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Introduction. In the theory of sphere bundles the imbedding theorem
of Whitney-Steenrod (?) has played an important réle, as it reduces the prob-
lem of the classification of sphere bundles to that of the homotopy classifica-
tion of the mappings of the base space into a Grassmann manifold. With this
theorem the characteristic ring (relative to a coefficient ring) of the sphere
bundle can be defined as the image under the dual homomorphism of the
cohomology ring of the Grassmann manifold. It is natural to ask whether an
analogous theorem holds for any fibre bundle. The main purpose of this
paper is to establish such a theorem, and to give some of its generalizations
and extensions.

The paper is divided into five sections. §1 gives the definitions of various
notions concerning fibre bundles. The imbedding theorem and its proof, for
the case that the base space is a finite polyhedron, are given in §2. Its exten-
sion to the case of metric compact ANR (=absolute neighborhood retract) is
given in §3. In §4 we extend the notion of the product of two sphere bundles
in the sense of Whitney(®) to general fibre bundles and prove a simultaneous
imbedding theorem for the product of fibre bundles. A treatment is given in
§5 of the cases where the reference groups are the classical groups, namely,
the orthogonal, the properly orthogonal, the general linear, the unitary, and
the symplectic groups. As is well known, the former two cases give the
sphere bundles.

1. Definitions and notations. The notion of a fibre bundle arises in a sense
from problems which are concerned with the applications of topology, and is
therefore somewhat complicated in abstract formulation. We give in this
section the definition of various concepts connected with it. A novel feature
consists in the definition of the topology of the fibre bundle in terms of the
coordinate functions, which simplifies the treatment somewhat.

1. Fibre bundle. A fibre bundle, to be denoted by § or {F, G; X, B;y, ¢u },
consists of :

(1) A space F, called the director space, which is transformed by a topo-
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logical group of homeomorphisms G, called the reference group, such that the
map G X F—F defined by the operations of G on F is continuous.

(2) A set X, which will be given a natural topology in the course of defini-
tion;

(3) A space B, called the base space;

(4) A transformation ¥, called the projection, of X onto B;

(5) A system of neighborhoods Ul = { U } which cover B, such that to each
U there exists a one-one transformation

¢v: U X F—y~Y(U)

satisfying the condition ¢¥¢y (b, ¥)=b, bEU, yEF.

These entities are supposed to satisfy the following:

Paste ConbpiTioN. For given U, b with 6& U denote by ¢v» the one-one
transformation of F onto y—1(b) defined by ¢v(y) =¢u (b, ¥), yEF. If b be-
longs to the neighborhoods U and V, then ¢y36v+:EG and depends con-
tinuously on b& UNV.

We shall define a topology in X. Let { } be a base in F, and W an open
set contained in a neighborhood U of U. X is topologized by the condition
that the sets ¢y(W X N) form a base. With this topology X is a space, ¢ is a
mapping (that is, a continuous transformation), and ¢y are homeomorphisms.
We shall call X the total space, the homeomorphisms ¢y the coordinate func-
tions, and the neighborhoods of U the coordinate neighborhoods. For a given
bE B the set Yy ~1(b) is called the fibre at b. For simplicity we shall also say that
X is a fibre bundle over B.

Suppose B’ be a subspace of B. As a covering of B’ we take
W= {UNB’| UEU}. Define

X = Uyld)CX
»EB’

and the coordinate functions

¢(IInB’(b’ }’) = ¢U(bt y)’ beun B,’ y SP

Then §’'= {F, G; X', B'; ¥y, ¢f/n8'} is a fibre bundle with the base space B’,
which may be called the part of & over B’ and denoted by %I B’,

Equally naturally we may define an extension of §. Let I be the unit
interval 0=<¢=<1. We consider the Cartesian product BXI and take
{UXI| UEN} to be its covering. Put

X*= U y1(0) XI
vEB

and define

VG0 X ) =b Xt doxi(d X 4 ) = ¢u(d, y) X L.
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Then {F, G; X*, BXI; y*, ¢¥x1} is a fibre bundle, to be denoted by FXI.
For a given value t& I we shall denote by § X¢ the contraction § X7 | B Xt.
It is easy to verify that § X¢, €1, is equivalent to § X0.

The fibre bundle is called a sphere bundle if F is a sphere and G the
group of orthogonal transformations of F. It is called a vector bundle if Fis a
vector space and G the group of linear transformations in F. The sphere
bundle and the vector bundle are said to be oriented if G is the group of
proper orthogonal transformations and the group of linear transformations
of positive determinant respectively.

2. Equivalence. Equivalence is here defined for two fibre bundles
with the same F, G, B. Two fibre bundles {F, G; X, B; ¢, ¢v} and
{ F, G; X*, B; y*, ¢’5*} are called equivalent if there exists a homeomorphism
b of X onto X*, which satisfies the conditions:

(1) For each bEB, k(Y~1(d)) =¢*1(d).

(2) To each bEB and any two neighborhoods U, U* containing b of the
coverings I, U* we have

Q;tkf:.lbh‘bt/,b €6

and depends continuously on b& UNU*.

Clearly this equivalence relation is reflexive, symmetric, and transitive.
It therefore enables us to divide the fibre bundles with given F, G, B into
mutually disjoint equivalence classes. We shall use the notation = to denote
equivalence.

3. Mapping and induced bundle. Given a fibre bundle = {F, G; X, B;
¥, ¢v}, and a mapping f: 4—B. We shall define a fibre bundle {F,G; X* 4;
¥*, ¢t+}, called the induced bundle and to be denoted by (F; f: 4) or A(f),

as follows: X* is the union Uscaa Xy¢~'(f(a)), and

¥v*(e X ¥1(f(a)) = a.
The neighborhoods U* are defined to be the open sets f~}(U) so that { U*}
is a covering of A. Then we define

é0-(a, y) = a X du(f(a), ¥).

It is easy to verify that the Paste Condition is satisfied.
4. Admissible mapping of fibre bundles. Let

§={F.G; X, Biv, v}, $*={F,G;X* B*;y* ou-}

be two fibre bundles with the same F, G. We take the points bE B, b*EB*,
and consider the fibres ¥~1(b), ¥y*~1(b*). 4 mapping k: Y 1(b)—yY*~1(d*) is
called admissible if b, b* have respectively the coordinate neighborhoods
U, U*, such that ¢jekéuv,&G. Notice that the condition is independent of
the choice of U, U*. This definition also applies to the case that § and F* are
identical.
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A mapping
h: X — X*

is called admsissible if the following conditions are satisfied:

(1) For each b€ B, (Y ~1(b)) =¢*~1(b*), where b* & B*. It follows that A
induces a transformation h’: B—B* defined by &/(b) =b*. Because of our
definition of the topologies in X and X* the transformation %’ is continuous.

(2) For each b& B the partial mapping hltp‘l(b) is admissible. Moreover,
if U and U* are coordinate neighborhoods which contain b and b* =5h’(d) re-
spectively, the homeomorphism @3 ;+h¢ysEG depends continuously on
beUNR-(U*).

For simplicity % is said to define an admissible mapping h: F—F*. Ad-
missible mapping of fibre bundles generalizes the notion of equivalence.

The following theorem is easily verified:

THEOREM 1.1. If h: FoF* is an admissible mapping, the induced bundle
(F*; &': B) is equivalent to §.

5. Principal fibre bundles; the operations v and 77*. Given a fibre bundle
{ F, G; X, B; ¢, ¢U}, we shall, following Ehresmann(%), define its principal
fibre bundle {G, G; X*, B;y*, ¢%}, as follows:

Let b6& UCB. We denote by G; the set of functions of the form ¢y g for
all g&G. G, depends only on b; for, if b& V, then ¢y, =dv s80, 20EG, and the
set ¢y 3G is identical with ¢y G. We put X* =U,c5Gy and define the projec-
tion ¥* to be Y*(Gy) =b. The director space is G, operated on by G as the
group of left translations.

The coordinate functions ¢3; are defined by

¢u(b, §) = dv.ag, g EG.
If b€ U, V, and g&€G, we have ¢v s =dv v20, £20EG, and

¢;.b(g) = ¢v,b8, ¢$,b(g) = v, = dU,b808,

so that ¢}3'¢y, is the mapping g—g;'¢ in G and the Paste Condition is
satisfied.

We shall write {G, G; X*, B; y*, ¢§} =T{F, G; X, B; ¥y, ¢U}.

To the operation 7 so defined there is an inverse operation. In fact, let
T*= {G, G; X*, B; ¢*, ¢’5} be a principal fibre bundle, and let F be a space
operated on by the group G such that the transformation FXG—F defined
by the group operation is continuous. Define

X = g dvF, V(oo .oF) = b, dulb, ¥) = dv.sY, y EF.
e B

() Ehresmann [1]
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Then {F, G; X, B;vy, ¢U} is a fibre bundle, to be denoted by 77 'F*. It follows
from definition that the following relations hold:

1';17% =g, 'r‘r;l%* = §F*

Two fibre bundles §; and §: are called associated if & =7F2 From the
above relations we see that two associated bundles are equivalent if they
have the same director space.

For later use we state here the following theorems, whose proofs are
immediate:

THEOREM 1.2 (EHRESMANN). Two fibre bundles are equivalent if and only if
their principal bundles are equivalent.

It follows that the operations 7 and 75! are defined for equivalence classes
of fibre bundles.

THEOREM 1.3. Let § be a fibre bundle and A a space which is mapped by f
into the base space of §. Then

(55 f: 4) = 7(&; f: 4).
If § is a principal fibre bundle, then

(77 B3 f: 4) = 77 (§: f: A).
In other words, the induction of fibre bundles commutes with the operations T and
7l
In a principal fibre bundle it is possible to define a group of transforma-
tions, which will be of importance in several connections. In fact, let §

= {G, G:;X,B;¥, ¢U} be a principal bundle. Let go&G. Then go acts on X as
a right translation as follows:

x-go = ¢U.b(¢.t2b(x)go),

where b=y(x) and U is a neighborhood containing . Clearly, the point in
the right-hand side is independent of the choice of U. The mapping x-go in-
duces a mapping on each fibre, and is in general not admissible. For any fixed
xo the mapping of G onto the fibre through x, given by g—x,-g is admissible.

6. Universal fibre bundle. Consider the fibre bundles with given F, G, B. A
fibre bundle {F, G; X, 4; ¥, ¢U} is called universal (relative to F, G, B) if
the equivalence classes of fibre bundles over B are in one-one correspondence
with the homotopy classes of mappings B—4, or, more precisely, if the fol-
lowing properties hold:

(1) Every bundle with the same F, G, B is equivalent to the bundle in-
duced by a mapping B—4.

(2) The bundles induced by the mappings f, g: B—A are equivalent if
and only if f and g are homotopic.
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It will be our main purpose to prove theorems on the existence of uni-
versal fibre bundles and to draw consequences therefrom.

1. Simple bundles. As an example we consider a class of fibre bundles
called stmple. There is a natural way to define from the product space B X F
a bundle whose reference group G, consists of the identity. If § is any bundle
over B with the director space F and reference group G, then GoCG, and BXF
determines an equivalence class of bundles relative to F, G, B, of which BXF
is a member. Each such bundle is said to be equivalent to the product bundle
or simply a product bundle.

A fibre bundle § = {F, G; X, B; ¢, ¢U} is called parallelisable if it admits
a cross section, that is, if there exists a mapping N\: B—X such that YA is the
identity. § is called simple if its principal bundle is parallelisable.

Suppose now that §*= {G, G; X*, B;¥*, ¢} is a principal bundle over B
which is parallelisable with the cross section \: B—»X*. Define f: BXG—X*
by f(b, g) =N(b)-g. Then f provides an equivalence of B XG and §*. Thus a
principal bundle is a product bundle if and only if it is parallelisable.

Now let § be a simple bundle. Then §* =7 is parallelisable and is hence
a product bundle. It follows from Theorem 1.2 that § is also a product
bundle. Thus simple bundle means the same thing as product bundle.

If §* is a fibre bundle over B* and f, maps B into a point of B*, then the
induced bundle is a product bundle. Hence, if §* is a universal bundle rela-
tive to F, G, B, the induced bundle (F*; f: B) is a product bundle if and only
if f is homotopic to a constant.

2. The imbedding theorem for finite polyhedra. The imbedding theorem
is concerned with sufficient conditions for the existence of universal fibre
bundles. An answer will be given in this section for the case that the base
space is a finite polyhedron. This generalizes the imbedding theorem of
Whitney-Steenrod for sphere bundles.

1. Fibre bundles induced by homotopic mappings. Let § be a fibre bundle
with the base space B, 4 a compact space, and fy, fi: A—B two mappings of
4 into B. We shall, following a procedure due essentially to Steenrod(®), prove
the theorem that A4 (fo) and A4 (f1) are equivalent if f, and f, are homotopic. By
the use of the notion of admissible mapping of fibre bundles the result can be
put in a slightly more general form, which includes both the last mentioned
result and the covering homotopy theorem as particular cases. This theorem
can be stated as follows:

THEOREM 2.1. Let § and §' be two fibre bundles with the base spaces B and B’
respectively, of which B’ is compact. Let f: F' X0—F be an admissible mapping
and f': B'XI—B an extension of its induced mapping fy: B'X0—B. Then
there exists an admissible mapping f: F' XI—F which coincides with f, on
' X0 and whose induced mapping is f'.

(%) Steenrod [4, pp. 302-303].
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Proof. Let §= {F, G; X, B; ¥, ¢v}, &= {F, G; X',B’;{y/, ¢{;'}. For each
bEB we select a pair of neighborhoods V, W of b such that VC W and that
W is contained in some coordinate neighborhood U. Since B’ X I is compact,
there exists a >0 such that, for any point ’&B’, the image f'(b’'XI’) is
contained in some member of the family {V}, provided that I’CI is an
interval of length less than 8. Let 0= <t < - - -+ <t,=1 be a division of I,
with fx1—12 <8, and let I denote the interval £ <t =fi.

Since, for each b’, there exists a V containing the image of &’ X I, under f,
it follows by continuity that there is a neighborhood N of &’ such that f’
maps N X I into some V. Since B’ is compact, we may seléct a finite covering
by these neighborhoods: N, -+ +, Nem Let Vi iDf'(Ni,iXIx) and let
Wi, form a pair with Vi,

By the Urysohn lemma, there exists a continuous real-valued function
#x,(0) on B such that 0 <u; ;() <1 and

ur,i(0) = 1, bE Vi, #e,:(5) = 0, b& B — Wy,
Let

‘rk,,'(b') = + (tk+1 - lk) max { min uk,;(f’(b’, t))} .

isj PSFUNS]

Clearly 74,; is continuous, tx S7k,; < ety Tr,;(0") £7,741(07), and 74,m(b’) =trqa.
We define by convention 74,0(0") =t.
The proof of the theorem hinges on the definition of a mapping

fi X' XI—>X

with the desired properties. This will be achieved by double induction on %
and j. It is clearly sufficient to define

fi X’XXIr—>X

for (x', )E€X'XI; such that 7,;(0") <t=7i,0(b"), b'=y¢'(x’), where
f(x', 7r,5(b")) is given.

Denote by T the set of points (b, {) €B’ X I'suchthat s j(b') <t =7k,;41(b").
Then minsgegey %+ (f' (07, £))7#0, and we have ux,;1(f'(8', ))#0 or
F/(b, ) E Wi, for (', §) ET. It follows that f'(T) CWh,js1, where the latter
belongs to a coordinate neighborhood, say U, of B. Let ¢ be the coordinate
function relative to U. Since ¢ establishes a homeomorphism between UXF
and y~1(U), there exists a mapping {: ¥y~(U)—F such that {¢(b, y) =y for
b&E U, yEF. Writing b’ =y/(x’), we define

f@, 8) = o(f/(¥), S/, 72.i(8))).

This completes the induction. It is easy to verify that f defines an admissible
mapping f: §’' XI-F.
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REMARK. The theorem remains true if B’ is the union of a countable num-
ber of compact spaces.

THEOREM 2.2. Let § be a fibre bundle with the base space B, A a compact
space, and fo, fi: A—B two mappings of A into B. If fo and fi are homotopic,
then A(fo) and A(f1) are equivalent.

Proof. It follows from Theorems 1.1 and 2.1 that
& X i = A(f), i=0,1.

Since FX0=F X1, we get A(fo)=A(f1).
For the sake of completeness we state here the following useful theorem:

TrEOREM 2.3 (COVERING HOMOTOPY THEOREM). If X is the total space of a
fibre bundle over B, A a compact space, f a continuous map A—X, and h(a, t)
a homotopy of the map ¥f of A into B, then there exists a homotopy g(a, t) of f
which covers h(a, t).

2. Equivalent fibre bundles. We shall first reduce the problem of universal
fibre bundles to that of universal principal fibre bundles by means of the fol-
lowing theorem:

THEOREM 2.4. Let G operate on F such that the induced transformation
GXF—F is continuous. If Fo s a universal principal fibre bundle relative to
G,.G, B, then 75 '§o is a universal fibre bundle relative to F, G, B.

Proof. Denote by B, the base space of §,. Let §= {F, G; X, B;y, ¢U} be
a fibre bundle. Then 7§ is equivalent to the bundle (Fo; f: B) induced by a
mapping f: B—A. It follows that

§ =17 15 = v (§oi f: B) = (7 $o: /1 B),
by Theorem 1.3.

Consider next two induced bundles (77 'o; f: B) and (77 Fo; g: B). They
are equivalent if and only if 77 (§o; f: B) and 77*({o; g: B) are equivalent,
and hence if and only if (Fo; f: B) and (§o; g: B) are equivalent. §, being a
universal principal fibre bundle, a necessary and sufficient condition for the
latter property is that f and g are homotopic.

TuEOREM 2.5. Let §=1{G, G; X, B: ¢, du} be a principal fibre bundle
having as base space B a polyhedron of dimension n. Let §*={G, G; X*, B*;
¥*, ¢>}'}*} be a principal fibre bundle such that w;(X*)=0, 0=:=<n—1. Denote
by Bo a subpolyhedron of B and by §o the part of § over By. Then every admissible
mapping fo: Fo—T* can be extended to an admissible mapping f: FF*.

Proof. We take a simplicial decomposition of B which is so fine that each
simplex belongs to a coordinate neighborhood. By hypothesis there exists a
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mapping fo: ¥~1(Bo)—X* such that fo($—1(b)) =¢*~1(b*) for bEB, and that
the partial mapping f0|¢‘1(b) is admissible. It is sufficient to define an exten-
sion f of fo over y—1(B), with the desired properties. This extension f will be
defined on Yy~1(B¢JB"), by induction on 7, where B” denotes the r-dimen-
sional skeleton of B.

For r =0 the definition of f l Y~ 1(Bo,\UBY) is obvious, it being only necessary
to take f|¢~'(¢°) to be an admissible mapping into a fibre of X* for any
0-dimensional simplex ¢°& B,. Suppose f |t// 1(BoUB™ 1) be defined and let o”
be an r-simplex not belonging to By. Take a coordinate neighborhood U con-
taining o7, and denote by e the identity of G. Then the map f¢y(ds” Xe) is the
map of an (»r—1)-sphere into X* and is contractible. It follows that there is
an extension fgy(o” Xe) of foy(do” Xe). Define then

f¢'U(bv g) = (f¢U(br e))'.g’ beor, 8 €G.

Since ¢y: 0" XG—yY~1(¢7) is a homeomorphism, f is defined for y~1(¢") and
the induction is complete. It can be verified that f defines an admissible
mapping of § into F*.

From Theorem 2.5 we derive the following theorems which give sufficient
conditions for a universal principal fibre bundle.

THEOREM 2.6. Let § = {G, G; X, B; ¥, dv} be a principal fibre bundle having
as base space B a polyhedron of dimension n. Let {G G; X*, B*; Y*, ¢p*} be a
principal fibre bundle such that T,(X*) =0, 0=i=n—1(°). There exists a map-
ping f: B—B* such that F=B(f).

Proof. Take B, to be empty and apply Theorem 2.5.

THEOREM 2.7. Let {G, G; X*, B*; *, ¢3*} be a principal fibre bundle such
that 7(X*) =0, 0=<=n. If B is a polyhedron of dimension n and f, g: B—B*
are mappings which induce equivalent fibre bundles B(f)=B(g), then the map-
pings f and g are homotopic.

Proof. Replacing, in Theorem 2.5, § by §XI, B by BXI, and By by
(BX0)U(BX1), we get the theorem.

3. Existence of universal fibre bundles. From Theorems 2.2, 2.6, and 2.7, it
is now easy to prove, by an explicit construction, the existence of universal
fibre bundles for the case that the base space is a finite polyhedron and that
the reference group is a linear group. The assumption on the reference group
is reasonable in view of applications, as the most important case of compact
Lie groups is included.

We denote by 4, the general linear group in # variables, and 4; the sub-
group of all linear transformations of positive determinant of 4,. Let I, de-
note the identical linear transformation in # variables. Then we can imbed
In XA CAminy InXAF CAfL, s, by assuming that I, operates on the first m

(8) mo(X*) =0 means by definition that X* is arcwise connected.
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and A4, or 4] on the last # variables. Using these notations, we have the
theorem:

THEOREM 2.8. The homogeneous spaces

Amin/In X An,  Amin/In X An, m =1,
are arcwise connected and have their homotopy groups wi=0 for 1 £¢=<n—1.

Proof. The two homogeneous spaces in question are homeomorphic. In
fact, for aE Ay r, define the mapping

a(ln. X As) = na(ln X A:), 7 = Imin—1 X sgn det a.
This induces a mapping
Amin/In X An— A/ In X A,

which is easily proved to be a homeomorphism. It is therefore sufficient to
consider the second space. '
We have

T Amin/Im X A2) = Ti(Amins Im X A2).

An element of the latter group is represented by the mapping of an 7-cell
into 4;},, with its boundary mapped into I, X 4;. By the covering homotopy
theorem(?) we know that such a map is contractible into I, XAF with its
boundary fixed, if #<#—1. The covering homotopy theorem also proves that
the space A}, ,/I. XA} is arcwise connected. Hence the theorem is proved.

Let G be a linear group in m variables. Then Amyni1/In XAyt is a fibre
bundle over 4 min+1/(G X A nya) with director space G subject to the same group
G as left translations. By Theorems 2.2, 2.6, 2.7, 2.8, it follows that this fibre
bundle is universal relative to G, G, B, if B is a finite polyhedron of dimension
n. Applying the operation 77’ to this universal principal fibre bundle, we get
a universal fibre bundle relative to F, G, B. This result is now stated in the
following theorem:

THEOREM 2.9. For fibre bundles whose base space B is a finite polyhedron
and whose reference group G is a linear group, universal fibre bundles exist rela-
tive to F, G, B.

3. The imbedding theorem for compact metric ANR. We shall extend in
this section the theorem on the existence of universal fibre bundles to cover
the case that the base space is a compact metric ANR (absolute neighbor-
hood retract). For this purpose it is convenient to make use of the notion of a
bridge introduced by Hu(®) in his study of mappings. We begin by recalling
its definition and basic properties.

(") Hurewicz-Steenrod [3, p. 64].
(® Hu [2].
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1. Résumé of some theorems of Hu. Let X be a compact metric ANR, X,
a closed subset of X, and ¥ a connected ANR. We shall denote a finite open

covering of X by the notation a={ai, - - -, a,}. Suppose the nerve of «
be geometrically realized, and denote by A4 the geometrical complex which
realizes the nerve. The sets XoMNa,;, =1, : + -, r, form an open covering of

X, and its realization 4, is a subcomplex of 4. Without danger of confusion
we use the symbol @; to denote at the same time a set of the covering and a
vertex of A. A mapping ¢.: X—4 is called a canonical mapping of « if for
each point x EX, ¢a(x) is contained in the closure of the simplex a;,a;, * * - a;,
of 4, where a;, * * +, a4, are the members of « containing x.

Let f: X¢—Y be a given mapping and a a covering of X. A mapping
VYa: Ao—Y is called a bridge mapping for f if the partial mapping upaqsal Xois
homotopic to f for each canonical mapping ¢.: X—4 of the covering a. If
such a bridge mapping Y. exists, « is called a bridge for the mapping.

Concerning this notion of bridge Hu has established the following three
basic theorems:

(1) BRIDGE REFINEMENT THEOREM. For a given mapping f: Xo—Y, any
refinement 3 of a bridge a is a bridge.

(2) BRIDGE EXISTENCE THEOREM. Every mapping f: Xo—Y has a bridge a.

(3) BRIDGE HOMOTOPY THEOREM. If «, 3 are two bridges for a given map-
ping f: Xo—Y, with the bridge mappings Ya: A—Y, Ys: B—Y, there exists a
common refinement vy of o and 3 such that ¢ap.,a| Coand ¢,gp.,ﬂ| Co are homotopic
where pya: C—A, pyg: C—B are arbitrary simplicial projeciions.

2. The imbedding theorem.

THEOREM 3.1. Let B be a compact metric ANR of dimension n, and let F be
the director space and G the reference group. Let Fo be a universal fibre bundle
relative of F, G, B', where B' is a finite polyhedron of dimension n. Then §o ts
also a universal fibre bundle relative to F, G, B.

Proof. Consider the identity mapping «: B—B. By the bridge existence
theorem and the bridge refinement theorem there exist a bridge «, a geo-
metrical realization as an #-dimensional complex 4 of the nerve of , and a
bridge mapping g: 4—B such that gh is homotopic to ¢ for each canonical
mapping k: B—A4. The mapping g induces a bundle 4 (g) over 4. Since 4 is
an n-dimensional complex, there exists a mapping s: A—By, where By is
the base space of o, such that A(s)=4(g). It follows that B(sh)=B(gh).
Since gh is homotopic to t, we have B(gh) =§. Therefore B(sk) =, and the
mapping sk: B—B, induces a bundle over B, which is equivalent to the given
bundle .

Suppose next that f,, fi: B—B, are mappings such that B(fo) =B(f1). We
shall prove that then fy=~f,. In fact, introducing the bridge mapping g and
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the canonical mapping % as above, we have 4 (fog) =A(fig). Since 4 is a finite
complex, it follows from Theorem 2.7 that fog~fig. Then fogh~figh. Since
gh=>x, we have f,gh~f;, ¢=0, 1. Consequently, we get fo=~f1, which is to be
proved.

The above theorem reduces the question on the existence of universal fibre
bundles for the case that the base space is a compact metric ANR to the case
that the base space is a finite polyhedron.

3. The characteristic ring. The imbedding theorem permits us to define an
important invariant of a fibre bundle, its characteristic ring. Let o, with the
base space B,, be a universal fibre bundle relative to F, G, B. Let R be a
commutative ring, and H(B,, R) the cohomology ring of B, with the coeffi-
cient ring R. The classes of equivalent fibre bundles with the same F, G, B
being in one-one correspondence with the homotopy classes of mappings
B—B,, to each equivalence class of fibre bundles corresponds a definite ring
homomorphism H(B,, R)—H(B, R). We shall call the image of this ring
homomorphism the characteristic ring relative to the coefficient ring R and
denote it by C(B, R). The cohomology classes of C(B, R) are called the char-
acteristic cohomology classes.

The characteristic ring depends by definition on the choice of the uni-
versal fibre bundle o, which is by no means unique. It is very likely that the
ring C(B, R) as an abstract ring is independent of the choice of o, but we are
not able to prove it(®).

4. Product of fibre bundles. In studying the problem of position of one
sphere bundle in another we are naturally led to the notion of the product of
sphere bundles. This section will be devoted to a discussion of the product of
fibre bundles. A simultaneous imbedding theorem will be established, which is
useful for the description of the position of one fibre bundle in another.

1. Definitions. Let

§ ={F,¢"; X, B;y',¢u}, G =1{F"G";Xx",B;y", o0}

be two fibre bundles, with the same base space B and the same family of co-
ordinate neighborhoods { U}. We shall define a fibre bundle, their product,

F XF = {F XF',G' XG"; X, B;¥, ¢u}
as follows: The director space is F' X F’’ and is transformed by G’ XG'’ ac-

cording to the formula (g’ Xg"’)(y'Xy'")=g'(y") Xg''(y""), g'€C’, g"'€G",
y'EF', ¥ €F'. The total space is

X = U ¢0.(F) X ¢0.s(F"),
»EB

(®) In the case of sphere bundles this can be proved by interpreting the generators of the
characteristic ring as certain obstructions.
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while projection ¢ is defined by

v{d0.o(F) X 0 .s(F'")} = b.

The coordinate functions are

¢u(d, ' X 3'") = du.s(y") X ¢0.6(3").

It is easily verified that the Paste Condition is satisfied.

This definition of the product bundle does not include the case of sphere
bundles as defined by Whitney. We shall, however, show in the next section
how, with the help of a relationship between sphere bundles and vector
bundles, the product of vector bundles in the sense just defined will lead to
the product of sphere bundles in the sense of Whitney.

2. Change of the reference group. In order to derive from our product of
fibre bundles Whitney’s product of sphere bundles, we shall study a relation-
ship between fibre bundles with different reference groups. In fact, let H be a
subgroup of G. A fibre bundle with the reference group H can be considered
as a bundle with the group G. The converse question is solved by the follow-
ing result of Ehresmann(1?).

THEOREM 4.1. Let § be a fibre bundle with the reference group G and let H be
a subgroup of G. Construct from the principal bundle v the bundle Tg/grF whose
director space is the homogeneous space G/H of left cosets of G relative to H. §
is equivalent to a bundle with the reference group H if and only if Tgpr is
parallelisable.

Suppose the base space B be given. Denote by (B, G) an equivalence
class of principal fibre bundles relative to G, G, B. If H is a subgroup of G,
then there is a natural correspondence A: (B, H)—(B, G). From Theorem 4.1
it follows that the correspondence is onto if and only if the bundles of the
class 7g/u(B, G) is parallelisable. If B is a polyhedron of dimension =, a
sufficient condition for this is 7;(G/H) =0, 0<:=<n—1.

Suppose the bundles relative to G, G, B have a universal bundle ,,
whose base space we denote by B,. Two induced bundles B(f,) and B(f1) are
equivalent if and only if fo and f; are homotopic, that is, if and only if there is
a mapping F: BXI—B,, with F(BX0)=f,, F(BX1)=f1. If we write B'=B
X I, the mapping F induces a bundle B’(F) over B’, and the bundles B(f,) and
B(fi) are equivalent relative to H if B’(F) is equivalent relative to G to a
bundle with the reference group H. A necessary and sufficient condition for
the latter property is that 7gjzB’(F) is parallelisable. This condition is satis-
fied if m;(G/H)=0, 0=i=<mn.

It follows, when B is a polyhedron of dimension #, that the correspondence
\ is one-one and onto if 7;(G/H) =0, 0<71=<n.

(*) Ehresmann [1].
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When G=A4%(n), H=0%(n), the homogeneous space G/H is a Euclidean
space and is hence contractible. Therefore there is a one-one correspondence
between classes of sphere bundles and classes of vector bundles.

3. The simultaneous imbedding theorem. It is important to remark that the
above “product” admits an inverse operation. In fact, let { F/ XF'’, G' XG'";
X, B; ¢y, qSU} be a fibre bundle, where the reference group G’ XG'’ operates
on the director space F’ X F’’ as in the last paragraph. We shall define two
fibre bundles whose product is a fibre bundle equivalent to the given one.
Write a point of F/ X F’’ in the form y’ Xy’/, y'EF’, y''€F’’, and define the
projections {1(y' Xy'')=y', {2y’ Xy'")=y"". Let b& UCB. Two points z, 3’
EY1(b) are called equivalent if {i(¢75(2)) =¢i(@ps(z’)), =1, 2. This equiva-
lence relation is independent of the choice of the neighborhood U. The
equivalence classes thus obtained form a decomposition space Z;(b), =1, 2.
Denote by (2); the class which contains 2. Put

X' = U Zi(), X" = U Zyb),
»EB vEB

and define
V(Zid) =0,  ¢(Z:0) =,
Yo X 9') = (@ud X (3" X 5",

¢ (6 X 3") = (du(d X (3" X ¥ N)a.
According to these definitions we get the fibre bundles

%/ = {F,, G,; X,, B;¢', ¢tll}, %// — {F”, G”; X”, B;lﬁu, ¢t,1,}

It is easily verified that §’' X&'’ is equivalent to the given fibre bundle.
Consider two fibre bundles

§ =1{F,¢;x",B;¢,ev}, §' ' ={F"G";X",B;y", ¢v},

with the same base space B and their product bundle §’ X g’’. Such a triple of
bundles we shall call a tréad. We consider the triads with given F’, F'’,
G', G", B. A triad {€’, ", G’ X&'}, with the director spaces F’, F"’, the
reference groups G’, G’’, and the base space 4, is called a universal triad of
fibre bundles relative to F’/, F'’, G’, G'’, B, if the following conditions are
satisfied:

(1) To every triad §’, '/, F' X T’ there exists a mapping f: B—A such
that (€'; f: B)=g’', (€"'; f: B)=F"’, (€'X€C"; f: B)=F'XF"".

(2) The three fibre bundles in the triads induced by the mappings
Jo, fit B—A are respectively equivalent if and only if fo=~~fi.

Relative to F’, F'’, G’, G'', B the problem on the existence of a universal
triad of fibre bundles is solved by the following theorem:
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THEOREM 4.2. The triad {G', G'"; € XG''} is a universal triad of fibre
bundles, relative to F', F'’, G', G'', B, if and only if the fibre bundle €' XGC'’ is a
universal fibre bundle relative to F' X F'’, G' XG'’, B.

The proof of this theorem is straightforward, and we shall omit it here.

5. The classical groups. We shall devote this section to exhibit ex-
plicitly the universal fibre bundles for the cases that the reference groups are
the classical groups, namely, the general linear group GL(n, R) with real
coefficients, its subgroup GL+(n, R) of the linear transformations with posi-
tive determinant, the orthogonal group O(#z, R), the proper orthogonal group
SO(n, R), the unitary group U(n, C), and the unitary symplectic group
Sp(n).

1. The universal fibre bundles for the classical groups. The universal fibre
bundles in question will be constructed according to the following general
process: Let R be a Lie group, and K, H closed subgroups of R, HC K. Define
the projection of R/H onto R/K as the mapping which maps the coset rH
into the coset 7K, »&R. With coordinate functions defined by the canonical
coordinates, Steenrod(!!) proved that a fibre bundle can be defined with the
director space K/H, operated on by the group K as left translations, and with
the total space R/H and the base space R/K. We shall denote such a fibre
bundle by

{K/H, K; R/H, R/K},

omitting the projection and the coordinate functions, or simply by
{R/H, R/K }, indicating only the total space and the base space.

To construct universal fibre bundles for the classical groups the general
idea is to consider the same classical groups with more variables and construct
their coset spaces. We begin with the following notations:

GL(n) denotes the group of all #-rowed real matrices with nonzero de-
terminant, GL*(n) the subgroup of GL(zn) consisting of all matrices of posi-
tive determinant. H+(n, N) and H(n, N) denote respectively the subgroups
of GL*(n, N) consisting of all matrices of the form

7 o) (47 aam)

where the elements in the upper right corners are zero. O(n) denotes the
group of all n-rowed real orthogonal matrices and SO(n) the subgroup of
O(n) consisting of all the matrices of determinant +1. U(%) denotes the group
of all #n-rowed unitary matrices, that is, matrices ¢ with complex elements
satisfying ¢ =¢'~1. For a quaternion ¢=ao+a1s+asj+ask let §=ao—at —a:j
—ask be its conjugate quaternion. Then Sp(n) denotes the group of all #-
rowed matrices 7 with quaternion elements satisfying 7=7'"1

() Steenrod [4, pp. 300-302].
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When there are several groups in different numbers of variables, it is
possible to imbed one in another. We agree by convention that the imbeddings
SO(N)CSO(n+N), SO(n) XSO(N)CSO(n+N) are such that

<I(: So(()N)>’ (So(fn) 50?1\7))’

and similarly for the other groups.
With all these definitions and conventions we consider the following fibre
bundles:

Fer+(n, N) = {GL*(n + N)/GL*(N), GL*(n + N)/H*(n, N)},
Fso(n, N) = {SO(n + N)/SO(N), SO(n + N)/SO(n) X SO(N)},
Ju(n, N) = {U@n + N)/UN), Un + N)/U(n) X UN)},
Fsa(n, N) = {Sp(n + N)/Sp(N), Sp(n + N)/Sp(n) X Sp(N)}.

Take, for instance, §so(n, N). Its director space is SO(n) X SO(N) /I, X SO(N),
operated on by SO(n) X.SO(N) as left translations. By a natural homeo-
morphism we can take SO(%) for director space, which is then operated on
by SO(n) as left translations. It follows that Fso(n, V) is a principal fibre
bundle. Similarly, we see that §er*(n, N), Fv(n, N) and Fs,(n, N) are
principal fibre bundles. These fibre bundles will serve as universal principal
fibre bundles for the cases that the reference groups are the classical groups,
as given by the following theorem:

THEOREM 5.1. Let B be a finite polyhedron of dimension k, and P a universal
principal fibre bundle relative to G, G, B. When G s a classical group, a cor-
responding P is given by the following table.

G P
SO(n) Tso(n, N) E<N-1
GL*(n) For+(n, N) E<N-—1
U(n) Sv(n, N) E<2N
Sp(n) &s»(n, N) E<4N 42

Proof. It suffices to prove that the homotopy groups m;, 0=<: =<k, of the
total spaces of P are zero. As in the proof of Theorem 2.5, this follows from
successive applications of the covering homotopy theorem. The desired de-
formations can be carried out, because the spaces SO(N+1)/SO(N),
UN+1)/U(N), Sp(N+1)/Sp(N) are homeomorphic to spheres of dimen-
sions N, 2N+1, 4N+ 3, respectively. This completes the proof of the theorem.

When the reference group is GL(n) or O(n), the situation differs slightly
from the preceding ones, as these groups are not connected. In order that the
foregoing manipulations prevail, we have to consider the fibre bundles




302 S. S. CHERN AND Y. F. SUN [November

Jo(n, N) = {SO(n + N)/SO(N), SO(n + N)/SO(n) ® SO(N)},
Ser(n, N) = {GL*(n + N)/GL*(N), GL*(n + N)/H(n, N)},
where
SO(n) ® SO(N) = SO(n + N) N (O(n) X O(N)) in O(n + N).

This makes the total spaces connected, and the proof of Theorem 5.1 can be
applied. We state this result in the theorem:

THEOREM 5.2. Let B be a finite polyhedron of dimension k. If kS N—1,
Fo(n, N) and Fer(n, N) are universal principal fibre bundles relative to O(n),
B and GL(n), B, respectively.

By the process 75! universal fibre bundles can be constructed whenever
the reference group is one of the classical groups. We notice that the process
77! does not affect the base space. For the description of the characteristic
ring it will be useful to know the base space, and in particular its cohomology
ring.

We consider the linear vector spaces V(n+N, R), V(n+N, C),
V(n+N, Q), of dimension n+4 N, over the real field, the complex field, and
the quaternion field, respectively. Denote by G(n, N, R), G(n, N,C), G(n,N, Q)
respectively the manifolds of the linear spaces of dimension # through the
origin of these vector spaces. They are known as the Grassmann manifolds.
For the case of the real field we may also consider the Grassmann manifold
G(n, N, R) of the oriented linear spaces of dimension # through the origin.
Each of these Grassmann manifolds is operated on transitively by the cor-
responding classical group in the vector space of dimension n+4N, and we
easily identify it with a space of cosets. In this way we deduce the theorem:

THEOREM 5.3. The base spaces of the universal fibre bundles for the classical
groups are given by the following table.

Fibre Bundle Base Space
Fert(n, N) G(n, N, R)
Fso(n, N) G(n, N, R)
Fu(n, N) G(n, N, C)
Ssp(n, N) G(n, N, Q)
Fo(n, N) G(n, N, R)
Fer(n, N) G(n, N, R)

2. Whitney's product for sphere bundles and a wuniversal triad. From
Theorem 5.3 we see that the universal sphere bundles and the universal
vector bundles, whether oriented or non-oriented, have the same base space,
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namely, G(n, N, R) and G(n, N, R), respectively. It follows from this and also
from the considerations of §4.2 that to each equivalence class of sphere
bundles over a base space B is associated an equivalence class of vector
bundles, and vice versa. Denote these operations by w and w1, respectively.
Let § and §: be two sphere bundles over the same base space B. The bundle
w1 (wF XwFe) is then Whitney’s product of the sphere bundles § and .

To construct a universal triad for the product wi XwF: suppose m and
n be the dimensions of the director spaces of w@; and ws,, respectively.
Consider in V(m+n+ N, R) the manifold whose elements consist of a linear
subspace of dimension m and a linear subspace of dimension # in general
position through the origin. Call this manifold an E-manifold and denote it
by E(m, n, N, R)(*?). A mapping B—E(m, n, N, R) then induces two vector
bundles and their product over B. From Theorem 4.1 it follows that
E(m, n, N, R) is the base space of a universal triad, provided that dim BN
—1. The study of the homology properties, and in particular of the cohomol-
ogy ring, of E(m, n, N, R) has therefore an important significance for the
description of the position of one sphere bundle in another.
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