
MULTIPLICATIVE RIEMANN INTEGRATION IN
NORMED RINGS«

BY

P. R. MASAN I

Table of Contents

chapter page

I. Introduction. 147

II. Normed rings. Finite products. 151

III. Definition of Riemann integration. 154

IV. Boundedness and the domain of integrability. 161

V. Equivalence of additive and multiplicative integrability. 166

VI. Structure of the class of .R-integrable functions.    170

VII. The Peano s<  ies.    173

VIII. Differentiation.    179

APPENDIX

I. A lemma concerning real integration.    188

II. An extension of Tannery's theorem.    189

BIBLIOGRAPHY.      191

I. Introduction

1. Purpose of this paper. The purpose of this paper is to develop the the-

ory of Riemann product integration of functions on real intervals with values

in a normed ring (Banach algebra)(2).

Product integration of matrix-valued functions was initiated by V. Vol-

terra [l, 2](3) in 1887 in connection with the theory of homogeneous linear

differential equations. L. Schlesinger [l, 2] (1931) and G. Rasch [l] (1934)

simplified and extended this theory by treating the matrices as linear algebras

with normed topologies. In 1937 Garrett Birkhoff [2] remarked that the

theory of product integration as developed by Schlesinger was applicable to

normed rings(4). He also extended the theory of product integration to the

nonlinear case.

There is no adequate treatment of the Riemann theory for discontinuous

functions. Much remains to be done by way of strengthening the Riemann

theory. In this paper we develop the Riemann theory for all integrable func-

tions on a real interval with values in a normed ring. This extension is diffi-

cult in the infinite-dimensional case, for it is known (cf. L. Graves [l, p. 166])

Presented to the Society, August 23, 1946; received by the editors April 11, 1946.

(}) The writer wishes to make acknowledgment of the constant and valuable assistance

received from Professor Garrett Birkhoff for this paper.

(2) Cf. Definition 3.1.

(s) Numbers in brackets refer to the bibliography at the end of the paper.

(*) Normed rings are complete normed linear algebras for which no restriction is made

with regard to dimension. The matrices form normed rings of finite dimension. Cf. Definition 3.1.
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that in an infinite-dimensional normed ring everywhere discontinuous func-

tions may be E-integrable and it is shown below (§20) (5) that in such a ring

the product of two E-integrable functions need not be J?-integrable. In

abandoning the assumption of continuity we are thus confronted with diffi-

culties which never arise in ordinary integration.

We may now indicate the main new results we have established. After

pointing out the duality between left and right product integration we show

the equivalence of some previously employed notions of Riemann integra-

tion (§§7, 8). We then prove that every Riemann integrable function is

bounded and that integrability on an interval implies integrability on every

subinterval (§§11, 12). For product integration these results are far from

obvious. We then establish the equivalence of additive and multiplicative

integrability (§16). This provides a powerful tool for the study of product

integration^). Next we show that the class of all E--integrable functions on

[a, b] into a normed ring X is a closed additive subgroup (which is also a

closed subring only when X is finite-dimensional) of the ring of all bounded

functions on [a, b] into X under the uniform topology given by |/—<p\

= supoáíá6 |/(0 -0(01 (§§19, 20). We then show the validity of the Peano

series representation for all ^-integrable functions (§22). We also show that

with regard to the "fundamental problem of the integral calculus" our theory

is no weaker than the classical Riemann theory (§28). We conclude by estab-

lishing rules for product integration by parts and product integration after

substitution (§§29, 30).

2. Continuous matrix-valued functions. For comparison we shall briefly

review the product integration of continuous matrix-valued functions. The

theory is considerably simplified by the fact that continuous functions are

(by the Heine-Borel theorem) bounded and uniformly continuous.

Consider a continuous wX» matrix-valued function A on [a, b]. Its Rie-

mann product integral is defined by

/> 6.-^ n(7 + Adt) = lim  II U + Mh) | Ak \ }  = lim J(A, x)
a »-J.      k—1 »i

where 7 is the identity matrix, ir is a partition of [a, b] into subintervals A&,

and tkC^k- The limit is obtained with regard to the norm(7) of the space of

matrices by taking successive refinements of ir.

(6) Cf. p. 172 of this paper. The counter-example is due to Garrett Birkhoff.

(6) Additive integration theory for normed rings involves questions outside the corre-

sponding theory for Banach spaces, namely, those arising from ring multiplication.

(') For an nXn matrix A = {aa}, Schlesinger [l, pp. 33-34] employed the norm |¿4|

= n ■ max./l a,-,|. He showed that if A and B are nXn matrices and c a real or complex number

then \A+B\ g|,4|-r-|B|, \AB\ -¿\a\ ■ \B\, \cA\=\c\-\a\. He also showed that under this
norm the nXn matrix-space is complete. Another norm for the matrix-space has been proposed

by J. Wedderburn [l].



1947] MULTIPLICATIVE RIEMANN INTEGRATION 149

We shall assume that a norm is selected under which the space of nXn

matrices is complete. Then to show the product integrability of A we need

only show that \J(A, ir)—J(A, ir')\ <e for all refinements v' of a suitably

chosen partition ir. Accordingly suppose w' subdivides each subinterval A*

of 7T into subintervals A£. Then

\J(A,tt)-J(A,tt')\ = n{7+¿(**)|A*|}-nn{/+^i)iA:i}
k~l

But since matrix multiplication is continuous it can be shown (cf. (4.43))

that

\j(A,*)-I(A,T')\^exp(M(b-a)) Z {l+A(tk)\ Ak\} - U{l + A(h) | a"*|}
k a

where M = sup„¿tSb |/(0|- But

{7 + Aih) | A* | } - 'II {7 + A(t"k) | Al \.}   ^ Aiti) | A* | - £ A(fk) \ Al
a a

+  I + T,Ait;)\Aak\-THl + Aitk)\AAk\
a a

Now (7+^4) (7+73) is close to 7+.4 -f-73 when A and 73 are small. Making an

induction on this result it can be shown (cf. (4.32)) that the second term on

the R.H.S. (right-hand side) of this equation can be made less than e| A*¡,

where e—>0 with | ir\ (8). Also the first term on the R.H.S. is less than or equal

to | A41 times the oscillation of A in A^. Hence

| JiA, ») - J(A, tt') I ^ exp(M(b-a))- £ {e + Osc (/, Ak)}\Ak\.
k

Since the function A is uniformly continuous on [a, b] we see that the R.H.S.

approaches zero as successive refinements of ir are taken. Thus A possesses a

product integral.

Associated with this notion of product integral is the corresponding notion

of product derivative (9),

(2) A'ix) =   lim — \A-1ix)Aix + Ax) - I .
A*-« Ax

It is clear that if F is a product primitive (anti-derivative) of A then

(3) ¥•(*) = Y(x)A(x)

where Y' is the ordinary additive derivative.

(8) \t\ =sup¿ig,r|A*|.

(») "A'Kxy abbreviates "{Aix)}-1" when {A(x)}~lexists.
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Equation (3) brings out the connection between product integration of

matrix-valued functions and the theory of ordinary linear differential equa-

tions. For a continuous matrix-valued function .4(0= {a.yW} let us con-

sider the system of homogeneous linear differential equations

dyi/dx = yiau(*) + • • • 4- y»a»i(*),

(4) .,.

dyjdx = yiaiB(z) + • • • + y„a„„(*).

If \y-n(x), • • • .yin(*)}. • • • i {ym(x), • • ■ , ynn(*)} be w solutions such that

det {y,y(x) j^Owe call {ya(x)} = Y(x) a matrix solution (cf. G. D. Birkhoff

and R. E. Langer [l, pp. 42-44]) of the system (4). A matrix solution obvi-

ously satisfies

Y-(x) = Y(x)A(x).

Comparison with (3) at once reveals that the matrix solution is nothing but a

product primitive (anti-derivative) of A (x).

It is also easy to establish the reciprocity of product integration (1) and

product differentiation (2). The reciprocity consists of the two statements:

(a) If A is continuous and Y(x)=fl'~"(I+Adt) then Y'(x) =A(x),

a^x^b.

(b) If the product derivative B' is continuous then

B(x) = B(a) f     (I + B'dt), a á x ^ b.
J a

From the last equation and the result (cf. L. Schlesinger [l, pp. 42-44])

det   I      (7 + Adt) = exp M     X) au(t)dt\

we see at once that the product integral of A is a matrix solution of the

system of differential equations (4). The most general matrix solution is ob-

tained by multiplying the product integral of A by an arbitrary nonsingular

constant matrix C.

We shall now obtain an integral equation for the product integral F of a

continuous matrix-valued function A. From (3) we have

Y(x) - Y(a) =  f   Y-(t)dt =  f   Y(t)A(t)dl.
J a "a

Now since Y is continuous, clearly F(ö)=7. We thus obtain the following

integral equation for Y:

(5) Y(x) = 1+ f   Y(t)A(f)dt.
J a
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It may be shown that the method of successive approximations applied

to this equation gives the following infinite series representation^0) for the

product integral of a continuous matrix-valued function A

(6)

/i x1^ /» X /» X       f* t%

(I + Adt) = 7 +  I    A(h)dti+  I      I    A(h)A(t2)dtidti
a Ja J a    J a

/> X     /• f|    /• <1

I I       ̂ (/i)i4(/2)y4(/3)¿/l¿/sá<8 +
a     »'a     Ja

Both the series representation (6) and the integral equation (5) are ob-

tained under weaker assumptions in Chapter VII.

II. Normed rings. Finite products

3. The normed ring. We now turn to the exact discussion of the definition

and properties of normed rings(n).

Definition 3.1. X is a normed ring if and only if:

(i) Xis a complete normed linear (Banach(12)) space with real or complex

scalars;

(ii) X is a linear associative algebra with unit 1 ;

(ÜÍ)(»)  ¥ora\\x,yCX,\xy\^\x\-\y\, |l|=l.
The space X is a complete metric space(w) under the metric

(x,y) = \x—y\. Hence the notions of Cauchy sequence, sequence tending to a

limit, convergent infinite series, continuous function, and so on, are obvious

for normed rings. So are many results on limits, continuity and infinite series.

We shall merely state here a few results which will be employed in the sub-

sequent discussion. Detailed study of analysis in normed rings will be found

in the papers of J. von Neumann [l], K. Yosida [l], and I. Gelfand [l].

y is called the inverse of x if and only if xy = 1 =yx. From the associative

law it at once follows that an element can have at most one inverse. The

inverse of x will be denoted by x_1. X may of course possess nonzero elements

without inverses, but we have the following results.

(3.2) If   x-1   <1 then x~l =^.0(1 - x)n exists.

(3.3) If   x-1   <1 then Ix"1! gl/(l-|l-x|).
(3.4) x_1 is a continuous function of x.

(l0) This series is due to G. Peano [l ].

(u) The normed ring was first defined by K. Yosida [l, pp. 8-10] on a suggestion from

M. Nagumo.

(u) S. Banach [l, p. S3] calls it a (5) space. It is vector space with real or complex scalars

on which there is defined a real function |*| such that |o| =0, \x\ >0 if Xy¿Q,\x+y\ S|*|

+ |y|i \cx\ =\c -\x\, c being a scalar. Also the space is complete, that is, for any sequence

teOnlii Hmm,„_„ xm—Xn\ =0 implies that there exists x such that lim„^„|icn— x\ =0.

(") All that is actually needed is that multiplication be continuous with respect to the

norm and 11| >0. I. Gelfand [l, pp. 1-2] has shown that when this is the case it is possible to

find an equivalent norm satisfying (iii).

(") In the sense of M. Frechét [l, p. l].
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The exponential and logarithmic functions are defined by the equations

00

Exp(x) = 2>"M xGX,
n_0

00

Ln(x) = E (- l)n_1(x - l)"/n, | x - 1 | < 1.
n-l

They have the following properties.

(3.5) They are continuous in their domains of definition.

if | x - 1 | < 1,

if | x - 11 < Ln2.

(3.8)  If xy=yx then

Exp(x) ■ Exp(y) = Exp(x + y),

Ln(xy) = Ln(x) + Ln(y).

4. Estimates for finite products in X. In this section we shall state a num-

ber of estimates for finite products in a normed ring X. These estimates will

serve as lemmas in the following discussion of integration. Many of them are

simplifications for the case of a normed ring of results obtained for the non-

linear case by Garrett Birkhoff [l, pp. 112-116]. Others have been stated by

L. Schlesinger [l]. We shall mostly leave the proofs to the reader. Through-

out this section x, y, z, u, xk, yk, and so on, will denote the elements of a

normed ring X and 1 its multiplicative unit.

The following estimate provides a lower bound for the change in a product

resulting from a change in one of its factors when all other factors are suffi-

ciently near 1. This estimate plays a fundamental role in the theory of product

integration.

(4.11) If each |x*| £1/2, then

11(1 + xk)u - H(l+xk)-v   ä exp(- 2X1**1) -|u- v\.
*-i *-i \       ¡t=i        /

Proof. Since | xy| ^ | x| • \y\ we have | x — xy \ ^ (1 — \y\ )| x|. Hence

|(l + x„)u- (l+x»)v| è (1 - | x. | ) | u — v\.

Now since 0^ |x„| ^1/2 we have(16) 1 — |x„| ^ exp ( —2| x„| ). Hence

|(l+xn)u- (\+xn)v\ ^ exp(- 2|x„|)- \u- v\.

(u) In order to prove that 1— säe-2* for Oâaâl/2 we need only show that the function

f(x)=et'-xe"-l^0 on [0, 1/2]. Now f{x)=e^{\-2x) ^0 on [0, 1/2]. Hence on [0, 1/2],

/(*)È/(0)=0.

(3.6)

(3.7)

| Exp(x) I ^ exp

(Exp(Ln(x)) = x,

\Ln(Exp(x)) = x,
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By repeated application of this result we arrive at the lemma. (Q.E.D.)

It is easy to see that the last result admits of the following generalization.

(4.12) If each \xk\, \yk\ ^1/2 then

m n m n

II(i + x*)-u-n(i+y*) -II(i + **)-v-II(i+y*)
k=l k-l k—1 k—1

eexpí-2-j¿|xt| + ¿|y*|>V|a- v\.

The next two results provide simple upper bounds for finite products.

(4.21)

(4.22)

n a + x») -1
k-l

n (i+x»)

=  expX | Xi|  —  1.
Jfc=l

n

= exP 221x* I •
*=i

The next two results answer the question as to how closely the product

JJï(l+xA) approximates to the sum, l+T^x* when the xk are small. This

question is important in the study of the connection between additive and

multiplicative integration.

(4.31)    n a+x.) - (i + ¿ x,) = ¿ xJ n (i+x<) -1|.
*-l \ *=1       / k-l *.»=*+! )

(4.32) Ê (1 + x») - f 1 + ¿ x*) I ̂  (exp ¿ | x* | - l) ¿ |
t=l \ k-l       / I \ k-l /  *=1

X*

The next four results generalize the continuity of the product' xy as a

function of x and y to that of the product xix2 • • • x„ as a function of

Xl, Xi,  • •  • , xn.

(4.41)     n x* - ñy* = ¿ \( ïïV) (x* - y à) ( n xi)}
4=1 *=1 k-l   \\ i-1      / \>=fc+l        //

where y o = 1 = xn+i.

(4.42)

n       k-l

*=i ¿=i

IIx* - Ij>*
k-l k-l

where y0 = 1 = xn+i.

ñ(i + x*) - Û(i+yt)

(

n x,
i-k+l

■ ] x* —yk\

(4.43)
¡fc=l *=1

^ exp ( Z) ( I x* | + | yk |) ) • S I xk —
\ k-l /     4=1

y*
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(4.44)

=S

(4.45)

11(1+**)   -U(l+yk)\
fc-1 *-l I

exp ( XI x*|J   exp ( X|x*-y*|J - 1 \,

exp Í S|y*|J   expf ¿|x*-y»|J - 1   .

This at once yields the following interesting corollary.

Ê(l+x*+y»)-n {(l + xk)(l+yk)}\
fc-1 k—l I

<exp (¿(|xfc|+|y*|)){exp ( ¿ | x4| • | y*|) - l|

The next result proves useful in the study of the reciprocity of integration

and differentiation.

If Yo = l and each Yk has an inverse then

(4.5)

n (i + x*) - Yn
k-l

< exp ( ¿ | x,-1) ¿ { | Y*-** - [Yk - ï*_i] | exp (- ¿ | x¿ |U .

In conclusion the following result shows how closelyIJi(l+XiO ITn(l — xk)

approximates to 1 when the x* are small.

(4.6) n a + X*) • n a - x„) -1 S exp (2¿|x,|)¿
\   i_i       / i-i

xk\
k=l k=n

III. Definition of riemann integration

In this chapter we shall define the convergence of functions whose argu-

ments are Riemann partitions of an interval and whose values lie in a normed

ring. We shall then define additive and multiplicative Riemann integration.

After indicating the duality between left and right product integration, we

shall show the equivalence of our definitions with some of the others given

for Riemann integration. Finally with the aid of the notions of relative in-

tegral range and span we shall express the integrability conditions in a con-

venient form.

5. Partitions, functions, convergence. By a Riemann partition ir of a real

interval [a, b] we shall mean as usual a decomposition of [a, b] into a

finite set of nonoverlapping closed subintervals Ai, • • • , A». Thus

tt={Ai, • • • , A„|.   By  the  norm   |ir|   of  a  partition  ir  we  shall   mean
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supAigx |Afc|. w(ir) will denote the number of subintervals in ir. We shall

say that ir' is a subpartition of ir (briefly 7r'-<7r) if Ak' Cr' implies the exist-

ence of AjGt such that A* CAj.

If ir = {Ai, • • • , A„} is a Riemann partition of [a, b] then each set

7T*= {/], • • • , /„} where tkC^k will be called a valuation of ir. Each partition

has of course an infinite number of valuations. Let us denote by II* the class

of all Riemann partitions of [a, b]. The theory of integration is largely con-

cerned with many-valued functions from n* into a normed ring X. Given,

for example, a function'/on [a, b] with values in X, the approximative sum

JM —^2kf(tk) | Ai| is a function from 11* into X. It is a many-valued function

since we can select each tk in different ways. It is however a single-valued

function of ir and its valuation ir*. Thus

/(*,**)«   r   /(**)|a*i

and it seems to us that the exclusion of many-valued functions clarifies the

theory.

We may now recall the definitions of Cauchy convergence and different

limiting operations for functions J(ir, it*) from II6, into X and state some re-

sults showing their interrelationship.

Definition 5.1. We shall say that /(ir, ir*) is Cauchy convergent as ir|

if and only if for all e>0 there exists 7re such that ir<irt implies, for all

valuations ir*, ir€*, \j(ir, ir*)—J(ir„ ir*)\ <e.

Definition 5.2. We shall say that limxi J(ir, ir*)=L if and only if

for all €>0 there exists ire such that 7r-<7T( implies, for all valuations ir*,

|/0r,ir*)-L|<e.
Definition 5.3. We shall say that lim^i^o J(t, ir*) = L if and only if

for all e>0 there exists ôe>0 such that \ir\ <ôe implies for all valuations ir*,

\j(ir,w*)-L\<e.
Definition 5.4. If (ir™)".! be a sequence such that lim„_M |ir„| =0 we

shall say that lim«.«, J(ir„, ir*) = L if and only if for all e>0 there exists a

positive integer n, such that w^w« implies for all 7rn and all valuations xn*,

\j(irn,ir*)-L\<e.

We note that the class II* is directed by the relation -<. For if 7n-Tr2 is

the product partition obtained by the superposition of 7Ti and 7r2, we always

have 7Ti-ir2-<7ri, 7r2. Also, as already observed, Xis a complete metric space

under the topology of its norm. Hence as is well known in general analysis(16) :

(5.5) Every Cauchy convergent function has a limit.

Again since X is a Hausdorff space we have (cf. Garrett Birkhoff [3,

P. 31]):
(5.6) The function J(ir, ir*) converges to at most one limit.

(16) Cf. E. H. Moore and H. L. Smith [l, pp. 106-107]. They consider numerically valued

functions, but their proof clearly applies to functions with values in a complete metric space.
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6. Definition of Riemann integration. For any given function /on [a, b]

into a normed ring X, we define the following functions of it and ir*.

/~(/,x,x*)=    ff    (i+/(«*) i a*i},
*—1,Aj£»,I*€Et*

T-(f, X, 7T*)   = 5 ( 1 + /(**) | A, |   } ,

/(/,*■,**)-        ¿"        /(<*)|A*|.
*-i,a*e »,i4S»*

We shall call these the left approximative product, the right approximative

product, and the approximative sum respectively. We shall often abbreviate

the sum on the R.H.S. of the last equation to X)ï'('*) I A*| and similarly with

the two products.

Using these functions we can easily define the Riemann integrability of /.

We have included a definition of additive integrability since a comparative

study of additive and multiplicative integration proves useful(17).

Definition 6.1. If / is a function on [a, b] into X, we shall say that / is

7?~-integrable on [a, b] if and only if lim,j /""(/, ir, ir*) exists. The limit will

be called the left multiplicative (or product) Riemann integral of / from

a to b and will be denoted by fl^(l+fdt). We give a corresponding definition

of 7?w-integrability and the right multiplicative (or product) Riemann in-

tegral fiTil+tdt)-
Definition 6.2. If / is a function on \a, b] into X we shall say that / is

7?-integrable on [a, b] if and only IimTj /(/, ir, ir*) exists. The limit will be

called the additive Riemann integral of / from a to b and will be denoted

by flfdt.
7. Duality. Since multiplication in X is in general noncommutative, it

follows that in general f\ (l+idt)y*f%~*(\+fdt). We shall now show, how-

ever, that a duality subsists between the two product integrals which renders

unnecessary the statement and proof of corresponding theorems for both.

Suppose a class A is a normed ring X under a certain norm and under

certain algebraic operations. Let the ring multiplication operation be de-

noted by (•). Let us now define a new operation (o) as follows: xoy=yx.

It is clear that A becomes a different normed ring X* under the same norm

and the same operations of addition and scalar multiplication, but with (o)

instead of (■) as ring multiplication. The ring X* is called the dual of X,

since obviously (X*)* = X. When X is commutative we of course have

X* = X.

(") The additive Riemann integral was first defined for functions with values in a Banach

space by L. Graves [l, p. 166] in 1927. The multiplicative Riemann integral was first defined

for matrix-valued functions by V. Vol terra [2] in 1887 and with respect to a normed topology

by L. Schlesinger [l, pp. 36-37] in 1931.



1947] MULTIPLICATIVE RIEMANN INTEGRATION 157

Let us now make the following definitions.

Definition 7.1 (Dual limit). Let L be the limit of a function U(a)

with values in a normed ring X with respect to the parameter a, so that

L = lima U(a).

(i) Suppose the expression abbreviated by " U(a) " involves finite products

but no limits (with respect to other parameters ß, y, and so on). Let us re-

write this expression reversing every finite product. Let uU*(a)" abbreviate

the resulting expression. Then lima U*(a) is called the dual of L and is de-

noted by "L*."
(ii) Suppose the expression abbreviated by uU(a)" involves finite prod-

ucts and/or limits (with respect to other parameters ß, y, and so on). Let us

rewrite this expression reversing every finite product and replacing every

limit by its dual (cf. (i)). Let "U*(a)" abbreviate the resulting expression.

Then lima U*(a) is called the dual of L and is denoted by "L*."

This recursive definition completely defines the notion of "dual limit."

Definition 7.2 (Dual statement). Let C be a statement involving finite

products of elements of a normed ring X and limits (with respect to certain

parameters) of functions with values in X. Yet us rewrite C reversing every

finite product and replacing every limit by its dual. The resulting statement

is called the dual of C and is denoted by C*.

It is clear that C is a true assertion regarding the ring X ii and only if C*

is a true assertion regarding its dual X*. Now suppose that C has been

generally established so that it holds for all normed rings ((4.11), for example,

is such a C). Then C must hold for both X and X*. Consequently C* must

hold for X. Thus both C and C* are true assertions concerning X. The follow-

ing metatheorem expresses this fact in a convenient form.

Metatheorem (Duality Principle). Let C be a statement involving products

(either finite or infinite), product integrals and limits with respect to other pa-

rameters. If C is generally established for all normed rings then both C and its

dual C* are (true) theorems.

In view of this principle we shall state and prove results only for left

products and left product integrals.

8. Equivalence of limiting operations on ir. According to definitions 6.1

and 6.2, the multiplicative and additive integrals are limits as irj. In this

section we shall sketch the argument to show that it would have made no

difference had we construed them as limits as [ 7r | —>0 or as limits obtained

sequentially (cf. Definitions 5.2-5.4).

The class II* of all Riemann partitions of [a, b] is directed by the rela-

tion R : irRir' if and only if j -tt | ^ | ir' |. The equivalence of the limiting opera-

tions 5.3 and 5.4 therefore follows, as is well known in general analysis(18).

(18) Cf. E. H. Moore and H. L. Smith [l, p. 108, Proposition 8(B)]. They deal with real

functions but their proof applies to functions with values in a metric space.
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Thus

(8.1) limixi^o/ÍTr, ir*) = L if and only if for every sequence Or»)i»"i such

that limn,«, |Tn| =0 we have lim«..«, J(irn, ir*) = L.

Also since 7r-<x' implies |tt| i> |ir'| we at once obtain

(8.2) lim|T|,o J(ir, ir*) =L implies limTi J(ir, ir*) =L.

(8.1) and (8.2) hold for any arbitrary function from II* into X. The con-

verse of (8.2) is not however generally valid(19), but holds for the approxi-

mative functions T~^(i, ir, ir*), J(f, ir, ir*) employed in the definitions of inte-

gration, provided the function / is bounded. We shall outline the proof, first

recalling the definition of oscillation of a function.

Definition 8.3. If / is a function on [a, b] into X and [£, r]C[a, b],

then supfSx.ygf \f(x) — f(y)\ will be called the oscillation of /in [£, f] and

denoted by Osc (/, [£, f ]).
We shall leave the proof of the next result to the reader. It is a direct

consequence of (4.32).

Lemma 8.4. If f is a bounded function on [a, b] and M = supa¿x¿t |/(*)|

and rç£[£, f]C[a, b] then

|/"-(/, x, y*) -{l+/(,)(f-ö}|a(f-Ö[M(exp(Jlf(f-Ö)-l)+Osc(f,[f,f}).

Let now ir, 7To£II6!, it* be a valuation of ir and let (x-7T0)* be that valua-

tion of the product partition 7T-7To which contains as many points of ir* as

possible. Using the last lemma it may be shown(20) that

| J~(f, ir, ir*) - J-(f, ir-Tro, (it-to)*) I á 2 exp(2M(b-a))M-n(ir0) ■ \r\.

We may therefore draw the following conclusion. Given any bounded

function /, any partition iro and any e>0 we can find Se,T,>0 such that there

is a subpartition of iro for which the approximative product differs from that

of any partition ir with | ir\ ^ 5<,t0 by less than e. Using the triangle inequality

in conjunction with this result we obtain (8.5), which we had set out to prove.

(8.5) limTj J^(f,ir, ir*) = L implies lim\T\^.o J^"(f,ir,ir*) = L, provided the

function /is bounded(21).

Correspondingly for 7?-integration it is possible to establish the following

result by essentially classical methods(22). We shall leave this to the reader.

(19) The following counter-example shows this. Consider Riemann partitions ir of [0, 1 ].

Let "jcSit" mean "x is a point of subdivision of ir," and let i be any positive integer. Define

JM =¿i/2<£t1/2í. Since S*l/2*'= 1 it is easy to see that limT j /(ir) = 1. But clearly 7(ir) =0

for a partition which excludes all members of the sequence (l/2*')ïLi no matter how small be | x|.

Hence \im\r\^<¡J(Tr) ¿¿ 1. Setting J(r, ir*) = J(t) for all t*, we have a counter-example.

(20) The proof ¡s laborious.

(al) The restriction that /is bounded is only temporary, for we shall see in the next chapter

(Theorems 11.5 and 11.6) that every function for which limI;/'^(/, ir, ir*) or limT|/(/, ir, x*)

exists is bounded.

(B) In classical analysis, the result corresponding to (8.6) is known as Darboux's theorem.

Cf. Goursat [l, p. 151].
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(8.6) limTi /(/, ir, ir*) =L implies lim|,|-o/(/, ir, ir*) = L, provided the

function / is bounded(21).

We may summarise the results of this section in the following theorem.

Theorem 8.7. For any bounded(21) function f, criteria of R'"-integrability

according to definitions 5.2, 5.3 and 5.4 are equivalent. The same is true of

R-integrability.

9. Relative integral range. It is well known that in the real case the con-

dition: for some ir, the upper and lower approximative sums J*(f, ir), /*(/, ir)

differ by less than e, or briefly infT {7* (/, ir) — 7* (/, ir)} =0, is sufficient for

the i?-integrability of/(23)- We shall now formulate a similar condition for the

general case of a function on [a, b] with values in any normed ring X. We

must first introduce the notions of relative integral range and the diameter

of a subset of X.

Definition 9.1. If /is a function on [a, b] into X, the set of all/(/, ir, ir*)

obtainable for a given ir will be called the integral range of / relative to ir and

denoted by S(f, ir). Similarly we define S~*(f, ir) as the set of all T~~(i, ir, ir*)

where x* is any valuation of ir.

Definition 9.2. If BCX then the positive real number supIiy£B |x— y |

will be called the diameter of B and denoted by \b\.

In the real case we have for all valuations ir* of ir, /*(/, ir) =:7(/, ir, ir*)

£J*(f, ir) and therefore \S(f, ir) | = 7* (/, ir) - 7* (/, ir). We thus arrive at

the condition: infT \S(f, ir)| =0.

We shall now show that even under general conditions this condition is

both necessary and sufficient for i?-integrability. For this purpose we must

define the convex hull of a subset of X.

Definition 9.3. If BCX, the set of all elements of the type cixi-f- • • •

+crxr where xkCB, each c*^0 and ^fiCt = l will be called the convex hull of

B and denoted by B^.

Next defining, for BkCX, ^fiBk as the set of elements xi+ ■ • • +xr

where xkCBk and cBk or BkC as the set of elements cx where xCBk, we can

state the following important results(24).

(9.4) ( £ ckBk\   = £ CkBk-,        | B~ | = | B \.

It should be observed that with this notation

(9.5) S(f, ir) = £ f(Ak) | A, |

where /(A*) is the range of / on A*.

Now let ir2= {Ai, • • • , An} and iri-<iT2, and suppose iri subdivides each

(B) Cf. for instance Goursat [l, p. 147].

(u) For proofs we would refer the reader to Garrett Birkhoff [l, pp. 359-360].
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Ai into subintervals A^. Then for all valuations x * we have

since f(tt)Ef(Ak) and

£'('*) Tt4 G (/(A*))'

Hence

I   a l

/(/, *u wx*) = ¿ { Z titi 144-} I A, I £ ¿ (/(A*))- I A* I.
fc=l  V    a |  Ai |  J t_l

But from (9.4) and (9.5)

¿ (/(Ai))- I Ai I = ( ¿ /(Ai) I A* \)   = (S(/, x2)r.
¡fc=l \ i=l /

Thus

(9.6) x!<x2 implies /(/, n, ir*)£(S(/, 7r2))~.

Suppose now that infr | S(/, x)| =0 so that given any e>0 there exists

ir« such that | S(f, ir() \ <e. If x-<xt and ir*, ir* be valuations then we have

/(/, r, x*) £ (S(f, x«))-,

/(/, »., 7re*) £ S(f, T.) £ (S(/, xe))~.

Hence from (9.4)

| /(/, X, X*)   - /(/, X«, X«*) I   g    I   (S(f, Xi))~ I   =   I S(t, X«) I   <  6.

It follows that / is 7?-integrable. Conversely if / is 7?-integrable then obvi-

ously inf, | S(f, x) | =0. Thus:

Lemma 9.7. / is R-integrable if and only if inf T | S(f, ir) \ =0.

10. Relative integral span. In this section we shall attempt to do for the

product integral what was done in the last section for the additive case.

It should first be observed that the condition infx |S^(/, ir)| =0 is not

sufficient for Tc^-integrability. For consider the real function / defined in

[O, 1 ] as follows

7 1/* - 2, 0 < x < 1/2,
/(0) = 0,        /(*) = <

1-2, 1/2 g * á 1.

Let irt be any partition with A*= [l/2, l] as subinterval. Then for all valua-
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tions ir<*, iret we have J~(f, ir„ ire*) = 0 =/"*(/, x„ irtt) for both products

contain the factor l-f-( —2)|Aa| =0. Hence |5^(/, ir€)| =0. But since/is un-

bounded it is not i?-integrable on [O, l] (cf. Theorem 11.5).

Since the reals form a (topological) subring of every normed ring X, it

follows that there is no normed X for which the condition inf T | S^(f, ir) \ = 0

is sufficient for i?-integrability in X. We shall see later (cf. Theorem 16.4)

that the slightly stronger condition limTo| infT^T„ | S'"(f, ir)\ =0 is sufficient

for 7c"Mntegrability. For the present we note that it is obviously necessary ;

thus:

Lemma 10.1. If fis R'"'-integrable then limToi infT^T„ |S^(/, ir)| =0.

A necessary and sufficient condition for i?^-integrability similar to that

given in Lemma 9.7 is however needed to simplify the proofs in the next

chapter and to keep clear the parallelism between additive and multiplica-

tive integration. We obtain such a condition by extending the notion of rela-

tive integral range to what we have termed relative integral span and then

reformulating the definition 6.1 of ic^-integrability.

Definition 10.2. If / is a function on [a, b] with values in X, the set of

all f*(f, ir', ir'*) obtainable for all subpartitions ir' of a given ir and all valua-

tions ir'* will be called the integral span of / relative to ir and denoted by

T~(f, ir).

Definition 10.3. The positive number

sup       | /~(/, ir', ir'*) - /-(/, r, ir*) |

will be called the modulus of T~(/, ir) and denoted by J| T~~(f, ir)||.

It should be observed that || T~(/, ir)|| ^ | T~(/, ir) | and that from the

triangle inequality it follows that iri-<ir2 implies || 7V_"(/, iri)|| ^2|| T~~(f, ir2)||.

From definition 6.1 we at once have:

Lemma 10.4. / is R*~'-integrable if and only if infT || T~~(f, ir)|| =0.

IV.   BOUNDEDNESS AND THE DOMAIN OF INTEGRABILITY

In this chapter we shall prove the boundedness of all (properly) Riemann

integrable functions and show that if a function is integrable on an interval

it is integrable on all its subintervals. We shall then show that every product

integral possesses an inverse.

11. Boundedness of integrable functions. While the proof that every

Tc-integrable function is bounded is trivial, the proof of the corresponding

result for ic^-integration goes deeper (cf. the beginning of §10). We have to

appeal to the Heine-Borel theorem and then to (4.12), which plays a vital

role in the theory of ^""-integration. We must first establish the following

combinatorial lemma.

(11.1) Let }\= {aXv • • • , crXm] be a finite covering of [a, b] where <rIlk
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is a closed subinterval not wholly contained in any other such subinterval

and xkÇE.ffXh. Then there exists ir= {Au • • • , Am} £11* such that actGAjtCo-*».

Proof. We shall use induction. The result is obvious for m = 1. Next let us

assume that from every covering of the given type consisting of m subinter-

vals we can construct a Riemann partition with the required properties.

Consider then any covering 7{= \oXl, ■ • ■ , aXm, <rXm+l} of [a, b] of the given

type where we assume that a^xi< • • • <xm<xm+i^b. Let ym be the largest

right end point of oXt, k = l, ■ • • , m. There are now two possibilities,

(i) Xm+i£[ym, b] or (ii) xm+iG[a, ym].

In case (i), [ym, £>]£<rIm+1. Also {crxv • • • , oXm) is a covering of [a, ym]

and by our assumption we can obtain a partition {Ai, • • • , Am} of [a, ym]

having the required properties. Add to this partition the subinterval

Am+i= [ym, b] C<Ti„+1 and we obtain a partition of [ö, b] with the required

properties.

In case (ii), [oxv • • • , <r*m} is a covering of [a, xm+i] of the given type

since xk<xm+i, k = l, ■ • • , m. Again by our assumption we have a partition

T of [a, xm+i] with the required properties. Also obviously a;m+i£ [xm+u b]

C<Tim+1- Hence adding to x the subinterval Am+i= [xm+i, b] we obtain a parti-

tion of [a, b] having the required properties.

The result thus follows by induction. (Q.E.D.)

(11.2) If K(x) is a positive function on [a, b] then there exists

ir0 = {Ai, • • • , A„} £11* such that each A* contains a point xk with the

property |A*| ^K(xk).

Proof. Surround each point x£ [a, b] by a closed subinterval <rx of length

\o~x\ ̂ K(x) and such that x is the middle point of ax unless x=a or x = b

(in which case x is respectively the left or right end point of <rx). The family

Jsf of these subintervals is a covering of [a, b). By the Heine-Borel theorem

we can extract a finite covering 7^o= {<rxv • • • , crx„\ £7^.

Clearly **£(Tit and |<rXi| ^K(xk) and we may assume that no interval

ffXt is wholly contained in another such interval. Applying the last result we

can construct a partition ir= {Ai, • • • , An} £![„ such that xk(E.AkCZ<rXk. Also

\Ak\è\<rXk\^K(xi). (Q.E.D.)

(11.3) For all ir0 there exists x -<x0 such that for every A, £x

| S~(/, x) | £ exp(- »(ir))• Osc (/, A<) \Ai\.

Proof. Let x0= \o~i, • ■ • , ffm}. With the help of (11.2) we construct a

partition irj or each subinterval (Ti£xo with the property that each AJ£xJ

has within it a point x% such that(25) | A? | ^ 1/21 f(xf) \. Let now(26)

_ ir = iro yj • • • U xo   =  {Ai, • • ■ , A„},

(a) We construct a partition possessing this property so as to be able to apply the funda-

mental result (4.12).

(M) Here and throughout the sequel KJ will denote set theoretic union.
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where the subintervals Ak are in their natural order from a to b. Clearly ir-<iro.

Also there exist points xi, ■ • ■ , xn such that

(1) xk CAk,        | A41 g 1/2 | f(xk) |.

Now let ir*, iri be valuations of ir which contain the points Xk (satisfying

(1)) from all subintervals of ir except A» from which they contain different

points ti, ti'. Then from the fundamental result (4.12) we have

| /~(/, ir, ir*) - J-(f, ir, irt) |

^ exp (- 2 £ | f(xk) | | Ak |Y I f(ti) | A,-1 - f(k') | Ai
\ k^i /     I

^ exp (-w(x))-|/(i,-)-/«,-') | | A,-1

in view of (1). Hence

| Sr(t, ,) I £ exp (- n(.,)) ■ | f(U) - i(W) 11 Ai |.

Since this holds for all ti, r<'GA< we get

I S-(/, ir) | ^ exp (- w(tt)) • Osc (/, A,) | Ai |.

(Q.E.D.)
Suppose now that / is unbounded on [a, b]; then by the Heine-Borel

theorem there exists xC [a, b] such that for every neighbourhood Ax contain-

ing x, Osc (/, Ax) = co. It follows from (11.3) that:

(11.4) limT„| infT^,0 |S~(/, ir)| =0 implies / is bounded. ,

In particular (cf. Lemma 10.1) we have:

Theorem 11.5. Every K~~-integrable function is bounded.

The proof of the corresponding result for it-integration is trivial. Thus:

(11.6) Every i?-integrable function is bounded.

Corollary 11.7. If M = supa¿t¿b |/(0| then

, t I I     /. b-/* /* 0'—*

I    fdtlg M(b - a), (1 +fdt)
\J a \J a

^ exp (M(b - a))

(ci. (4.22)).

12. The domain of integrability. The question of the domain of integrabil-

ity is closely related to the effect of contraction of a partition on the relative

integral range and span. We define this notion(27).

Definition 12.1. (a) If ir= {Ai, • • • , A„}GII* and [c, d]C[a, b] then

the partition of [c, d] consisting of the subintervals(28) Aki~} [c, d] of positive

(") Contraction corresponds to the notion of relativisation in topology.

(28) Here and throughout the sequel f"\ will denote set theoretic intersection.
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length is called the contraction of ir to [c, d] and is denoted by ird. (b) If

ir* be a valuation of x£n*, and x* the contraction of x to [c, d], then the

valuation iri*=ir*r\[c, d] of ir* is called the contraction of ir* to [c, d]. We

add c and/or d to ir** in case ir*C\ [c, d] does not contain any points from the

extreme subintervals of ir\.

(12.2) If f is a bounded function on [a, b] and [c, d](Z[a, b] then for all

xo£II6[ there exists ir, ir'<iro such that

(a) || T-(f, xc)|| è exp (2M(b - a)) • || T~(f, x)||,

(b) | S~(/, r?) | ^ exp (2M(b - a)) • \ S~(f, ir') |,

where M = supagt£b \ f(t) \ and ir*., xf are the contractions of ir and ir' to [c, d].

Proof. Given x0£II?1 we take ir<iro such that(29) |x| ^l/2M. Let ir* be

the contraction of x to [c, d] and let oic<irie and xf, of be valuations. Then

there exists <r<x of which of is the contraction but which coincides with x

outside [c, d]. Also there exist valuations x*, a* of which the above men-

tioned x**, of* are contractions but which coincide outside [c, d\. Applying

the fundamental result (4.12) we get

| /~(/, o-, «*) - J~(f, ir, ir*) |

^ exp (- 2 £ | /(ii) | | Ai |) | /-(/, at, /*) - J~(f, xl xf) |

^ exp (- 2M(b - a)) \ J~(f, cc, ct) - J~(f, w\, x?) |.

Hence

||T~(/, x)|| è exp (- 2M(b - a)) \ J~(f, ¿, a"*) - J~(f, irl, *?) |.

As this holds for all o¡?-<xSJ and all valuations of*, ir** we get

||r~(/, x)|| £ exp (- 2M(b - a))\\T~(f, ¿)\\.

(b) is proved similarly. (Q.E.D.)
The corresponding result for 7?-integration is obvious. We leave the proof

to the reader. Thus:

(12.3) If [c, d]C [a, b] then for all irEK

\S(f,ir1)\ ^|S(/,x)|,

where xf is the contraction of ir to \c,d\.

Since if [c, d]Q [a, b] every partition of [a, b] has a contraction to [c, d]

we get the desired result from Theorem 11.5, (12.2), and Lemma 10.4. Thus:

(2») We take a partition having this property so as to be able to apply the fundamental

result (4.12).



1947] MULTIPLICATIVE RIEMANN INTEGRATION 165

Theorem 12.4. If f is R~~-integrable on [a, b] and [c, d]C \a, o], then f is

R~*-integrable on [c, d].

Also from (12.3) and Lemma 9.7 we get:

Theorem 12.5. If f is R-integrable on [a, b] and [c, d]C [a, b] then / is

R-ihtegrable on [c, d].

To turn to the question of the extension of the domain of integrability,

suppose a<c<b. For all xGII* and all valuations ir* there exist xiGÜJ,

X2GII* and valuations ir*, ir* such that x=xiWx2, x*=ir*Wir*. Hence

/~(/, x, x*) = /~(/, x,, X!*) •/-(/, x2, x2*),

/(/, X, X*)   = /(/, XI, X!*)  + /(/, X2, X2*).

We are clearly led to the following result.

12.6. If(30) a<c<b then

j     (14- idt) = j °   (1 + fdt) ■ j     (1+ fdt),

tdt=  I    tdt+ I   idt.

13. Uniform approach of J(f, xj, it**) to f*Jdt.
Definition 13.1. If xGÜ* and tc\ is the contraction of x to [x, y]C[a, b]

then we shall say that limTj/(x£, irvx*)=L(x, y) uniformly for x, yC[a, b]

ii and only if for all e>0 there exists x€GÜ* such that, for all x, yC[a, b],

TTx^ (tT')Ï implies for all valuations x£*

[ J(irx, ir, ) — L(x, y)\ < e.

In view of (12.3), (9.6) and Lemma 9.7 the following result may be ob-

tained. We leave the proof to the reader.

(13.2) If / is ic-integrable on [a, b] then

idt1 J(f, x", Xx*)   =     I
'I

uniformly for x, yC [a, b].

14. Inverse of the product integral. The following result for the product

integral corresponds to the result f"afdt = —f0fdt for the additive case.

Theorem 14.1 (31). If / is 2?~-integrable on [a,b] then:

(a)   —/is Tc^-integrable on [a, b].

(30) The restriction that a<c<b is only temporary. Cf. (14.4).

(31) A proof of this result for the case when / is continuous has been given by Schlesinger

[1, pp. 49-50].
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(b) f^T (1+fdt) has an inverse.

(c) {Pr(l+idt)\-1=fr(l-fdt).

(a) will be shown in Chapter VI. It will turn up as a simple consequence

of the connection we shall establish in the next chapter between additive and

multiplicative integration(32). (b) is a consequence of (3.2) and the following

inequality (cf. (4.21))

ir(1 + idt) - 1 ^ exp (M(b - a)) - 1.

We shall leave the details of the argument to the reader, (c) follows from (4.6).

This theorem enables us to extend the notion of Riemann integral. Ac-

cording to Definitions 6.1 and 6.2 the expressions

r (i+fdt),   f (i+idt),   f idt
Ja Ja Ja

are not admissible in our system in case a^b. Theorem 14.1 (c) suggests the

definition 14.3 for the case a>b. (18.1) and (18.2) of the next chapter like-

wise suggest the following definition for the case a=b.

Definition 14.2. If a = b then we define

/i b*~. /» 6W /» b
(1 4- idt) = 1 =  I      (1 + idt), I    idt = 0.

a Ja Ja

Definition 14.3. If a>b then we define

(i) f     (1+fdt) = f°  (l-ídt),

(ii) j     (1+fdt) = J*°  (1-fdt),

/b r» a
fdt= -  I    idt.

As a corollary of these definitions we obtain :

(14.4). The restriction that a<c<b in Lemma 12.6 can be removed.

V. Equivalence of additive and multiplicative integrability

Our main purpose in this chapter is to establish the equivalence of addi-

tive and multiplicative Riemann integrability of functions on [a, b] into a

normed ring X. In the following section we obtain the lemmas needed for this

purpose.

(B) Cf. Theorem 16.3 and (19.1).
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15. Preliminary remarks. Suppose x0={Ai, •••, Ar} £nj¡ and that

Xi£nA¡t. It is clear that x=xiW • • • L7xr£II* and that if x'-<x then x'

is of the type ir'=iri'U • • • Wir,' where Xi <Xi. Also all valuations ir*, ir'*

can be written x*=x*U • • • Ui,*, x'*=xi'*U • • • Uxr'* where Xi*, irk* are

valuations of Xi, x*  respectively. Hence

/~(/,x,x*) = tlJ^if, *.,***),
k-l

J~(f, ir', ir'*) = f[j~(f,iri,iri*).
k-l

Suppose   next   that   / is   a   bounded   function   on   [a,   b]   and   that

Aí = sup0gíái,|/(í)|. Applying (4.42) we have

|/~(/,x,x*)-.r(/,x',x'*)|

á¿rin/~(/-T.-.^
t=i L I ,-i

n/^(/,w,x/*)
i~k+l

■ | J~(f, irk, Xi*) - /~(/, Xi', Xi'*) |1

or from (4.22)

|/~(/,x,x*)-.rX/,x',x'*)|

á exp (2M(b - a)) ■ ¿ | J~(f, irk, irk*) - J~(f, ir¿, ir i*) \

^ exp (237(6 -a))- £ ||r~(/,x*)||.

Hence

|r~(/, x)|| :g exp (237(6 - a))- £ ||T~(/, x*)||.
i=i

Thus:

(15.1) If / is a bounded function  on   [a, b],   M = supa£t¿b\f(t)\   and

xo= (Ai, • • • , Ar} £11* then Xi£nAl implies

\\T~(f, x)|| g exp (237(6 - a))- ¿ ||r~(/, t*)||.

In a similar way it is even easier to prove the corresponding result for

J?-integration. Thus:

(15.2) If f is any function on [a, b] and x0= {Ai, • • • , Ar} £11* then
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xtGIiAi implies

|S(/,x)| ê Jt\S(f,,k)\.
i-l

The next result deals with the order of closeness of the approximative sum

and product. Suppose / is any bounded function on [a, b] and A is a subinter-

val of [a, b]. Yet xaGÜa and xA* be a valuation of xA. Then from (4.32)

| J~(f, TA, x!)   -   |l+/(/, XA, x!)}|

=    IL{l+f(Û\U\} - {l+ T,f(h)\ú\\\
a \ a J     \

g (exp (M | A | ) - 1)M | A |

where il7 = supasis!,|/(0| ■

Thus as A —»0, the difference on the L.H.S. is an infinitesimal of higher

order than A . The whole demonstration of the equivalence of RT*- and

/?-integrability hinges on this result. Thus:

(15.3) If f is a bounded function on [a, b] then for all e>0 there exists

5e>0 such that AC [a, b] and |A| <5e implies for all xaGIIa and all valua-

tions Xa*

| /~(/, xa, ,t) - {1 + J(f, xa, x*) } | < e | A |.

16. Equivalence of R- and i?~-integrability. To establish the equivalence

of R~- and i?-integrability it will suffice (cf. Lemma 9.7, 10.1, and 10.4) to

establish the following deductive chain, arrows indicating implication,

lim   inf  | ST(i, ,) | - 0 -♦ inf | S(f, x) | - 0 -» mi || T~(f, x)|| = 0.

In so doing we shall also be showing  the   sufficiency of the condition

limTorinft<toIS~*(f> ir)\ =0 for ic^-integrability.

Lemma 16.1. limT„rinfx^T0|S^(/, x)| =0 implies iniJ\S(f, x)| =0.

Proof. Suppose limTolinfr<T0| S^(f,ir) | =0. Then from (11.4) we know that

/ is bounded. Appealing to (15.3) we find that given any e>0 there exists

ôe>0 such that x0= {Ai, • • • , Ar} Gil* and |x0| <5e implies for all TrkCYÍ¿k

and all valuations x¿"

(1) | /~(/, irk, /») - {1 + /(/, irk, ,% } | á « | Ak |/3(i - a).

From (12.2(b)) we also know that lim,»^ infT<T»|5Ts(/, x*)| =0. Therefore

there exists irkCYl&k such that

(2) |S~(/,x*)| è*\Ak\/3(b- a).
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For this Xi and all its valuations Xi*, ir\ we have

| /(/, Xi, Xi)   — /(/, Xi, Xi) |   ^  |   1  + /(/, Xi, Xi)   — /""(Z, Xi, Xi) |

I* t      I
/"*(/, irk, iri) — J^*(t, irk, irk) \

+ | /~(/, Tu, xl) -  {1 + /(/, Xi, irl) ) \

^ e | A* |/(6 - a)

from (1) and (2). Hence \S(f, x*)| ¡g«j A*| /(b-a). If we Ietx=xAJ • • • WxP

it follows from (15.2) that

\S(f,ir)\ ^ ¿e|Ai|/(6-a)=e
i=l

and the proof is completed. (Q.E.D.)

Lemma 16.2. infT|S(/, x)| =0 implies inf,|| T~~(f, x)|| =0.

Proof. Suppose infx|S(/, x) | =0. Then, by Lemma 9.7, / is 7?-integrable

and therefore (cf. (11.6)) bounded. From here the proof develops in a similar

way to that of the last lemma. We appeal to (15.3), (12.2(a)) and finally to

(15.1). We leave it to the reader to supply the details. (Q.E.D.)

As remarked above we can summarise the results obtained in this section

in the following two theorems.

Theorem 16.3. / is 2?"'-integrable if and only if / is R-integrable.

Theorem 16.4. iisR^-integrable if and only if limTolinf T< ,0| ST*(f, x) | = 0.

Theorem 16.3 provides us with a powerful weapon with which to attack

problems of product integrability.

17. Continuity almost everywhere. L. Graves [l, pp. 168-169, Theorem l]

has shown that every function continuous almost everywhere(83) and bounded

is ic-integrable. That continuity a.e. is not in general a necessary condition

for 7?-integrability has again been shown by Graves [l, p. 166]. We shall

now show that when the normed ring Xis finite-dimensional, continuity a.e.

does constitute a necessary condition for i?-integrability.

If Xis finite-dimensional there exist basis elements «i, • • • , ar£Xsuch

thatevery element x£Xis a linear combination of these :x = CiO!i-f • • • +CrOtr

where each c< is reali84). If now / be a function on [a, b] into X, we have for

each i£[a, 6]

(1) t(f) = gi(t)cti + ■•• + gr(t)ar

where each function gt(t) is real. Hence

(M) That is, one whose points of discontinuity form a set of measure zero.

(M) This holds even if the ring has complex sealers.
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n(r)    /     T \ r

/(/, x, x*) = X) ( Z gi(h)ai) | A4 [ =   Y,J(gù ir, ir*)0Li.
¡c=l   \ i-l / i-l

Suppose now that /is i?-integrable on [a, b]. Then /(/, x, x*) and therefore

(since the a< are linearly independent) each J(gi, ir, x*) converges as x j. But

since each gi is real this implies that each g,- is continuous a.e. on [a, b]. From

(1) it follows that/ is continuous a.e. on [a, b]. We therefore have the follow-

ing theorem.

Theorem 17.1. Boundedness and continuity a.e. constitute always a suffi-

cient condition for R-integr ability. When the normed ring X is finite-dimensional

they constitute also a necessary condition.

18. Absolute continuity of the indefinite integrals. We shall recall here for

subsequent use two known results (see Y, M. Graves [l, pp. 170, Theorem 3]

and L. Schlesinger [l, p. 45]).
(18.1) If F(x)=fxJdt, a^x^b, and M = supaálá¡,|/(0| then for all x,

yC[a,b]

\F(x)-F(y)\ úli\x-y\

and F is absolutely continuous and hence of bounded variation.

(18.2) If G(x) =fxa~(l+fdt),a^x^b, and A7 = suP<,áíáí)| f(t)\, then for all
x,yC[a,b]

| G(x) - G(y) | g exp (M(b - a)) ■ Lexp (M(b - a)) + Osc (/, [a,b])]- \ x - y \

and G is absolutely continuous and hence of bounded variation.

VI. Structure of the class of í?-integrable functions

19. Structure of the class R. We shall now determine the topological and

algebraic structure of the class R of all i?-integrable functions on a real in-

terval into a normed ring X. On the algebraic side we have the following re-

sults.

(19.1) If /is i?-integrable on [a, b] and if cCX or eis a complex number,

then so is cf and

/> b /» 6cfdt = c I    fdt.
a Ja

(19.2) If / and t> are i?-integrable on [a, b] so is /+«j> and

(/ + $)dt =1    fdt + I    $dt.
a Ja Ja

The question as to whether R is closed under ring multiplication is best

postponed until after a study of the topological structure of R. On the topo-
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logical side we have the following results which can be obtained by essentially

classical methods.

(19.3) If each function /„ is Tc-integrable on [a, b] and /„—>/ uniformly on

[a, b] then /is Tc-integrable on [a, b] and

/i 6 /• 6fdt = lim   I    fndt.
a n-»«o   •/ 0

(19.4) If (i) each function /„ is differentiable on [a, b], (ii) /„—>/on [a, 6],

(iii) the sequence(36) (/ñ)*_i converges uniformly on [a,b], then / is differenti-

able on [a, b] and

/• = lim/„\
n—.oo

The following result however requires proof.

(19.5) If each function /„ is 72-integrable on [a, b] and /„—>/ uniformly on

[a, b] then

f     (1 + fdt) = lim   f     (1 + fndt).
J a n—oo  J a

Proof. The existence of /¡¡~(1 +fdt) follows from (19.3). Now for all par-

titions x and all valuations x* we have from (4.44)

|/~(/m, x, x*)-/~(/,x,x*)|

^ exp (37(6 - a)) ■ jexp C¿ \ fm(tk) - f(tk) | | A» |) - lj ,.

where M = sup a¿tgb\ f(t)\. Since/„—»/uniformly on [a, b], for every e>0 there

exists a positive integer m, such that m^m, implies for all /£ [a, b]

| f(f) - fm(t) | <-Ln{ 1 + « exp (- 37(6 -a))}.
b — a

Thus there exists mt such that m^m, implies for all x, x*

| J~(fm, ir, ir*) - J~(I, ir, ir*) \

< exp (37(6 - a))-jexpf-Ln{l + exp (- 37(6- a))e}"¿ | At| J - l|

<«.

Since this holds for all x, x* we have

(1 + fmdt) - J      (1 + fdt) < e, m ^ >»,,

(") /n' denotes the ordinary additive derivative of/„.
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and the proof is completed. (Q.E.D.)

We may summarize these results in the following two theorems.

Theorem 19.6. The class R of all R-integrable functions on [a, b] into X

is a Banach space which is a (closed additive) subgroup of the normed ring

of all bounded functions on [a, b] into X under the uniform topology \f—«J>|

= supoSíg¡,|/(0-<¡>(0|.

Theorem 19.7. Indefinite R~~-and R-integration are continuous operations

on the class R under the uniform topology. Indefinite R-integration is also a

linear operation.

20. Closure under ring multiplication. R is certainly closed under ring

multiplication when the normed ring X is finite-dimensional. For we know

(cf. Theorem 17.1) that, in the finite-dimensional case, boundedness and con-

tinuity almost everywhere constitute both a necessary and sufficient condi-

tion for i?-integrability. For the finite-dimensional case we may therefore

strengthen Theorem 19.6 as follows.

Theorem 20.1. The class R of all R-integrable functions on [a, b] into a

finite-dimensional normed ring X is itself a normed ring which is a (closed) sub-

ring of the normed ring of all bounded functions on [a, b] into X under the uni-

form topology \f—<I>| =supa¿téb\f(t)—§(t)\.

The following counter-example due to Garrett Birkhoff shows that in gen-

eral R is not closed under ring multiplication.

Example 20.2. Let X be the class of all bounded (continuous) linear trans-

formations on the space B of all real i?-integrable functions on [0, l]. From

Theorem 19.6 we know that B is a Banach space under the norm |/|

= supoáísi|/(0| • It follows (cf. Banach [l, p. 54]) that X is a normed ring,

the norm \T\ of a bounded linear transformation TCX being given by

irl |r(/)|
I T\ =    sup •

For all tC[0, l] we let T,, Ut be such that for all fCB and O^zgl

(7(0) if / is irrational and x = I,
(Ttf)x = <

(0 otherwise,

'J(t) if    x = 0,

if    x = 0.

It is easy to see that, for each tC[0, l], Tt, UtCX^). It may be shown

that the functions Tt, Ut are i?-integrable on [0, 1 ] and that

(Utf)x = |^(

(M) That is, for each /, Ut, Tt are bounded linear transformations on B.
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f   Ttdt = 9, f   Utdt = 3
«7 g «7 o

where © is the zero-element(37) of X, and 3 is the linear transformation carry-

ing each/£73 into the functionp such that p(x) = 0 if # 5¿ 0, p(Q) =fofdt(3*).

But the function Ut- Tt is not 7?-integrable. For let/£73 and f£[0, l];

then

(7(0) if t is irrational,
(UtTtf)0 = <

(0 if / is rational.

If for all x£IIi we let x*, x* be valuations of x consisting only of rational

and only of irrational points respectively, then

£ I A* | (UtkTtJ)0 = 0,        S | A* | (Ut-kTt-kf)0 = /(0) £ | A* | - /(0).

Hence for all x|S(LV7\, x)| ^ |/(0)|/|/|.  It follows that   77,• T, is not
7?-integrable on [0, 1 ].

It is easily seen however that Tt- Ut is Te-integrable. For

(f(f) if / is irrational and x = t,

lo otherwise.

If now x£IIJ and x* be any valuation of x, then each x£[0, l] belongs to

some Ai¡t£x. Hence

£|Ai|(7V/itf;*= j{(
f(Ui) | A& | if Ux is irrational and x = Ux,

otherwise.

Since | A^| —>0 as x J, , it follows that Tt ■ Ut is ic-integrable on [0, 1 ] and that

fl TtUtdt = ®.
We thus see that when X is infinite-dimensional the 7?-integrability of 7

and 4> does not in general imply that of /<]>. Nor does the 7?-integrability of /<j>

imply that of <[>/.

VII. The peano series

In this chapter we shall establish the validity of the Peano series:

/, lr~. to b /• b     /o tt

(1 + fdf) = 1 +  I    fdt +  I      1    f(ti)f(t2)dtidt2
a «7 a " a    J a

/ob       /o Í3     /o Í2

+ 111    t(ti)f(ti)f(ti)dhdtidh -I-
** a    o) a    %/ a

(") © is the linear transformation carrying each fG.B into the zero-function.

(8S) The new function <f> has a single discontinuity and therefore belongs to B.
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for any 2?-integrable function /. We shall then show the validity of the in-

tegral equation mentioned in §2 (39) for all i?-integrable functions. Finally we

shall see what simplifications result when the normed ring Xis commutative.

In view of Example 20.2 it is clear that we must first establish the exist-

ence of the iterated integrals occurring in the Peano series for any i?-integra-

ble function.

21. Iterated additive integration. We shall actually establish the stronger

result that the functions

|  f fdt\$(x),        f(x) £ $dt (a g, x ^b)

are i?-integrable on [a,b] whenever / and t¡> are. The proof of this rests on the

following results, the proof of the first of which is obvious.

(21.1) ¿ [Y ¿ x)(yk - Zk)~\ = § [z* ¿ (y< - *)].
k-i L\ i=i   / J      *=i L   <-*+i J

(21.2) If /is ic-integrable on [a, b] and «¡> is bounded then

nfir)     k—l n(r)

lim
»1

n(»)     k—l n(r)   /     /• Ik \

Z   E f(ti) I Ai | -if(tk) | A* | - £ i   I    f(U)dti\$(h) | Ak
*-l     i«l k-1   \J a J

= 0.

Proof. Denoting the absolute difference on the LiH.S. by D(ir, x*) we first

observe that

(1)

n(x)

D(ir,ir*) á IfiZ
fc=l

s m i Ai i - r f(ti)dti
i—l J a

where Mi = sup0g<gf,| <¡>(01 • For all x and x* let us define g(ir, x*, x) as the posi-

tive step-function on [a, b] such that for all ;cGA*Gx

g(ir, x*, x) =

*-i /» tt

E /(/*) | Ai | -   I    f(t,)dti
i-l J a

Then

g(x, x*, *) g 2Mi(b - a)

where il72 = supag<s&|/(0|- Also for a given a: G [a, b] let At(T)= [**(T)-i, **<x)]

be the subinterval of x containing x. Then

|(t, x*. *) á      S  'GO I A* I - /(«*)*•■
I     i-1 •' o

/«*<T)-1 /• <*(t)f(ti)dti - J /(¿<)d/<+

(•») Cf. equation (5) of that section.
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Since, as x J, , xk<.T)-i, xk(T) and therefore tktT) approach x, it follows from

(13.2) and (18.1) that limxj g(ir, ir*,x) =0. Hence, applying Lemma Al.2 (Ap-

pendix 1), we get

lim    Z
»I l-l

l-l /• tk

£/(*<) | A,-1 -  I    f(ti)dti  | A* | =0.
,_1 J a

The result now follows from (1). (Q.E.D.)

Theorem 21.3. If fand § are R-integrable on [a,b] then so are {fxafdt)§(x)

and «¡>(x)fxafdt (a^x^b).

Proof. Let F(x) = {fxafdt}$(x), a^x^b. From (21.2) we know that given

any e>0 there exists xo£IIJ such that for all x <xo and all valuations x* we

have

n(r)   /    f ¡k       \ n(r)     r k—1 s

E     j    tdt) <|>(*i) | A* | - Z  | Z t(ti) | Ai 11 *(/*) | A* i <i/4,

and therefore with an obvious notation

i(t)     / l-l

J(F, x, x*) - J(F, x, xt) | ^

(1)

n(T)     / k—1 \

Z   {Z/W|A,-|U(/i)|Ai|
i=i   \. >-i /

b(t)     / i-1 \

-Z {E/W)|A,|U(/i')|A*
i-1       I   1-1 '

+ e/2.

Now the first term on the R.H.S. of (1) is not greater than

n(r)     / i—1 i-1

(2)

Z   { Z t(ti) I A,-1 - ¿ f(tl) \Ai\\ 4(t„) | A* | I
l-l    V i=i i-i ) |

iCt)   / i-1 \

Z ( Z/WlA,! ){*(/») -♦(/*')} I A.|
i=i \ ,_i /

The first term of (2) is in turn not greater than

Z I S(f, x!_1) | 37„ I Ai | g | S(f, x) | 371,(6 - a)

from (12.3), ir\ 1 being the contraction of x to [o,5Ci_i]andil7,,=sup0á<á6|<l>W|«

And from (21.1) the second term of (2) equals

h(t)-1

ZT/(íí)|Aí|."¿   {4(ti) -*(*/)} I Ai\~\
k-l     L »=l+l J

g Z Mt | Ai | | S(<i>, _-X) | SS | S(<¡>, x) | 37/(6 - c)
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again from (12.3), xj being the contraction of x to [xk, b] and M¡

= supasí£&| /(O I. (1) therefore becomes

| J(F, x, x*) - J(F, ir, ,')\£{M,\ S(f, x)|+Af/| S(<¡>, x) |} (b - a) + e/2.

Hence \S(F, x)| è{M4,\S(f, ,)\+M,\S($, x)| }(b-a)+e/2. Since / and «¡>
are 2?-integrable it clearly follows from this inequality that so is F. The

i?-integrability of ¿p(x)fxafdt follows from the duality principle. (Q.E.D.)

As corollaries of this result we at once obtain the following extensions for

iterated integration of higher degree.

(21.4) If / is it-integrable on [a, b] then so is the function

{/"/'••■/ 2/M - " ' f^dtl " " ' *}'(*)   (« S * ¿ b)

for all positive integers r.

(21.5) If /is i?-integrable on [a, b] then for all positive integers r

lim   £     E • • •   Z i(hi) | An | • • ■ /(**,) I A*r |

J J      /(¿i)  • • • /(/r)dii • • • dtT.

22. The Peano series.

Theorem 22.1. If fis R-integrable on [a, b] then

(1 + /¿0 = 1 4- I    fdt+j     J    f(h)f(t2)dtidt2

+ f    f    f  f(ti)f(t2)f(ts)dtidt2dh H-,
Ja     Ja     Ja

the series on the R.H.S. being convergent.

Proof. For brevity we shall write xk for /(ii)|A4|. Then

/~(/,x,x*)=ïl{l + z*}
Jfc-1

n n kt—l

= l + 23 x* + 23    23 x*ix*i + • • •
it—1 k,-l       ki-1

n *:,—1 kl-1

+ 23        23      -  -   -     23 X*I  '  '  *  X*r +   '  -  *   + X1X2  -   "  -X«
Ar-1    *r_t=l »J-l

Hence
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n(T)     /-h(t)      to—1 l,—1

(1)
/ib<-. n(r)     /• «(*•)       ii—1 1,-1 \

(1 + fdf) = 1 + lim Z i Z    Z • ■ •  Z xi, • • • xkr\
a » i      r=l      llr-l     lr_i-l li-l /

We must show that the limit on the R.H.S. exists. For all r^n(ir) let us set

b(t)        lr-1 l2-l

£7r(x, x*) =  Z     Z " - -   Z x*i - - - **,•
kr-l    lr_i = l *l-l

From (21.5) we then have

(2) lim I7r(x, x*) =  f     f      ■■   f 2f(ti) ■ ■ ■ f(tr)dh ■ - • dtT.
»i J a    o) a J a

Also for all r^n(ir) we have | L7r(x, x*)| ^Mro-r, where M = supa¿¡sb \f(t)\

and or is the rth symmetric function of the | Ai |. As is well known

Z|Ai|J  /r! = (b-aY/rl

Hence for all r¿n(ir)

(3) | Ur(ir,-ir*) | è Mr(b - a)'/r\.

Since y,,J17r(6 — a)T/r\ converges, it follows from (2) and Lemma A2 (Appen-

dix 2) that

lim   £ Ur(ir, x*) = Z lim Ur(ir, x*)
»i      r-l r-1   **

M /.  b       (0 t, (0  tt

= Z f   f   • • • f 4»
r=l J a    J a J „

/(/r)¿/l • • • ¿/r,

the series on the R.H.S. being convergent. The theorem follows from (1).

(Q.E.D.)
From the duality principle we obtain the corresponding result for the

7?^-integral. Thus:

Corollary 22.2. If f is R-integrable on [a, b] then

f     (l+fdt) = 1+ f   fdt+ f     f *f(t2)f(ti)dt2dti

/h       /»   is      /»  f2

J     J    f(ti)f(ti)f(ti)dt3dt2dti +

the series on the R.H.S. being convergent.

23. Integral equation for the product integral(40). It should be noticed

(40) The method outlined below of deriving the integral equation from the Peano-series is

due to Volterra and Hostinsky [l, pp. 52-53].
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that the series

°°      p t      n to ntl

23   I           I I       t(h)   ■  ■   ■ f(lr)dtl  ---dtr
r-1 J a    J a Ja

converges uniformly with respect to tC[a, b]. This follows from the A7-test

since for all tC [a, b] we have

In t      /» to /»is

I        J J /(¿l)  •  • • f(tr)dh ■  ■ ■  dtr ^ Ji>(J - ay/rl.

We might add that a uniformly convergent series on [a, b] remains uni-

formly convergent when each term is multiplied by a function bounded

on [a, b].
Yet Y"~'(x)=fxa~'(l+fdt). Applying (19.3) to the uniformly convergent

series for Y   (t) ■ f(t) we get

fZY~(t)f(t)dt =   C f(t)dt+ ¿ f   f       • -   f '/(/i) • • • f(tT)dh ■ ■ ■ dtr.
J a Ja r—1J a    J a Ja

Or putting s=r+1 and using Theorem 22.1, we get

f*Y~(t)f(t)dt = ¿ f     f f   f(h) ■ ■ ■ f(U)dti ■■■ dt. = Y~(x) - 1.
J a «-1J a    J a Ja

We thus arrive at the integral equation Y~*(x) = 1 +fxaY~-(t)f(t)dt. The duality

principle yields a corresponding integral equation for Y^(x) =fxa^(l+fdt). We

thus obtain the following theorem.

Theorem 23.1. If f is R-integrable on [a, b] then the product integrals

Y~(x)=fxa~(l+fdt), Y'"(x)=f^-'(l+fdt), a^x^b, satisfy respectively the

following integral equations

Y~(x) = 1 + C Y~(t)t(t)dt,       Y-(x) = 1 + f
J a Ja

f(f)Y-(t)dt.

24. Commutative normed ring. The Tc^-integral can be construed as a

limiting product of exponential factors and the ii-integral as a limiting sum

of logarithmic terms. We accordingly have the following two lemmas, the

first of which has been proved by L. Schlesinger [l, pp. 42-43]. The proof

of the second we leave to the reader.

Lemma 24.1. If f is R-integrable on [a, b] then

n(x) /» 6*-^

lim  JX Exp{f(tk) \ Ak | }  exists and equals (1 + fdf).
xi       k=l Ja

Lemma 24.2. If f is R-integrable on [a, b] then
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n(r) /• b

lim   Z Ln {1 + f(ti) | Ai | )}  exists and equals fdl.
»l     1=1 J a

These lemmas yield nice results for integration in a commutative normed

ring X. In view of (3.8) and (3.5), Lemma 24.1 yields for such a ring

(1 + fdf) = lim Exp I £ f(tk) | Ai | V  = Exp < J    fdt\.

Likewise from Lemma 24.2 we get

/b ro 6.—.
fdt = Ln I      (1 + fdf).

This proves the following theorem.

Theorem 24.3. If Xis commutative then for every R-integrable function fwe

have

f     (1 + fdf) = Exp | f   fdt\ , f fdt = Lni  I   (1+ fdf)  \ .

Thus in the commutative case the Peano series reduces to the exponential

series.

VIII. Differentiation

We shall now define additive and multiplicative differentiation of func-

tions on a real domain with values in a normed ring X. After indicating the

elementary properties of the derivative we shall turn to the so-called funda-

mental problem of the integral calculus. We shall conclude with a discussion

of integration by parts and changing the variable.

25. The derivatives defined.

Definition 25.1. If /is a function on [a, 6] into X then we shall say that

/ is 7?-derivable at #£ [a, b] ii and only if

lim _{/(*+a.,) _/(*)}
Ax-A,x+Ax(=[a,b] Ax

exists. The limit will be called the 7?-derivative of/ at x and denoted by f'ix).

Definition 25.2. If / is a function on [a, b] into X then we shall say

that /is ^""-derivable at x£ [a, b] if and only if(41)

lim — {/-^/(¡e + A,) - 1}
AI-0,*+AJe[a,>] Ax

(41) Here and throughout the sequel /"'(*) will abbreviate the inverse {/(x)}-1, whenever

this exists.
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exists. The limit will be called the ^"""-derivative of / at x and denoted by

f'(x). We give a corresponding definition of ¿?^-derivability and of the ¿?-de-

rivative /\

Definition 25.3. F is called an R-, ¿?~-, or ¿(""-primitive (tó) of / if and

only if / is respectively the R-, R^- and ¿('""'-derivative of F.

The connection between R-, R"*- and ¿("""-differentiation is best brought

out by the following lemma which obviously follows from the definition.

Lemma 25.4. / is R*~'-derivable or R^-derivable at x if and only if f is

R-derivable at x and f(x) has an inverse. In this case we can state the connection

between R-, i?""""- and ¿?w-derivative in the following equivalent ways:

f'(x) = f-\x)f(x),      f'(x) = t-\x)r(x)f(x),

T(x) = /-(aOZ-K*).      f"(x) = f(x)f'( *)/-»( x).

26. Duality. Since multiplication in X is in general noncommutative it

follows that in general f'(x)5¿T(x). The duality principle (§7) however en-

ables us to infer a result concerning fy from the corresponding result con-

cerning /'. We shall therefore state and prove results for ¿("""-derivatives only.

27. Elementary properties of the derivatives. As in the real case we can

easily establish the following properties for ¿(-differentiation.

Lemma 27.1. (i) /" =0 on [a, b] if and only if f is constant on [a, b].

(ii)  (cf)' =cf, cCX or c a complex number.

(iii) (f+ê)-=f+ê--
(iv) (fé)-=fé-+fé.

(v) (/-y—/-1/;/-1

= f~2 -f in a commutative ring X.

From this and Lemma 25.4 we easily infer the corresponding properties

for ¿(^"-differentiation (cf. Schlesinger [l, pp. 47-49]). Thus:

Lemma 27.2. It will be assumed that ^(x), á_10*0> c_1 exist,

(i) f = constant on [a, b] and /-1 exists if and only if f = 0.

(ii)  (cf)' =/', (/c)'=c_1/'c, cCX or c a complex number.

(iii) (f+ê)' = (f+ê)-1{ff'+éé'].

= f + é'in a commutative ring X.

(v) (/->)' = -r.
(vi) If /' =é' on [a, b] then f = cg, where cCX.

28. Reciprocity of integration and differentiation. With regard to the ques-

tion of the reciprocity of differentiation and integration our theory is no

(4S) The term "anti-derivative" is more common.
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weaker than the classical Riemann theory; in other words we can show that

the integral differentiates to the integrand when this is continuous, and that

for every integrable function possessing a primitive, the integral is the primi-

tive up to an arbitrary constant.

Let Fix) =fxafdt, a^x^b. As in the real case we have

1   .
— [Fixo + Ax) - Fixi)} - f(xo)
Ax

=   - I {f(t)-f(xo)}dt
\ AXJ I0

^        sup       | /(/) - /(*,) |
'£ [»,n+A¡c]

from (12.6) and (18.1). If now / is continuous at xo then the R.H.S. can be

made arbitrarily small by making [A»! small enough. Hence F'(xi) =f(xi).

Thus:

Theorem 28.1. If F(x) =fxfdt, a ¿x ^6, then f is continuous atx0implies F

is R-derivable at xo and F(xo) =f(x0).

Let next F(x) =fx,T(l+fdt). We know (cf. Theorem 23.1) that F satisfies

the integral equation F(x) = l+fxF(t)f(t)dt. If / is continuous at x0 then by

the last theorem

F-(xo) =  Í  f   F(f)f(t)dtY       =F(xo)f(x0).

Also we know (cf. Theorem 14.1) that F(;co) has an inverse. Hence

F'(xo) = F~1(xo)F-(xo) = /(*,).

We thus obtain the following theorem.

Theorem 28.2. If F(x) =fxa^(\+fdf), a^x^b, then f is continuous at xo

implies that F is RT~-differentiable at x0 and F'(xi) =f(xi).

The following theorem, the best of its kind available for 7?-integration,

is due to T. H. Hildebrandt (see L. Graves [l, pp. 171-172]).

Theorem 28.3. If F is an R-primitive of f, and f is R-integrable on [a, b]'

then for all x£ [a, b], F(x) = F(a) + fxfdt.

We shall apply Hildebrandt's method to prove the corresponding theorem

for 7?~-integration. The following lemmas are needed. We leave their proofs

to the reader.

Lemma 28.4. If f is R-derivable at x then

lim     ——- [t(x + h) - /(* -h')\= /•(*>.
A, A'-K)+0  h + h'
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Lemma 28.5. If f is R~*-derivable at x then

1
lim ;{/-'(*-  *')/(*+*)  -1}   =/'(*)•

h, h'->0+0  h + h

Theorem 28.6. If F is an ST'-primitive of f and f is R-integrable on [a, b]

then for all xC [a, b], F(x) =F(a)ff(l+fdt).

Proof. We shall prove the result for x = b. The same method will work for

x<b. Let e>0. Since / is ¿(-integrable there exists 5>0 such that for all x

with Ixl <S and all valuations x* we have

(1) /-(/, x, x*)
"/.

(1 + fdt) áe/2.

Since / is the ¿(^-derivative of F on [a, b] we know from the last lemma

that for all zC[a, b] there exists a closed subinterval crz such that |tr^l <5,

2 is the middle point of cr* unless z=a or z = b in which case it is the left or

right end point of a¡, and such that for all x, yCo't, x^z^y we have

y — x
{F~1(x)F(y) - 1} -f(z)

exp (— M(b — a))

2L(b - a) | F-\a) |

where M = supa¿t¿b |/(0| and 7, =supoSiS6 |F(0|o..

The family J\ of neighbourhoods <r, is a closed covering of [a, b]. By the

Heine-Borel theorem there exists 7^0= |cr2l, ■ • • , aZn} CH which also covers

[a, b]. We may assume that no subinterval <rZJ. is wholly contained in another

such subinterval, and that zi = a and <r2n ends at b. Applying (11.1) we get a

partition xo= {Ai, • • -, A»} Gil* such that z*GAfcC<rzt. In other words we

have a partition x0 of [a, b] such that |xo| <5 and if Ak= [xk-i, xk] then

(2)      | F(xk-i)f(zk) \Ak\- [F(xk) - F(xk-i) ] \ = ^ (~ ^(*~ 'f 11 A*|.
2(0 — a) | F-^a) \

Yet now x* be the valuation of xo consisting of zk from A*. Then from

(4.5) we get

| /~(/, x, x*) - F-KaMb) |

è exp ^ ¿ | /(**) | | Ak |) p | | F-1(a)F(xk-i)f(zk) \ Ak \

- F-^a) {F(xk) - F(xk-i)} I exp (- ¿ | f(zx) | | A. | )|

g exp (M(b - a)) | F-Ka) | ¿ | F(xk-i)f(zk) \ Ak\ - {F(xk) - F(xk-i)} \
k-l

S«/2
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from (2). In view of (1) and (3), the triangle inequality yields

/. S'-il

(l.+ fdf) -F-1(a)F(b) < e.

And since e is arbitrary, the theorem follows. (Q.E.D.)

29. Integration by parts. As in the real case the following familiar rule of

integration by parts holds.

(29.1) If / and <j> are 7?-derivable on [a, b] and /' and «}>' are 7?-integrabIe

on [a, b] then

tifdt + j    fif'dt = /(6)<¡>(6) - t(a)if(a).

The following theorem is a simple generalization of this.

Theorem 29.2. If f and «J> are R-integrable on [a, b] then

f   \ f  fdx\if(f)dt+ j   t(t)if ifdx\dt= f fdt- f  ifdt.

Proof. In view of the hypothesis and Theorem 21.3 all the integrals in

question exist. The result is now a consequence of (21.5) and the identity

n     /     k \ n / k—1      \ n n

Z( Z^p* + Z**( Zy.) = Z ^iZytoi_i \ i-i /       i=i   \ »_i  /    i_i    i_i

(Q.E.D.)
Turning to the corresponding theory for Tc^-integration which is naturally

harder, we obtain the following result the proof of which we shall leave to the

reader.

(29.3) If / and <¡> are Tc^-derivable on [a, b] and /', <j>' are 7?-integrable

on [a, b] then

J     {1 + (/' + V)dt} = *-»(a)   j     {1 + V'if-'dt) if(a)   j     (1+ 4,'df).

This suggests the following generalization corresponding to Theorem 29.2 :

j     {l + (f + $)dt}

= j     [l + |J    (1 + $dt)}f(f) | J"    (1 + *df)\  ldt\ ■ J "lil + $df),

where / and «j> are any ic-integrable functions^). To establish this we need

two lemmas.

(") The existence of [f.^iX+fydt) j-1 is guaranteed by Theorem 14.1.
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Lemma 29.4(M). If <j> is R-integrable on [a, b] and fis bounded then

hm I n [i + {n (i+Hü i A,-1 )}/(/») {n (i+<¡>w i a,i)1 li Ak \~\

- ñ[l + {f  '   (1 + *«"*)W){ f  ̂ (l+*dx)\    | A* |1| = 0.

Proof. Let K, L, M denote positive constants independent of x and x*.

Applying 4.43 to the absolute difference on the L.H.S. which we shall denote

by D(ir, x*) we get in view of Corollary 11.7 and (3.4)

D(,, x*) á exp *.¿   II (1 + +(fc) I A,-1 ) •/(**) i 11(1+ HU) I Ai | )1   '
¡fc-1     «-1 V. i-l )

-j      (l+$dx)-f(tk)if    (l+*dx)\    ||A*|

n(x)

D(x, x*) Ú exp k' 23 »r.»' | A* |.

or, say,

(1)

For all x and valuations x* let us define g(ir, x*, #) as the positive step-

function on [a, b] such that for all a;GA*Gx, g(ir, x*, x)=a\,r: Clearly

g(ir, x*, x) <L. Also for a given *G [o, b] and xGII*, letting A*(x) = [**(t)-i,

3C*(X)] be the subinterval of x containing a:, we have

g(it, x*, *) Ú
*(x) /.  (i(x)^

II (1 + +«0 I Ai I ) - (1+ifdx)   -\ /(/»,„)
•—1 «J a

• \\ 11(1+ «¡.(/i) | Ai| )\
I V i=l J        \

+ (1   + ifdx)   \-\f(tHr)) \\\TL (1+Wi) I A, |  )[•-*

i _ii
(i+«^*)j.

= ̂  n (i+*w i A,-1 ) - i     (i+«¿*)
L I   i-l »'a

+ |n(i++(fc)iAii)| - |j     (i+*¿*)|  J.

Since asx | , xk(r-)-i, **<t) and therefore /*<,), approach x, and <j> is ¿(-integrable

it follows from (18.2) and (3.4) that limTj g(ir, it*, x)=0. Applying Lemma

(**) This and (21.2) are of a similar nature. Their proofs are based on similar ideas.
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Al.2 (Appendix 1) we get lim^ Z2-íaí **|Ai| =0. The lemma now follows

from (1). (Q.E.D.)

Lemma 29.5

nTi+ {na+y<)W iia+y<)} l-na+y»)
i=i L v %-i )       \ ¿=i /     J  i=i

= fli(i+yk)(i + xk)}.
k-i

Proof. We shall use induction. The result certainly holds for « = 1. Sup-

pose it holds for n. Denoting the R.H.S. by C(n) and the two products on the

L.H.S. by A(n) and B(n) we have

A(n+ l)-B(n+ 1)

= C(n)B-Kn) [l+ | S (1 + Yi)\ ** i { S (1 + *)}   '

•ß(«)-(i+yn+i)

= C(W)[1 + (l + yn+i)x„+i(i +yn+i)-1](l +yn+i)

=  C(«)[(l+yn+l)(l+X„+i)]

= C(n + 1).

The result follows by induction. (Q.E.D.)

Theorem 29.6. If f and <]> are R-integrable on [a, b] then so is

j'   (1 + $dx) ■/(<)• if '  (l+<fdx)\ (agtZb)

and

J        |1+{J       (1+*¿*)J-/W|J       (1+4»¿*)J    AJ-J       (l+ifdt)

= r {i+(/+«j,)¿/}.
Proof. From Lemma 29.4 we know that given e>0 there exists x0£II*

such that for all x<xo and all valuations x* we have

| "n [i + {n a+*w i a< i )|/(/i) {n (i+*w i a.- i )} I a* i]

-J~(f'    (l+$dx)-f(t)-if'    (l+*dx)|     , X, X*)]<6/2.

Hence
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IW / '  Í1 + W*) M { f '  (1+ *<**)}   - ""' x*) ' J~(4>, ». **)

^InTi + na+<K^iAii)/(íojna+<¡>wiAii)} 'iAfcn
I t-i L        i=i v i=i / -I

• I! (1 4- <¡>(¿*) | A» | ) - /~(/ + *, x, x*) I + i/2

II [{1 +<!>(/*) | A* | }{l+f(tk)\Ak\ }]-/(/ + *, x,x*)
t-i

+ e/2

á exp({il7/4-Ü7„}(¿> - a)) • [exp (J7„ + Mt(b - a)\,\) - l] + e/2

from Lemma 29.5 and (4.45), where ¿l7/ = sup0gís6 |/(0| and Mn- = snpa¿t¿b

11>(01. Since the first term on the R.H.S. of the last inequality can be made

less than e/2 for all x-<xi say, it follows that

lim

= 0.

im \j~( j     (1 + i,dx) -f(t) ■ if     (14- 4»¿ac) j    , x, x* j ■ /~(<¡>, x, x*)

- J~(f + if, ,, «*)

Since <¡> and /+<j> are ¿(-integrable, it follows from this equation that so is

J"   (l + +dx)-f(f)-ff     (1+4***)}
and

= J     [1 + (/ + <»)*].
(Q.E.D.)

For a commutative ring this result reduces to

(l + fdt)   I     (l + «¡.¿0 =1     [i + (/ + <»)<«],
a J a Ja

which is also obvious since in the commutative case (cf. Theorem 24.3)

f     (1 + fdt) = Exp( f   fdt\

It should be noticed that even in the non-commutative case we have
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J     [l + ij '   (1 + *dx)\f(t)(f   (1 + $dx)\    dt\   f     (1 + ïdx)

-J [i + |J' (i+/^)U(/)|J (i+/áx)| *]

(i + «0.
a

30. Change of variable. We shall now extend the familiar and useful rule

of substitution of ordinary integration.

Theorem 30.1. If f is R-integrable on [a, b] and X is a strictly increasing

real function on [a, ß] with X(a) =a, X(/3) =6(46) and with a derivative X*, R-in-

tegrable on [a, ß], then the function /{X(x)} -~K'(x) is R-integrable on [a, ß] and

j     {l + fis)ds} = j     [1 + /{X</)} \-(f)dt].

Proof. Let x£= {Ai, • • • , A„| £Ir£ where Ak= [x*_i, Xk]. The function X

mapsxfintoa partition x* = {Vi, • ■ -, V«j £üj such that Vi= [X(xi_i),X(:si)].

Also every valuation (x£)*= [h, • ■ • , tn\ of x£ is carried into a valuation

(xa)*= {ii, • • • , 5„} of x* such that sk=\(tk). Hence

J~(f,irlirha*)=îl{l+f(sk)\  Vil)
l-i

= ñ{i+'(**)-.! x(**) -x(*i-i)|}
i-i

= ñ[l+/{X«i)}-X-(ri)|Ai|]
A-l

by the mean-value theorem, n being some appropriate point in A*. Hence

| J~(f{\(f) }\'(t), irl, /*) - J~(f(s), irl, irl*) |

(1)

II [1 + f{Utk) }r(h) | Ai | ] - II [1 + t{Hh) }X-(n) | Ai | ]
i-i i-i

á exp (237i372(6 - a))37x Z Osc (X', A*) | Ak |
i=i

from (4.43), where Mi = supa¿,¿b \f(s)\ and ü72 = supaSigß|X"(/)|.

Now X' is 7?-integrable on [a, ß] hence there is x£ such that 15(X", x£) | <e.

But since X" is real, \S(\', ir\)\ «=¿J Osc (X\ Ai)|A*|. It follows from (1)

(") That is, the range of X is precisely [a, b].
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and (9.6) that

lim | J~(f{\(t)}\-(t), irt, ,".*) - J~(f(s), ,1 irl*) | = 0.
■Si

The theorem follows in view of the ¿i-integrability of /. (Q.E.D.)

By a similar method it is easy to obtain the corresponding result for

¿(-integration. Thus:

Theorem 30.2. Under the hypothesis of Theorem 30.1 we have

f  f(s)ds =  f  f{\(t)}\-(t)dt.

We leave the proof to the reader.

Appendix I. A lemma concerning real integration

We need a lemma to enable us to handle limits like limTi 23ï-iaî,«-,| A*|,

where ú£,t« is a positive real constant depending on x, its valuation x*, and

the position index k (k = l, • • • , w(x)). The crucial point in the proof of the

lemma is the use of Lebesgue's theorem on the bounded convergence of

measurable functions (see Hobson [l, p. 581]).

Lemma Al.l. If (i) (xn)„°..iCII* and lim»^ |x„| =0;

(ii) For all irn and all valuations x*, g(x„, x*, x) is a positive step-function

on [a, b] such that for all xC&kCirn, g(x„, x*, x) =a*B_x;, a positive constant;

(iii) g(ir„, it*, x) is uniformly bounded for all xC [a, b] and all w, that is,

g(xn, irt, x)<K;

(iv) lim„,M g(ir„, x*, *) =0for all xC[a, b](K); then^1)

p(n)     k

lim  23 a.„.r. | At | = 0.
«-»» *-i

Proof. Each g(irn, x*, x) is 7,-integrable on [a, b] since it is a bounded step-

function. Let G(x„, *)=supT» g(irn, x*, x). Then G(x„, x) is itself a step-

function on [a, b] with steps on the subintervals of x„. Also from (iii)

(1) 0 g G(x„, x) :g K.

Hence for all w, G(x„, x) is 7,-integrable. Finally

G(x„, *) = {G(x„, x) — g(irn, x„*, x)] + g(irn, x„*, *).

In view of (iv), however, we know that for each xC[a, b] and every

e>0 there exists w€lX such that n^ntiX implies g(irn, x*, *)<e. Hence for

(**) Recourse to the Lebesgue theory may be avoided if we make the stronger assumption

that lim„_«,g(7r„, -ir„*, x) =0, uniformly for xfE [a, b]. In applications, however, the demonstration

of uniformity proves inconvenient.

(47) p{n) denotes the number of subintervals in ir„.
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each x

(2) G(x„, x) è {C7(xn, x) - g(x„, T*, x)} + e/2, n ^ nt,x.

But for ail n there exists x* such that G(xn, x)—g(irn, x*, x) <e/2. And since

(2) holds for all valuations x* we must have G(ir„, x)<e for n^n(,x. Hence

(3) lim G(x„, x) = 0.
n—.oo

The sequence of functions G(x„, x) satisfies the hypothesis of Lebesgue's

theorem on bounded convergence. Applying this theorem we get

lim   I    G(x„, x)dx = 0.
B-.00   J a

But since 0^g(x„, x*, x) ^G(ir„, x),it follows that

lim   I    g(irn, ir*, x)dx = 0.
n->«>  «7 „

In view of (ii), however,

/> b p(n)
g(lTn, IT*,  X)dx  =   Z a

a 1=1i=i

hence the theorem. (Q.E.D.)

(8.1) and (8.2) at once justify this result when limits as x J. are taken

instead of sequential limits. We can therefore state the result of the last

lemma in the following more convenient form.

Lemma A1.2. If (i) for all x and all valuations x*, g(x, x*, x) is a positive

step-function on [a, b] such that for all ;c£Ai£x, g(x, x*, x) =o*,T., a positive

constant;

(ii) g(ir, x*, x) is uniformly bounded for all x£ [a, b] and all x, x*, that is,

g(ir,ir*, x)<K;

(iii) limTl g(x, x*, x) =0, for all 3c£ [a, b] ;

then

lim  Z a*.*' I A* I =0.
»I     l-i

Appendix II. An extension of tannery's theorem

The derivation of the Peano series for the product integral is considerably

simplified by the following lemma, which is an extension to directed sets of a

result due to Tannery (cf. T. Bromwich [l, pp. 136-137]).

Lemma A2. If (i) for all x, x* and all positive integers r^ti(ir),

Jr(ir, x*)£X;
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(ii) for each r, \\n\r\ /r(x, x*) exists;

(iii) for each r, Jr(ir, x*) is bounded, and

Mr =     sup     | /r(x, x*) | ;
r,T*wOr)fcr

(iv)  23" Mr converges ;

then

lim [Ji(ir, x*) + /2(x, x*) + • • • + Jnir)(,, x*)]

= lim /i(x, x*) + lim /2(x, x*) + • • • + lim JT(ir, x*) + • • • ,

the series on the R.H.S. being convergent.

Proof. Let

F(T, X*)   = /l(x, X*)   -1-+ /n(x)(x, X*),

wr = lim/r(x, x*).
'I

Then |wr| ^Mr. Therefore ^,?wr=w converges absolutely. We must show

that F(x, x*) approaches w as x j . Let e>0 be given. There exists a positive

integer mt such that for all w > m ^ mt, Erô-^r < €/3- Hence

(1) 23   Wr
-m,+l

^    23    Mr < i/3,
r~m€+l

and for all tt such that n(7r) >ra« we have

(2) E    /r(x,X*)
-me+l

n(T)

^    23    ̂ r  < i/3.
r— m,+l

Hence for all x with n(ir)>m we have

| F(x, x*) - w I =

(3)

23 /r(x, X*)   +    23   /r(x, X*)  —   23 ̂ r —   23 Wr
r—1 r—mf+l r—1 r— me

n(ir)

^     E|/r(x, X*)-   Wr|   +
r-1

E   /rOr.x*)
r=me+l

+ E   Wr
r— m.+l

^    23|/r(T.T*)   -Wr|+2c-/3,

from (1) and (2). But since limT¿ /r(x, x*) =wr, there exists x« with n(irt)>m,

such that for all x -<xe and all valuations x*

E I 7r(x,  X*)   -  Wr !   <  i/3.
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It follows from (3) thatxKx, implies |F(x, x*) — w\ <e. Hence

lim F(ir, x*) = w

and the proof is completed. (Q.E.D.)
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