclusive) four cases to consider:

Case I. Pm+3 has a proper two-ring. In this case, we use (3.2) with our in-

ductive hypothesis asserting that

■
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(y + 2)y « Sy(y) « (y + 3)*, y = « and ß.

Hence

(y + 2)«+" « S,(y)S„(y) « (y + 3)«+*.

Multiplying by (y + 3) and using (3.2), we get

(y + 3)(y + 2)°+0 « Sm(y) « (y + 3)-+*«;

but, since a+ß + i=m and (y + 2)"+<3+1«(y + 3)(y+2)a+<', we obtain

(3.6) (y+2)™«Sm(y)«(y + 3)»>,

which is equivalent to (3.1).

Case II. Pm+3 has a proper three-ring. In this case, we use (3.3) with our

inductive hypothesis asserting that

(y + 2)* « Sy(y) « (y + 3)», 7 = « and ß.
It follows that

(y + 2)« - (y + 2)°+<* « 3.(y)3,(y) = 5m(y) « (y + 3)-,

and (3.6) has been established for this case also.

Case III. Pm+3 has a four-sided region surrounded by a proper four-ring.

Hence we use (3.4). Our inductive hypothesis yields

(y + l)(y + 2)m_I «^ [AGO + sZx(y)] « (y + l)(y + 3)m_1

and

(y + 3)(y + 2)m~2 «^ [&(y) + s22(y)] « (y + 3)-\

Adding, we get in virtue of (3.4) the following:

(y2 + 4y + 5)(y + 2)"-2 « Sm(y) « (y + 2)(y + 3)—1.

Since (y + 2)2<5Cy2+4y+5 and y + 2<Ky + 3, we see that (3.6) is again estab-

lished.

Case IV. Pm+3 has a five-sided region surrounded by a proper five-ring.

Here we use (3.5). Our inductive hypothesis yields

y(y + 2)m"1«4 E slíUy) « y(y + 3)"1

and

(2y + 5)(y + 2)m~2 <<^±Í ¿ SÏUy) « (2y + 5)(y + 3)n~\
5       ¿_i

Adding and using (3.5), we find that
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(y2 + 4y + S)(y + 2)"-2 <<Sm(y) « (y2 + 5y + 5)(y + 3)m~2.

Since (y + 2)2«y2+4y + 5 and (y2+5y+5)«(y + 3)2, we see that (3.6) has

now been finally established.

In conclusion it may be noted that, while it is possible for Q„(X) to equal

either (X —2)B or (X —3)", the latter polynomial appears to approximate Q„(X)

the more closely for regular maps. This is one of the rough conclusions that

can be drawn from the calculations of Chapter II and is undoubtedly con-

nected with the experimentally verified fact that the successive derivatives

of the chromatic polynomials for regular maps are numerically very small for

X = 3 as compared with their values for either X = 2, where they alternate in

sign in accordance with the results of Chapter III, or for X = 4, where, in ac-

cordance with our conjecture of §2, they are all positive. Unfortunately, we

have not been able to express these results in precise form, much less to prove

a rigorous theorem which would adequately cover the situation.

Chapter V. Analyses of the four-ring and five-ring

1. Formula for the reduction of the four-ring in terms of certain con-

strained chromatic polynomials. Suppose we have a map P containing a

4-ring, Ri, R2, R3, Rt, with closed curve C. Let Min [M**] represent the map

obtained from P by replacing the inside [outside] of C by a single region

Qia [Qe*], which is thus in contact with each of the four regions Ri, R2, R3, Ri,

or at least with what remains of them. Let -4in(X) [^"(X)] denote the num-

ber of ways that Min — Qin [Mex — (>*] can be colored so that four distinct col-

ors occur in the ring. Let Af(K) [^"(X) ] denote the numbers of ways that

Afin — Qin [Afex — Q**] can be colored so that Ri and R3 have the same color

but R2 and i?4 have distinct colors. Let A3n(\) [^4*X(X)] denote the number

so that Fm and R3 have distinct colors but R2 and Rt are colored alike; and

finally let A™(\) [Alx(X)] denote the number so that just two distinct

colors appear in the ring. Then we obviously have

PCX) ¿Jn(XMr(X) A2a(\)A7(\) + AJa(\)A7(\)

X(X - 1)(X - 2)(X - 3) X(X - 1)(X - 2)

A j (X)v44 (X)

X(X - 1)

But it is to be remembered that this formula (1.1) is still not analogous to

formulas (7.1) and (7.2) of Chapter I for the 2- and 3-ring because the AÇK)'s

are constrained polynomials rather than free polynomials. We therefore study

the possibility of expressing the .4(X)'s in terms of certain free chromatic

polynomials.

2. Formula for the reduction of the four-ring in terms of free polynomials.

We can, of course, discuss the ^4in(X)'s and ^4ex(X)'s simultaneously. Accord-
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ingly in the sequel we omit the superscripts. Let Ki be the map obtained

from M by omitting the boundary between Rt and Q. Let Lt be the map

obtained from M by omitting the boundaries between Ri and Q and be-

tween Ri+2 and Q. Here subscripts are taken modulo 4. The four possibly topo-

logically distinct maps thus obtained are illustrated in figures 1, 2, 3, 4, with

figure 1 representing Ki = K3, figure 2 representing Li =L3, figure 3 represent-

ing K2 = Kt, and with figure 4 representing L2 = Lt.

The four schemes represented by Ai, A2, A3, Ai are illustrated in figure 24

below. A comparison of figure 24 with figures 1-4 leads at once to the follow-

A\ At

Fig. 24

ing four equations involving the chromatic polynomials KiÇK) and Z,,(X):

(2 1) ^l(X) = ^l(X) + ^3(X)'        KiiX) = ^l(X) + "42(X)"

Li(\) = A2(\) + ^4(X),        L2(\) = A3(X) + At(\),

which we would like to solve for the A 's in terms of the K's and L's. These

equations are, however, not independent, a fact which is not surprising in

view of the equality KiÇk)-\-Li(X)=K2(\)-T-L2(\), which is merely (1.3) of

Chapter I in another notation. Hence, before we can solve (2.1), we must find

an additional equation. The deficiency is eliminated by the following:

(2.2) Ax(\) + (X - 2)(X - 3)At(\) = (X - 3)[A2(\) + A3(\)].

We have two quite different proofs of this fundamental relation which we

defer to §§3 and 4. We merely note here that the simultaneous solution of

(2.1) and (2.2) leads to the following four equalities:

(X2 - 3X+ i)A i(X) = X(X - 3) Ki(\) + (X - 3)Fi(X) - (X - 3) (X - 1)£2(X),

(2 3)     (X2-3X+1^2(X)= JrTi(X) + (X-2)2Z1(X) -(X-2)F2(X),

(X2-3X+1M8(X)= Z1(X)-(X-3)F1(X) + (X-3)(X-1)F2(X),

(X2-3X+1M4(X)= -^i(X) +(X-3)¿i(X) +(X-2)F2(X).

The substitution of the value for the .4(X)'s given by (2.3) in equation (1.1)

gives us a formula for the reduction of the 4-ring in terms of free chromatic

polynomials associated with maps having fewer regions than P has.
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3. Proof of (2.2) using Kempe chains. Assume temporarily that X^4.

From our X colors select a particular set of four distinct colors o, b, c, d. Let

A*, A*, A*, At denote the number of ways of coloring M—Q in such a

way that these four colors appear in the ring in exactly the manner indicated

in the four schemes of figure 24. Since it is possible to select the four colors

o, b, c, d, in the indicated order, in just X(X —1)(X —2)(X —3) ways, it is clear

that

(3.1) Ai(\) = X(X - 1)(X - 2)(X - 3)A*.

Similarly it is possible to select a, b, c in just X(X —1)(X —2) ways, and hence

(3.2) A2(\) = X(X - 1)(X - 2)A*,

(3.3) ^s(X) = X(X - 1)(X - 2)A*.

Similarly, we have

(3.4) ^4(X) = X(X - I)A*.

Now we think of our X colors as divided into two complementary sets, the

first set containing colors a, c, and perhaps some other colors, the second set

containing colors b, d, and perhaps some others. Let A*(ac) denote the num-

ber of colorations enumerated in A* such that Ri and R3 are connected by a

set of regions colored solely in the set a, c, ■ • ■ . Let A*(bd) denote the num-

ber of colorations enumerated in A* such that R2 and i?4 are connected by a

set of regions colored solely in the set b, d, ■ ■ ■ . Then by the well known

principles of Kempe chains the following relations are obvious:

(3.5) A* = A*(ac) + A*(bd), i = 1, 2, 3, 4,

Ai(ac) = A3(ac),       Ai(bd) = A2(bd),

At(ac) = A2(ac),        At(bd) = A3(bd).

Adding these last four equations and making use of (3.5) we obtain

(3.6) A*i + A*t = AÎ+AÎ.

Finally, eliminating A*, A*, A*, At from equations (3.1), (3.2), (3.3), (3.4),

and (3.6), we get

Ai(\)_        At(\) A2(\)+A3(X)

X(X - 1)(X - 2)(X - 3)      X(X - 1) ~ X(X - 1)(X - 2)

Clearing of fractions we obtain the desired equation (2.2) which has thus been

proved for all integral values of X^4. Since, however, both sides of (2.2) are

polynomials, it is clear that (2.2) is an identity in X.
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4. Proof of (2.2) by induction. In the previous sections we have been dis-

cussing a given map M of triple vertices having a quadrilateral Q surrounded

by a (not necessarily proper) 4-ring, Ri, R2, R3, Rt. There are just four essen-

tially(20) distinct proper maps of this type having no region completely ex-

terior to the ring. We denote them by M1, M2, M3, M* and describe them as

follows :

Ml is the map of five regions in which Ri has contact with R3.

M2 is the map of five regions in which i?2 has contact with 2?4.

M* is the map of four regions in which Rx is identical with R3.

M* is the map of four regions in which R2 is identical with i?4.

These maps are illustrated in figure 25.

Fig. 25

Let the constrained chromatic polynomials ^(X) be defined with refer-

ence to M> exactly as -4,(X) was defined with reference to M. On account of

the simple nature of M', it is easy to write down explicitly the values of the

A}t(\). From their definitions, we find at once that

¿î=X(X-l)(X-2)(X-3), a\-0, ¿a=X(X-1)(X-2), X«=0,

4Î=X(X-l)(X-2)(X-3), yl22=X(X-l)(X-2), a\=0, a\=0,

Alx=0, ¿!=X(X-l)(X-2), A\=0, .4'=X(X-1),

¿í=0, ¿í=0, ^í=X(X-l)(X-2), i4Í=X(X-l).

From the italicized remark at the end of the proof of Theorem I, §6, Chap-

ter I(21), it is apparent that there exist relations of the type:

(4.2) Ai(\) = E £í(XMÍ(X), i = i, 2, 3, 4,
í=i

(î0) In case the reader has trouble with the meaning of the word "essential" the following

will suffice for the present: Two maps of the type under discussion are essentially the same if

(1) they are topologically equivalent and if (2) the homeomorphism which establishes this equiv-

alence can be chosen so that the regions marked Q and 2?< of one map correspond respectively

to the regions marked Q and R{ of the other map for each t (* = 1, 2, 3, 4). For a more formal

treatment of this matter see §1 of Chapte'r VI.

(sl) The notation is different from that of §6, Chapter I. Also what was there referred to as

the interior of the ring is now thought of as the exterior, and vice versa.



1946] CHROMATIC POLYNOMIALS 419

where 5,(X) is a polynomial in X, independent of * but dependent on the par-

ticular map M under discussion. Hence, if there also exist relations of the

type

(4.3) Z «.(X)^kx) = 0 for/ = 1, 2, 3,4,
1=1

where a,- is independent of/ (and also of M), it follows from (4.2) that we must

also have

(4.4) Z<*.(XM,(X) = 0
t-i

for any map M. We proceed to determine o's that will indeed satisfy (4.3)

and thus obtain a relation of the type (4.4) valid for any map M.

Using (4.1) and suppressing a common factor X(X— 1), we may write equa-

tions (4.3) as follows :

(X - 2)(X - 3)oi + 0-a2 + (X - 2)o3 + 0-o4 = 0,

(X - 2)(X - 3)oi + (X - 2)o2 + 0-fl, + 0-O4 = 0,

O-O! + (X - 2)a2 + 0-os + I'd« = 0,

0-oi-f 0-os+(X - 2)o8+1-04 = 0.

These homogeneous equations in the four unknowns oi, o2, 03, 04 are compati-

ble and have the essentially unique solution,

ox = — 1,        a2 = X — 3,        at = \ — 3,       at = — (X — 2)(X — 3).

Substituting these values for the o's in (4.4), we see that we have again de-

rived the relation (2.2) and that it has now been established by an inductive

process. The induction appears explicitly in the proof of Theorem I, §6,

Chapter I.

The method of §3 for deriving (2.2) is somewhat shorter than the method

of §4, but it was the latter method which we first discovered.

5. Four-color reducibility of the four-ring. We wish to point out in this

section that the relation (2.2) contains essentially Birkhoff's earlier result on

the reducibility of the proper four-ring (cf. Birkhoff [l]). The essential facts

needed are formulated in the following theorem :

Theorem I. F/Fi(4) > 0 and F2(4) > 0, then at least two of the three quantities

■4j(4), ^3(4), and -44(4) must be positive.

Proof. If ^4(4) >0, (2.2) shows that either ^42(4) or A3(4) or both must be

positive and the theorem is true. The only other possibility is for .4U(4) to

vanish. But, in this case, (2.1) shows that both.42(4) and A3(4) must be posi-

tive, and the theorem is therefore completely established.
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The 4c. reducibility of the proper 4-ring is an immediate corollary of this

theorem. For, if the map P of §1 were 4c. irreducible, L\a(4)>0, F2n(4)>0,

Z"(4)>0, and L2X(4)>0, inasmuch as each of the four maps just referred

to has fewer regions than P. Hence by the theorem just proved two of the

quantities A2n(4), -43n(4), A™(A-) are positive and also two of the quantities

A?(A),Af(4:),A?(±). It follows from (1.1) that P(4)>0, contradicting the

assumption that P was 4c. irreducible.

It is easy to find simple examples which show that any one of the quanti-

ties Ax(4), -<42(4), A3(4), ^44(4) may vanish, even if we assume that R\, i?2,

R3, R4 form a proper ring. Nevertheless, in addition to the information already

given in Theorem I, it is easy to prove the following theorem.

Theorem II. If Ki(4) and K2(4) are positive as well as Fi(4) and L2(i),

then at least three of the quantities ^4i(4), ^42(4), .43(4), 44(4) are positive.

Proof. If ^42(4), ^3(4), -<44(4) are all positive, there is nothing to be proved.

But by Theorem I, we know that not more than one of these quantities can

vanish. There are thus only the following three possibilities to be considered :

I. If 42(4) =0, then the second of equations (2.1) shows that Ai(4) >0.

II. If ^48(4) =0, then the first of equations (2.1) shows that Ai(4) >0.

III. If ¿4(4) =0, then equation (2.2) shows that Ai(4) =^2(4)+^3(4) >0.

In all three of these cases the theorem is seen to be true.

6. Inequalities satisfied by KiÇK), K2(K), Li(X), F2(X). From the fact that

¿<(X)=0 forX = 0, 1, 2, • • • and that X2-3X+1 =0 for X = 2-1(3+51'2), it

is clear, from (2.3) and the relation 2^i(X) +Z-i(X) =K2(X) +Z,2(X), that we can

immediately write down numerous inequalities involving the four quantities

2Ti(X), K2(k), Li(X), L2(X) valid for X = 3, 4, • • • . In this connection we make

two remarks, the first of which lends significance to these inequalities and the

second of which is designed to show, among other things, that these inequali-

ties are valid also for non-integral values of X>5.

Fig. 26

Remark 1. The map Kx may be regarded as completely arbitrary. In fact, any

map of triple vertices containing three or more (simply connected) regions

can be denoted by Kx. The other maps M, K2, L, and L2 are then obtained as
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follows: To get M, we draw a new boundary line I1 (see dotted line in figure

26), sufficiently near any given boundary line I, so that I and I1 are the op-

posite sides of a new quadrilateral Q. The maps K2, Li, and L2 are then ob-

tained from M, as in §2, by omitting various boundaries of Q.

Remark 2. Not only is X2 —3X + 1 completely monotonie for X^3 but so

also are Ai(X), A2(\), -43(X), ̂ (X) for X^5.

The proof of the italicized statement is carried out by induction : Firstly,

it is clear from (4.1) that the statement is true for the maps of fewest regions,

that is, those maps which have only the region Q and certain other regions

abutting Q. Secondly, it is clear from Euler's polyhedral formula that if the

map possesses regions (other than Q) not abutting Q, at least one of these

regions is a pentagon, quadrilateral, triangle, or two-sided region, and hence

formulas (3.1), (2.1), (1.2), and (1.1) of Chapter I as applied to the present

constrained polynomials are available for proving that if the statement is

true for maps having less than n regions it must also be true for maps having

n regions. The details, which are very similar to those of §3, Chapter IV (cf.

also Birkhoff [4, p. 13]), will be omitted. Notice that it is not even necessary

to guard against the occurrence of pseudo-maps in using the reduction for-

mula for the pentagon or quadrilateral. For a pseudo-map is regarded as hav-

ing a chromatic polynomial which vanishes identically and is hence com-

pletely monotonie for X 2:5.

Of the various inequalities deducible from (2.3), perhaps the two most

interesting ones are the following:

(6.1)   - X(X - 3)Ki(\) g (X - 3)Fi(X) - (X - 3)(X - 1)FS(X) g JC,(X).

According to the preceding discussion, (6.1) holds for X = 3, 4, and for X^5.

Moreover

- -1 [X(X - 3)Ki(\)] g -1[(X - 3)Fi(X) - (X - 3)(X - 1)F2(X)]
d\n d\n

(6.2)
o*»

for X^5 and for w = 0, 1, 2, • • • .

If FTi(4)=0, we get from (6.1) the result that ¿i(4) =3F2(4); and since

Ki = K~i+Li — L2 = 0+3L2—L2 = 2L2(4), we come out with the interesting re-

sult that, if F"i is 4c. irreducible, K2 is not 4c. irreducible. This special result

can, however, be obtained more simply without reference to (6.1) by a direct

study of Kempe chains.

7. Formula for the reduction of the five-ring in terms of constrained

chromatic polynomials. Suppose we have a map P containing a 5-ring, Ri, R2,

R3, Rit F6, with closed curve C. Let Min [Mex] represent the map obtained

from P by replacing the inside [outside] of C by a single region Qln [Qex],
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which is thus in contact with each of the five regions, Ri, ■ ■ ■ , Rb, or at least

with what remains of them. Let Gin(X) [Gex(X)] denote the number of ways

that Mla — Qin [Mex — Qex] can be colored so that five distinct colors occur in

the ring. Let A^ÇK) [-44ex(X)] denote the number of ways that Min-Qia

[Mex — Qex] can be colored so that i?,_i and F<+i have the same color but the

other three F^'s have three other distinct colors. The subscripts are here, and

in the sequel, taken modulo 5 so that i=l, 2, 3, 4, 5 (mod 5). Finally let
FJ°(X) [P>ÎX(X)] denote the number of ways that Miu — Qin [Mex — Qex] can

be colored so that just three distinct colors appear in the ring and the color

of Ri is distinct from the colors of the other four R's. It is readily seen that we

have now exhausted the possible color schemes. Consequently we arrive at

the following formula, which is for the five-ring exactly what (1.1) was for

the four-ring:
Gin(X)G°*(X)

P(X)
X(X - 1)(X - 2)(X - 3)(X - 4)

(7.1)
Z^,(XMr(X) Z^,(X)Fr(X)

+
X(X - 1)(X - 2)(X - 3)       X(X - 1)(X - 2)

i
We next study the possibility of expressing the constrained chromatic poly-

nomials, G(\), AiÇk), Bi(K), in terms of certain free chromatic polynomials.

8. Formula for the reduction of the five-ring in terms of free polynomials.

Since we can discuss Mia and Mex simultaneously, we shall hereafter omit the

superscripts.

Let Ki be the map obtained from M by erasing the boundary between F,-

and Q. Let F< be the map obtained from M by erasing the boundary between

Ri-i and Q and the boundary between Ri+i and Q. By Fundamental Principle

(1.3) of Chapter I, it may be shown that

(8.1) Ki(\) + Li+i(\) = Li+2(\) + Ki+tCk).

Referring to the definitions of the .4's, B's, and G, we see that

(8.2) Ki(X) = Ai(X) + A :+2(\) + Ai+3(\) + F,(X) + G(X).

(8.3) Li(\) = Ai(\) + Bi+2(\) + Bi+3(\); i = I, 2, 3, 4, 5 (mod 5).

It is clear from (8.1) that the ten equations (8.2) and (8.3) are not independ-

ent. Hence, before we can solve the equations (8.2) and (8.3) for the unknown

A's, B's and G, we must find some additional equations. The deficiency is

just eliminated by the following five equations:

/o ^       G(\) + (X - 3)(X - 4)Ff+2(X) = (X - 4)(Ai(\) + Ai+i(\)),
(8.4)

i = 1, 2, 3, 4, 5.
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These equations are analogous to the single equation (2.2) which appeared in

the analysis of the four-ring. The two proofs of (8.4) are postponed to §§9

and 10. We outline here the solution of equations (8.2), (8.3), and (8.4) for

the A's, B's and G in terms of Kx, Lx, L2, L3, F4, Lt. First, with the help of

(8.4) we eliminate G, A2, A3, Ai, Ai from (8.2) and (8.3) and thus obtain the

following system of six independent equations, in which we have put u = X — 3 :

(2«+l)^1(X)+(-Mí+«-fl)B1(X)-l-       u*B2(X)-u'B,(\)-u1Bi(\)+      u,¡Bl(\) = Ki(\),

AiQs) +   Ba(X) +   B4(X) = £,(X),

,g  « Ai(\) -uBx(\)+        «B,(X)-»B,(X)+   B4(X)+(«+l)A(X)=Í2(X),

Ai(\) +B,(X) - »B4(X)-f-(«+l)B,(X)-Z,(X),

Ax(\) +Bl(\)+(.u+l)B2(\)- aB3(X) =i«(X),

Ax{\) -uBx(\) + (u+l)B,ÇK)+   B,(X)-«B4(X) +       «B6(X)=i6(X).

We next solve these equations for Ai(X), Bi(K), B2(K), B3(\), £4(X), and B6(\).

We thus obtain the first six of the following eleven equations:

(u2+3u+i)Bi(\)=-Ki(\)+Li(\)-L2(\) + (u+l)L3(k)

+ («+l)L«(X)-Z,(X),

(u2+3u+ l)B2(k) = - Ki(\) + («+ 1)F4(X) +uLs(\),

(u2+3u+i)B3(\) = -Kx(\) + (u+i)Lx(\)-L2(\)+L3(\)+uLs(\),

(w2+3w+ 1)54(X) = -Kx(\) + («+ l)Fi(X) +uL2(\) +F4(X) -i,(X),

(m2+3m+ 1)S,(X) = - Ki(\) +«L,(X) + («+ 1)F3(X),

(w2+3w+ 1)4 i(X) = 2 JTi(X) + (u2+u- l)Fi(X) - (« - 1)F2(X) -L»(X)

-£4(X)-(*-l)£,(X),

(«2+3m+1M2(X) = 2^1(X)-(m+1)F1(X) + (m2+«+1)F2(X)

-(«+1)L,(X)-£4(X)+£.(X),

(«2+3m+ lMä(X) = 2£1(X) -Fi(X) - (u- i)L2(\) + (m2+m- 1)F3(X>

-(m+1)F4(X)+L6(X),

(m2+3«+ i)A 4(X) = 2Kx(\) -Lx(X) +L2(X) - («+ 1)L,(X)

+ (m2+m- 1)F4(X) - (m- 1)F6(X),

(u2+3u+ i)A ,(X) = 2£1(X) - (w+ l)£i(X) +F2(X) -L3(\)

- (u+ 1)F4(X) + (m2+m+ 1)L»(X),

(w2+3«+l)G(X) = (u-1) [(m+4)ü:1(X) -(m+2) {L1(X)+F8(X)+L4(X)}

+ 2{F2(X)+F5(X)}](22).

(8.6)

(2S) Since the regions Rit R2, R3, Ri} R& can be renamed Rx, R¡, Ri, Rz, R¡, it is clear that

equations (8.5) and (8.6) should be invariant as a set under the permutation (25)(34). This

serves as a check on our calculations.
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The seventh, eighth, ninth and tenth of equations (8.6) may be found by ad-

vancing the subscripts of the sixth equation and eliminating K2, K3, FT4, K~t

with the help of (8.1). The last equation can be deduced from the equations

previously found in conjunction with any one of the equations (8.4).

The substitution of the values of GÇK), -4,(X), and F,(X) given by (8.6)

into equation (7.1) yields a formula for the reduction of the 5-ring in terms of

free chromatic polynomials associated with maps having fewer regions than

P has.
9. Proof of (8.4) using Kempe chains. Assume temporarily that X^5.

From our X colors select a particular set of five distinct colors, a, b, c, d, e.

Let G*, At, At+i, Bt+2 denote the number of ways of coloring M—Q in

such a way that the five regions surrounding Q are colored in the manner

indicated in the following table:

Ri R<+i Ri+2 Ri+3 R i+4

G*

A?

Ai*+4

i+2

(i is regarded as fixed). Since the three colors o, b, c can be chosen from the

X colors in the indicated order in X(X —1)(X —2) ways, it is clear that

(9.1)

Similarly, we have

(9.2)

and

(9.3)

Fi+2(X) = X(X - 1)(X - 2)F,*+2.

Ak(\) = X(X - 1)(X - 2)(X - 3)At k = i or i + 4,

G(X) = X(X - 1)(X - 2)(X - 3)(X - 4)G*.

Now we think of our X colors as divided into two complementary sets;

the first set containing colors o, c, d and perhaps some others; the second

set containing colors b, e, and perhaps some others. Let G*(acd), At(acd),

and Bt+2(acd) denote the number of colorations enumerated by G*, At, and

Bt+2, respectively, such that the regions Ri, Ri+2, Ri+3 are connected by a set

of regions colored solely in the set, a,c,d, ■ • ■

denote the number of colorations enumerated

tively, such that the regions F,+i and F,+4 are connected by a set of regions

colored solely in the set, b, e, ■ • ■ . The following relations are then obvious:

, Let G*(be), At(be), Bt+2(be)

by G*, At, and F<*+2, respec-
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G* = G*(acd) +G*(be),

A*k = A*h(bcd) + Ak(be),

Bi+2 = Bi+2(acd) + Bi+i(be),

G (acd) = Ai (acd),

G*(be) = A*+i(be),

B*+2(be) = A* (be),
9fc gfc

Bi+2(acd) = Ai+i(acd).

Adding these last four equations and making use of (9.4) we obtain

(9.5) G* + B*+2 = A* + A*+i.

Finally, eliminating the starred quantities with the help1 of (9.1), (9.2), and

(9.3), we have
_G(X)_| Bi+2(\)

X(X - 1)(X - 2)(X - 3)(X - 4)       X(X - 1)(X - 2)

Aj(\) + Ai+i(\)
" X(X - 1)(X - 2)(X - 3) '

Clearing of fractions we obtain the desired equation (8.4), which has thus

been established for integral values of X^5. Since, however, both sides of.

(8.4) are polynomials, it is clear that (8.4) is an identity in X.

It is interesting to note that the five linearly independent relations (8.4)

are of no significance for the interesting case X = 4, for which they reduce to>

0 = 0. But for X5¿4, we can eliminate G, thus obtaining the relations

(9.6) Ai(\) + (X - 3)Bi+1(\) = (X - 3)Bi+2(X) + ^,+3(X), i = 1, 2, 3, 4, 5(23)..

Since, however, both sides of each of these equalities are polynomials, it is

clear that (9.6) holds also for X = 4. This gives us a simple example of how

function-theoretic considerations can give significant results for the case of

special interest, X = 4. The function-theoretic method is, however, not essen-

tial in this connection, as it is also possible to establish (9.6) directly, either

by using Kempe chains, or by using the inductive method of the next section.

10. Proof of (8.4) by induction. In §§8, 9 we have been considering a given

map M of triple vertices having a pentagon Q surrounded by a (not neces-

sarily proper) 5 ring, Ri, R2, R3, Ri, R&. There are just ten essentially distinct

maps of this type having no region completely exterior to the ring. They are:

Mi, in which F,_i and i?,+i are identical ; and Ni, in which the five regions of

the circuit are distinct but Ri has contact with each of the other four. Let

(23) Any four of these five relations are linearly independent.
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the constrained polynomials GM¡(K), AiMjÇK), BiM,ÇK) be defined with refer-

ence to Mj exactly as G(\), Ai(\), 5¿(X) were defined with reference to M.

Similarly we let GNjÇK), AiNjÇK), BiNjÇK) equal the number of ways N¡—Q
can be colored with X colors in the schemes indicated by G, A,-, B{ respectively.

We first wish to solve the homogeneous linear equations

Fig. 27

(10.1)

Ë otAiMm + Ë biBiMi(\) + gGMi(\) = 0,
«■-i

5

E OiAiNiQi) + E biBiNAX) + gGNjfr) =0,      j = 1, 2, 3, 4, 5,
<-i «-i

for the unknowns ax, • ■ ■ , ai, b\, • • • , bt, g. For we know from the italicized

remark at the end of the proof of Theorem I, §6, Chapter I, that there exist

relations of the type,

Ai(\) = E c)(XM,-M)(X) + E di(\)AiNi(\),
i-x i-x

£<(X) = E CjQOBiMAX) + E djMBiNAX),
i-i i-x

G(X) = E CjMGM,(X)   + E á/(X)GiVí(X),
/-i i-i

and these identities in conjunction with (10.1) would yield

(10.2)

5

I
i-X

Ë M,(X) + Ë biBi(\) + gG(\) = 0,

which is the type of result we are seeking. Now the equations (10.1) are for-

tunately not independent. Indeed our Fundamental Principle (1.3) of Chap-

ter I yields
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GNiÇK)+GM,+1ÇK) = GMj+2(X) +GNj+3(\),

AiN,{\) + AiMf+iQi) = AiMi+i(\) + AiNj+3(\),

BiNi(X) + BiMi+iCK) = BiMj+2(\) + BiNi+3(X), j = 1, ■ • • , 5:

Hence we have a total of at least five linearly independent solutions. If the

rank of the matrix of the coefficients in (10.1) is exactly 6, as it turns out to

be, we can solve for a properly chosen six of the unknowns in terms of the

other five. A particular solution may be found by assigning special numerical

values to these five. It is easy to calculate the coefficients in (10.1). In fact

the first of these equations may be written, after suppressing a factor

X(X-l)(X-2), as follows:

(10.3) (X - 3)ai + b3 + bi = 0.

Similarly, the first of the second group of equations (10.1) may be written

(10.4) (X - 3)(ai + a3 + o4) + fa + (X - 3)(X - 4)g = 0

and the other eight equations may be obtained by advancing the subscripts

(mod 5) in (10.3) and (10.4). We seek.a solution of these equations in which

(say) 02 = 03 = 04 = 05 = 0 and g = l. Advancing the subscripts in (10.3) we find

immediately that ôi = b3 = fa =• — b2 = — ô6. Adding 1 to the subscripts of (10.4),

we get b2= -(X-3)(X-4), and (10.4) itself will now yield oi= -2(X-4).
To recapitulate, we have found the following solution of equations

(10.1): oi=-2(X-4), o2 = o3 = O4 = o5 = 0, 0i=&3 = &4 = (X-3)(X-4), fa^fa

= — (X — 3)(X — 4), g = l; and four other linearly independent solutions may

be found by advancing subscripts. Substituting the above values for the o's,

b's, and g in (10.2) we get

(10 5)   ~ 2(X - 4Ml(X) + (X ~ 3)(X ~ 4) [2?l(X) ~ *l(X) + 5s(X)

+ F4(X) -F5(X)]+G(X) = 0.

Adding 4 (mod 5) to the subcripts, we get

- 2(X - 4MB(X) + (X - 3)(X - 4) [B6(\) - Bi(\) + B2(\)

+ B3(\) - Bi(\)]+G(\) = 0.

Adding to (10.5) and dividing by 2, we finally obtain

- (X - 4)[^(X) + ¿5(X)] + (X - 3)(X - 4)F3(X) + G(X) = 0,

from which (8.4) follows at once.

The fact that we have deduced (8.4) may seem to be inconsistent with the

heading of this section in which we refer to the proof of (8.4) by induction.

The heading was so chosen because of the fact that the central principle used

in the preceding argument is contained in Theorem I, §6, Chapter I, and this

was established previously by induction.
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The advantage of this method of deduction is that we see from the matrix

of coefficients of (10.1) that the five equations (8.4) comprise essentially all

relations of the type (10.2) which hold for any map M of the type under dis-

cussion.

11. Four-color reducibility of the five-ring surrounding more than a single

region. We show in this section that the relations (9.6), and hence the rela-

tions (8.4) from which they are derived, contain the known result that a

proper 5-ring surrounding more than a single region on each side is 4c. reduci-

ble. The essential facts are formulated in the following Theorem I, the proof

of which is merely an adaptation of Birkhoff's earlier work on the five-ring

(Birkhoff [l, pp. 120-122]). We first need the following lemmas, the first two

of which are obvious consequences of (9.6) and the last of which follows

equally obviously from (8.3).

Lemma 1. If 5<(4)>0, then either 5<+i(4)>0 or -4<+2(4)>0, or both are

greater than 0. Likewise, if Bi>0, either 2?,_i>0 or Ai-2>0, or both are greater

than 0.

Lemma 2. // A ,->0, then either ¿?,+2>0 or A,_2>0, or both are greater than 0.

Likewise, if Ai>0, either i>\_2>0 or Ai+2>0, or both are greater than 0.

Lemma 3. If L,->0, at least one of the quantities Ai, ¿>\+2, Bi-2 is greater

than 0.

Theorem I. If all the L's are positive, one of the following three possibilities

must hold :

(I) Ax=A2=A3=Ai=A6 = 0, Bx = B2=B3=Bi=Bi>0.

(II) Ax=A2=A3=Ai=Ab>0, Bx=B2 = B3=Bi = Bi = 0.
(III) At least six of the A's and B's are positive (X = 4, throughout).

Proof. By Lemma 3 not all the A's and B's can vanish. If all the A's are

zero, (9.6) shows immediately that Bx = B2=B3 = Bi = Bt. Likewise, if all the

B's are zero, (9.6) shows that Ax=A2=A3=Ai=At. Hence, from now on we

make the hypothesis Hi that not all the A's are zero and that not all the B's are

zero.

There are two possible cases: Either (Case I) two adjacent B's, say Bi

and Bi+x, are both positive, or (Case II) there is no pair of adjacent positive

B's. We consider these two cases separately.

Case I. We first prove the following subtheorem: // Bi>0 and Bi+x>0,

then either Bi+2 > 0, or six of the A's and B's are positive, or both alternatives hold.

Proof of subtheorem. Without loss of generality we may take i = 3, since

subscripts may always be advanced modulo 5. Since B3>0 and Bt>0, Lemma

1 shows that either Bs>0, in which case the subtheorem is true, or Ax>0-

Thus, we may now assume B3, Bi, Ax all greater than zero. Lemma 3 shows

also that at least one of the quantities A 3, Bx, Bsis positive. If 56>0, the sub-
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theorem is true. If F»i>0, then by Lemma 1 we have B2 or ^48>0 and B6 or

.44>0, which, together with B3>0, Bt>0, .4i>0, Pi>0, gives us six .4's and

F»'s greater than zero.

Hence we may limit attention to the case when B», Bi, Ai, A3 are all posi-

tive. But since -4s >0, Lemma 2 shows that either 2?i>0 or ^46>0.

If Fi>0, then either Bbor Ai is greater than 0 by Lemma 1 and six of the"

.¡4's and B's are positive, namely B3, Bi, Ai, A3, Bi, and either Bt or Ai.

If -46>0, we so far have only five of the .4's and B's which we know to

be positive, namely B3,Bi,Ai,A3, A b. Lemma 3, however, tells us that at least

one of the quantities Bi, B2, Ai must also be positive and thus the proof of

the subtheorem is complete.

We see, too, that under Case I (that is, -B<>0, F,+i>0) we must always

have six of the .4's and B's greater than zero. For, otherwise, the above sub-

theorem successively shows Bi+2>0, Bi+3>0, 5,+4>0. Thus all five of the

F?'s are positive and, by hypothesis Hi, not all the A's are zero. We thus arrive

at a contradiction and Case I is completely disposed of.

Case II. To cover this case we introduce hypothesis H2: There are no ad-

jacent B's, both of which are positive. Notice that, under this hypothesis H2,

Lemma 1 no longer offers us a pair of alternatives. If Bi>0, as we may as-

sume without loss of generality by hypothesis Hi, both A3 and A4 are positive.

Also Lemma 2 shows us that Ai must be positive. For the fact that ^3>0

means either that F»6 > 0 (which is excluded by H2) or A1 > 0. Thus we have Bi,

A¡, A3, Ai, all greater than 0. Moreover Lemma 3 shows that either B2, B3, or

A6>0. Lemma 3 also shows that either F4, Bb, or .42>0. Two of these pos-

sibilities (namely, B2>0,B6>0) are excluded by hypothesis H2, but this is of

no importance in reaching the now obvious conclusion that in Case II we

always have at least six of the A 'sand B 's greater than zero. This completes

the proof of the theorem.

The 4c. reducibility of the proper 5-ring having more than a single region

on each side is an immediate corollary of this theorem. In fact, if the map P

of §7 were 4c. irreducible, F}n(4)>0 and ¿"(4)>0, i = l, 2, • ■ ■ , 5, inas-

much as each of the ten maps referred to has fewer regions than P. If six of

the -4in's and Bia's were positive, and if at least five of the ^4ex's and B*x's

were positive (as they must be by Theorem I), formula (7.1) shows that

P(4)>0. Hence the possibility (III) of Theorem I is ruled out for the map

Min. It is similarly ruled out for the map Mex. It then becomes evident that

P(4)=0 only if possibility (I) holds for one of the maps, ilfin and Mex (say

Min), and possibility (II) holds for the other. That is, if P is irreducible, we

are thus led to (say) B\x =F»f =B?=B?=Bf = 0. But this would mean that
Mex could not be colored in four colors. This is a contradiction of our supposi-

tion that P was irreducible by reason of the fact that the ring surrounds more

than one region in P so that P has more regions than Mex or Mia. Hence P

can not be 4c. irreducible.
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12. Further consequences of the analysis of the 5-ring. It is possible to

obtain numerous results analogous to those of §6. In the first place, we remark

that the map Ki may be regarded as more or less completely arbitrary. In

fact, any map of triple vertices containing at least one region with three or

more sides can be denoted by Kx. The other maps, M, K2, • • • , Ki,

Lx, • ■ ■ , Lb, are then obtained as follows: To get M, we select a region R of

Ki having three or more sides. Let h and l2 be two boundary lines of R

abutting on a common vertex. We next draw a new boundary U in R (see

dotted line in figure 28) sufficiently near h and l2, so that the three lines

h, l2, h are three sides of a new pentagon Q with h and l2 opposite to h. The

maps K2, ■ ■ • , K6, Li, • • • , L¡ are then obtained from M, as in §8, by

omitting various boundaries of Q.

The chromatic polynomials associated with the maps so obtained will then

be found to satisfy numerous inequalities which can be read off at once from

(8.6). Not only are the left members of these identities not less than 0 for

X = 3, 4, 5, • • • , but they are completely monotonie for X = 5, a fact whose

proof will be omitted on account of the close analogy with §6. Hence the right

members of (8.6) are non-negative for X = 3 and 4 and are completely mono-

tonic for X= 5.

Finally, we have the following curious result:

Theorem I. If Ki is 4c. irreducible, then none of the other K's are. Moreover

3K3(4) = 6F4(4) = 2F6(4),        3Kt(4) = 2F2(4) = 6L3(4),

7C2(4) = Li(4) + L4(4), Ks(4) = Lx(4) + L3(4).

Proof. Since Ki(4) =0, (8.2) shows that

(12.1) Ax = A3 = Ai = Bx = 0.

Equalities (9.6) then become (for X = 4 and i = l, 2, 3, 4)

(12.2) B2 = B3,   A2 + B3 = Bi + At,    BA = B¡,    B¡ = A2.

It follows from (12.1) and (12.2) that B2 = B3=A6 = a, say, and Bt = Bf=At

=ß, say. Referring back to (8.2), we now have
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A2 + Ai + A6 + B2 = 2a + ß,

A3 + Ah + Ai + B3 = 2a,

At + A1+A, + Bt =  20,

^6 + ^2 + ^3 + F6 = a+ 20;

Ai + B3 + Bi = a + ß,

A2 + Bi + Bi = 30,

¿3 + F6+Fi = 0,

Ai + Bi + B2 = a,

Ai + B2 + B3 = 3a.

Since Ki is irreducible and F¿ has one region less than FJi, it follows that

Z,->0 for i=l, 2, 3, 4, 5. Hence from (12.4) we have a>0 and 0>O. This

result together with (12.3) shows that X"i(4)>0 for i = 2, 3, 4, 5. The rest of

the theorem follows from the elimination of a and ß from (12.3) and (12.4).

Chapter VI. Partial analysis of the «-ring with special

ATTENTION TO THE 6-RING AND 7-RING

1. The elementary maps and fundamental constrained polynomials enter-

ing into the theory of the «-ring. The thoroughgoing analogy between the re-

sults obtained for the 4-ring and those obtained for the 5-ring indicates the

possibility of formulating a general theory for the «-ring. Since a complete

formulation of such a general theory has so far eluded us, it seemed desirable

to make independent studies of the essentially simple 4-ring and 5-ring. Now,

however, it appears well to introduce our studies of the much more compli-

cated 6-ring and 7-ring by such general remarks as it is possible to make with

regard to the «-ring.

Our theory really concerns a class Cn oí marked(2i) maps of triple vertices

and simply connected regions. Each map Mn of the class C„ contains an «-gon

marked Qn surrounded by an «-ring whose regions are marked Fvi, R2, • • ■, Rn

in the cyclic order in which they occur. This cyclic order is supposed to be

taken in the same sense for every map of the class. Two maps of class C„ are

regarded as essentially the same if, and only if, they are topologically equiva-

lent and the continuous one-to-one transformation which establishes this

topological equivalence can be chosen in such a way that the regions marked

Qn and Ri in one map correspond respectively with the regions marked Qn

and Ri in the other map (i = l, 2, • • • , «). If they are not essentially the

same, they are essentially distinct.

The total number of regions in such a map Mn can be any integer greater

(12.3)

(12.4)

K2

K3

Ki

Kt,

Li

Li

L3

Li

F6

(,4) The work "marked" has a sense here quite different from its particular meaning in

Chapter III.
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than » + 1, but it can also be equal to w + 1 or even less than w + 1, inasmuch

as the ring i?i, ■ • • , Rn need not be a proper ring, and, in particular, these n

regions are not necessarily distinct. If the map Mn has no region (other

than Qn) which does not abut on Qn, it will have at most » + 1 distinct re-

gions and will be called an elementary map of the class Cn- Let the number

of essentially distinct proper elementary maps of the class Cn be denoted

by n(n). A glance at the previous chapter will show that p(4) =4, p(5) = 10.

It can also be verified without much trouble that p(6) =34. But we have not

been able to deduce a formula for Li(n)(26).

Let us consider four elementary maps Mn, Af", MÍ11, Mnv satisfying the

following five conditions:

(1) In Mn, Ri has contact with Rk across a boundary with its end points

abutting on R¡and Rt (i <j<k<l^n).

(2) In Ml1, Ri is identical with Rk.

(3) In Af"1, Rj has contact with R¡ across a boundary with its end points

abutting on i?¿ and Rk-

(4) In M„v, Rj is identical with Rt.

(5) All contacts and identifications of the R's other than those mentioned

above are the same for each of the four maps.

if' M" A/"1 M'v

Fig. 29

Then it is clear by the Fundamental Principle (1.3) of Chapter I that the

chromatic polynomials (either free or constrained) associated with the above

four elementary maps must satisfy the identity

(1.1) Mn(\)  + Mn(\)   =  Mn\\) + Mn\\).

Thus any free or constrained chromatic polynomial for one of these maps is

obtainable at once from the corresponding polynomials for the other three

by the linear relation (1.1), in which the coefficients are independent of the

nature of the constraints (so long as the R's are actually required to be

colored). Hence four maps of this type will not be regarded as forming a set

of mutually independent maps. In general, a set of elementary maps among

whose constrained chromatic polynomials there are no linear relations (with

(26) The number of elementary maps with n+1 regions is, however, known since Euler to

be2--i-l-3-5 • • • (2n-5)/(n-l)!. Cf. Whitney [4, p. 211].
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coefficients not all zero), which are independent of the nature of the con-

straints (so long as each R is required to be colored), will be said to form a

"basic" set of mutually independent maps. A maximal basic set will be a basic

set 5 such that the constrained polynomial of every elementary map not in S

can be expressed linearly in terms of the corresponding polynomials for maps

in S, the coefficients being independent of the nature of the constraints. Evi-

dently, the number v(n) of elementary maps in a maximal basic set is inde-

pendent of the way in which the maximal set is chosen, inasmuch as v(n) is

merely the rank of a certain matrix with p(n) rows and a number of columns

equal to the number of types of constraint (in which each R is required to be

colored).

It is clear from (1.1) that v(n) must be less than p(n) for «^4. Again, a

glance at the preceding chapter shows that v(4) =3, v(5) =6, while it is also

possible to show that »>(6) = 15, »»(7)=36. For the complete theory of the

«-ring it would be even more important to determine the function v(n) than

the function ¿u(w). It is hard to say which of these problems is more difficult.

Let us go back to the general marked map Mn (not necessarily an ele-

mentary map) of the class Cn. In any coloring of the ring, the regions

Fi, Ri, • • • , Rn fall into a number of sets such that all regions of the same

set have the same color, but any two regions from different sets have distinct

colors. Two colorings of the ring belong to the same scheme if this division

into sets is the same for the two colorings. For instance, if the six regions

Fi, • • • , Ro of a six-ring are colored with the colors o, b, a, c, a, d respec-

tively, we would have the same scheme as if they were colored b, c, b, a, b, d

or x, y, x, z, x, w; but the coloring d, a, b, a, c, a would belong to a different

scheme. Evidently a scheme is completely defined by the specification of one

of its colorings. This will be our practice in the tables of §§2 and 5 below. A

general formula for the number p(n) of distinct schemes may be obtained as

follows:

Let F„(X) equal the number of ways of coloring an «-ring in X colors. Then

from (3.4) of Chapter II, we have F„(X) = (X-l)B+(-l)n(X-l). Moreover

F„(X) = m„X(X - 1) ■ • • (X - « + 1) + w„_iX(X-l) • • • (X-«+2)+ • • •
+w2X(X—1), where mk equals the number of schemes involving exactly k

colors, so that

n

(1.2) p(n) = Z™*, « = 2-
*=2

However, we know from the calculus of finite differences that

A*Fn(0)

Also from the calculus of finite differences, we have for k ^ 2
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A*Fn(X) = A*(X - 1)- = E (- 1)'Y . ) (X - 1 + k - j)\
i-o \J /

Hence

* / k\ (k - j - 1)~
(1.3) »* = £(- DM   .)-

i-o \J / k\

Combining (1.2) and (1.3), we have

/ k\ (k - j - !)•n      * / k\

pM = EE(-i)'( .)
i_2 ,-_o \J / kl

This double sum may be written in the following slightly more convenient

form:

(«- 1)"       q=» (h- 1)»
(1.4) p(n)=---!- + E        ,,£(»-*) + (- l)-fi(n),       n è 4,

m! a_2        ä!

where

1        1 (- 1)*»
(1.5) E(m) =-H-+--—, w=2.

21      3! m\

The first few of the E's are listed here for convenience: E(2) = 1/2, E(3) = 1/3,

£(4) = 3/8, £(5) = 11/30, E(6) = 53/144, E(7) = 103/280, £(8) = 2119/5760.
Using these values for the £'s, formula (1.4) yields p(4)=4, p(5) = ll,

p(6)=41, p(7) = 162, p(8)=715. For computational purposes it is, however,

much easier to find Wo = 0, Wi = 0, m2, m3, • • • as successive remainders upon

dividing Fn(X) by X, X —1, X —2, X —3, • • • and then to find p(n) from (1.2).
Let the various schemes be denoted by Ax, A2, • • • , Ap{n): Let AiÇK) de-

note the number of ways Mn—Qn can be colored in X colors so that the ring

surrounding Q„ is colored according to the scheme Ai. The ^4(X)'s are thus

constrained chromatic polynomials; moreover they form a complete set of

constrained polynomials in the sense that .an arbitrary constrained poly-

nomial P(X) for which the constraints are carried by no regions other than

Qn, Rx, • • • , R»(u), but with each R required to be colored, may be expressed

in the form

(1.6) P(\)='ÍRí(\)Aí(\),
i-X

where the coefficients £<(X) may be rational functions of X but are independ-

ent of the particular Af„ under consideration. For example, if PCS.) is the free

chromatic polynomial for Af„, then £,(X) =X—a,-, where a< is the number of

(M) The free chromatic polynomial for Mn may be regarded as a special case of a constrained

polynomial, for which the constraint-carrying regions form a vacuous set.
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colors in the scheme Ai. Another obvious and important example is given by

the following identity:

(0> -*?(x'-x(x-i).:.1(x-«, + i)^ <xi°">'

where At(\) denotes the number of ways Mn — Qn can be colored so that a

certain preassigned color (selected from the X colors) is assigned to each re-

gion in the ring, the whole ring being colored in the scheme A,-. We omit the

general proof of (1.6).

One of the primary objects is to discuss homogeneous linear identities of

the form

p(»)

(1.8) Z «*(X)i44(X) = 0,
t-i

where the coefficients o<(X) are the same for any map of the class Cn. In par-

ticular, (1.8) would have to be satisfied in the case of an elementary map of

the class C„. Let M„x\ M„2\ ■ • • , ilf^(B)) denote the elementary maps of

the class Cn and let ^^(X) denote the number of ways M^ — Qn can be

colored in X colors according to the scheme Ai (k = l, 2, • • • , p(n); i = l,

2, • • • , p(«)). It follows that a system of admissible o(X)'s must satisfy

(1.9) Z ai(\)A?\\) =0, k = 1, 2, • • ■ , „(»).
.-i

These necessary conditions will next be shown to be sufficient. In fact, ac-

cording to §6 of Chapter I, there exist identities of the form,

(1.10) Ai(\) = Z Bk(\)A¡k\\), i - 1, 2,   .. , p(n),
k—l

where Bk(k) depends upon the particular map Mn under consideration, but

is independent of the nature of the constraints, that is, independent of i.

Hence if (1.9) holds, we see from (1.10) that (1.8) must also hold. Hence in

order to find all relations of the form (1.8) we have merely to find all solu-

tions of equations (1.9), the o's being the unknowns and the ^^(XJ's the

known quantities (27).

The equations (1.9) are not linearly independent^8). In fact the rank of

the matrix is not less than v(n) but on account of the fact that (1.6) holds for

any constrained polynomial P(X), it follows that the rank of the matrix is

exactly v(n) and we can in fact limit attention to a maximal basic set of

(") The .á's are very easily computed in any given case. It is, in fact, a priori evident

that A{(\) is either 0 or X(\ —1) • • • (X—au-t-1) according as M* can not be, orean be, colored

in the scheme Ai.

(28) We are here assuming that u{n) S p(n), which is true for small values of n but has not

been proved for all n.
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elementary maps. If the notation has been chosen so that the first v(n) of

the Af s form such a maximal basic set, we need only consider the first v(n)

of equations (1.9). In this way we see that the number of linearly independent

relations of the form (1.8) is equal to p(n)—v(n).

2. The problem of expressing the constrained polynomials in terms of

free polynomials. In the application of the theory of the «-ring to the general

theory oi free chromatic polynomials it would appear to be important to ex-

press the j4(X)'s in terms oi free chromatic polynomials. This is what was

done in the previous chapter for w = 4 and n = 5 (cf. (2.3) and (8.6)). We

now discuss the possibility of doing this in the general case.

For convenience let us think of the region Qn of our marked map Af„ as

occupying a hemisphere, say the "northern" hemisphere, of a sphere, while

the rest of the map occupies the "southern" hemisphere. Moreover we can

assume that the vertices of Qn lie at equal intervals along the equator.

Let Ml, • • • , Af¡,w be a maximal basic set of elementary maps for the

class Cn of marked maps, while Af„, as before, represents a generic member

of Cn, either elementary or not. Corresponding to each Af„ we now define

maps Ki (i = i, 2, • • • , v(n)) as follows:

First reflect the configuration on the southern hemisphere of M® across

the equator. In other words, move each point of the southern hemisphere of

Af^ through the interior of the sphere parallel to the polar axis until it

intersects the northern hemisphere. In this way we get a configuration Af„

in the northern hemisphere of a sphere a, while the southern hemisphere of a

is thought of as empty. Let Ri, • • • , Rn be the regions in the northern hemis-

phere of a which correspond respectively to the regions Ri, • • • , Rn of the

map Mn\ Second, take the configuration on the southern hemisphere of

the generic map Afn and place it on the empty southern hemisphere of <r,

being careful to make the region Ri of the map Af„ have contact at the equa-

tor with Ri but with no other of the R's (î = 1, 2, • ■ • , n). Third, remove

the boundary at the equator so that i?< and Ri (for each i) form one region.

The resulting map on the sphere a is the map Ki previously alluded to.

If Ri, • • • , Rn is not a proper ring in the map Af„, the map Ki may pos-

sibly turn out to be a pseudo-map or may have doubly connected regions.

Otherwise K, will be a proper map of triple vertices and simply connected re-

gions. We use Ki(\) to denote the free chromatic polynomial associated with

Ki. It is obvious that

(2.1) Ki(\) m E UiA,(\), i = 1, 2, • • • , v(n),
i-x

where e,y= 1 or 0 according as the map M® can or can not be colored in the

scheme A¡. We next would like to prove that the v(n) identities (2.1) are lin-

early independent in the sense that there exist no multipliers wzi(X), • • • ,m,Q\),

not all zero, independent of Af„, such that Eííw«'(A)-K»M =0- This is true
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for » = 4 and w = 5, but we have not been able to prove it in the general

case. It must depend somehow on the fact that M\, ■ • • , M£w form a

basic set. Indeed it is easy to see that, if the M® did not form a basic

set in virtue of a situation like that described in connection with equality

(1.1), the Fundamental Principle (1.3) of Chapter I would yield an identity
of the type Kl(\)+Kn(X)=Kin(X)+Klv(\) for the four associated FT-maps.

This gap in our theory is due to insufficient knowledge concerning the matrix

(e,y) in the general case.

We next consider p(n) — v(n), linearly independent, solutions of (1.9):

Oi = o<J(X); ¿ = 1, • • • , p(»);/=l, • • • , p(n)—v(n). Substituting in (1.8) we

obtain

p<»)
(2.2) Z au(\)Ai(\) =0, i = 1, 2, • • • , p(n) - v(n).

t-i

These p(n)—v(n) linearly independent equations taken with the v(n) equa-

tions (2.1) give us just the right number of equations to solve for the p(n)

unknowns -4i(X), • • • , ^4p(n)(X), provided, of course, that we are correct in

believing that (2.1) and (2.2) yield p(n) independent equations. Since, how-

ever, p(«) is quite large for « à 6, the practical difficulties in carrying out this

solution appear almost insuperable.

3. General linear relationships for the fundamental constrained poly-

nomials found by use of Kempe chains. As already explained, a complete

set of linear relations of the form (1.8) can always be found by obtaining a

complete solution of (1.9). The number v(n) of independent equations is, how-

ever, fairly large for «^6 and hence this process is apt to be rather involved.

We now explain how a large number of relations of the type (1.8) can be

written down at once. These relations form a complete set for w=4, « = 5,

« = 6, and » = 7; but we have not proved that they form a complete set for

« ^ 8. Our results in this connection are summarized in the following theorem :

Theorem I. Let the regions of the n-ring («^4) be divided into 2k sets,

Si, S2, • • • , S2k (2%k^n/2), Si consisting of regions RPi+i, RPi+2, • ■ • , RPiw

where the p's are arbitrary integers satisfying 0 = pi<p2< • • • <pik+i = n.

Now consider any scheme, Ao, say, for which the colors of the regions in the

sets Si, S3, ••• , 52jfc_i are distinct from the colors of Si, Sit ■ • ■ , Sik. Let At be

a particular coloring belonging to the scheme A o, the regions of Si, S3, ■ • • , S2k-i

being colored in some or all of the two or more colors a, b, • • ■ and the regions

of S2, St, • • • , S2k being colored in some or all of the two or more colors c, d, • ■ ■ ,

distinct from a, b, • ■ • . Let IL. denote an arbitrary permutation of the colors

a,b, ■ • • and LT2 an arbitrary involutory permutation of c,d, • • • .

Let At (i = l,2, • ■ • , 2k~2— 1) denote the coloring of the ring obtained from

At by applying U2 to the colors of the regions in S2i if, and only if, the Ith digit

(from the right) in the binary expansion of i is I (1 = 1,2, ■ ■ • , k — 2), the colors

of all other regions being left fixed. This definition is tobe interpreted for k = 2 in
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(3.1)

the sense that in this case the set of A*'s to be defined is vacuous.

Let B* (i = 0, 1, 2, • • • , 2*~2—1) denote the coloring of the ring obtained

from A* by applying Hx to S2k-x and H2 to S2k. Let C* denote the coloring ob

tained from A* by applying IL to Sm-x- Let D* denote the coloring obtained

from A* by applying U2 to 52*. Finally, let Ai, Bit C,-, £>< respectively denote the

schemes to which the colorings A*, B*, C*, D* belong.

Then (after all this elaborate definition of the 2k schemes) our theorem simply

states that

"g-y Ai(\) Bi(\) \

h \X(X - 1) • • ■ (X - a; + 1)      X(X - 1) • • • (X - ßi + 1)/

m *g-y c<M_   _a(x)_\

¿Í \X(X - 1) • - • (X - yt + 1)      X(X - 1) • • • (X - 6i + 1)/'

where ai, ßi, y i, ô,- denote respectively the number of colors in the schemes Ai, Bi,

d, Di.

Proof. We make the temporary assumption that X is an integer not less

than the number X* of colors, a, b, • ■ • , c, d, • • • already mentioned in the

statement of the theorem. Some of our X assigned colors we identify with

a, b, ■ ■ • , c, d, ■ • • and, if X>X*, there will be also some additional colors,

e,f, • • ■ , g, h, ■ ■ ■ . These X colors are now divided into two complementary

sets, <j> and \p, where the set <f> includes the colors a, b, • • • and perhaps some

additional colors, e,f, ■ • • and xp includes c, d, • • • and perhaps some addi-

tional colors g, h, ■ ■ ■ (29). We next let Afty), Bîffl, Cfty), A*WO de-
note respectively the number of ways of coloring Af » — Qn so that the colorings

A*, B*, C*, D* appear in the ring and so that the regions of S2k-2 and of

S2k are connected by a chain of regions (a ^-chain) colored in the colors of \p.

We let At(d>, 1), B*(4>, I), C4*(</>, /), A*W>, I) denote respectively the number

of ways of coloring Af„ — Qn so that the colorings A*, B*, C*, D* appear

in the ring and so that the regions S2k-i are connected with the regions S2i+x

(1 = 0, 1, • • • , k — 2) by a chain of regions (a <£-chain) colored in the colors

of <j>, but so that S2k-i is not connected with Süa+i for h<l by a <£-chain.

Finally we let ^(X), 5f(X), Cf(X), F>?(X) denote respectively the total

number of ways of coloring Mn — Qn so that the colorings A*, Bf, Cf, D*

appear in the ring. Then it is evident that

A*(\) = A*(i) + E ¿(fi, I),        B*0i) = BÏM + E BU*, I),

(3.2)
i

C*(X) = C?«-) + E C*(<t>, D,        D*ÇK) = DÏM + E D*(<t>, 0,

(") As far as the needs of the proof are concerned, all the additional colors could be lumped

into one or the other of the sets <j> or ^. We have chosen the more general viewpoint for aesthetic
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since, in any coloring of M„ — Q., of the types considered, either S2k-2 is con-

nected with S2k by a ^-chain or S2k-i is connected with at least one of the

sets Si, S3, ■ ■ • , Siic-3 by a <£-chain. Moreover, in the former case we can

perform an arbitrary permutation of the colors of <f> on one side of the i/'-chain

while holding all colors fast on the other side. In the latter case we can per-

form a permutation of the colors of \p on one side of the 0-chain while holding

all colors fast on the other side. From these considerations a detailed study

shows that

(3.3)
AU*) = C*W, i - 0, 1, 2,   •• , 2*-2 - 1,

B?(*) - £>?(*);

A*(<b,l)=D*(<l>,l),
(3.4)

B*(<t>,l) =C*(<p,I), 1 = 0,1,2, ■■■ ,k-2,

where/ is obtained from i by interchanging 0 and 1 in the last / digits of the

binary expansion of i. In this connection it is assumed that both i and/ have

just exactly k — 2 digits by prefixing, if necessary, a sufficient number of O's.

It is clear that as i ranges oyer all values from 0 to 2*-2 — 1 (with I fixed), the

same is true of/. Hence, on summing (3.4) with "respect to i, we get

2*-«-l 2*-î-l

(3.5) Z A* (4>, I) =  Z D*(<t>, l), Z BÏ(fi, I) = Z C*(<t>, D-
t«0 t—0 i i

Summing (3.5) with respect to / and (3.3) with respect to i and combining

the four results by addition, we get

2»-»-l r- k-i -I

Z aIm + z^c*. o + B*m + Z bU*. o
<-o   L ¡=o i J

= Z Ufo) + Z tfo, i) + D*M + Z d%ï, o].

This last equation is now simplified with the help of (3.2). We thus have

(3.6) Z U?(X) + B*i(\)] = Z [C?(X) + D*(\)].
i i

Finally we eliminate the .4*'s, B*'s, C*'s and D*'s from (3.6) by relations of

the type (1.7) and thus obtain (3.1).

We have now proved (3.1) for integral values of X^X*. But since (3.1),

after being cleared of fractions, is an equality between two polynomials, it

follows immediately that (3.1) must hold identically, so that the theorem has

finally been completely proved.

This theorem takes care of the cases « = 4 and w = 5 completely, and very
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cheaply, by taking k = 2. Special cases of (3.1) with k = 2 have occurred sev-

eral times in the preceding chapter (cf. (2.2), (8.4), and (9.6) of Chapter V).

To get a complete set of linear relations for the cases n = 6 and n = 7 we need

to use (3.1) with k = 3 and again with k=2.

There are undoubtedly still other theorems like Theorem I, but whether

they wduld actually give linear relations independent of the ones given by

Theorem I is not known. The number of relations that can be written down

by this one theorem is enormous. This is due to the arbitrariness in the choice

of k, in the choice of the sets Si, S2, ■ • • , S2k, in the choice of A0, and finally

in the choice of IL. and II2. In this connection it is not without interest to

remark that for k = 2, II2 (as well as IL) need not be involutory. This is of no

significance if X is not greater than 4.

4. Linear inequalities. The methods of the previous section also lead to

certain results, which apparently can not be obtained by the methods of

§§1-2. Our theory must be regarded as incomplete until it is shown how these

results fit in with the considerations of these earlier sections.

Taking í = 0 in (3.2) we write

(4.1) 4?(X)-ilÍ(*) + ¿i4?(*f0,-
2-0

while from (3.3) we obtain

(4.2) At M = C* (*) è C*(\),

and from (3.4) we obtain

A*(<t>, I) = Dt-x(4>, I) á ö2*-i(X).

Summing this last inequality with respect to I, we get

jg—2 k_2

(4.3) E^oOM) = T,D*2l-i(\).
i-o Í-0

Combining (4.1), (4.2), and (4.3) we find that

(4.4) A* (X) Û C? (X) + Ê D*2i-i(\),
1=0

which can also be written in the following equivalent form :

Ao(\) C„(X)

X(X - 1) • ■ • (X - «„ + 1)      X(X - 1) • • • (X - to + 1)
(4.5)

+ g ¿WX)
tí X(X - 1) ••• (X - Sm + 1)

where j(/)=2'-l.
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It is to be noted that (4.5), unlike (3.1), has been established only for

positive integral values of X. Furthermore, for k=2, (4.5) yields no informa-

tion not already contained in (3.1), inasmuch as the equality

Ao(\)
+

Bo(\)

X(X - 1) • • • (X - ao + 1)      X(X - 1) • • • (X - 0o + 1)

Co(X) F>„(X)

X(X - 1) • • • (X - 7o + 1)      X(X - 1) • • • (X - So + D

(in which the terms on both sides of the equality are non-negative) clearly

implies that

¿o(X) Co(X)

X(X - 1) ■ • • (X - «o + 1)      X(X - 1) • • • (X - to + 1)

+
F>o(X)

X(X - 1) • • • (X - do + 1)

But for k=3, (4.5) contains information that is essentially new.

5. Fundamental linear relations for the six-ring. In applying the results of

the preceding sections to the 6-ring, we define the various schemes for the

6-ring by means of the following table :

Ri Ri+i R<+2 R Í+3 Ri4-4 Ri+ 8

Bi a

b

D

Ei

Fi

Gi

Hi

Ii

Ji

Ki
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Here the letters a, b, • • ■ , f are used to indicate distinct colors. The integral

index i is to be taken modulo 6. It is easily seen that Ci = d+3, £, = £,+i,

Hi=Hi+3, Ii = Ii+3, Ki=Ki+3. Hence there is one A, there are six B's, three

C's, one D, two £'s, six F's, six G's, three H's, three I's, six J's, three K's,

and one L, making a total of 41 distinct schemes in accordance with the value

of p(6) given in §1.

In accordance with the theorem of §3, it is possible to write down the fol-

lowing relations:

(5.1) (X - 3) [(X - 2)A - Bi- B2+ Bi- Bt] + Gx + G2 - Hx = 0,

(5.2) (X - 3)[Bx - Cx] - Ei + F, = 0,

(5.3) F2+F3-G6-^ = 0,

(5.4) (X - 3) [D - Ci] + Hl-I1 = 0,

(5.5) (X - 3)(X - 4)73! + (X - 4)[- Ex - Hi] + A = 0,

(5.6) (\-4)[-Fx + Gi]-Jt + Kx = 0,

(5.7) (X - 3)(X - 4)(X - 5)Ci - (X - 4)(X - 5)HX - (X - 5)JTi + L = 0.

Other relations may be found from these seven by advancing the subscripts

modulo 6. It is left to the reader to show that in this way it is possible to

obtain exactly 26 linearly independent relations.

Equations (5.1) to (5.6) can be solved for A, the F's, G's, FFs, J's, K's,

and L in terms of the other fifteen quantities, B's, C's, D, £'s, I's. We then get

[63-1 3
E Bi: - E Ci - D \- 2[Ei + £2] + E U,
i—l t-1 J »-1

(5.8)

F

G

H

J

K

= u[- Bi + d] + Ei,

= u[— Bi+2 — Bi+3 + d + Cj+2J + Ei + £2 — Ii+i,

= u[d- D] +Ii,

= u(u - 1) [- Bi + d - D] + (u - 1) [Ei + /,],

= u(u - 1) [- D] + (u - 1) [7,-+1 + Ii-i],

L = u(u- i)(u - 2)[- 2D] + (u- l)(u - 2)[14
where «=X —3.

In order to express our fundamental constrained polynomials in terms of

free polynomials, we proceed to form twelve maps, Z\, Y\, Y2, Y3, F4, Yt, Yt,

Xi, X2, X3, Wx, W2 by the erasure of certain boundaries of Q as indicated in

the following table:



1946] CHROMATIC POLYNOMIALS 443

Map Boundaries of Q to be erased

Zi h

Fi li-i, U+i

■X-i li, £,+3

Wi U+i, h—i, li+3

Here U denotes the boundary between Ri and Q. We must also form three

other maps Fi, F2, F3. To form F< we divide Q into two regions by drawing

a new boundary joining the vertex (Q, Rt+i, Ri+2) with the vertex (Q, Ri-i,

Ri-i) and then erasing F+i, li+2, lt_i, Z,_2.

By drawing figures representing these fifteen maps the reader can verify

quite readily that the free chromatic polynomials for these maps may be ex-

pressed in terms of the forty-one constrained polynomials, A, Bi, B», • • • , L

as follows :

Zi = Bi + Ei + F3 + Fi + Gi + d + Hi + J,

+ Ji + J3 + Ji + Ji+Ki + K3 + L,

Y i = Bi+3 + d + Fi + Gi+3 + d+i + Hi + Ji,

Xi = d + D + Fi + Fi+3 + Ii+i + Ii-i + Ki,

Wi = A + Bi + Bi+i + Bi-2 + Ei,

Vi = A + Bi + Bi+3 + d + Hi.

These are equations (2.1) specialized for the case w=6. If in (5.9) we insert

the values of A, F¡, G,-, Hi, Jit Ki and L as given by (5.8), we obtain fifteen

linear equations which could presumably be solved for the fifteen unknowns

(six B's, three C's, one D, two E's, three F's) in terms of Zi, Yi, Xi, Wi, Vi.

We have not carried through this solution on account of the large amount

of work involved in the evaluation of fifteenth order determinants whose ele-

ments are polynomials in X. If there is some essential short cut to the solu-

tion, we have not discovered it.

6. The four-color reducibility of four pentagons surrounding a boundary.

It is well known (Birkhoff [l]) that any map which contains a boundary line

separating two pentagons and having its end points on two other pentagons

is 4c. reducible. We shall show that this result does not depend essentially

upon chain theory. Nevertheless chain theory gives much more complete in-

formation about certain questions which arise in connection with this con-

figuration.

We may evidently assume that our map M contains no proper rings of

fewer than six regions except for the five-rings surrounding pentagons. The

configuration consisting of the four pentagons will then be surrounded by a
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proper 6-ring (Rít R2, R3, £4, Rit Rt). Let the subscripts be chosen so that i?i

has a boundary in common with just one of the four "interior" pentagons.

The same will then also be true of £4, but each of the other regions in the

6-ring will touch two pentagons. The first thing to be noted is that the ring

and its interior can be colored in each of the following schemes for the ring

(cf. §5 for notation): 7J2, 733, B6, Be, Cx, C2, C3, F\, F4, Gi, G2, G4, G6, Hx, H2,

H3(30). In accordance with the previous notation, we also use A, Blt B2, and

so on, to denote the number of ways the ring and its exterior can be colored

in X = 4 colors in the corresponding schemes A, Blt B2, and so on. Hence if Af

can not be colored in 4 colors, we must have

B2 = B3 = B¿ = Bt = Cx = C2 = C3 = Fi = F4 = Gi = G2
(6.1)

= G4 = G$ = H x = H2 = ¿23 = 0.

From these values for sixteen of our fundamental constrained polynomials

(for X = 4), we see what can be deduced with the help of (5.1), (5.2), (5.3),

and (5.4).
From £i + Fi = Ci+Ei (cf. (5.2)), we obtain 3,=£i. From B2+Ft

= C2+£2, we get F2=£2. Our calculation can be reduced by considerations

of symmetry, which yield the following : Bi = Ei = E2, F3 = £3 = £1, Ft = £5 = £1,

Ft=Ee=E2. All these results may be summarized as follows:

Bi = £1 = F3 = Fi = a,    say;
(6.2)

Bi = £2 = F2 = Ft = ß,    say.

From F2+F3=Gj+Fi (cf. (5.3)) we obtain a+j3=G6+Ii and (by symmetry)

a+/3 = G3+Fi. From F3 + F4 = Gi+72 we obtain a = 72 and (by symmetry)

j3 = 73 = 72, a = 73. This shows among other things that ot=ß, so that (6.2) can

be revised as follows :

Bi = Bi = £1 = £2 = Ft = F3 = F5 = Ft = 72 = I3

= (G8 + 7i)/2 = (G, + 7i)/2 = a.

This result combined with (5.1) and (6.1) shows immediately that

(6.4) A =0.

But we can not, by this method, prove that a also vanishes. The best we can

do, using (5.4), is to show that, in addition to (6.3), we can write 7i =G3=G3

= a. This will also satisfy all the equations obtained from (5.1) by advancing

the subscripts. Using, however, an inequality of the type indicated by (4.5),

for example,

(6.5) 0^Bx^B6 + Hx+G2,

(30) On account of the symmetry of the configuration it is only necessary to test the stated

fact forthe schemes Bi, Cx, Ci, F\, Gx, Hx, H2. It can also be verified that the ring and its in-

terior can not be colored in any scheme other than the sixteen schemes listed above.
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we see immediately from (6.1) that a = Bi must vanish. Hence, also, by (6.3),

all the other quantities Bi, Ei, E2, and so on, must vanish. This is obviously

quite sufficient to show the four-color reducibility of our configuration. The

original proof of Birkhoff likewise uses implicitly an inequality like (6.5) and

hence is connected with the rather strong statement that a = 0. Nevertheless

the 4c. reducibility of our configuration can also be proved from the weaker result

embodied in (6.4), which, since it does not depend upon inequalities like (6.5),

is not essentially dependent on the theory of the Kempe chains. To prove the

italicized statement the reader may verify that the number of ways of color-

ing the map V2 (cf. §5) in 4 colors is equal to

A + B2 + Bi + C2 + H2

(cf. last of equations (5.9) with i = 2), which by (6.1) and (6.4) is equal to

zero. The 4c. reducibility follows at once from the fact that the map V2 has

fewer regions (namely, 6 fewer) than M.

7. Further consequences of the partial analysis of the six-ring. We now

consider some miscellaneous results concerning a 4c. irreducible map M which

contains a hexagon Q surrounded by a (necessarily proper) 6-ring (Ri, R2, R3,

Ri, Ri, Ro). The map Z< is formed by omitting the boundary U between F,-

and Q. For i = l, this agrees with the previous definition of Zi, and evidently

the first of equations (5.9) is valid under cyclical advancement of the sub-

scripts. In any coloring of M—Q in four colors, it is clear that all four colors

must appear in the 6-ring about Q; otherwise the whole map M could be col-

ored. Hence, in this irreducible case, we have A = Bi = d =D = 0. Since we are

now dealing exclusively with X=4, we also have Ji = Ki=L = 0. Hence equa-

tions (5.9) reduce to

Zi = Ei + F,+2 + F<+4 + d + d+i + Hi + Ii,

Yi = Fi + Gi+3 + Gi+i + Hi,

(7.1) Xi = Fi + Fi+3 + Ii+i + Ii-i,

Wi = Ei,

Vi = Hi.

Likewise equations (5.8) reduce to

2(Fi + Ei) = h + h + I3,

Fi = Et,
(7.2) *'

Gi = (Fi + Ei) — Ii+i,

Hi = h.

Remembering that Ei+2 = Ei and that Hí+3=Hí, we can easily eliminate the

Ei, Fi, Gi, Hi, and I i between (7.1) and (7.2); the results are
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Zi = 3(Wi + Vt), Z Zi = 2l(Wi + W2) = — (Vi +V2+ F8),
i-i 2

„„      Yi=Wi+2Vi, T,Yi= U(Wi+ Wi) =— (Vi +Vi+V3),(7.3) <_! 2

Xi = 3(Wi + Wi) - Vi,
7

Xi + X2 + X3 = 7(Wi + W2) = — (Vi +V2+ V»).

Noting also that Wi+2 = Wi and Vi+3 = Vi, we can obtain the following curious

relations, some of which are special cases of theorems proved in the previous

chapter:

Zi + Zi+i = Zi+3 + Zi+i,        Yi + Yi+i = Yi+3 + Yi+i,

2(Z, - Zi) = 3(Fs - Fi) = 6(Xi - X3),

Zi-Zi = 3(Yi - Yi).

8. Fundamental linear relations for the 7-ring. We define the various

schemes for the 7-ring by means of the following table:

Ri Ri+i RiÍ+2 Ri+3 Ri+i Ri+ 5 Ri+■+6
No. of col-
ors in ring

Ai

Bi

d

Di

Ei

Fi

Gi

Hi

Ii

Ji

Ki

Li

a

a

Mi
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Ni

Ri Rí+i R •+2 R<+3 Ri+i Ri+ 6 Ri+ 6

No. of col-
ors in ring

Oi

Pi

Qi

Ri(")

Si

Ti

Ui

Vi

Wi f

X f g

The integral index i is to be taken modulo 7. Since 7 is a prime, it is evident

that there are seven A's, seven B's, • • • , seven W's, and one X, making a

total of 162 distinct schemes in accordance with the value of p(7) given in §1.

Using the Theorem of §3, we write down the following:

uAx + Ft + K, + 76 = uA2 + 7>4 + Z3 + 76      (« = X - 3),

uAx + £3 + Mt + Ii = uA1 + Di + Lt + Ji,

uBi + G2 + L3 + £7 = uAi + Ji + D7 + 76,

«5! + 777 + 7-e + F2 = m¿4 + Ji + 7?2 + 73,

«Ci + G2 + 7)7 + Kt = uAi + h + £7 + M3,

«Ci + 777 + 7J>2 + M3 = M^4 + 7i + F2 + Kt;

(8.1)

(8.2)

«5, + 773 = uB3 + Gi,

«Ci + Fi = «C4 + £i,

£i + Ki = Gi + 76,

Fi + Jf, = Bi + 74,

Tfi + /7 = Af7 + /i;

(a) There is no possibility of confusing the scheme Rt with the region R¡.
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(8.3)

(8.4)

Ni + (X - 4)(X - 3)Fx = (X - 4) [d + Hi],

Ni + (\- 4)74 = (X - 4)Fi + S2,

Ni+(\- 4)/6 = (X - 4)£x + F7,

Oi + (X - 4)/3 = (X - i)Mi + Q3,

Oi + (X - 4)76 = (X - 4)FJ6 + Qo,

Fi + (X - 4)(X - 3)C3 = (X - 4) [F, + Li],

Pi + (X - 4)(X - 3)C» = (X - 4) [F, + Li],

Ti+(\- 4)Ki = (X - 4)/6 + Oi,

Fi + (X - 4)Af4 = (X - 4)/4 + Oi,

Ui+(\- 4)/! = Qi + (X - 4)/!,

t/i + (X - 4)/2 = F6 + (X - 4)/!,

£/i + (X - 4)A = F3 + (X - 4)7i;

Fi + (X - 5)(X - 4)FT6 = (X - 5) [Ri + Oi],

Vi + (X - 5)(X - A)Mi = (X - 5) [Si + Oi],

IFi + (X - 5)(X - 4)FJ5 = (X - 5) [U-, + Oi],

Wi + (X - 5)(X - 4)M4 = (X - 5)[U2 + Oi];

X + (X - 6)(X - 5)(X - 4)JJf4 = (X - 6)(X - 5)Ox + (X - 6)W3,

X + (X - 6)(X - 5)(X - 4)FJ6 = (X - 6)(X - 5)Oi + (X - 6)IF,.

In connection with these equations it is to be emphasized that the subscripts

may be advanced modulo 7. We have thus exhibited a total of 203 relations

of the type indicated in (3.1) for the case of the 7-ring. The number of inde-

pendent relations is, however, theoretically only 126. No attempt has been

made to investigate the presence of 126 linearly independent relations among

the 203 written down above. It is possible that our list of relations should

be lengthened still more. It appears, however, from our subsequent investiga-

tion of a reducibility theorem due to Franklin that, so far as X = 4 is concerned,

our list is virtually complete.

Our 162 fundamental constrained polynomials can presumably (after a

stupendous algebraic calculation) be expressed in terms of the free polyno-

mials for the 36 maps $;, Di, 9í¿,.©<, £<, and U< (t = l, 2, • • • , 7) charac-

terized as follows:

In tyi the regions Ri, Ri+2, F<_2 are identical; that is, they are connected

interior to the (necessarily improper) 7-ring.

In 0¿, Ri+i and F<_i are identical, and Ri+2 and F<_2 are identical.

In 9Í¿, i?,+i and Ri+3 are identical, and Fw_i and Fw_3 are identical.
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In ©,-, Ri+i and £<_i are identical and touch Ri+3 and i?<_3.

In Xi, Ri+2 and i?,_2 are identical and touch £<.

In \Xi, Ri touches Ri±2 and Ri±3.

Before carrying out the computation referred to above, it would, of course,

first be necessary to express $<(X), 0<(X), • • • in terms of AiÇK), Bi(\), • ■ • .

In illustration of these relations we give only the following, which we shall

use in the next section :

(8.6)    ¡dx = A6 + Ai + B, + B2 + Di+G2 + H7 + Ki + Mi + Oi.

9. The four-color reducibility of three pentagons touching a boundary of

a hexagon. It is well known (Franklin [l]) that any map which contains a

boundary line separating a hexagon and a pentagon and having its end points

on two other pentagons is 4c. reducible. We shall give a proof of this theorem,

which, depending upon equalities like (3.1) rather than inequalities like (4.5),

is essentially independent of the Kempe chain theory.

We may evidently assume that our map Af contains no proper rings of

fewer than six regions except for the 5-rings surrounding pentagons. The con-

figuration consisting of the hexagon and three pentagons will then be sur-

rounded by a proper 7-ring (Ri, R2, • ■ • , Ry). Let the subscripts be chosen

so that Ri touches the hexagon but does not touch any of the three pentagons.

Using the notation of §8, it can be verified that the ring and its interior can

be colored in each of the following schemes for the ring: Ai, As, Cx, C2, C3, Ct,

Ci, Di, Dt, Ei, E2, Fi, Fy, G2, Gi, Hi, 777, 7i, 73, 74, 76, It, Li (i = i, 2, 3, 4, 5, 6, 7),
Ki, K2, K3, Kt, Klt Mh M2, Af4, Af6, Af7(32). In accordance with the previous

notation, we also use A i, Bi, and so on, to denote the number of ways the ring

and its exterior can be colored in X=4 colors in the corresponding schemes

Ai, Bi, and so on. Hence, if the map Afean not be colored in 4 colors, we must

have

At = Ai = Ci = C2 = C3 = Ce = C7 = 7>4 = £>6 = £i = £2

= Fi = Ft = G2 = Gi = Hi = 7f7 = Ii = I3 = Ii = Is = It
(9.1)

= Li = Ki = K2 = K3 = Ki = Kt = Mx = M2 = Af4

= Mi = M t = 0.

A detailed calculation based on (8.1), (8.2) and (9.1) shows that Bi = d

= Ci = £3 = £4 = £5 = F4 = Fi = Ft = Gi = G3 = G4 = 77i = 77s = 77o = 72 = 77 = Ji

= Ki = Kt = Af3 = Af 1 but that the common value of these quantities is not

necessarily zero. It is also found simultaneously that all the other quantities

are zero. That is, we may now write

(B) On account of the symmetry of the configuration it is only necessary to test the stated

fact for the schemes Alt Cx, Ct, Ct, Dlt Ex, E2, Gi, G6, Ix, Is, It, Lx, L,, L,, Lt, Ku Kt, K,, Kit K,.
It can also be verified that the ring and its interior can not be colored in any scheme other than

the 39 schemes listed above.
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Ai = B2 = B3 = Bi = Bi = Bf, = B-j = Ci = C2 = C3 = Ce = Ci

= Di = £1 = £2 = Eo = £7 = Fi = F2 = F3 = F-j = d = Gi

(9.2) = G* = Gj = Hi = H3 = Hi = H-, = li = I3 = li = li = I*

= Ki = K2 = K3 = Ki = K7 = Li = Mi = M2 = Mi

= Mi = M-, - 0.

Substituting these values in (8.6) we have Di = 0(33). In other words, the

map O* which has fewer regions (namely, 6 fewer) than Afean not be colored

in four colors. Hence M is not 4c. irreducible.
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