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Introduction. The authors have recently investigated^) the following

problem. Let 5 be a closed point set interior to the region R. To study ap-

proximation on 5 to a function/(z) analytic on 5 but not analytic throughout

R by functions fttiz) required to be analytic and in modulus not greater than

M in R. For the functions fiuiz) of best approximation to /(z) on S, defined

for every positive M, under suitable conditions the expression

lim sup [max | /(z) — fuiz) |, z on S]in°g M

has been evaluated, and there have been obtained results on the degree and

regions of convergence of the functions fiaiz). The purpose of the present

paper is to continue the study of the same problem, modified now by using as

norm in R not [l.u.b. |/v(z) |, zini?] but an integral mean over the boundary

of R, and by using as measure of approximation of fitiz) to /(z) also an

integral mean, here taken over the boundary of 5. We investigate in especial

detail approximation in the sense of least squares, when R and S are bounded

by circles, obtaining explicitly the extremal functions and measures of ap-

proximation, and investigate also general existence, uniqueness, and con-

tinuity properties of the extremal functions.

1. Properties of integral means. It will be necessary to make use of cer-

tain fundamental properties of integral means of analytic functions. Those

included here will be extensions of classical results for circles and annuli.

Let R be a finite region bounded by a finite sum Ci of disjoint Jordan

curves. Let S be a closed set interior to R whose boundary Co consists of a

finite number of disjoint Jordan curves such that Co separates no point of

R — S from C\. Let <p(z) be the function(2) harmonic in R — S, continuous on

the corresponding closed set R — S, equal to zero and unity on Co and G,

respectively. Denote generically by C„ 0<*»< 1, the locus <£(z) =v; by R, de-

note the point set consisting of 5 together with points oi R — S where 0 <<j>iz)

<v. Let\piz) be a function conjugate to(p(z) in R — S. Then ^(z) is continuous

in R — S and strictly monotone on Co and G- Let t>0 be the variation of
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^(z) as z traces G in the positive sense with respect to R — S; then — t is the

variation of \piz) as z traces Co in this sense.

If Fiz) is analytic in R and such that the quantities (3)

(1) pPiF, v) = I—J*   | Fiz) I'aiKz) j   \ 0<v <X, 0 <p^ cc,

are bounded for fixed p, then we shall show that for all points t on G, with the

possible exception of a null set, lim^f Fiz) exists, the approach being made

along the level curves of the function iZ'(z). This generalization of the classical

results of F. and M. Riesz(4) is to be expected, of course.

The problem at hand can be reduced to the consideration of a finite

number of annular regions by taking the point set R — Rt, 0<e<l, with e

sufficiently close to unit}'. Let Ti, Tt, • • • , Tm represent these annular

regions and let (tpk-i), ^k) represent the range of ip on that part of G which

belongs to the boundary of Tk. Then the function log p+iB = 2-K{<p+vp)/Tk,

where Tk=4/k—4'k~i, maps the regions Tk into the annulus e2rtlrk< \peie\

<e2T'TK If pPiF, v)-^M for each v, 0 <^ < 1, we have

/■2T .             .           2xr| *(pei9) \Td6 ^-M",
0                                                           Tk

where i>(peie) = Fiz). Thus the problem is reduced to the case of a region

bounded by concentric circles, and this case is essentially covered by the

classical theorem, by considering the components of Fiz).

Similarly, it is seen that F(z) is of Lebesgue class L" with respect to ip on G

when it is defined there in terms of the limiting values described above.

Moreover

lim pPiF, v) = ßpiF, 1).

The Hardy Mean-Value Theorem (5) admits of a generalization to the

present configuration.

Theorem 1. Suppose Fiz) is a function analytic in R — S with integral

means p„iF, v) uniformly bounded, 0O<l. Then log pPiF, v) is a convex

function of v in 0^j>^1, where Fiz) is defined on Co and G by means of limit-

ing values along level curves of «^(z).

(») In this notation, ux(F, v) = {l.u.b. | ^(z) |, z on C,}.

(4) The case p ä 1 is considered by F. and M. Riesz, Comptes Rendus du Quatrième Congrès

(1916) des Mathématiciens Scandinaves, Uppsala, 1920, pp. 27-44. For the case 0<p<l, see

F. Riesz, Math. Zeit. vol. 18 (1923) pp. 87-95. For particularly elegant proofs of these theorems,

see A. Zygmund, Trigonometric series, Warsaw, 1935 (Stechert, New York), pp. 160-162.

(«) G. H. Hardy, Proc. London. Math. Soc. (2) vol. 14 (1915) pp. 269-277.
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The proof involves an adaptation of the Polya-Szegö proof (6) of the Hardy

theorem. Suppose, first, that R — S is connected. Consider the functions.

eiTctit+wiTpQfa f _|_ kr/n), k - 1, 2, • • • , »,

where a is real, the quantities ip + kr/n are reduced modulo t, and <!?(</>, $)

= .F(z). These functions are analytic functions of tp+i\p in the small, except

possibly at the singularities of z = z(cf>, x(/), and have single-valued moduli.

The function

n

(2) X) I e2™<*+w^$(<2>, -p + kr/n) \*
k=l

is subharmonic, 0 2|</> g 1 and 0 ^\p á»T, except at these singularities. The func-

tion (2), however, can have no absolute maximum for 0<cp<X. Choose a

such that

(3) {«„(F, 0)}* = ««'«"{«„(f, 1)}".

It follows that, for 0<i><1, the expression

T      "

e2™"'Tj/i,,(F, k) } p = lim — Z e2Ta"'T I *(". ^ + kr/n) r
B—>co     ^    k=\

has as its least upper bound the quantity given in (3). The convexity of

log pPiF, v) is an immediate consequence.

If R — S is not connected, let Ti, Tt, • • • , Tm be the component regions

of R — S. Let the subinterval (ipk-i, <A*) of the interval (0, r) be the range of

\p on that part of G which belongs to the boundary of Tk. Then by what we

have just shown and by an application of the Holder inequality for sums, we

obtain

i cT i i        A i r *k ! i
—     I *(„, *) I*«** = Z — I     I *(". *) lp#
T   J 0 k=l     T   J ^t_j

™     I   \       f  tk \    1-"     Í   \       f  tk \    V

= Zs—      |*(o,^)i'#[-    <—      I $(i,iiOlp#>

^iZ—        |*(o,^)|"#¡.     iZ—        I *(1,*)| '<&},
\  fc-1     T   1/ V*-l ' '    fe-1    T   ^ *t-l /

which completes the proof.

The theorem may also be proved, of course, by Hardy's original method.

Similarly, the generalization of the Hardy theorem to subharmonic functions

by F. Riesz(7) may be extended to the present configuration, affording another

(6) G. Pólya and G. Szegö, Aufgaben und Lehrsätze aus der Analysis I, Berlin, 1925, §310.

G. Julia, Principes géométriques d'analyse I, Paris, 1930, p. 100.

(?) F. Riesz, Acta Math. vol. 48 (1926) pp. 329-343.
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method of proof.

If {Faiz)} is an infinite family of functions analytic in R such that for

fixed p the quantities pPiFa, v), 0<v<X, are uniformly bounded, then the

family is normal in R. For suppose D is any closed point set interior to R.

Then there is some v < X such that D is contained in R, and R, has the same

connectivity as R. If A,(z, t) is a conjugate of Green's function for R, with

pole at z, running coordinate t, then

\Paiz)\v S-\Fait)\Hh,iz, t)
2x J c

(4)

¿irJ c.
Fait)

dh,
d\¡., z on D.

The function | dh,/d\p\ is bounded for z on D, so that the moduli of the func-

tions Faiz) are uniformly bounded in D.

The family of functions {Faiz)} is therefore normal in R: from any in-

finite sequence of functions of the family can be extracted a subsequence

converging uniformly on each closed subset of R to a function Fiz) analytic

in R. Necessarily, the least upper bound of the integral means ptPiF, v) is

not greater than the least upper bound of the quantities p,PiFa, v).

It is to be noted that the disjointness provision on the component curves

of Co and G is made for convenience only. If the integrals concerned in this

section are properly interpreted, this condition may, of course, be omitted.

2. Functions of best approximation. Functions of minimum norm. Sup-

pose that the function /(z) is analytic upon the closed set 5 interior to the

region R, but coincides on 5 with no function analytic throughout R. For a

given positive quantity M and for each positive p and q, we may infer from

§1 that there exists an extremal function JmÍ%), analytic in R, of class L9

on G, having pqÍJm, 1) ^ M, with bounded integral means on the C, of order

q, and such that the quantity mu=pPif—jM, 0) is least. Let mM be the

greatest lower bound of the expressions pp(/—F, 0) for functions Fiz) an-

alytic in R with Ma(F, v)-=M, 0<^<1. Choose a sequence {FHiz)\ of-these

functions such that p.p(f—Fn, 0) approaches mjn- This sequence forms a

normal family and from it can be extracted a subsequence {Fni(z) \ converg-

ing uniformly on each closed subset of F to a function Jm(z) analytic in R.

Now

Wf - 7m, 0)} ' á  {»„(/ - Fni, 0)} < + {pp(JM - F,H, 0)} ',

where t=X if p~=X (Minkowski's inequality) and t = p if 0<£<1(8).  Thus

Ppif—jM, 0)émM- On the other hand, for 0<í><1,

U(7k, v) \ ' ^ {paiFni, ,)}'+ {utiFni - JM, v) ] ',

so that PqÍJm, v) ¿M. It follows that Jm is defined almost everywhere on G,

(8) Hardy, Littlewood, and Pólya, Inequalities, Cambridge, 1934, Theorem 27.
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is of Lebesgue class L" there, andpq(Ju, 1) = M. Henceßpif—Jiu, 0) ^mM, and

the equality uP(f—jM, 0) =mu follows.

This function of "best approximation"(9), JmÍz), is unique for X^p< »

and 1 íígíí ». For if J% were another function analytic in R, of class Lq on

G, of bounded integral means, having pq(Jt¡, 1) = M and pP(f—Ju, 0) ¿m»,

it would follow from the Minkowski inequality for any X, 0<X<1, that

ßq(^7M + iX— X)7*í, l)^ilf, and that the measure of approximation,

ßpif— {^Jm+ÍX— X)7m], 0), was actually less than mu- (The strong in-

equality results from the assumption that Jm and J*¡ are distinct.) Thus a

contradiction is reached.

There is a related extremal function Çmiz) which is defined as follows:

Let m be given. Then Çmiz) is analytic throughout R, is of class L" on G,

of bounded integral means, has nPif— Çm, 0) Sm, and is such that the quantity

Mm=pqiÇm, 1) is a minimum. That such a function should exist is a conse-

quence of Theorem 2 in §3 and of properties of normal families of functions.

The function Çmiz) of minimum norm is unique for 1 ^p^ » and 1 úq< »•

For X^pS », the functions JmÍz) have the property that p.qijii, 1) is

actually equal to M. The proof is indirect: suppose for some M>0 that

P-qÍJm, X)= M' <M. We reach a contradiction by exhibiting a function Fiz)

having pp(f—F, 0) less than mM=p-pif—jM, 0) but having p„iF, X) <M. By

Theorem 2 below it will be possible to find M" such that m" =pp(J—Jw, 0)

<m. Take Fiz) to be iX —\)JmÍz) +~KJm"Íz), where X, 0<X<1, is to be chosen

subsequently. Clearly pp(f—F, 0) 5? (1—X)m+Xm"<m. Also »8(F, 1)

g(l-X)ilf' +XÜÍ" if l^g^oo and [p3(F, 1) }"^(i-\)"M'"+\"M"i if

0<g<l. In either case, pq(F, 1) can be made less than M by choosing X suffi-

ciently small.

On the other hand, the measure of approximation of the functions

Çm(z) is always known precisely: for all p and q, 0<p^ » and 0<g^ °°, we

have pipif—Çm, 0)=w. The proof is again indirect: assume p,p(f—Çm, 0)

= m'<m for some m>0. Take F(z) = Çm(z)/(X+e), where t will be restricted

immediately. Clearly, pq(F, X)<Mm. But pP(f-F, 0)^/j.p(f-Cm, 0)

+pp(Ç7m-F, 0)<m' + Mme/(X+e) if l^p^«>, and {»,(/-F, 0)[*<m'»

+ {Mme/(X+e) \p if 0<¿><1. In either case, the measure of approximation

can be made less than m if e is chosen sufficiently small.

It is now possible to state the connection between these two types of

extremalfunctions, Ju(z) and Çm(z). If 1 ^p^ =° and if m=mu — ßp(f~ Jm, 0),

then Jm(z) is also a function of minimum norm Çm(z). Of course, if 1 ̂ p^ °°

and 1¿í<w, then Jm(z) is the unique function Çm(z). In contrast, the

functions Çm(z) are functions of best approximation for all p and q: if

M=Mm=pq(Çm, 1), then Çm is a function of best approximation Jm(z).

3. Asymptotic relations on integral means. It will be necessary to make

(9) Cf. J. L. Walsh, Proc. Nat. Acad. Sei. U.S.A. vol. 24 (1938) pp. 477-486, especially pp.
477, 478. The situation there considered is the case p = q= «.
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frequent application of the following lemma, an extension of a recent theorem

by Walsh (10).

Lemma. Suppose fiz) is a function analytic throughout Rp, 0<p<l, but

coincides on S with no function analytic throughout Rß> for p' >p. If {/„(z)} is a

sequence of functions analytic in R, of class Lq on G, of bounded integral means,

such that

(5) lim sup {pqifn, l))1'"^««, 0 < q ^ »,
n—»»

fl«d

(6) lim sup {pPif - /., 0)}»'» £ ê, 0 < p ^ »,
n->«

then

(7) ap + ß - ßp ^ 0.

Note that a is necessarily positive, and that there is no loss in generality

in assuming ß to be negative. Let t be the smaller of p and q. Then for arbitrary

positive € and all » sufficiently large, we have

Ptifn+l-fn,   X)   ̂    Te^^+V

and

Ptifn+l  - fn,  0)   ̂    2V+0",

where F=2ifl^/^» and T = 21,tfor 0<¿< 1. Thus, by Theorem 1, we have

Ptifn+i - fn, v) s [rc<«+«)("+l>]'[rcW'«)-]1-', 0 < V < X,

for all » sufficiently large. It follows (compare (4)) for z on any closed subset

of R, that

(8) | Uiiz) - /.(f) | ^ T'e^+t-t»+^,

where T' is independent of ». Thus, if ap+ß — ßv were negative, e could be

chosen such that the exponent in (8) would be negative, and the sequence

{fniz)} would converge uniformly on Rp> for some p'>p. The sequence, how-

ever, converges to/(z) on S, and/(z) is not analytic throughout R„>. A con-

tradiction is reached, therefore ; hence, ap +ß — ßp ^ 0. 11 is to be noted that the

remaining parts of the earlier theorem by Walsh are open to similar extension.

Theorem 2. Let fiz) be analytic throughout R„, 0 <p < 1, but let fiz) coincide

on S with no function analytic throughout Rp> for any p'>p. For fixed p and q,

0<pfs » and 0<q^ », the extremal functions {JmÍz) J converge uniformly to

fiz) on S as M—> », and we have

(10) J. L. Walsh, Trans. Amer. Math. Soc. vol. 47 (1940) pp. 293-304, Theorem 1.
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(9) lim sup {ptif - Jm, <t) ]1/loe M = ,}<«-#>/U-*>

for each a, 0^<r<p, and each t, 0<£:S ». We have also

(10) lim sup {ptiJM, <t) \1/Iog M = e(—o)/«-p)
M—>»

/or a// /, 0<¿5= » if p^a<X and for 0<t^q if a=X.

For a given positive Af, the function /ji/(z) considered in our ear-

lier   paper(n)   has   the   property   that   pqifM,    i)^M   and   pPif— /m,   0)

^exp {( — p+e) log iW/(l —p)} provided AT is sufficiently large, the quantity

e>0 arbitrary. A fortiori, it can be said for all such M that Ppif—jM, 0)

5=exp {(—p+e) log M/iX—p)}, and we obtain

lim sup {pPif - JM, 0) } »/ic M ^ e~p/U-p)

while

Thus

and

lim sup [pq(JM, l)}i/io«" ^ e.
M-xc

Ptif m - Jm, o) =s tv->+<>^ */<*-»>

iti(/jf - 7m, 1) ^ ZV°« »,

where ¿ = min (£, g) and F = max (21/!, 2). By Theorem 1 we have

Ptif M - Jm, v)  S   [7V-'+<> logJlf/(l-p)]l-,[relogAf],

í£   2V~p+f) log MHl-p) 0  0<   1

for 0 <v < 1. By the properties of /a/(z), we can infer for M sufficiently large

that

Ptif - fu, v) ^ e<"-p+<> '<>* mui-p)i o ^ v < P,

and

p-tifii, v) S e<"-p+<> iog-v/d-p)j p ¿y S 1*

We conclude, therefore, that

(11) limsup |/xi(/- 7aî, j-)}!/1^^ g e("-'>)/(1-''), 0 ^ v < p,
AÍ—>»

and

(12) limsup {ptiJM, v)}w*M S e^i^-»\ p $ v g 1.

(") E. N. Nilson and J. L. Walsh, loe. cit. p. 57, Theorem 4.
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These inequalities for the remaining values of / are obtained, by the device

already employed several times (compare (4)), from the monotone character

of the integral means.

The remainder of the proof involves only the elimination of the strong

inequality in (11) and (12). This is accomplished by Lemma 1 in precisely

the same way as it was done in our earlier paper. The uniform convergence

of the functions {JmÍz) } to fiz) on any closed subset of Rp is an immediate

consequence of (11).

The theorem has several further implications, some of which are included

in the following corollaries:

Corollary 1. For any family of functions { FmÍz) } idefinedfor each M >0)

such that FmÍz) is analytic in R, of class Lq on G, of bounded integral means,

with

limsup {Mî(FM, I)}1/*»«* è e,
AÍ-.»

we have for each a, 0 5^<r<p, and each t, 0<t^ », the inequality

lim supp,(/ - FM, <r)1/log M ê e'"-")/(1-").
M->»

Corollary 2. Let { Mn} be a monotone sequence of positive quantities such

that

Mn+l Mn+1
(13) 1 < lim inf-  g lim sup- < ».

n^«      Mn «-»«      Mn

Then for 0 ^<r <p and 0 <t £ » we have

lim sup {ptif - Ju„ <r)}1/log M» = ec-'»«1-".
n—»to

We have also

lim sup {ptiJMn, a) ] u** Mn = eC«-p>/(i-(.)
n—>»

for 0<¿^ » if /gcr<l and for Q<túq if a = X.

Corollary 3. Let {Mn} be a monotone sequence of positive quantities satis-

fying (13) and let {FMniz) ) oe a sequence of functions analytic in R, of class

L" on G, of bounded integral means, with

limsup[p3(FAi„, 1) }i/k*»„ g e;
n—*»

then for each a, 0 ^cr <p, and each t, 0<t^ », we have

lim sup [utif - FMn, a) }1,IoK "n ^ et"-")'«1-").
n—»«
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The situation in which /(z) is analytic throughout R but not R may be

considered as a limiting case of the situation in Theorem 2. In fact, it follows

immediately from that theorem (by letting p—>1) that for Ogcr<l and

0</^ » we have

lim   {ptif- J m, v)]1'*"" = 0

and

(14) limsup {ptiJM, *)}*»-" ^ X.
A/—»

Equality must hold in (14), however. For if the strong inequality were valid

for any a, 0<er<l, the set of functions {JmÍz) } would converge uniformly to

zero on any closed subset of Rc. The case cr = 0 is established by an applica-

tion of Theorem 1. Finally,

lim sup {ptiJM, 1) )1/log M ^ e, 0 < t ^ q.
Ai—»M

If the sharp inequality should hold for t = q, it can be shown that /(z) is of

class L" on G, of bounded integral means, and Jttiz)=fiz) for M^pqif, 1).

It has been demonstrated that the functions Çmiz) of minimum norm are

actually functions of best approximation. As an immediate consequence of

this fact we have the following theorem.

Theorem 3. Let fiz) be analytic throughout Rp, 0 <p < 1, but let fiz) coincide

on S with no function analytic throughout F„< for any p'>p. Let the extremal

functions Çmiz) be defined for fixed p and q, 0<p^ » and 0<<?^ », and for

m>0. Then as m—>0, the functions {Çmiz)} converge to fiz) on S; and for

arbitrary a, 0^cr<p, we have

lim sup {ptif -  Çm, <r)}-1/log m = e^-^'"
m->0

for each I, 0<t^ ». If pèa=X, then

lim sup {p,i Çn, a) }~lll°s m = e(«-/>)/p
m->0

for 0<¿^ » if o-<X and for 0<t^qif o=X.

The corollaries of Theorem 2 have their analogues here:

Corollary 1. For any family of functions {G»(z)} idefined for each m>0)

such that Gmiz) is analytic in R, of class Lq on G, of bounded integral means,

with

lim sup {ppif - Gm, 0) J-1"0* » ^ e~\
m-->0
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we have

limsup {ptiGm, £r)}-1/log m ^ e("-c)/p
m-»0

for 0</^ » if p^a<X and for 0<t^q if o = X.

Corollary 2. Let {m„} be a monotone sequence of positive quantities such

that

mn                      mn
X < lim inf-  :S lim sup- < ».

n->»     mnJrl n->oo     mn+i

Then for 0^a<p and 0<t¿ » we have

lim sup {»,(/ -  Çmn, o-)}-1'1** mn = ei'-""'.
n—»oo

We /¡ape, moreover,

limsup [pí(C7„¡n, tr)}-1/los «Si = e^-p>/"
n—*w

/or 0</iï » if p^a<X and for 0<t^qif <r = X.

Corollary 3. Let {mn} satisfy the requirements of Corollary 2, and let

{Gmn} be a sequence of functions analytic in R, of class Lq on G, of bounded

integral means, with

lim sup {ppif - Gmn, 0)}-llloe — S e-\
n—»»

FÂe« we Aa»e

limsup {ptiGm„, a)}-1'1"* "» à c^-'""
n—»oo

/or 0<¿á » if pSa<X and for 0<tSq if a = \.

Letting p—>1 in Theorem 3 gives results for the limiting situation in which

fiz) is analytic throughout R but not R. Here we have, for 0 <t g »,

lim sup }p,(/ - Çm, 0) }-wio« » = er*

while, if 0O<l,

lim sup {ptif -  Çm, it) }-i/1oe m ^ e*-1.
M->0

Moreover, for 0<i^g, we have

lim sup pti Çm, l)}-i/io.» = i.
m—0

It is to be remarked that the case / = » for Theorems 2 and 3 with their
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associated corollaries are the corresponding results on maximum moduli of

our earlier paper.

4. Circular regions and p = q = 2. The case in which R — S is a circular

annulus and p = q = 2 is naturally of special interest. Here it is possible to

exhibit the extremal functions JmÍz) = CKmÍz) and to determine the precise

measures of approximation.

Suppose that R is the interior of the circle \z\ =ri> 1 and 5 is the closed

point set \z\ ^ro, where 0<ro<l. Assume that the series representation

/(f) = Z akZ*
k=0

has unit radius of convergence. Given M>0, there exists a unique function

00

7.viz)   =   Z °kZk
k=0

of best approximation. Indeed,

f", ,2  2*)   1/2

(15) P2ÍJm, 1) = < Zl**|rx [      = M,

while

(16)
j   ^—». I2   2it)

m m = píif — Jm, 0) =  < 2-,\ ak - bk\ r0 >
V k=0 J

1/2

is a minimum.

For each positive integer N, we can find the (unique) polynomial PnÍz)

of degree N such that P2ÍPn, Í)=M but such that P2Íf—pN, 0) is least. There

exists a subsequence of these polynomials, {¿>iv,(z)}, converging uniformly on

each closed subset of F to a function FMiz) analytic in R, of norm not greater

thanM, but with/i2(/—Fa/, 0) = {g.X.b.N-.«, Piif—Pn, 0)}. Necessarily, we have

mM^P2Íf—FM, 0). On the other hand, mM^p-2Íf—PN, 0); indeed, we have

««( Z*-o bkZk, 1) = M so that, a fortiori, p2(f-pN, 0) áft(f- Z* o bkzk, 0). It
follows that mM^Piif—Fu, 0) and hence that mM=tnif—Fu, 0). By the

uniqueness of the extremal function, we have FmÍz) = JmÍz).

Let PnÍz)=Ao+AiZ+ ■ ■ ■ +AnZn. Thus we minimize

N 00

(17) ¿_, I Ah — ak\ ro   +   2,    \ak\r0,
k=0 k=N+l

while satisfying the condition

(18) f:\Ak\Mk ^m\
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If 7Y is taken sufficiently large, ZtU \ak\2rf>M2 and it follows that

equality must hold in (18). Write ak=ak+ißk and Ak=at+ißt- Using La-

grange's multipliers \m, we find that

* 2Ä *   2k

2(ak — ak)ro   + 2\Nctkri   = 0,

j. o 1c st   2 fc

2(j8t - 0i)ro   + 2Xa-/8»ti   =0, k = 0, I, ■ ■ ■ , N.

Thus, for the extremal polynomial, we have

2k
akro

Ak =
ru   + X.vri

the extremal polynomial PnÍz) is the extremal function for the partial sums

oí fiz). It is clear from (17) and (18) that arg Ak = arg ak. Thus Xjv is neces-

sarily positive.

Since each subsequence {pN<iz)} of the extremal polynomials contains a

new subsequence which converges to the extremal function Jitiz), the se-

quence PnÍz) converges to JmÍz), each coefficient Ak will approach a limit as

N—>», so Xjv approaches some limit X, and we have

2k  k
™ *       akr0 z

(19) J Miz) - Z **** -  Z 7T

where

*=o t-o r    •■   .

2*
V    2lr

M2
™  / \ ak\r0    \2 2k

(20) Z(L     ' K   =
*-oVo   + Xfi   /

and

2 2 A /  | a* I ri    \2 2<t
(2i) mjf = x 2. ( -2^rr;~¿ ) r° •

k-o \r0   + Xri /

Equation (20) determines X uniquely as a function of M; X is necessarily posi-

tive, but X takes on every positive value as M varies from 0 to ».

There are several immediate consequences of this series representation of

the extremal function. The function JmÍz) is actually analytic throughout

\z\ <r\/r\ rather than merely throughout \z\ Oi. From (19) it follows for

each k that

2k     2k
(22) ak - bk = \bkri //■<,

so that

(23) fiz) = 7mÍz) + rjviz-rl/rl).
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Thus the extremal function JmÍz) is of(12) class H2 in \z\ <r\/r\ if and only if

fiz) has this property in \z\ <1: indeed, if eid is a singular point oí fiz), then

r\eis/r% is a singularity of the same type for JmÍz). From (23), moreover, we

obtain

(24) X" [jMiz) + ± (-1)' ^^} = i-XfjMirTz/rT).

Thus, if fiz) is meromorphic in a region R containing the interior of the circle

|z|=l, then JmÍz) is meromorphic in the enlarged region obtained by

stretching F in the ratio r\/r\ from the origin. Poles, however, may be in-

creased in number along a radial line from the origin. For example, if /(z)

= 1/(1—z), the function JmÍz) is analytic in the entire (finite) plane except

for simple poles at z=(r2/ro)*, k = \, 2, • • ■ .

For X>1, the relation (24) yields an alternative representation for the

function of best approximation:
Jt+1    _k 2k '2 k

(25) Juiz) = JmÍz; f) = Z (-1)     *   fin z/ri ).
k=1

This representation, as well as equation (23), is independent of the require-

ment that \z\ =1 be the circle of convergence of Za*z*=/(z)- The condition

X>1 may be relaxed somewhat in certain cases: for example, if eto = 0, the

series converges for X>ro/V2. Equation (25) could also have been derived di-

rectly from (23) if that difference equation were solved by the usual method

of successive approximations.

We no longer require/(z) to have a singularity on \z\ =1. Suppose now

that/(z) = 1/(2 — z) where / is fixed, r0<|/| <t\. Let M be given. By (25) we

have

JmÍz; X/it - z)) = Z (-1)**V\< - rTz/AY1.
*=i

By the Cauchy Integral Formula, we have

2*  , tk.        If fit)dt
firo z/ri ) = — I-»TUT'

¿in J |i|-ri — ro z/ri

provided r%/\ z\ /rf<r <1. Thus, for \z\ <r\rlr\, we have

1 f* fe-4-1    _k 2fc 2k

— JMiz; X/it - z))fit)dt = Z (- 1)     X   fin z/n ) = Jm'Íz; /),
Z-irlJ \t\=r i_l

where

(12) For this notation see J. L. Walsh, Interpolation and approximation by rational functions

in the complex domain, Amer. Math. Soc. Colloquium Publications, vol. 20, New York, 1935,

Chap. 6.
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i i 2  44  24 -2k-2  44  2k

M'2 * +~^r = M2.24    |    ,   2iO'-^     i   2k     i     -.    '«\2 ' •*—'     /   2k     .     ■.    24\
4=0 i/o  + Xri ) 4=o  I/o  + Xri )

The relation  (22) has certain consequences involving orthogonality. If

Z"=oc4sk ¡s analytic in \z\ Oi, then by (22), for 0<r<l, we have

00 DO

Z ckiäk — bk)r    = XZ ckbkri r   /r0 .
4=0 4=0

Thus, if Zc*s* and fiz) ~7mÍz) are orthogonal on \z\ = r < 1, then ZC4Z* and

Jm(z) are orthogonal on \z\ =rir/r0, and conversely. The cases r = r0 and

r = r0/ri are especially interesting. Moreover, if we choose r = ro2/r\12, the

circles \z\ =r and \z\ = rxr/ro are mutually inverse in |z| =1. This ortho-

gonality may be considered from another point of view: ^_lckzh is orthogonal

to fiz) on \z\ =r<l if /.ckzk is simultaneously orthogonal to 7m(z) on \z\ =r

and on \z\ =rxr/ro- If M2< {l.u.b.r<n p2(/, |z|=r)}, we have 7a/(z)

=/(z)/(l+X) so that Zc*=2* is orthogonal on \z\ =r<ri to 7mÍz) if it is or-

thogonal there to/(z).

From (23) there follow the functional relationships

ii it22
mif - 7m; \z\ = r) = Xp2Í7m; I 2 I = rrr/ro)

and

{pÁÍ~7m; \z\ =r)]2=  {p.2Íf; |z| =r)j2-   {^ij„; \z\ = r) }2

— 2\{/12Í7m; \z\ = r^/ro)}2,

where p2(F; \z\ =r) denotes the integral mean of | F[2 over the circle \z\ =r.

The second of these identities has, as a special case, the relation

mM = {piif; | 2 | = r0)}   — {ihÍJm, I z| = r0)j   — 2XM .

To these we may add a final one,

2 2
dmM dM

dX dX

It is seen from (23) that every zero of 7jv/(r2z/ro) is a point of interpola-

tion of 7mÍz) to fiz). Since Ja/(z) converges to fiz) uniformly on every closed

set in | z | < 1, to every sequence {Mn}, Mn—* », and z0, | z01 < 1, corresponds

a sequence of points {z„} within the unit circle approaching z0 such that

7aí„(z„) =/(zo). Thus, if/(zo) =0, we have fiznr%/r\ ) — 7Mniznrl/r\) = ° and each

znr\/r\ is a point of interpolation. If/(z)^0 in \z\ <1, then on each closed

subset of \z\ <1, 7mÍz)?£0 for M sufficiently large, and there will be no

points of interpolation in  |z| <r\/r\. Conversely, if   {zn\   is a sequence of
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points of interpolation of 7m„Íz) to /(z) having a limit point z0 interior to

\z\ <r\/r\, then /(r2z0/r2) = 0 ; and if there exists no such infinite set of

points {z„},/(z)5¿0 in \z\ <X.

The totality of functions 7miz) = Z"=o akrlkzk/irlk+\r\k) for a given

fiz) depends only upon ri/ro rather than upon ri and ro separately. Moreover,

every function analytic in \z\ <r\[r\ but analytic in no larger circle whose

center is the origin is a function of best approximation 7a/(z) for some func-

tion/(z) of the type under discussion (analytic in \z\ <1 with a non-remov-

able singularity on the unit circle).

5. Overconvergence and lacunary structure. Under suitable circum-

stances, as first shown by M. B. Porter, certain subsequences of the partial

sums of the Taylor series for/(z) will converge uniformly in a region contain-

ing in its interior points of the circle of convergence. The relation of this

phenomenon of "overconvergence" to the structure of the Taylor series is

well known(13). Ostrowski has shown that if the series /(z) = Z"-o a*** has

an infinite numbers of gaps—if ah = 0 for pn<k^vn (» = 1, 2, • • • ), pn<5vn

where ô<l is fixed—then the partial sums { Zfcio o-kZk} converge uniformly

throughout the neighborhood of every point on the circle of convergence

where the function /(z) is analytic. Conversely, any Taylor series which con-

tains an overconverging subsequence of partial sums can be expressed as the

sum of a series having gaps of the above type and a series with a larger radius

of convergence. A function which can be so expressed is said to be of lacunary

structure.

The authors have recently(14) proved the following result connecting the

property of lacunary structure with the degree of convergence of Tchebycheff

polynomials of best approximation:

Theorem. Let the power series fiz) = Z^-o akZk have unit radius of con-

vergence and let LT„(z) denote the polynomial of degree n of best approximation to

fiz) in the closed region \z\ :£p < 1 in the sense of Tchebycheff. A necessary and

sufficient condition that fiz) be of lacunary structure is that

lim inf [max | /(z) — IIB(z) |,   | z | á p]1'™
n—*w

< lim sup [max | /(z) — n„(z) |, | z | ^ p]1,n.
n—»oo

As may be expected from this result, the existence of the limit

limM^mMloeM is also connected with the structure of fiz). In order to

investigate this relationship, we shall prove the following lemma concerning

the behavior of X as a function of M. For the case of circular regions and

p = q = 2 just considered in §4, we have:

(13) G. Bourion, L'ullraconvergence dans les séries de Taylor, Actualités Scientifiques et In-

dustrielles, no. 472, 1937.

(") J. L. Walsh and E. N. Nilson, Bull. Amer. Math. Soc. vol. 53 (1947) pp. 116-117.
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Lemma. The inequality

. l/log M 1/logAÍ
(26) hm inf mM < hm sup mM

M—» oo M—> »

implies

log M2
(27) lim inf- < a,

x-»o     —log X

where a = log n/log (ri/r0).

By hypothesis, there exists a sequence {.M*} and e>0 such that

log mMk      log ra
lim sup-<-e,

4-»»     log Mk       log ri

since the right-hand member of (26) is equal tor0/'logri. It follows by means

of the Holder inequality for sums that, for t>X,

i i 2  in  2n

2        "      | an\ r0 ri

Mk=  2-,■É—'    i   In     ,     ■.      2nV
n=0   (ro     +  X4fl   )

2  in   in i 2 4n
(t-l)lt(  "      | a. 1   ri r0   j "'  Í   "        1 «» 1 ro     __     t*-W#-D i/<(-i> 2»"1

=   I h (r," + \jffl       l S (*j- + X4r?")2 (fl '   ]

where X4 is the value of X associated with M=Mk. The second expression in

braces converges uniformly with respect to X4, 0^X4< », provided

(f-2)/(f-l)   l/(i-l)
ri r0 < 1;

that is, provided ¿<l + l/a. Now we have

i i 2  in   2n
2 2 A     I a» I ri r0

WAit = X4 2-, 7^o7
„_o irT + Xkr\n)2

Thus, by the definition of the sequence {Mk},

log m\ 2
(28) limsup—--^

xt-o     —log X4        / — 1 + I/o; + e

Since the left-hand member of (28) is independent of ¿<l + l/a, inequality

(27) follows. Actually, inequality (27) is a sufficient as well as necessary

condition for the validity of (26) ; but the sufficiency proof, which is direct

but rather cumbersome, is not essential to the development here.

Theorem 4. A necessary and sufficient condition that fiz) be of lacunary

structure is that
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,„„, ,.       .    ,       l/log Af 1/log M
(29) hm inf «« < hm sup mu

M—*<x> Ai—>w

By Bourion(16) it follows, if /(z) is of lacunary structure, that there

exists a subsequence {snkiz)} of the partial sums of the Taylor series for /(z)

about z = 0 such that for some e>0 and all nk sufficiently large

I fiz) - snkiz) |  ^ r0 , . I * I S f«.

Moreover, it is true for all partial sums that

i (l+i)n

| s»t(z) | fifi        , | f | a fi.

for arbitrary 5>0 and all »4 sufficiently large. Choose Mk = r(i+S)"h. Then

ß2isnt, X)SMk while P2Íf—snk, 0) ^ró1+e)n*. From the extremal character of

the functions 7mÍz) it follows that

l/log Af* l/log rt 1/log AT
hm sup mMk        < ro = lim sup m m

Mk—* « Ai—* «

In order to prove the sufficiency, a sequence of polynomials {<Z„t(z)} will

be exhibited satisfying, for some positive p<r0, the inequality

(30) limsup {max \ fiz) — qnkiz) \, \ z\ a" p]       < P-

It will follow that (30) is satisfied by the Tchebycheff polynomials {n»t(z)}

of best approximation to/(z) on |z| up and hence, by the theorem of the

authors quoted above, that /(z) is of lacunary structure.

Assume, then, that (29) is valid: there exists a sequence {Mk] of values of

M such that

l/log Mk l/log M l/Iogr,
limsupwjifj       < limsup m aí = ro

k—► oo M—► oo

Take

2n  n

Ä      anro 2
?n*(z)   =   2,*—<       Zn    i    •.      2»

„=o  ro   -+- A4ri

where nk= [log Mk/\og ri\. By the Minkowski inequality,

Ptif - onk, 0) g p2(/ - 7iift, 0) + P2Í7Mk - qnk, 0).

In view of (29),

lim supp2(/ - 7mv O)1'"* < ro;
k—»oo

thus

(15) G. Bourion op. cit. pp. 9 ff.
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(31) lim supp2(/ - ?»„ 0)""* < ro

provided only that

(32) lim supp2ÖVt - qnt, 0)1"1* < ra.
fc—»oo

Now

[p,i7Mk-qnk,o)}2= z (j°iriY = r
r0 ox

n-»*+i (ron + Xi-ri")2        J nk (1 + \k,r\x/roX)2

for arbitrary e>0 provided »¡t  is sufficiently large. Set y = XkrT/rlx and

(ri/r,)'-^-. Then
-0 ß-i,

X4 f" y    dy
{P2Í7M, - ?»„ 0)}2 ̂  * f

2 log (ri ra) J x2 log (n/r0) J x,r;«/r„2»   (1 + y)2

From the lemma it follows that for some e».>0 and all »4 sufficiently large,

„      ^  (1 - ei)«(-log Xt)
2nk ^-

logri

Thus

1 1 - €
lim sup — log p2Í7Mk - qnk, 0) S-log r0,

4-»»        W4 1   —   Él

which is less than log r0<0 if e is sufficiently small, and (32) results.

Inequality (30) is now an immediate consequence of (31) and of the

Cauchy Integral Formula; if p is arbitrary, 0<p<r0, we have for \z\ ^¡p<r0,

I /(*) - *.»(*) | = It1-: f
¿TlJ I

/(<) - ?»*(') ,t
--dt

|i|=r0 f  —   2

r01/2      Mr III)1'2

^-1—       l/w-?«*wlil*l>   •
ro — p \ litro J 1 c|—j-« J

This completes the proof of the theorem.

Corollary 1. If there exists a sequence of extremal functions {7Mkiz)\

which over converges, then (29) follows. Conversely, if (29) holds, there exists an

over converging sequence   {7Mkiz)\  provided fiz) is analytic at some point on

Corollary 2. A necessary and sufficient condition that fiz) be of lacunary

structure is the validity of (29) for any particular values of p and q, 0 <p a* °°

and 0<q^ ».
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By taking a suitably chosen r*>ri and considering the functions 7mÍz) of

best approximation to fiz) on S(|zj ^r0) with R the point set \z\ <r*, it

can be shown directly that the validity of (29) for p = q = 2 and this con-

figuration implies its validity for arbitrary p and q, 0<pS » and 0<q¿ »,

with the original configuration iS: \z\ ^r0 and R: \z\ <ri). In a similar

manner the sufficiency is proved.

6. Norm functions. Functional properties of extremal functions. Suppose

that the norm function «oO/O and niiip) are positive and continuous. For

given positive M, we wish to consider those functions Fiz) analytic in R

with bounded integral means on the C, of order q, and

Í33) Í— f I F \qmit)dÀ   q^M.

The measure of approximation of Fiz) to /(z) is taken as

(34) i—f |/-F|'»ottO«#j   "•

Compactness results for the set of functions satisfying Í33), and there exists

a function of best approximation in the sense of (34). The analogue of

Theorem 2 carries over without serious difficulty to this situation. The

uniqueness of the extremal function for 1 ^p< » and 1 Sqii » is also im-

mediate.

It is worth while pointing out here that if Co and Ci are smooth, we may

choose »î(^) =ds/d\p on C\ and WoO/0 =ds/d\p on Co. Then the integrals over

Co and G become ordinary line integrals.

The measure of best approximation, mM, as defined in §2 is a continuous

functional oí fiz) and M. For let 7ti' be a function of best approximation to

/*(z) and mu,=Ppii*-7M', 0). Then pkiMJu./M', l)£M so that

m* s {pPif - mjm,/m>, o)} ' ^ {pPif - /*, o)} ' + {pPif - jM,, o)} '

+ {pPiJ% - MJ*m,/M', 0)]\

where t=X or p according as^>3:lor0<£<l. Thus

mM-m*M, S {pPif-f*,0)}t + \M-M'\t.

Similarly,

%'  - Mm ̂  {pP(f - f, 0)} ' + | M' - M |';

hence, mM.-*mM if M'-*M and pP(J-f*, 0)->0.

An immediate consequence of the continuity of mM is  the  fact that
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PÁ7m'—7m, 1)—>0 as M'—*M and »?(/—/*, 0)—»0, provided 7m is unique.
Assume the contrary: that there exist {Mk} and {/*}, JÍ*—>Af and

Ppif—ft, 0)—>0, such that pqi7%k—7M, 1)>« for some e>0. The functions

{Ä*} form a normal family in R; hence a subsequence can be found con-

verging uniformly on each closed subset of R to a function F m analytic in R,

oí norm M, and having measure of approximation Wa/ to /(z) : with t defined

as previously,

MM ̂   {ppif - FU, 0) } ' S  {pPif - /* 0) } ' +  {ppift - 7*Mk, o) I!

+ {ppi7Mk — fm, o)} .

But {ppift — 7m, 0)\t = mMk-^mtM, so that pPif—FM, 0)=mM. A contra-

diction is reached whenever 7m is unique, for

0 < e <  {pqi7M - 7*vk, 1)}' S  {pÁ7m - F m, X) ] ' + {ßq(FM - J*Mk, X)\\

Similarly, it can be shown that Mm is a continuous functional oí fiz) and

m if X^pS ». The proof is again indirect. Assume that there exist {mk\

and {f*}, mk-^m and ßPif—f*, 0)—>0, such that \ M*k — Mm\ >e for some

e>0 where Mmk=pqiÇmk, X). From the extremal character of Mm, it follows

immediately that M*k>Mm+e. Define M= Mm+e/2, and let JM be the

function of norm M of best approximation to fiz). From §2 it is seen that

mMm=m always, while Mmjr = Mif X^p^ ». Thus m<m' implies Mm>Mm-

always, while M>M' implies mM<mM> if 1 ̂ p^ »• Thus mM = pP(J—jM, 0)

<w. In the sequences {mk} and {/*} choose tnn and /* such that

\mn — m\ <b/2 and pPif— /*, 0) <ô/2, where h=m — mM- Then

/**>(> - Ja/, 0) ^ pp(/ — Ja/, 0) + p„(/ — /„, 0) < mM + 5/2 < mn,

and a contradiction is reached with the extremal nature of Ç£k.

Again, pqiÇm—Çm>, 1)—»0 as m'—>m and wp(/—/*, 0)—>0, provided If«, is

continuous and Ç^ is unique. The proof is similar to that used above for

functions of best approximation.
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