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Introduction. The author has developed in [l](2) a method of approach

to the theory of algebraic correspondences between algebraic varieties; the

method is based upon the consideration of a certain form ^t.vi associated to

each cycle 3 of an algebraic variety. Any logically sound method of defining

algebraic systems of cycles on a variety V must display a one-to-one cor-

respondence (strictly one-to-one!) between a variety G (that is, the set of its

points) and the cycles of a set S of cycles on V, the set Ê being the one to be

called an algebraic system of cycles. In the theory developed in [l] the

variety G turns out to be constructed with the coefficients of the form

^¡.¡A, where A is the "general element" of S. The consideration of G is neces-

sary in order to establish a 1-1 correspondence, and in order to prove that the

cycles of F of a given order and dimension form an algebraic system (Theorem

5.5 of [l]); but Theorem 5.1 of [l] states that whenever an algebraic cor-

respondence D between two varieties F, V has been established, the cycles of

V which correspond to the points of F according to D form an algebraic sys-

tem, with possibly the exception of the correspondents of the fundamental

points of D on F, and of certain other points at which F has more than one

sheet. Therefore the study of algebraic correspondences remains the basic tool

for investigating properties of algebraic systems which are deeper than the

mere foundations. Hence it is to be expected that the availability of various

methods suited to the study of algebraic correspondences should prove to be

useful in order to select, for any particular application, the one which yields

results more readily or with more details. It is with this reason in mind that

in the present paper, rather than selecting the shortest path to the main re-

sults, we indulge in giving detailed expressions for the "multiplicity" with

which a given component has to be "counted" in constructing the cycle

D {P} of V corresponding to the point P of F according to D.

The manner of defining such multiplicity is the backbone of the whole

theory of algebraic correspondences, since the actual determination of the

components of D\P} does not offer any difficulty. The definition used in [l]

is the following one: those multiplicities are the exponents of the irreducible

factors of the form ~&t,yA, after operating a "specialization" on the coefficients
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of such form; however, Lemmas 5.3 and 5.4 of [l] give a hint to two other

possible ways of defining such multiplicity, one of a local nature (or an-

alytical), the other one, we might say, of a Galois-theoretical nature, and

both equivalent to the original definition. These two possibilities are here

exploited, and the results are stated respectively in Theorem 4.1 (or in the

corollary to Theorem 5.1), and Theorem 5.2 (or 5.1). As a necessary step we

also give a new short probf of the associativity formula for geometric local

rings (see [3]).

We shall now proceed to give a brief description of the principal results

of the present paper, and of their possible immediate applications. It is well

known that the theory of intersection multiplicity of cycles of a variety and

the theory of algebraic systems are intimately related to each other. It is

possible to start from either end in the process of building the foundations

of algebraic geometry. The first approach consists in (1) defining the alge-

braic systems of cycles in a manner independent of the intersection multi-

plicities and (2) using the algebraic systems in order to define the intersection

multiplicities of two cycles, namely: if ¿i, 32 are two cycles of suitable (pure)

dimensions in a projective space, consider two maximal algebraic systems

Si, 62 containing $1, ¿2 respectively; assume, by definition, all the intersections

of the general elements ¿1, ¡ß2 of Si, E2 to have the multiplicity 1 (at least in

the case of characteristic zero) ; take the intersection Si^Si as the general

cycle of a new algebraic system; "specialize" this cycle in such a way that

Si specializes to ¿¿. Then the multiplicities with which the various components

with the right dimension appear in this specialization can be assumed, by

definition, to be the multiplicities of intersection of ¡1, j2, provided that such

multiplicities depend only on 51, j2.

The second approach consists in (1) defining the multiplicities of the

intersections (having the right dimension) of two cj'cles in a way inde-

pendent of the previous knowledge of algebraic systems, and (2) given the

algebraic correspondence D between the varieties F, V, defining the cycle of

V which corresponds to a point P of F to be the projection on V of the inter-

section Df~\(VXP), taken with the proper multiplicities. Now, Theorem 4.1

amounts to saying that if the intersection multiplicities are defined according to

[3], then the theory of algebraic correspondences as developed in [l] could be

obtained by means of the second approach. Algebraic geometers, however, have

usually adopted the first approach, possibly because it requires less analytical

means and more geometrical or topological ones(3) ; in doing so, it is necessary

to show that the choice of (£1, E2 does not influence the final result; when

analyzed, this statement leads to the following problem: let, as before, D be

an algebraic correspondence between F and V, and let W be an irreducible

(3) A more important reason is that the multiplicity of intersection has so far been defined

only at a simple subvariety of the ambient variety, while the theory of correspondences does

not have, and should not have, such limitations.
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subvariety of V. By specializing the general point of V to the general point

of W one obtains an algebraic correspondence D' between F and W, which

we shall refer to as the reduced of D to (IF, F) (this would correspond to the

consideration of the algebraic system cut on IF by the algebraic system of

cycles on F generated by D, if we had a theory of intersection multiplicities) ;

let now G be an irreducible subvariety of F, and denote by D" the reduced

of D' to (W, G); does D" depend on the order in which the two reductions

have been performed? The answer is no under ordinary circumstances; this

is our "reduction theorem" (Theorem 4.2). Another difficulty, in the first ap-

proach, arises from the fact that liC\li might have components of too high a

dimension together with components of the right dimension. In other terms,

the problem is the following one: if V, F, D have the previous meanings, let

P be a point of F which is fundamental for D, but such that the variety (not

the cycle) ¿?[.P] which corresponds to P also has some component of the

proper dimension; assume, for sake of simplicity, P[P] to consist of two

components, IFi of the right dimension, and Wi of a higher dimension; then

the multiplicity with which W\ should be counted is not defined directly, at

least not in [l]; if, however, a point P' of F, not fundamental for D, "ap-

proaches" P, the cycle D{P') which corresponds to P' in D will have certain

components, with certain multiplicities, approaching W\, while the other

components will approach subvarieties of W2, which will depend on the

manner in which P' approaches P. If the limit of the sum of the multiplic-

ities of the components approaching IFi does not depend on the manner in

which P' approaches P, then such a limit could be taken as the multiplicity

with which IFi has to be counted. Now, Theorem 3.1 (or 5.3) states that this

is actually the case, provided that F has exactly one sheet at P (this condi-

tion being sufficient but not necessary). This fact also provides an answer to a

familiar problem in denumerative geometry, namely the problem of deciding

for how many solutions an isolated solution of an algebraic system of equa-

tions "counts" when infinitely many other solutions are present.

The solution of the first problem, when stated only to the extent which

is necessary in dealing with multiplicities of intersection, is contained in van

der Waerden's work on algebraic geometry (see for instance [9]) ; the second

problem is not solved there, and this is the reason why that intersection

theory is incomplete. Both problems, when stated only to the extent which is

necessary for intersection multiplicities, are implicitly solved in [3] for the

very reason that the so-called uniqueness of the intersection multiplicity is

there proved. After a suitable translation of the notations, one can recognize

that Theorem 4, chap. Ill, §4 of [lO] (stating the uniqueness of the multiplicity

of specialization) is a special case of statement 4 of Theorem 3.1 of the present

paper, or of statement 1 of Theorem 5.3, and of one of the remarks which

precede Theorem 5.5. The criterion contained in Theorem 5, chap. Ill, §4 of

[lO], and its converse, are a particular case of the corollary to Theorem 5.6
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of this paper. Theorem 5.6 itself would be called, in the language of [10], a

criterion for multiplicity [k(x, y)'-k(x)]i (see chap. IX, §3 of [10]).

We shall finally remark that the methods used in section 3 are very similar

to those of number theory (decomposition group of an ideal, and so on) ; they

also implicitly provide a purely algebraic definition of the multiplicity of a

geometric local ring, or, alternatively, link this multiplicity with the ramifica-

tion properties of arbitrary valuations (not only discrete valuations of rank 1).

1. Definitions and notations. We shall adopt all the definitions and nota-

tions used in [l], with the exception of the modifications or generalizations

which we shall state from time to time(4). We shall first repeat the definitions

given in Theorem 2.2 and footnote 5 of [l].

Let V be an irreducible r-dimensional variety over the field k of char-

acteristic p, and let {x0, ■ ■ • , xn} be its h.g.p. (homogeneous general point) ;

set yi= ^"=o tyXj (í' = 0, • • • , r+1), where the t's are indeterminates, and

set k* = k(t). We have the following definitions:

[k*(x):k*(y0, ■ ■ ■ , 3v)]=ord V = order of V;

(k*(x):k*(yo, • ■ • , yr)) =red V = reduced order of V;

[k*(y0, • • ■ , yr+i):k*(y0, • • • , yr)]=deg V=degree of V;

{k*(x):k*(y0, • ■ • , yr)} =ins V = inseparability of V;

{k*(yo, • • • , yr+i)'.k*(yü, • • • , yr)} =exp V=exponent of inseparability

of V (this is a modification of the definition contained in footnote 5 of [l]) ;

[k*(x):k*(y0, ■ ■ ■ , yr+i)]=h(V)= strong inseparability of  V.

The last three numbers are powers of p if p^O, and are equal to 1 if p = 0.

The basic relations among these numbers are: ord V = h(V) deg V, deg V

= exp V red V, ins V=h(V) exp V. If e = exp V, we have that L

= k*(yo, • ■ ■ , yr, yer+i) is the maximal subfield of k*{x) which is separable

over k*(yo, ■ ■ ■ , yr); e is also the degree (not the order) of k*(x) over L; if

e — 1, then necessarily A(F)=ins V=l. A similar property holds true for

deg V, that is, deg V is the degree of k*(x) over k*(yo, ■ • • , yr). The proof

of Theorem 2.2 of [l] implies that ins V is the maximum reached by

[é':£][&'(x):£(x)]-1 when k' ranges among the purely inseparable finite ex-

tensions of k, and this fact proves that ins F is a birational invariant of V,

that is, it depends only on k( V) ; we shall speak, therefore, of the inseparability

of k(V) over k, in symbols ins (k(V):k) =ins V. The proof of Theorem 2.2 of

[l ] also shows that exp V is the smallest integer e for which there exists a

purely inseparable finite extension k' of k, of degree e over k, such that

[k':k][k'(x):k(x)]~1 = 'ms V; as a consequence, exp V is also a birational in-

variant, and as such it will be denoted by exp (k(V):k). The relation

A(F) exp F = ins V implies then that A(F) is a birational invariant, to be

denoted by h(k(V):k). On the other hand, it is well known that red  V,

(4) The correct definition of {L:H) (p. 455 of [l]) is {L:H) = [L:L']; clearly the alterna-

tive definition offered in [l], namely \L:H\ — [L":H], is generally incorrect when L' (or L)

is not normal over H.
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deg V, ord V are not birational invariants. We shall also say that they are

respectively the reduced order, the degree, and the order of k{V) over k with

respect to {x}, and shall denote them by red (k(V):k; x), deg (k(V):k; x),

ord (k(V):k; x). The three birational invariants clearly have a meaning also

when V is an irreducible pseudovariety. Finally, by requesting that red,

deg, ord be additive operators, they can be defined for any pure dimensional

reducible variety or for any unmixed cycle; when this is done, red V mani-

fests a property of invariance for extensions of the ground field, namely: if

K is any extension of k, then red Fx = red V. If ins F=l, then no element

of k(V) is purely inseparable over k, but the converse is not true.

Let again V be an irreducible variety over the field k, and let 3 be the

cycle 1 F; if K is a finite extension of k, the extension Vk of V over K has

been defined in section 1 of [l ] ; nothing has been said of the extension iK of 3

over K. Clearly any definition of Ik, in order to be useful, must satisfy the rela-

tion rad Ik = Vk\ if K is separable over k, this is easily accomplished by defin-

ing Ik = 1 Fi+ • • • +1F„, if Vi, • ■ ■, V„ are the components of Vk; as a con-

sequence of this definition we have ^rt,»3k —^t.yh deg 3k = deg 3, red 3K = red 3,

ord Ik = ord 3. If K is purely inseparable over k, no definition of %k will be such

that these four relations are fulfilled in the most general case, and we can

choose a definition of \k in such a way that 3 and 3^ have either (1) the same

order, or (2) the same degree, or (3) the same reduced order. This means

that %K = rVK, where r is given, in cases (1), (2), (3), respectively by (ins V)

X (ins F,)_1 or (exp F)(exp F,)_1 or 1. We also have:

Case(l)A(7.-)^..»ax =h(V)<*t,yy,

Case (2)^,,tiK=^i,yi;

Case (3) exp Wt,yZK=exp V&t.yi.

We adopt here the definition of case (2), although we shall see that local

properties put the emphasis rather on the order than on the degree; this dis-

crepancy becomes immaterial when dealing with algebraic systems, since

they are sets of cycles over an algebraically closed ground field. Case (2)

gives a definition for any extension K over k, algebraic or transcendental,

separable or inseparable, and remains unaltered when 3 is any unmixed cycle.

If 3 is an unmixed cycle over k, a field k' is said to be a field of definition of 3

if there exist a field K containing k' and k as subfields, and a cycle 3' over k',

such that 3k = 3k:-

Let F, V be two irreducible varieties over the field k, A an unmixed alge-

braic correspondence between k(F) and V, and set D=Da,f; if v, P are a

place and a point of F, the symbols A {y}, D{P\ have been defined in [l]

when k is algebraically closed. We wish to extend the meaning of these sym-

bols to the case in which k is not necessarily algebraically closed, and v, P

are any valuation of k(F) and any irreducible subvariety of F.

Case 1 : k is not necessarily algebraically closed, and vÇ:M(F). Set k' = KV,
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and denote by {c0, • • • , c„} the h.g.p. of G\, so that the c's are proportional

to the coefficients of the polynomial ^t:yAEk(F)[t, y]. Let, say, c0 be such

that CíCq1C:Rv, and let 4> be the polynomial obtained by replacing, in ^/t,yA,

Co by 1 and c¿ (¿>0) by the residue class of c.-CrJ1 (mod ^„), which is an element

of k'. We contend that there exists a cycle 3 of F*< such that ^¡,¡,5 =<£. In fact,

let k be the algebraic closure of k', and let F' be any component of Fj; call

z>' any extension of v to &(.F') ; let the cycle A' be the extension of the cycle A

over k(F'), so that ^t.yA'='^t,yA. Now, A' is an algebraic correspondence

between k(F') and Vi, and i'=A'{v'), which is defined because k is alge-

braically closed, is a cycle of V% having k' as a field of definition; hence 3' is

the extension over A of a cycle 3 of Vk>, and 3 fulfils the condition ^t,vi =<&t,yi'

=<j>, which is what we wanted to prove. The cycle 3 will be denoted by A [v}.

Case 2: v is any valuation of k(F) over k (and k is arbitrary). Let {2} be

the h.g.p. of F, and let 77 be a subfield of i?„, purely transcendental over k, of

transcendency equal to dim v/k. Let F' be the irreducible variety over 77

whose h.g.p. is {2}, and set V = Vh, so that V is irreducible. A is an un-

mixed algebraic correspondence A' between H(F') and V, and we have

^¡,j/A' =Sfr¡,¡/A; however, Ga' is a variety over 77. Now v is a place of 7", and

A'{fl} is defined by case 1 and is a cycle of V'kv= VKv; clearly A'{z>} does not

depend on the choice of 77. We shall define A{z;} = A'{j>} ; A{v\ is an un-

mixed algebraic correspondence between Kv and V, and has the property:

if m is a valuation of Kv over k, and w is the valuation of k(F) compounded

of v and u, then A {w} = (A {v} ) {u}.

Case 3 : let G be an irreducible subvariety of F such that there exists an i,

say i = 0, for which CjCq1ÇlQ(G/F) for any j. Let v be any valuation of k(F)

whose center on 7" is G. Since K = k(G)Ç.Kv, A{v} is the extension over Kv

of a cycle of Vr- Such cycle will be denoted by D {G}, and does not depend

on v. Finally, we shall define {D; V, G) = {D; G, V] to be DD[G],G. Notice

thatT^fT"} exists and equals A = AD,v, and that {D;V,F}=D.

Since Q(P/F)QQ(G/F) for any PGG, we see that D {G} certainly exists

if D\P\ exists for at least one P(EG; the converse is not true. If PEG and

{D; V, P} exists, then { [D; V, G) ; V, P} exists and equals {D; V, P} ;

however, {{D; V, G} ; V, P} may exist even when {D; V, P) does not exist.

Lemma 3.1 of [l] provides, in a crude way, a correspondence D'

between G and V induced by D; namely, 7)' = rad D' and g>(D'/GXV)

= rad (rp(rad D/FXV), where a is the homomorphic mapping of k[x, 2]

with kernel &(G/F)k[x, 2]. The link between D' and {7>; V, G\ (when this

exists) is the following one: the components of {D; V, G) are all and only

those components of D' which operate on the whole G.

In order to take care of the outstanding role played by the order (instead

of the degree) in the local properties of algebraic correspondences, we shall

give the following definitions: let D be an irreducible algebraic correspondence

between the irreducible varieties F, F over k, operating on the whole F; let G
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be an irreducible subvariety of F such that {D; V, G} exists, and let us

assume {D; V, G} = ^.«¿-D,-, the D.'s being distinct irreducible pseudo-

varieties. As a consequence, we also have D\G\ = ^íoííDíIG} ; we

shall define {D; V, G)*=^ia?Di, D{G)*=Y,«*?Di{G}, where a*
= aih{D{F})(h(Di{G}))-1. Notice that D{F}*=D{f}. Similarly, if A=D{f}

and A{v] = ¿AAi, we define A{v} * = £¿&*A,-, where |8i*=j3iA(A)/A(Ai). If

D is not irreducible but is unmixed, the extension of these definitions is

self-evident. We now have: ord A{^}*=ord DIG} *=ord A = ord OIF],

which replace (7) and (9) of [l]. As a consequence of Theorems 3.2 and

3.5 of [l] we also have: dim D\G\ =dim D — dim F, dim \D; V, G\

= dim D — dim F+dim G, dim A{v} =dim A=dim D — dim F. The number

a* is not necessarily an integer; we defer until section 5 the discussion of

whether certain numbers which we shall obtain from time to time are integers

or not. Here we remark only that \D; V, G}* is a rational (effective) cycle,

that is, a formal linear combination of irreducible pseudovarieties with ra-

tional (positive) coefficients. Most notations and definitions valid for cycles

can be easily extended to rational cycles; from now on, cycle shall mean ra-

tional (effective) cycle, and we shall use the expression integral cycle to denote

a cycle with integral coefficients.

If D is irreducible, then Z)' = rad {D; V, G} is a pseudosubvariety of D or

also of GX V; if {x, f} is a general point of D, homogeneous in the set {x},

and such that {f} is a n.h.g.p. of F for which G is at finite distance, then the

minimal primes of $>(D'/k[x, f]) are given by ^r\k[x, f] when "p ranges

among all the minimal primes of ty(G/F)Q(G/F) [x]; the components of A[v\

are likewise in 1-1 correspondence with the minimal primes of ^^„[x].

When A\v} or \D; V, G) do not exist, we may still define A(zj), A[v],

D(G), D[G], (D; V, G), [D; V, G] in the following manner:

A'=A(u) if A' is an algebraic correspondence between Kv and F such that

any n.h.g.p. of A' is obtained by reducing mod Sßw a n.h.g.p. of A, where w

is a valuation of k{F) (A) which induces v in k(F);

A[v] is the join of all the A(i>) ; with the same proof as the one of Theorem

3.2 of [l] we derive that if {x} is the h.g.p. of A, then the components of

A[v] are obtained in the following way: consider any minimal prime ty of

^„i?,, [x]; then the cosets of the x's mod 1J3 give the h.g.p. of a component of

A[v], and conversely. We have A[v] =rad A[v} if the latter exists;

(¿>; V, G) is any subvariety D' of D such that v{D'/D)r\k[z\ = p(G/F),

{z} being the h.g.p. of F;

[D; V, G] is the join of all the (D; V, G), and again a result similar to

Theorem 3.5 of [l] holds true; we have [D; V, G]=rad {D; V, G] if the

latter exists;

D{G) =Av,(D-y,Q)\

D[G] =Av,[d-v,g]', we have D[G] =rad D{g) if the latter exists;

Finally, the total transform {D; V, G]of G is the join of all the (D; V, P)
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for PEG; we shall never have occasion to use {D; V, G] in this paper.

Notice that the symbol 7)[P], as used in [l], coincides with the present

definition of D [P] only if P is a rational point of F.

2. The multiplicity of the quotient ring of a variety. We shall deal with

those particular local rings which are quotient rings of an irreducible sub-

variety of an irreducible variety over a field; these rings will be called geo-

metric domains; we say that a local ring is a local domain if it is an integral

domain. The expression "geometrical local ring" of [3] has a more general

meaning than our geometric domains. We assume the reader to be familiar

with the theory of local rings contained in  [2].

If R is a local ring with the maximal prime m, a subfield K of R, such that

R/m is a finite extension of the field K' consisting of the cosets of the elements

of K mod m, will be called a basic field of R, and will be identified with K';

geometric domains and their completions contain basic fields. Other prop-

erties of geometric domains of frequent use are the following ones (see [12] for

the proofs):

A geometric domain is analytically unramified, that is, its completion is

semi-simple (its radical is the zero ideal) ;

Any prime ideal p of a geometric domain R is analytically unramified, that

is, pi?* = rad pR* if R* is the completion of R; this is a consequence of the

fact that R/p is also a geometric domain;

A geometric domain is analytically unmixed, that is, each minimal prime

of the zero ideal of its completion has the same dimension ;

Any prime ideal p of a geometric domain R is analytically unmixed, that is,

each minimal prime of pR* has the same dimension, R* being the completion

oiR;
An integrally closed geometric domain is analytically irreducible, that is,

its completion is an integral domain.

We say that the irreducible variety V over k is analytically irreducible at

its irreducible subvariety IF if Q(W/V) is analytically irreducible.

If R is an integral domain, KJ<R) shall denote its quotient field.

If R is a local ring, {fi, • • • , fr} a set of nonunits of R, K a subfield of

R, we shall denote by K{fi, • • • , fr] or 7i{f] the ring consisting of the

limits, in the completion of R, of the sequences {/«}, where/„= ^?=0 4>» <fii

being a form of degree * in fi, • • ■ , fr with coefficients in K; if K~{ç] is an

integral domain, then we shall put K |f} =K{çx, • • • , fr} =I£,(K{ç]).

We shall also make use of the results of [12] and [13], but we do not

assume any knowledge of the results of [3].

Let R be a complete local ring with the maximal prime rrt, and assume

it to be unmixed, that is, such that R/x, have all the same dimension when

r< (i=l, •••,«) ranges among the minimal primes of the zero ideal; let K

be any basic field of R (R being such that it has a basic field), and let

{fi> ' • • i fr} be a set of parameters of R; let 5 be the multiplicatively closed
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set of the nonzero elements of K {f ] ; then no element of S is a divisor of zero

in R, so that Rs exists; according to results of [2], Rs is an algebra of finite

order over K{ç]s=K~{Ç} ; the number [Rs:K{^} ] [R/m'.K]-1 is an integer

independent of K, and is called the multiplicity of R for {f} and denoted by

e(i?;ft =e(i?;ft, • • • , ft). If R is a geometric domain, {f} a set of parameters

of R, R* the completion of R, then by definition the multiplicity of R for {f},

denoted by e(R; ft =e(R; ft, • • • , ft), is given by e(R*; ft.
The following result is contained in [2] (more exactly is contained in the

proofs of the lemmas which prepare the definition of multiplicity) :

Lemma 2.1. Let R be a complete unmixed local ring, {ft, ■ • ■ ,Çr) a set of

parameters of R; let pi, • • -, ps be the minimal primes of fti?, and let q< be the

isolated primary component of ft-/? belonging to p,-; set a = qiO ■ ■ • P>q„ and

denote by a-, a,-, n the homomorphic mappings of R having respectively the

kernels a, q», p»; let U be the length of q¿. Then {aft, • • • , aft}, {<r,ft, • • • , <r,ft},
{^ift, • • ' i T,ft} are sets of parameters respectively of aR, <TiR, t<7?, and we

have: e(R; ft, • • • , ft) =e(<rR; aft, • • • , aft) = XXi e(<TiR; a-.ft, ■ ■ ■ , a.-ft)
= Yli-ihe(TiR;TiÇi, • • • , r.-ft).

In the course of the next few proofs it is convenient to use some topological

means; although the notations used here are the usual ones, we shall give a

short description of them.

If R is a ring, a metric in R is a sequence {21,} (¿=1,2, • • • ) of ideals of

R such that Ui+iQUi and that näli2I< = 0. Two metrics {2I,(1)}, {2I1C2)} are

equivalent if for each integer * there exist two integers j(i) and h(i) such that

9Ij(i)Ç2li2) and Sl^ÇStP'. A topology in R is the set of all the metrics equiva-

lent to a given one; this amounts to saying that a topology in R is defined

by giving a metric {2l¿}> and by defining the neighborhoods of an element

aÇiR to be the cosets of a (mod SI,-). If T is a topology in R and {9I<} is any

metric belonging to T, then the property of a sequence of elements of R of

being a Cauchy-sequence or a zero-sequence according to the metric {SI,-}

depends only on T, so that we shall speak of T-Cauchy-sequences or T-zero-

sequences. Then the meaning of T-completion of R is clear ; the F-completion

of R will be consistently denoted by Rt', it is well known that operations in

Rt can be defined in such a way that Rt becomes a ring containing R as a sub-

ring and a subspace. If T\, Ti are topologies of the ring R, we shall write

T1CF2 if TiT^Ti and if in addition every Fi-zero-sequence is a ^-zero-

sequence. Since a sequence {a¿} is a Fi-Cauchy-sequence if and only if the

sequence {£><}, where e< = aí+i — a¿, is a Fi-zero-sequence, we see that the

notation 7\CF2 is justified. If Ti (¿=1, 2) contains the metric {21^}, then

the metric {SÍ^'/^Slf '} belongs to a topology T which depends only on 7i

and T2; we shall set T=T\C\Ti. A sequence is a F-zero-sequence if and only

if it is a TYzero-sequence for i= 1, 2, so that TiC\Ti is the "largest" topology

F such that TQTi (i=l, 2).
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II 7? is a local or semi-local ring in the sense of [2], the R-topology shall be

the natural topology of R.

Let T, T' be topologies of a ring R, such that TÇ.T', and denote by T

also the natural extension of T in Rt ; then Rt' contains a homomorphic image

of Rt, and the related homomorphic mapping is continuous; the kernel of

such a mapping will be denoted by $(T'/T), and it is the set of the J'-limits

of those T-Cauchy-sequences of elements of R which are T'-zero-sequences.

A result of [2] states that if R is a complete semi-local ring and T' is the

7v-topology, then TÇ.T' for any topology T of R; and another result of [2]

states that if T' is the Tv-topology of a semi-local ring R, and TÇT' is a

topology of R induced in R by the 5-topology of some semi-local ring S

containing R and such that each maximal prime of S contains the intersection

of the maximal primes of R, then the homomorphic mapping whose kernel is

®.(T'/T) is a mapping of Rt onto Rt'. These facts will be freely used without

making particular mention of them.

Lemma 2.2. Let R be a geometric domain, K a finite extension of H=KJ^R),

R' a subring of K containing R, integrally dependent on R, and such that

K=I(jiR'). If m is the maximal prime of R, let m[, ■ ■ ■ , m'r be the distinct

primes of R' which lie on m, and set Ri = R'm'., m,- = m< 7?,-. Let (f} be a set of

parameters of R, so that {f} is also a set of parameters of each R¡; then the fol-

lowing equality holds true: XX i [Ri/mi'. R/m]e(Ri; f) = [K:H]e(R; f).

Proof. Case 1. Assume R and R' to be integrally closed, so that R' is the

integral closure of R in K, and is a semi-local ring in the sense of [2]. Let

T, T', Ti be the Tv-topology, the Tv'-topology, and the i?¿-topology respec-

tively. Then 7\ and T' induce T in R by Theorem 3 of [13], so that R*

= {Rí)t i and R1'* = R'r both contain R* = Rt;R* and R* are integral domains.

From the definition of multiplicity we obtain

(1) [lU/uuiB/ntelU; f) = [K&ñ^(R*)]e(R; ().

Let biER' (¿=1, • • • , aO be such that {6¿} is an 77-independent basis of

K; since R' is a finite Ti-module, there exists an element bER such that

every element of bR' can be expressed in exactly one way as a linear com-

bination of 6i, • • • , 6„ with coefficients in R. Let aER'*, and suppose a = T'-

lim aj, ajER', so that ba = T'-\\m ba¡; set ba¡= ^2ia3ibi, aaER- Since \a¡\

is a r'-Cauchy-sequence, we have

£ (an - fli-i,,)^ G bm-^R',
i

where n(j) approaches infinity with j; hence Oy< — aj-i,¡Gm"(',p that is, a,-

= 7,-limy,s0 a¡i exists, so that ba = X)¿a¿6¿i or a= Xl¿6-1«¿6i. We have thus

proved that {bi} is a ^(i?*)-basis for R's, where S denotes the multiplica-

tively closed set consisting of the nonzero elements of R*. It is also a ^(2?*)-
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independent basis since the previous argument shows that if a vanishes then

each a,- has to vanish. But we have R's = (22i*)s+ ■ ■ ' +(-R*)s by a result

of [2], so that (R,*)s is a commutative algebra of finite order overí^(R*), and

has no divisor of zero; hence (i?¿*)s=^(i?,*), and we have proved that

Yli[K.(R?)'-K(R*)] = [K:II]. This and formula (1) yield the contention in

the present case.

Case 2. Assume K = H, and take for R' the integral closure of R. Let T,

T', Ti, R*, R'*, R* have the same meanings as in case 1. Denote also by

T¡, Ti the topologies induced respectively in R', R by 7\-; then T' = T{

f\ • • • r\Ti, r=Fin • • • C\Tr, and R'*=R?-\- ■ ■ ■ +R* (remember that
Rif = R'Ti'). Since R' is a finite i?-module, there exists an element b(E.R such

that bR'QR, hence bR^CRr^ and also Á^(2?¿*) =Í(j(Rtí). As a consequence

we have

e(Ri^) = KiRru-HíUlRi/rtU-.k]-1,

k being a basic field of R. Set now Xi = $i(Ti/T), so that Rt^R*/ví. From

the relation TiC\ • • • (~\Tr=T we derive Xi(~\ • • ■ P\rr=(0); no r,- is zero,

and no r, contains another r,- for j?¿i, since r<ç 2j/»»< *A Hence the r»'s

are all the distinct minimal primes of zero, so that, by the definition of

multiplicity, wehavee(f?;ft = !>(**/*<; ft = E <[£(***) =*{f Í ] [^/m:*]-1;
this, and the previous result, yield our contention.

Case 3 (general case). In this case we set S = integral closure of R in H,

S' = integral closure of R in K, and denote by pi, p2, • • ■ the minimal primes

of mS, and by p'jU p^, ■ • • the minimal primes of m/5'; we also set 5,- = 5Pi,

S&-.S&. Then, by case 1, E(i,[-VíW St/p,St]e(S^ f)-(X:ir]«(5,; ft,
where E(/) ranges over all the values of i, j such that piQp'i}. By case 2

D^/pÄcÄ/mMS,; Ç)=e{R; ft, so that £<,[S&rtfcS&:.R/m]«(Sfc ft
= [K:H]e(R; ft. Now, by case 2 we have £,[5&/&$&:A*/m«]«GSá; ft

= e{Ri\ ft, which, with the previous formula, gives our contention, Q.E.D.

Lemma 2.3. Let R be a geometric domain; let {ft, • ■ • , ft}, pi, • • ■ , p«,

tí» ••• • 1 t, have the same meanings as in Lemma 2.1. Let vnVn, • • • be all the

distinct normalized^1) nontrivial discrete valuations of rank 1 of I\JR) such that

CO»«/*)-** and set /,-= 2>«(fi) [.£,«,:£(Ä/pi)]- FAera

e(i2; f 1, • • • , ft) = E UeijiR; r<ft, • • • , r.ft).
i

Proof. Case 1. Assume R to be integrally closed, and let R* be the com-

pletion of R, so that R* is an integral domain. By definition, we have e(R; ft

= e(R*; ft. Let p.i, pa, • • • be the minimal primes of p,i?*, and call q¿; the

isolated primary component of fti?* belonging to p,y, and /,-y its length. If

Ti, is the homomorphic mapping of R* whose kernel is p,y, Lemma 2.1 implies

(¿) A nontrivial discrete valuation of rank 1 is said to be normalized if its value-group is the

additive group of integers.
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e(R*; $")== ̂ijlije(TijR*; r<yfa, ■ • • , r</£,). Now, by Lemma 3 of [12], there

exists exactly one nontrivial normalized discrete valuation w,-y of rank 1 of

7^(7?*) whose center on R* is py; wty induces in 7^(7?) the discrete normalized

valuations v{ of rank 1 such that Qivi/R) = pi, and Vi stands in this case for the

whole set {v^} (j = l, 2, • • • )■ Lemmas 3, 5 of [12] imply /¿y = w¿3(fi), so

that k = Vi(l;1)=Wi1(Çi)=lij. Hence Lemma 2.1 gives e(R; f)=e(7v*; f)

= ^ZijheiTijR*; Tifo, • ■ • , r«f,)» S</,-c(Tf2?; r,£2, • • • , r<f,), which is the
contention.

Case 2 (general case). Let R' be the integral closure of 7v; if m is the

maximal prime of 7?, let m{, m2, • • • be the minimal primes of mi?', and

set 7v"i = 7vm;, mi = rrt¿ 7v¿. For a given pit let p't] be the minimal primes of piR',

and let Q(ij) be the set consisting of the integers q such that ^Çtn,' ; set

pi]q = p'jRq for any qEQUJ)- Let fl</ be the nontrivial normalized discrete

valuation of rank 1 of 7^(7?) whose center on 7?' is p'i}. According to case 1 we

havee(7?g;f) = E(ï> Vij(Çi)e(TijqRq; Tafo, • • • , Tu£T), tö4 having an evident

meaning; E(9) denotes summation over all the values of i, j for which

qEQ(ij). If k, kq stand for R/m, Rq/mq respectively, Lemma 2.2 and the

previous formula give

e(R\() = X [kq:k]e(Rq;0

= X) »ijCfi)    2D     [¿5:¿]e(r¿í(¡7v3; r,,-4fî, • • • , r</afr).
ü s^QÍ'í)

We can now replace, in Lemma 2.2, 7? by rtR and the R/s by the TijqRq's

(i, j fixed, qEQ(ij)), obtaining

/ ,    [kq: k\e(TijqRq; TijqÇ2, ■ ■ ■ , Ti,-qÇr)

= [K,H-J3iR/to)]e(T4R; rtf», ■■■ , r<fr).

This and the previous formula give

e(R; f) = E ViÁti)[Kv«'-XXR/Pi)]e(T& rit. ■■ ■ , T¿r)
a

- E te(T*R; rtÎ2, ■ • ■ , r,fr), Q.E.D.
i

Theorem 2.1 (Associativity formula). Let R be a geometric domain,

{fit " " " i tr} a set of parameters of R; for 0 5= s sir denote by pi, p2, • • • the

minimal primes of the ideal E*=i T«-^' an,d °y °"» ̂ e homomorphic mapping of

R whose kernel is pi. Then {a^e+i, • • • , 0\fr} is a set of parameters of cr.Tv,

{fi- " " " > f«} ** a se¿ o/ parameters of RVi, and we have: e(R; fi, • • • , fr)

= E»e(^Pi;?i. ■ * ' i f.)c(^<-R;o-<f.+i, • • • , ffifr).

Proof. The theorem is true for any r and s = 0. Assume it to be true for all

r<r0, and for r = r0 but s<s0; we shall give a proof for r = r0 and s = 5o>0.
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Denote by $,- (i = 1, 2, • • • ) the minimal primes of E?=î tiR¡ ar,d iet 0(0

be the set consisting of the q's such that ^3¿Cp5; let r,- be the homorphic map-

ping of R whose kernel is "iß,-. For q£zQ(i) let Viq¡ (J= 1, 2, • • • ) be the distinct

non trivial normalized discrete valuations of rank 1 of ^(rt-i?) whose center on

Ti R is Tipq. Then, by Lemma 2.3 applied to TiR and by our recurrence assump-

tion, we have

e(R; ft, • • • , ft) = E e(Ry¡; ft, • • • , ft_i)e(r.-.R; r<ft,   • • • , r¿ft)

= E e(-R*<; ft, • • •, ft-i)

x   E { E'te^fcíWtólJ

X e(cqR; <r5ft+i, • • • , trsft)

(«)

= E JEä,; ft, • • ■, r-Ol^W.)^^/)»,)]!

X e(<rqR; <r?ft+i, • • ■ , c3ft),

where E<3) means summation extended over all the values of * for which

çGO(î'). Now, Lemma 2.3 applied to r¿i?p and to its only parameter r¿ft gives

e(TiRK;T¿B)= J^íVitJÍT^,)[Kv.qj:KjR/pq)], so that

(9)

E e(R9t; ft, • • • , t.-i)y ^/r^lK^lXjR/p,)]
i

= E e(RVi', ft, • • • , ft-iM^-R»,,; 7-;ft) = e(i?p?; ft, • • • , ft)

because of our recurrence assumption. Hence e{R; ft, • ■ • , ft) = E«e(-^p !

ft, • • • , ft>(o-3ift a„ft+i, ■ • •  , o-,ft), Q.E.D.
3. The decomposition theory of a geometric domain.

Lemma 3.1. Let R be a geometric domain, m its maximal prime. Let x be an

indeterminate, and set R* = R[x]mR[X]. If {ft, ■ • • , ft} is a set of parameters

of R, it is also a set of parameters of R*, and e(R; ft —e(R*; ft.

Proof. Assume the result to be true when 0 <dim R <r ; then, by Theorem

2.1, it is also true when dim R = r. Therefore it is sufficient to prove the re-

sult in the case r = 1. In this case let Vi (i= 1, 2, • • •) be all the distinct non-

trivial normalized discrete valuations of rank 1 of Kj,R) =H whose centers

on R are m; according to Lemma 2.3 we have e(R; ft = E»'y¿(?) [K,H:R/m].

Let v* be the unique extension of P< to H(x) such that Kv'. = KV{(x'), where x'

is the z/¿*-residue of x and is transcendental over KVi; then the v*'s are all

the distinct nontrivial normalized discrete valuations of rank 1 of H(x) whose

centers on R* are mR*, so that e(R*; ft= £><*(£)[K,"{:R*/iaR*]; but

»ftt)-*(f). Kv> = KVi(x'), R*/mR* = (R/m)(x');Q.E.D.
Let K be a finite extension of a field H, and let v be a valuation of H;
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let A be the smallest normal extension of 77 containing K; let ® be the Galois

group of A over 77, § the Galois group of A over K; let {<Ti, ■ • ■ , crn] be a

set of representatives of the left cosets of & in @. Let w be any extension of

v to A, and denote by z/¿ the valuation of K induced by <r4_1w; then each »,-

is an extension of v to K, and each extension of v to K is an element of the

set {vi, ■ ■ ■ , vn\ [5]. We contend that this set does not depend on w or on the

choice of the rr.'s. In fact, let {tí} be another set of representatives of the

left cosets of $Q in ®, so that r, = o-¿At- for some A;G£>; then ri_Iw = At~Vl~1w,

and this induces Vi in K. On the other hand, if w' is another extension of v to

N, we have w' =aw for some cG®; then o-4-Iw' = <7.f Vw, and ajxaG&&J 1<* if

i^j, so that the valuations induced in K by \a^l<Tw\ are the same as those

induced by {a^1w}, possibly in a different order.

The set {»i, • • • , vn\, which depends only on v, and which is formed by

all the extensions of v to K, each repeated a certain number of times, will be

called the complete set of extensions of v to K. It is easily verified that, for a

given extension v' of v to K, the number of vïs which coincide with v' equals

the number of left cosets <r,§ which contain some element of the decomposi-

tion group (on 77) of a fixed, but arbitrary, extension of v' to A (see  [5]).

The above definition can be extended to the case in which K is any

algebraic function field over 77: assume K = H(^i, • ■ • , £m), and set

d = transe K/H; if xo is an indeterminate, set Xi = xo£¿ (i= 1, • • • , m), so that

K' = H(x0, • • • , xm) is homogeneous in the set {x}, and K is the set of homo-

geneous elements of K' of degree zero. Let tq be indeterminates (ii = 0, • • ■ , d;

j = 0, ■ ■ • , m), and set y,= X)7=o *«** H*=H(t), K* = K'{t). Now K* is a
finite extension of H*(y) by Lemma 2.1 of [l]. If v is a valuation of 77, let

v* be the unique extension of v to H*{y) such that the n*-residues of

¿oo, • • • , tdm, yo, • ■ • , yd are algebraically independent over Kv, and let

{v*, ■ ■ • , v*} be the complete set of extensions of v* to K*; each v* is

the unique extension to K* of a valuation Vi of K, the extension being such

that the f¿*-residues of too, • • • , tdm, yo are algebraically independent over

KVi. The set {V\, • • ■ , vn} is called the complete set of extensions of v to K

with respect to {x0, • • • , xm\ or to {¿[i, • • • , £m}. It consists of all the exten-

sions of v to K, of dimension ¿ + dim v (over whatever ground field we

choose), each repeated a certain number of times. The definition is justified

by the fact that if K is a finite extension of 77, then this set coincides with

the previously defined complete set of extensions of v to K. We also have that v

and each Vi have the same rank.

We now wish to extend these considerations to geometric domains. In the

next few lemmas we shall keep the following notations fixed: 7" is an ir-

reducible variety over the field k, H=k(F), G is an r-dimensional irreducible

proper subvariety of F, R = Q(G/F), m = $(£?/7"); 7C' = 77(x0, • • • , xm) is an

algebraic function field over 77, homogeneous in the set {x}, and K is the field

consisting of the homogeneous elements of degree zero of K', so that HÇ.K;

d is the transcendency of K over 77; ¿,-y (i = 0, ■ • ■ , d + l;j = 0, ■ ■ ■ , m) are
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indeterminates, and y,= Yï-o *«*/! k* = k(t), 77*=T7(¿), K* = K'(t), R*

= 7v[/]mß[i], m* = m7v*; nti, • • • , m, are the distinct minimal primes of

m*7v*[x]; we also set 7vi* = 7v*[x]mi, Ri = R*r\K; now K* is a finite exten-

sion of H*(yo, ■ ■ • , yd); let A be the smallest normal extension of

H*(yo, ■ ■ ■ , yd) containing K*, ® be the Galois group of A over

H*(yo, ■ • • , yd), § the Galois group of A over K*, {<ru • ■ ■ , an\ a set of

representatives of the left cosets of § in ®, D = 7y*[<Tix, • • • , <rnx], so that

A=7^(0). Let \p(t, y0, • ■ • , yd, Y) be a polynomial of 77[t, y0, ■ • • , yd, Y],

of least degree in the ¿'s, in Y, and in each yit such that \p(t, y0, • • • , yd, yd+i)

= 0; then \p is a form in y0, ■ ■ ■ , yd, Y and also in the ¿'s, because

i^ = 'ír¡,y0,...,!,ii,yA, where A is the irreducible algebraic correspondence be-

tween 77 and the variety over k whose h.g.p. is {x}, determined by the em-

bedding of 77 in K.

Lemma 3.2. Ifip is such that its coefficients are proportional to elements of R,

one of these being a unit, then yd+i and £) are integrally dependent on

R*[yo, • • • , yd], and conversely.

Proof. The converse is clear. In order to prove the direct, assume the

condition to be fulfilled, and set ¿¿ = ¿¿y+a¿<i+i,j (i = 0, • ■ ■ , d), ¿í+i,y = ¿<¿+i,y,

where aER; let y[ (i = 0, • ■ ■ , d-\-l) be constructed starting from {t'v\ as

yt is from {ti,}, so that yl =yi+ayd+i (¿=0, ■ ■ ■ , d), yá+i=yd+i- There

exists an isomorphic mapping w of 77* [yo, ■ • •, yd+i] onto itself such that wa

= a'ûaEH;wtiJ = t'il,iryi = yl.SetTp'(t,yo, ■ ■ ■ , y<¡, Y)=\¡/(t', y0+ctY, ■ ■ ■, yd

+aY, Y). Assume *(/, y», • ■ • , yd, Y)= El.)«...--;.^ (t)ye0° ■ ■ ■ y%*Y**»\

if g is the degree of ^ in {y0, ■ ■ • , yd, Y\, the coefficient of Ya in ty is ^4(¿')

= Elei«i«)(¿')«eo+'"+e<ii and this is a unit of Tv* if and only if v4(¿) is a unit

of 7v*. Since one of the aM (¿) is a unit of R* and 77 is infinite, a can be selected

in such a way that ^4(¿) is a unit of R*. Since ^'(¿, y», • • • , yd, yd+i)

= inp(t, yo, • ■ • , yd, y<i+i)=0, this proves that yd+i is integrally dependent

on 7v*[y0, ■ • • , yd], and that already in \p(t, yo, • • • , yd, Y) the coefficient

of the highest power of F is a unit of 7?*.

Now, consider \p(t, yo, • • • , yd, Y) as a polynomial in F; it is possible

to find m+i sets {¿¿+1>0, • • • , ¿â+i,™} of units of 7? such that (1) det (4+i,/)

is a unit of 7?, and (2) the coefficient of the highest power of Y in \p remains

a unit of 7?* after replacing the ¿<¡+i,/s by the ¿¿{^/s. When such replacement

takes place, the relation \f/(t, yo, ■ ■ ■ , yd, y,f+i)=0 becomes an equation of

integral dependence of YÂ+ijxi °n R*[yo, • • • , yd]. Therefore there are

m + i linear combinations of the x's, with coefficients which are units of R

and whose determinant is a unit of 7?, which are integrally dependent on

-R*[;yo, • • • , yd\- This proves that each xy is integrally dependent on

iv*[y„, • • -,yd], Q.E.D.

Using the same argument we can prove the following result:

Corollary. If v is any valuation of H over k, and v* is the unique extension
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of v to H* over k*, then each x, is integrally dependent on i?„* [yo, ■ ■ • , yd]- As

a consequence, each x,- is integrally dependent on H*[yo, ■ • • , yd]-

Lemma 3.3. Let v be an r-dimensional valuation of H over k whose center

on R is m; let v* be the unique extension of v to H*(yo, ••• • , y<¡) over

k*(yo, ■ • ■ , yd), and let w be an extension ofv* to N (or to K*). Then the center

of w on D (or on R*[x]) has dimension r+d-fT over k*.

Proof. Rm contains O as a consequence of the corollary to Lemma 3.2.

We have dim w/k* = r-\-d-\-l, hence Q(w/£>) has dimension not greater than

r+d+1; but since it lies over m*R*[yo, • • • , yd] it must have dimension

not less than r+¿+l, Q.E.D.

Lemma 3.4. For any r-dimensional valuation v of H over k with center m

on R, let v* be its unique extension to H*(ya, • • ■ , yd) over k*(y0, ■ ■ • , y<¡);

for a given i, denote by U(i) the set of those v's such that v* has some extension

w to K* for which rriiQQ(w/R* [x]), and let M(i, v) be the set of such w's; then:

(1) mi = r\vŒu(.i)f\v1^M(,i,v)G(w/R*[x]);

(2) each m,- lies on m*R*[yo, ■ ■ ■ , yd] and has dimension not less than

r+d+U
(3) for each i, there is some prime of £) which lies on m¿.

Proof. Assume (1) to be true; then m*R*[yo, ■ • • , yá]Qnii^Q(w/R*[x])

for some w; hence dim m,^dim Q(w/R* [x]) =r+d+l by Lemma 3.3;

also m*R*[y0, • • • , 3M]Çm/\R*[yo, ■ • • , yd]QC(w/R*[y0, • - - , yd])

= m*R*[yo, ■ ■ ■ , yd]- This proves assertion (2).

Again under the assumption that (1) be true, we have, for a given i,

mi£)Qr\V£Uii)ftv,£M(i,v)ftw'C(w'/£>), where w' ranges among all the exten-

sions of w to N; hence m,Or>\i?*[x]cni,g¡7(¿)ri<i-GiW(¿,»)C(w/i?*[x]) = m,-; this

proves that mi£>f~\R*[x] =tn,-, from which (3) follows.

There remains to prove statement (1). This and (2) are equivalent to a

part of Theorem 3.5 of [l], and we shall here translate into algebraic terms

the proof of Theorem 3.5 of [l].

Set mi =m,-Pii?[x], so that dim m//&èdim m.i/k*^r + í; hence m¿ is the

intersection of all the (r+l)-dimensional primes containing it. If ^5' is any

one of these, set ^=^'R* [x], so that dim y/k* = r+l. Let Nffl) be the set of

all the r-dimensional valuations v of H having center nt on R, such that

Q(w/R*\x])Qfy for some extension w of v* to K*. We contend that NC$) is

nonempty: in fact, let w' be an r-dimensional valuation of K whose center

on R[x] is ty'; w' induces in H a valuation v of dimension not greater than r,

whose center on R is m; hence dim v = r. Let v' be the unique extension of v

to H* over k*, w* the unique extension of w' to K* over k*; then

^n'ljyo, ■ ■ • , yd]QRw', and tyv' contains %> [y0, ■ ■ ■ , yd], and therefore it

also contains some minimal prime p' of f$»'[x]. Let S be the integral closure

of Rvi [x], p one of the minimal primes of p'S. By the corollary to Lemma 3.2

the x's are integrally dependent on i?„< [yo, • ■ • , yd], so that 5 is the integral
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closure in K* of R„-[yo, • • • , yd]; if T is the multiplicatively closed set

Rx'[yo, • • • , yd\— $»< [yo, • • • , yd], we have that St is the integral closure

of Rv> [y0, ■ ■ ■ , yd]r = Rv-, and pSr is a minimal prime of ■$„•; hence SVÇ.RW

for some extension wof v* toK*, andQ(w/R*[x]) = p'f^R*[x]QQ(w*/R*[x])

=$. This proves that Z/GA0J3).

For sGJV(f) set 2)(î)) = intersection of those Q(w/R*[x]) such that w is

related to v as previously stated, and that C(w/7?*[x])+m1-Ci<iß; set also

M=U^m{N(V), 21 = D „<=.„£) M • Since 21ç<p for each <$, we have HÇbW, so
that m¿ contains some minimal prime 58 of 21; clearly there exist a subset M' of

J17 and for each vEM' an intersection T)'(v) of components of 3)(i>), such that

33 = n„ear>3y(i>). Each 2)'(z>) contains m*7v*[x], hence the same is true of So,

which proves that S3 = m¿; this completes the proof, since U(i)=M' and

®'(v) = nweMli,v£(w/R*[x]), Q.E.D.

We shall now give the following definition: let, say, T?i have the same

dimension as 7?; for a given r-dimensional valuation v of 77 whose center on

R is in, let ni(v) be the number of elements of the complete set of extensions

of v to K with respect to {x} whose valuation rings contain T?i; if ni(v) does

not depend on v, it will be denoted by e(Ri/H; x).

Theorem 3.1. Let F be an irreducible variety over k, G an irreducible r-

dimensional subvariety of F, R = Q(G/F), H=k(F). Let D be an irreducible

algebraic correspondence between  F and an irreducible variety   V over k, A

= D[F], {x} the h.g.p. of A, K = II(A). Let 7>i be a component of [D; V, G]

which has the dimension r + dim A (if there is any); set Ri = Q(Di/D), A!

= Di[G]. Ifv is a valuation of H whose center on F is G, let C(v) be the complete

set of extensions of v to K with respect to {x}, and let n(v) be the number of ele-

ments of C(v) which have the center 7>i on D. Then we have:

1. e(Ri/H; x) exists if and only if n(v) does not depend on v when v is a

prime divisor of 77;

2. if e(Ri/H;x) exists, then e(Ri/H ; x) =n(v) for any v;

3. if e(Ri/H; x) exists, and if {f} is a set of parameters of R, then

e(Ri; f)      e(Ri/H; x) ins A

e(7v;f)  " ordAi

4. if F is analytically irreducible at G, then e(Ri/H; x) exists;

5. let vi, • ■ ■ , Vi be the distinct elements of C(v) whose center on D is Di

(I will generally depend on v) ; then, if v has the dimension r, we have

i

n(v) msA[Kv:k(G)] = ordAiE [TVj:Tv][KVj:k(Di)].
3-1

Proof. Let R*, yo, • ■ ■ , yd+i, 77*, • • • have the previously stated mean-

ings. 7?i corresponds to an m¿, say rrti, which has the dimension r+d+1; by

Lemma 3.1, e(7vi;f) =e(7v*[x]mi; f), and e(R; f) =e(T?*;f) =e(o;f), having set

o=7v*[y0, • ■ ■ , yd]m'R[y0,...,Vd]. If v is a valuation of 77, we shall consistently
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denote by v* its unique extension to H*(y0, ■ • • , yd) over k*(y0, • • • , yd);

if u is any extension of v* to N, n(v) equals the number of valuations <rj1u

(j = i, ■ ■ ■ , n) whose center on i?*[x] is nti. An extension w of v to K has

center Z>i on D if and only if its unique extension w* to K* over k* has the

center nil on R*[x]; and this will be the case as soon as miQQ(w*/R*[x])

(see Lemma 3.4).

The proof will be achieved in several steps, the numbering of the steps

having no relation to the numbering of the contentions.

Step 1. Assume e(Ri/H; x) to exist, and let v be a valuation of H whose

center on F is G, so that dim v'äir; let v' be an r-dimensional valuation of H,

compounded with v, and whose center on F is G (such v' certainly exists) ;

then there is a 1-1 correspondence Wi-^wl between C(v) and C(v') such that

w'i is compounded with w,-, and we have Ç(Wi/R[x])ÇQ(wi/R[x]). If » is

such that Q(v>i/R[x]) = mlr\R[x], then mii~\R[x]QÇ(w!/R[x]), hence nti

r\R[x]=Q(wi/R[x]). Conversely, if Q(w¡/R[x]) =m/\R[x], then

Q(Wi/R[x])^mxr\R[x], Q(w?/R*[x])Qm1; but m*R*[x]QC(w?/R*[x]), or
finally Q(w?/R*[x])=mu This shows that n(v) =n(v) =e(Ri/H; x), which

proves assertion 2 and a part of assertion 1.

Step 2. From the theory of the decomposition group of a valuation as

given in [5], [6], one derives that the number n¡ of elements of C(v) which

coincide with a given n¿6C(s) fulfills the relation

(2) m ins A = [IV:IV] [KVj-:Kv-];

now, if dim v*/k* = r we have [KVj.:Kv.][Kv:k(G)]=[KVj:k(D1)] ord Ax,

from which statement 5 follows.

Step 3. Let F be analytically irreducible at G, so that R, R*, and o are

analytically irreducible; set o*=i?i*=i?*[x]mi; then oÇo* because lit! lies on

m*R*[yo, • • • , yd] by Lemma 3.4. Let v be a prime divisor of H whose

center on R is m, and denote by S, 5* the completions of o, o* respectively,

so that ß is an integral domain. By the same argument used in the proof of

Theorem 4 of [13] we obtain that: 5* is a finite 5-module, o* is integrally

dependent on ¡3, and v* has a well determined extension v to ^(¡>) whose

center on ö is m*ö. Let 5 be the integral closure of o*, ffli, SDÎ2, ■ ■ • the mini-

mal primes of rriiS, and set S, = SaM¡; denote by Si the completion of 5,-.

Since m*Si is a primary belonging to the maximal prime of 5,-, and such

maximal prime has the dimension r+d+l over k*, we have again that each

Si is a finite 5-module, so that v has finitely many extensions fy to ^(5,),

and SiQRi,.. for each j. Each va induces in K* an extension v*¡ of v* to K*

such that SiQRvli and (^(vfj/Sf) = WiSf, or also CK/i?*[x]) =itii; clearly,
since C(v*/S) = 3DÍ,-, if i^h no v*¡ coincides with any v%¡. Conversely, if w*

is any extension of v* to K* whose center on R* [x] is nti, then Q(w*/S) = Wi

for some i, and w* can be extended to a w of KJ.SÎ) (since Si is an integral

domain) ; w induces in A^(5) the valuation v, which proves that w is one of
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the Vi/s, and that w* is one of the v*'s.

We    now    have     [£(&) :£(5) ] = I^[T^¿Tt] [K^'.Ki] = Ei[r^:r,.]
X [Kvy.Kv.]; then e(5,;f) [S./KAio/m^] = [£(S<) :£(S)]«(o; f), which, to-
gether with the previous equality, yields e(o; Ç) YA^v';•?„-][]£„'.:Kv>]

= e(Sim, Ç)[Si/WliSi'.o/m*o]; summing with respect to i, and by Lemma 2.2,

we obtain: e(o; f) TliA^v¡i:T„.][Kv'..:Kv.] = [o*/m1o*:o/m*o]e(o*; {").

We now have [o*/rrtiO*:o/m*o] =ord Alt and, by formula (2),

Yn[rv'i¡-Tv'][Kv'.j:Kv']=n(v) ins A, so that n(v) ins Ae(R; f) =ord Aie(Tvi; f).

This proves statement 3 under the stronger assumption that 7" be analytically

irreducible at G, and also proves that n(v) does not depend on v.

Step 4. Assume n(v) to be independent of v when v is a prime divisor of

77; let {ao, • ■ • , a„} De the h.g.p. of 7", and assume G to be at finite distance

for ao; set a, = a,a¿"1. Let Ti be the model of 77 whose h.g.p. is \aoCo, ■ • • ,

aoc„ • • • , a„c,}, the c¿'s being forms in the a's proportional to the coefficients

of Si'i.jA; let F' be a normal associate to Fi. Let v be an r-dimensional valua-

tion of T7over k with center G on F; if G'=Q(v/F'), since z» is at finite distance

for a0 we have that Q(G'/F') contains k[a] and therefore contains R; hence

ráj dim G'^dim v = r, or dim G' = r. Assume v to be at finite distance for,

say, c0; then acö1 ER' = Q(G'/F'). If R'*, £)' are constructed from R' as R*,

D have been constructed from R, the last remark, in view of Lemma 3.2,

proves that each x and £)' are integrally dependent^6) on T?'*[yo, • • • , yd]-

Let v' be a prime divisor of 77 whose center on F' is G', and construct, as

usual, v* and »'*; let w be any extension of v* to A, $ = C(w/£>')■ Then

dim ty/k* = r+d+l, and, because of the integral dependence, '$ is a minimal

prime of m*£)', so that (by the same argument used in the proof of step 3)

there exists an extension w' of v'* to A whose center on £>' is ^3 ; since all the

extensions of v* (of v'*) are conjugate to w (to w') in ®, we have that the sets of

the centers on O', hence also on £), of the extensions of v*, v'* to A coincide.

This proves that n(v) =n(v') ; but, by assumption, n(v') does not depend on v',

so that n(v) does not depend on v, that is, e(Ri/H; x) exists. Statement 1 is

thus completely proved.

Step 5. Assume e(Ri/H; x) to exist. Let S be the integral closure of 7?,

pi, • • • , Pu the minimal primes of mS, and set Si — SVi. From each S, and

from 5 construct 5¿*, S* in the same manner as T?* is constructed from R.

Given the prime divisor v of 77 whose center on F is G, the center of v on 5

will be some p<; let $<i, ■ • • , tyui be those, among the distinct minimal

primes of pi5<*[x], which lie on nti (and which therefore have dimension r);

they are all the centers on 5¿*[x] of those extensions of v to K* over

k*(yo, • ■ • , yd) which have center nti on 7v*[x]. Therefore, if »¿y is the num-

ber of elements of C(v) which have the center tyy on 5<* [x], we have Ei-i na

= e(Ri/H; x). Since now Sf is analytically irreducible, by step 3 we have

(6) This argument is equivalent to the second proof of Theorem 4.3 of [l].
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Hij ins Ae(Si; ft = [5,iy/'ißl-y5,-J:5i*/pi5,i*]e(5,j; ft, after putting S,-; = Sf[x]$,.,..
Summation with respect to j yields

u
e(R1/H; x) ins Ae(Si-, ft = E [Sii/%lSii:Si*/piSi*]e(.Sii; ft

ord Ai ^ r _  ,

=  re/   e   p/   ! 22 5íí/?.-#S«:^(a* *]/m0 «(5,-/; ft,
[Si/piSi:R/m\   ,-

and summing with respect to i:

e(R1/H; x) ins A ¿ [Si/p*Si:R/m]e(S{; ft
i=l

- ord AiE E [Sij/%JSii:K.(R*[x]/m1)]e(Si7-; ft.
i=l      i

Now, the ideals <>J3,-:,r\S*[x] (i=l, ■ ■ ■ , p;j=l, ■ ■ ■ , l¡) are all the distinct

minimal primes of rruS*[x], so that Lemmas 2.2, 3.1 imply e(Rx/H; x)

Xins Ae(R; ft =ord Aie(i?i; ft. This completes the proof of statement 3.

Step 6. Let F be analytically irreducible at G. Then, by step 3, n(v) does

not depend on v when »is a prime divisor of H; we can then apply step 4,

obtaining that e(R\/H; x) exists. This proves statement 4, Q.E.D.

If F is not analytically irreducible at G, then e(Ri/H; x) generally does

not exist; it may happen, however, that e(Ri/H; x) exists for some special

D even if F is not analytically irreducible at G. This is the case, for instance,

when \D; V, G) exists (see Theorem 5.2); a general result in this direction is

given in Theorem 5.5.

4. The reduction theorem. Let D be an algebraic correspondence be-

tween the irreducible varieties F, V over k, every component of which

operates on the whole F; let G be an irreducible subvariety of F such that

{D; V, G) exists; if D' is a component of {D; V, G], the coefficient of D' in

the expression of {D; V, G] or of {D; V, G)* is called, respectively, the

multiplicity of D' in {D; V, G) or in {D; V, G}*. A similar definition ap-

plies for the multiplicity of a component A' of A {v} or of A {v} *.

Theorem 4.1. Let D be an irreducible algebraic correspondence between the

irreducible varieties F, V over k, operating on the whole F. Let G be an ir-

reducible subvariety of F such that D{g) exists; let {ft, • • -, ft} be a set of

parameters of Q(G/F); let D' be a component of [D; V, G], a the multiplicity

of D' in {D; V, G) *. Then {f} is a set of parameters of Q(D'/D), and

e(Q(D'/D);t)

e(Q(G/F);t)   '

Proof. Set H = k(F), R = Q(G/F), m = <$(G/F). Let {x0, • • • , xm} be the

h.g.p. of a component of Vh of which D\F] is a subvariety. Let ^bea de-
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termination of ^ftlVD{F} which, considered as a polynomial of 77[¿, y], has

all its coefficients in 72, one of them being = 1 ; this is possible because D {G}

exists. Set R* =R [t]mRit], m* = mR*. Denote by r the homomorphic mapping

of 72*[y] whose kernel is in*T2*[y]. Then D' corresponds to an irreducible

factor <¡> of ~np in the following manner: D' corresponds to 4> if ^t.yD'[G] is a

power of 4>, say 4>"; and in this case a = h(D[F])(h(D'[G]))~1n. <j> corresponds,

in turn, to a minimal prime Wl of m*72*[y]-|-^'72*[y]; set S = R*[y]w; then

5 has the set of parameters {\[/, fi, • • • , Çr}. Set p = rad \pS, ^3=rad m*S;

then p and "iß are prime ideals ; the homomorphic mapping whose kernel is 'iß

is an extension of t, and will be denoted by r; denote by a the homomorphic

mapping whose kernel is p. Theorem 2.1 gives:

e(S; f, *) = e(Sy; C)e(rS; t*).

Now, S<m = R*[y]m'B'iy] and, by Lemma 3.1, e(S$;f) =e(72;f). On the other

hand, (r^/)4>~'' is a unit of tS, so that e(rS; r\p) =e(rS; #"). Since tS is the

quotient ring of the principal ideal <¡>(tR*) [ry], it is a valuation ring T2„; if

v is normalized, then v(cj>) = l. Lemma 2.3 implies then e(rS; 0") =¿u. We

have thus proved the formula

e(S; r, tf) = /xe(R; f).

On the other hand, Theorem 2.1 also gives e(S; \p, f) =e(Sv; \[/)e(aS; <rf)

= e(aS; erf) since e(S¡,; ip) = l because \p is a regular parameter of S$. As a

consequence, e(<rS; <rÇ) =¡xe(R; f). Since o- induces an isomorphism in 72*, we

shall write f, 72*, m* in place of af, a72*, am*. We have that aWl is a minimal

prime of m*72*[ay] (a having been extended to the homomorphic mapping

of 72*[x] whose kernel is V(J)[F]/H[x])H(t)[x]r\R*[x]), and that

(aSDÎ)72*[ax] has exactly one minimal prime Wl'; if S' =R*[<rx]w, then S'

r\H((ffXi)(<xxo)'\ ■ ■ ■ , (<TXm)(axo)-1)=Q(D'/D),ande(S';n=e(Q(D'/D);Ç).

Moreover, by Lemma 3.2 we have that each ax,-is integrally dependent on

72* [ay], so that we can apply Lemma 2.2, obtaining

[S'/Wl'S':aS/aWl]e(S'; f) = [77(¿, <rx):77(¿, ay)]e(<rS; ft.

Finally we have: [S'/Wl'S':aS/o-W] =h(D'[G] ), [H(t,<xx) :H(t, ay)]=h(D[F]).
Hence

e(Q(D'/D);t)h(D'[G]) = ßh(D[F])e(R; f), Q.E.D.

Theorem 4.1 is the generalization of Lemma 5.4 of [l], and also brings

to light a flaw in the proof of that lemma; in fact, formula (11) of [l] should

read "e= [r„«:rc;]A, where A= [77*(x):77*(y)],M and this is of immediate

proof since h— [iVlT,^]^). (The false step in deriving the original formula

(11) was the unproven assumption T7*Ç£*(y).) As a consequence, in the nota-

(') The tilde of the original paper is here replaced by a prime (') for typographical reasons.
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tion used in the proof of the lemma, we have ÄA'{»} =A{z;}, and not A'{z>}

=A {v}. This does not affect the fact that A {v} describes a pencil. The modi-

fications, on the safe side, needed in the statement of Lemma 5.4 of [l] are

the following ones: " • • • k(G(cP)) =H if 'P is simple; otherwise H is purely

inseparable over k(G(cP)). Conversely, any simple pencil on V can be obtained

in the described way."

It can now be asked if also Lemma 5.3 of [l] has a generalization. That

this is the case will be shown in section 5.

Theorem 4.2 (Reduction theorem, elementary case). Let Vu F2

be irreducible varieties over k, of dimensions r%, r2 respectively; let Wi (i=i, 2)

be an irreducible Si-dimensional subvariety of F,-, and let D be an irreducible

algebraic correspondence between V\ and Vi, operating on the whole F¿; let U be a

common component of [[D; Vi, W¡\\ Wi, W¡] (i,j = t, 2; i^j), of dimension

dim D-T-Si-r-si — r\ — r2. Then U operates on the whole W\ and Wi. Let Df,

D2\ • ■ • be the components of [D; F,-, Wi] containing U; then each D® has the

dimension dim Z)-)-j,- —r,- and operates on the whole V¡. Assume {D; V¡, IF,} *

and {Df; W¡, Wi] * to exist, and let aih, ßih be the multiplicities of D®, U in

{D; Vj, Wi}*, {Dnl); Wh IF,}* respectively. Let {ft0} be any set of parameters

of Q(Wt/Vi). Then

/ , Ollhßlh   =   E a2hß2h
h h

= e(Q(U/D); f», ^)e(Q(W1/V1); ^)^e(Q(Wi/Vi); {■«)-»,

and this number is called the multiplicity of U in {D; Wi, IF2}*.

Proof. The only assertion which needs to be proved is the last one.

Write Di, ■ • • , Dv in place of Df\ D£\ • • • ; according to Theorem 4.1

we have that a2i is given by e(Q(Wi/V2); ^)~1e(Q(Di/D); f«). For the

same reason, ß2iequals e(Q(WJ Vx) ; ̂ 1))~1e(Q(U/Di);^)i so that E^fr; =

e(Q(W1/V1);t(1))-le(Q(Wi/Vi); ft«)-' ELi e(Q(Di/D); Ç™)e(Q(U/Di); ft").
But Theorem 2.1 implies Eï-i e(Q(D{/D); ft2))e«2(i//F>,); ft1') =e(Q(U/D);
ft'), ft2>), Q.E.D.

5. The behavior of fundamental points.

Theorem 5.1. Let A be an irreducible algebraic correspondence between the

algebraic function field H over k and the irreducible variety V over k, and let {x}

be the h.g.p. of A; if v is a valuation of H over k, let A' be a component of A [v],

and let ß be the multiplicity of A' in A{v} *. Let C be the complete set of exten-

sions of v to H(A) with respect to {x}, and let m be the number of elements of C

which are related to A' ; then

m ins A
ß =-

ord A'

Proof. Let ^(yo, • • • , y<¡, F) be a determination of ^(.^.....»¿.yA having
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all the coefficients in Rv, one of them being equal to 1. Set H*=H(t), K*

= H*(x), k* = k(t); let v*, w be the unique extensions of v to H*,

II*(yo, • • • , yd) over k*, k*(y0, ■ ■ ■ , yd) respectively. Let N be the smallest

normal extension of H*(y0, • • ■ , yd) containing K*, @ the Galois group of

N over H*(y0, • • • , y<i), & the Galois group of N over K*; let {ai, • • • , an\

be a set of representatives of the left cosets of § in ®, oí being in §. The

polynomial \p(yo, • • • , yd, Y) is irreducible over H*(y0, • • • , yd), but it

acquires the root Y = yd+i in K*. Hence \p splits completely in N, namely

vHyo, • ■ ■ , yd, F)=aJX?=i (F—a-,yd+i)e, where e = exp A and v*(a) =0 (Lemma

3.2). An extension w' of w to K* is related to A' if the following statement is

true: let w', w be the homomorphic mappings of i?„«[x], Rv. with kernels

Q(w'/RV' [x]), $„. respectively; let </>(y0, ■ • • , yd, Y) be the irreducible factor

of 7r^(yo, • • • , yd, Y) such that tyt.y0.-..,yd.YA' is a power of <b, say <f>"; then

<b = 0 is, but for a factor in Kv-, the minimal equation of ir'yd+i over

Kv'(yo, ■ • ■ , yd) (having identified y¡ with 7ry,- and ir'y,- for i = 0, • • • , d). An

equivalent way of looking at the connection between w' and A' is the following

one: A' corresponds to a minimal prime $ of "$„•./?„• [x], the correspondence be-

ing such that <f> = 0 is, but for a factor in ift,«, the minimal equation of y<¡+i over

H*(y0, • • ■ ,yd) mod $; then w' is related to A' if Ç(w'/Rv> [x]) =% We also

remark that any other minimal prime of ^„-[^l induces a distinct ideal in

Rv\yo, ■ • ■ , Vd+i], and that ßh(A')=ah(A).

This being established, let wu • • • , wv be the distinct extensions of w to

K* related to A', that is, having the center 'iß on Rv< [x] ; let ux be any extension

of W\ to N, and suppose that the values of j for which aJlUi induces Wi in K*

(i=i, • • ■ ,v) are jUj-i+l, • • • , m; we have, in particular, juo = 0, ß, = m.

Let S be the decomposition group of Mi over H*(y0, • • • , yd) (see [5] and

[6]). For 7 = 1, • • -, ah we have o-J1Ui=hui for some AG§, depending on 7;

we may assume that oi, • • • , a^, have been selected in such a way that the

h's are all equal to 1. Then a>G,3 forj':Sjui, and any zG3 can be written in

the form a¡h with7'^/xi and hCE-ÍQÍ^g,; in particular, we can take ai = l. Set

R = Rv- [x]/^, and extend ir to a well determined homomorphic mapping ir' of

^„•[^l onto iî, so that R = Kv-[w'x]; let now 7Ti denote a well determined

homomorphic mapping of Q = Rv'[<TiX, • ■ ■ , o-nx] onto £V(J?(wi/D) =£); we

shall assume 7Ti to be an extension of it', so that i?^£). Set ây = 7Tiay7r^1 for

7'=1, • • -, /ti, so that âj is an automorphism of © over i£„. [>"o, ■ • • » yd]-

Now we have to take care of the values of 7' greater than /xi. For an i> 1

(but ^c), and for a7->/x,_i but ^¿u,-, we have that af1Ui = hcr~il_1+jUi for some

ÄG$ depending on 7, and again the elements Cp^+i, • ■ ■ , alli can be selected

in such a way that h = i; we then set ir,- = 7TiO'm¡_1+i, ây = 7riaÉy7ri-1. Now 7r,- is

another well determined homomorphic mapping of O onto O, and its kernel

is C(ui/£>), where w¿ = o-íl~!+iMi, while a¡ is an automorphism of O over

KV'[y0, ■ • ■ , yd]; in particular, â(1<_1+i = l.

In the following consideration we let i take any of the values I, • • • , v,
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while j is such that Hi-i<júni- If <rE£> we have aayW» = awi = Mi, hence aay

= a¡A for some/ such that /í»-i<¿íájUí> and for AG§; besides, the mapping

j-+l is a 1-1 correspondence; this proves that the elementary symmetric func-

tions constructed with the elements aMj_1+iy5+1, • • ■ , aMiy¿+1 belong to the

largest separable extension Z of 77*(yo, • • • , y¿) contained in the decomposi-

tion field of Mi over T7*(y0, • ■ ■ , yd); in particular, HyLw_1+i (Y—ayyá+i)e

E(£>r\Z)[Y]. It is known (see [5], [6]) that Tn(DnZ)QKw; therefore

ft    (F-n^w)«-     ft    (F-Sjr,y*l.0«-//(F)
)'=M¡-1+1 Í-MÍ-1+1

belongs to 7C,„[F], or also to Kv-[y0, ■ • • , yd, Y] since O is integrally de-

pendent on 7£"„«[y0, • • • , yd] by the corollary to Lemma 3.2. We shall ac-

cordingly denote// (Y) by /,(y», • • • , yd, Y). Now, /¿(yo, ■ ■ ■ ,yd, 7r,-y«-+i)

= 0 because <rIH_l+i = 1 ; also, /»(yo, • • • , yd, ir'yd+i) =0, which in turn implies

that/» is divisible by $(yo, * * ' > V¿> Y)', and since /»■ is a product of linear

factors conjugate to each other over Kv>(yo, • • • , yd), it must have the

form b4>Pi, where biEKv-. We now have:

7T<fHyo, • • • , ya, Y) = 0ra)6i ■ • • 6^>p>+---+p>'co(yo, ■ ■ ■ ,yd, Y),

where w = HjLm+i (^—^ia¡y<¡+i)e. Assume to(y0, • • • » ya, TTrVd+i) = 0 ; then

7Ti(yd+i — (Tiyd+i) =0 for some ¿>m, hence (1 — aj)yd+iG^ßui, from which we

derive (1 — a!)zG^ß»<1 for any 2GT2„.[yo, ■ • • , ya+i]; in particular, if z

EC((r'[1Ui/Rv'[yo, ■ ■ ■ , yd+i]) it follows that cnzE%n and zG^P«,, which

means that af x«i and Ui have the same center on Rv-[yo, • • ■ , yd+i], a con-

tradiction because l>m. We conclude that w is not divisible by <j>, so that

Pi+ • • • +p„=tt; on the other hand, 0"1+--'+^ has, by construction, the de-

gree em in Y, which proves that a deg A'=em. This finally gives

emh(A) m ins A
0 = -——= -> Q.E.D.

A(A') deg A'        ord A'

Corollary. Maintain the same notation as in Theorem 5.1, and let vi, • • • ,

vv be the distinct elements of C which are related to A' ; then ß = / ,L i [TVj : Tv ]

X[KVj:Kv(A')].

Proof. By formula (2), and with the notation of the proof of Theorem 5.1,

we have m ins A= ¿JL, [TWj:Yw][KWj:Kw]= YA^rTw][KWj:Kv(A')(t)]

X ord A', so that ß = 2Ji [!%■ : r„ ] [KWj : Kv(A') (t) ]. This is the contention of the

corollary, since wit ■ ■ ■ , w, are the extensions of Vi, • • • , v, to K* over

k*(yo, ■ ■ -, yd), Q.E.D.

Theorem 5.2. Maintain the notation of Theorem 4.1, and set r = dim G;

let {x} be the h.g.p. of D[F]; then n = e(Q(D'/D)/k(F); x) exists. Let v be an

r-dimensional valuation of k(F) with center G on F, and let Vi, • • * , », be the

distinct valuations of k(D) of dimension r+dim D — dim F which induce v in
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k(F) and which have the center D' on D. Then

.   nrpl     É[r./:r,][JT./:*(zy)]
» ins D\F\        )=i

ord D'[G]   ~ [Kv:k(G)]

Proof. (1). If F is analytically irreducible at G, the first contention is a

consequence of Theorems 4.1 and 3.1.

(2). In the general case, set A=Z>[F], K — Kv; we have, by definition,

that A\v\ is the extension Ik to K of the cycle %=D\g\ ; therefore, if 3' is

the component of 3 given by D'\G\, and if a' is the coefficient of 3' in 3,

that is, the multiplicity of D' in \D; V, G}, l'K has the form Ey=i e_1(exp3')Ay,

where Ay are components of A {v}, and e = exp A,- (the same for each 7) ; Ay ap-

pears in A\v\ with the multiplicity ßj =a'e~l exp 3'. If now a, ß,- are the

multiplicities of 3', Ay in D{g}*, A\v}* respectively, the relation between

them is /3y ins Ay = a ins 3'; from this relation and Theorem 5.1 we obtain

a ins 3' red Ay = m¡ ins A, where m, is the number of elements of the complete

set C of extensions of v to k(D) with respect to {x} which are related to Ay.

Therefore a ins 3' Ej red Ay = ins A Ej'wy> or a ord 3' = n ins A, where n is the

number of elements of C whose valuation ring contains Q(D'/D). This shows

that n does not depend on v, that is, that n = e(Q(D'/D)/k(F); x), and also

gives the first expression for a. The second expression is a consequence of

statement 5 of Theorem 3.1, or also of the corollary to Theorem 5.1, Q.E.D.

Now let F, V, D,G, {x} have the same meaning as in Theorem 5.2 or 4.1,

but let us not necessarily assume the existence of {D; V,G\. Let D' be a com-

ponent of [D; V, G] of dimension equal to dim D — dim F+dim G, if there

is any. If e(Q(D'/D)/k(F); x) exists, then a certain multiplicity can be

attached to D' with respect to G and D, namely the number a*

= e(Q(D'/D)/k(F); x) ins D[F] (ord D'[G])~l which, by Theorem 3.1,

coincides with e(Q(D'/D); Ç)e(Q(G/F); ft-1 ({f} being a set of parameters

of Q(G/F)) which would give the multiplicity of D' in {D; V, G]* if the

latter existed. This number will be called the multiplicity of D' in {D; V, G} *

even if {D; V,G}* does not exist; the number a = a*h(D'[G])h(D[F])~1 will

in turn be called the multiplicity of D' in \D; V, G). The same definition

applies to the multiplicities of D' [G] in D {G} * or D {G}. In order to avoid a

notation which needs the use of the quotient rings, we shall put a*

= e(D'/D; V, G)* = e(D'/D; G, V)*, and a = e(D'/D; V, G)=e(D'/D; G, V).
Therefore if {D; V, G)* exists it is given by ^2ne(Di/D; V, G)*Dt, where

Di ranges among all the distinct components of [D; V, G]. According to

Theorem 3.1 we have:

Theorem 5.3. Let D be an irreducible algebraic correspondence between the

irreducible varieties F, V over k, operating on the whole F; let G be an irreducible

subvariety of F, D* a component of [D; V, G] of dimension equal to dim D



374 I. BARSOTTI [November

— dim 7"+dim G. Denote by F' any model of k(F), by G' any irreducible pseudo-

subvariety of F' which corresponds to G in the birational correspondence between F

and F', by D' the irreducible algebraic correspondence between F' and V, bira-

tionally equivalent to D, such that D'[F'] =D[F]; then:

1. If Fis analytically irreducible at G, e(D*/D; V, G) exists.

2. Assume F' to be such that D'\G'\ exists for each G' which has the same

dimension as G, and that Q(G/F)C.Q(G'/F') for each such G'; write D'\G'\

= ä + ä'i i being such that its components are components of the extension of

D*[G] over k(G'), while 3' has no component in common with such extension.

Then e(D*/D ; V, G) exists if and only if deg 3 does not depend on G' ; and in this

case we have

e(D*/D; V, G) = deg 3(deg D*[G])~K

The reduction theorem can be extended, with the same proof, in the

following way:

Theorem 5.4 (Reduction theorem, general case). In the statement of

Theorem 4.2, let us replace the assumption of the existence of [D; V¡, Wi\*

and {Df; Wh Wi)* by the assumption that e(Df/D; Vs, W{)* and e(v7/7J>i°;

W¡, Wi)* exist for each i, A; ¿Aew ̂ (D^/D; V¡, Wi)*e(U/Df; Wh Wi)*
does not depend on i, and will be denoted by e( U/D ; Wi, W2) * = e( U/D ; W2, Wi) *.

Its value is given by the same expression as in Theorem 4.2.

As we have previously remarked, there is the possibility that

e(D*/D; V, G) or e(D*/D; V, G)* (notation as in Theorem 5.3) are not

integers; that this occurrence may actually take place is proved by the follow-

ing example: in the notation of Theorem 5.3, let k be the field obtained by

adjunction of an indeterminate a to a given field; let F be the irreducible

variety over k whose n.h.g.p. is [zi, z2, z3}, where 2i2|=2^, and let G be the

point of 7" given by Zi = a, z2 = z3 = 0. Then k(G)=k. Let V be the straight

line over k whose n.h.g.p. is x, and let A be the irreducible algebraic cor-

respondence between k(F) and V such that $>(A/k(F) [x]) is the principal

ideal generated by X+Z3Z2"1. If D=Da,f, DIG] does not exist; however,

D[G] is the irreducible variety x2 = a over k = k(G), and it has to be counted

with the multiplicity 1/2. In fact, choose for F' the plane whose n.h.g.p. is

{zi, z2 }, where z2 =z2, Zi'z2 = z3, so that z{2 = Zi. Then D' has the n.h.g.p.

{x, z{, z2 }, where x+zi" =0, and G' is given by z{ =a1/2, z{ =0, so that

k(G') =k(a112). Therefore D'[G'\ exists and equals the integral cycle 3 = 1A'*,

where A'* is the irreducible variety over k(a112) given by x=a1/2.

There are evident cases in which one can assert a priori that e(D*/D ; V, G)

or e(D*/D; V, G)* are integers. For instance: if {D; V, G\ exists, then

e(D*/D; V, G) is an integer; if G is a point and k is algebraically closed,

then e(D*/D, V, G) and e(D*/D; V, G)* are integers, as a consequence of

statement 2 of Theorem 5.3; if e(D*/D; V, G) is an integer and h(D*[G]) = 1,
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then e(D*/D; V, G)* is an integer; if G is simple on F, then e(D*/D; V, G)*

is an integer. Less trivial cases are described in the following result:

Theorem 5.5. Maintain the notation of Theorem 5.3; we have:

1. Let x be any minimal prime of the zero ideal of the completion R of Q(G/F),

and let {f} be a set of parameters of Q(G/F); then e(D*/D; V, G)* exists if

and only if R is (but for an isomorphism) a subring and subspace of the com-

pletion S of Q(D*/D), and if in addition e(S/xS; fte(i?/r; ft-1 does not depend
on x;

2. If e(D*/D; V, G)* exists, it is not greater than the length I of

<$(G/F)Q(D*/D); in particular, if it is known that e(D*/D; V, G)* has to be

an integer, and if 1 = 1, then e(D*/D; V, C7)* = l;

3. // G, D* are simple on F, D respectively, then e(D*/D; V, G)* exists

and equals the length of <$(G/F)Q(D*/D);

4. // e(D*/D; V, G)* exists, it equals the limit, for j approaching infinity,

of the ratio

length MG/F)JQ(D*/D))

length ^(G/F)'

Proof. 1. We identify D, D* respectively with D, Di of Theorem 3.1, and

let o, o*, 5, 5* have the same meaning as in step 3 of the proof of that theorem.

Let m, m* be the maximal primes of o, o* respectively, fn = mö, fft* = m*ö*.

Assume e(D*/D; V, G)* to exist, and let O be the integral closure of

o, nti, m2, • • • the minimal primes of mO, T¡ the Omy-topology ; set £)* = Oo*,

and let m*, ni2*, • • • be the minimal primes of m*£)*, T* the Om'-topology.

In the course of the proof of Theorem 3.1 it has been shown that for each j

there is an m* which lies over nty, so that T% induces T¡ in Dm¡ by [l3]. Let

T, T* be the o-topology and the o*-topology respectively; then T* is induced

in o* by T*r\T2*(~\ ■ ■ ■ , and Fis induced in o by TiC\T2r\ ■ ■ ■ . This proves

that T* induces T in o, so that 5 is a subring and a subspace of Ö*. The

other contention is part of the following proof of the converse.

Conversely, let 5 be a subring and subspace of S*. Let t be a prime

divisor of k(F) whose center on F is G, and let v* be the usual unique exten-

sion of v to A^(o). RV' contains some £>mj, and the completion of Omy contains

some 5/r; besides, each r is related to some my in this manner. By [13], v* has

an extension v to the quotient field of the completion of Dmj, hence to A^(ö/r),

and C(v/(ô/x)) =fñ/r. Let ti*, r2*, • • • be the minimal primes of rö*; then v has

some extension to each Â^(5*/r*), whose center on 5*/r* is m*/xf. On the strength

of this fact, and by essentially the same argument as the one employed in

step 3 of the proof of Theorem 3.1, we obtain n(v) ins D[F]e(o/x; ft

= ord D*[G]e(ô*/xô*; ft, n(v) having the same meaning which it has

in Theorem 3.1. Hence n(v) does not depend on v if and only if

e(ö*/rö*; fte(5/r; ft-1 does not depend on r; this, because of statement 1 of
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Theorem 3.1, and because of the lemma at the end of this proof, completes

the proof of assertion 1.

2. The length / of ^(G/F)Q(D*/D) is the length of mo*; we contend

that this, in turn, equals the length of iïïô*. In fact, set q = mo*, so that

q = mö* = qö* is the closure of q according to the 6*-topology. Let q = qi

Cq2C • • ■ Cq; = m* be a maximal chain of primaries between q and m*,

and consider the chain q = qiCq2C ■ ■ ■ Cqi = m* constructed with the

closures of the q/s; assume q,ÇQCqy+i> Q being a primary; then qyÇlQ

rN\o*Cqy+i, hence qy=QP\o*. Let qEo* be such that qy+i = qy+go*; then Q

consists of elements of the form aq-\-q', where aEö* and g'Gqy; let a be the

set consisting of the elements aEö* such that aq-\-q'E€ï for some (hence

for each) g'Gqy; o is an ideal of 5*, and 0 = ga+qyCgm*-|-qy since a is

proper. Now, <znt*Çqy, hence gm*Çqy, so thatQ = qy. This proves that the

chain }qy} is maximal, or that I is also the length of mö*.

Now, [(ö*/tö*)fC(-o/v):tC(ö/x)]e(-o/r; r)=e(5*/ro*; D [ö*/m*:ö/m], and

therefore e(7J)*/7);F,G)* = e(5*;f)e(o;f)-1 = e(ß*/r5*;f)e(5/r;f)-1=[(ö*A5*)

XK,(ô/t):it,(ô/r)][o*/m* : o/m]-1 g length (m/r)(S*/rö*) = length mö*/r5*
= / by Theorem 8 of [4].

3. This is a consequence of the formula e(D*/D; V, G)*= [A^(5*) :A^(5) ]

XtoVm^o/m]-1 and of Theorem 23 of [4].

4. This is a consequence of the results of [8].

In the proof of statement 2 we have used the fact that the condition of

e(S/vS; f)e(72/r; f)_1 being independent of r is equivalent to the condition

that e(ö*/xö*; Ç)e(ô/x; f)_1 is independent of r (notice that r has different

meanings in the two conditions). Now, this is a consequence of the following

result:

Lemma. Let Rbea geometric domain, m its maximal prime, 72 its completion ',

let x be an indeterminate, and set o = 72[x]mB[a;]; let 5 be the completion of o-

Then there is a 1-1 correspondence 3î—>r = 5ROT2 between the set of the minimal

primes 9î of the zero ideal of 5 and the set of the minimal primes r of the zero

ideal of 72. If, in addition, {f} is a set of parameters of 72, ¿Aew e(ô/9î; f)

= e(72/r; f) (after identifying the Çs with their classes mod 9Î).

Proof of the lemma. The set of the r's is in 1-1 correspondence with the

set of the minimal primes of the extension of m to the integral closure of 72;

this set is in 1-1 correspondence with the set of the minimal primes of the

extension of mo to the integral closure of 0, and this in turn is in 1-1 cor-

respondence with the set of the 9î's. This proves that the correspondence

3Î—>r is 1-1. Let S' be the integral closure of 72, p a minimal prime of mS',

S = S'V, D = S [x ]$six] ■ Let S, O be the completions of S, £>, and assume that p

corresponds to r. It has been shown in case 2 of the proof of Lemma

2.2 that 7^(5)=A^(72/r)Lso that also 7^(£J) =Ç(°/9ï)- As a consequence,

e(S; t)[S/mS:R/m]=e(S; f) [S/mS:72/m] =e(R/x; f), and in like manner
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e(0; Ç)[(S/mS)(x):(R/m)(x)]=e(5/R; ft. By Lemma 3.1 we have e(S; ft

= e(D;ft, so that e(i?/r;ft=e(ö/9i;ft, Q.E.D.
We now let k, F, D, V, G have the same meaning as in Theorem 5.3,

while D* is a component of [D; V, G], concerning whose dimension no a

priori assumption is made. If {x0, ■ ■ ■ , xm\ is the h.g.p. of F>[F], let

Xo, • • • , Xm be indeterminates, so that {Xo, • • • , Xm) is the h.g.p. of

the projective space over k(F) of which I?[F] is subvariety. [Xo, • • • , Xm\

is also the h.g.p. of the projective space over k(G) of which Z>*[G] is sub-

variety. Let {z} be a n.h.g.p. of F for which G is at finite distance, {z} the

corresponding n.h.g.p. of G, {x} the h.g.p. of Z)*[G]. If p is the characteristic

of k, and if p^O, let {tu h, • • ■ } be a ^-independent basis of k(G) over

k(G)p, and consider the derivations d/dA7",-, d/dtjoi k(X, z) over k(G)p; if p = 0

or if k(G) is perfect the d/dtj simply do not exist, and the d/dXi are deriva-

tions over k(G). Finally, let {fi(X, z), fi(X, z), ■ ■ ■ } be a basis of

p(D/k[X, z]). We shall denote by J(f(X, z); X, t) the jacobian matrix of

the fi(X, z) with respect to the derivations d/dXit d/dti. The following result

is a criterion for multiplicity one expressed for homogeneous x's and non-

homogeneous z's; the easy transformation of the criterion to the cases in

which the x's are nonhomogeneous, or the z's are homogeneous is left to the

reader.

Theorem 5.6 (Jacobian criterion for multiplicity one). Using the

previous notation, and assuming G to be simple on F, we have that the two fol-

lowing statements are equivalent:

1. dim D* = dim £>-dim F+dim G, and e(D*/D; V, G)* = l;
2. J(f(X, z); X, t) acquires the rank (m — dim D+dim F) when the X's

are replaced by the x's.

Proof. If dim £>* = dim D-dim F+dim G and e(D*/D; V, G)* = l, then
mi?[x] has the isolated primary component p'= p(D*/k[x, z])R[x]; here we

have denoted by m, R respectively ^|3(G/F) and Q(G/F). This means that

mi?[A"]+pi?[X] has the isolated primary component p(D*/k[X, z])R[X],

after putting p= ff(D/k[X, z]). Reducing mod mi? [A-] we obtain

that {f\(X, z), fi(X, z), • • • } is the basis of an ideal of which ^5

= $>(D*[G]/k(G) [X]) is an isolated primary component. Therefore there

exists a regular set of parameters of &(G)[AT]$ every element of which is a

linear combination of the fi(X, z)'s with coefficients in k(G) [X], But then

Theorem 10 of [14] yields the contention expressed in statement 2, since

m — dim F>+dim F is the dimension of &(G)[X]$.

Conversely, assume J(f; X, t) to have the desired rank for X = x. Then

dim D* = dim D — dim F+dim G, otherwise / would have rank less than m

— dim £> + dim F, independently of whether {/} is a basis of ^k(G) [X]<$ or

not. Furthermore, (m — dim D+dim F) among the/'s form a regular set of

parameters of k(G) [X]<$ because of Theorem 10 of [14], and this shows that
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{/} generates an ideal of which "iß is an isolated primary component. We can

then retrace the previous steps, obtaining that mT2[x] has the isolated pri-

mary component p'. Since T2 is regular, this shows that e(D*/D; V, G)*
= 1, Q.E.D.

Corollary. With the same notation as of Theorem 5.6, we have that the

following three statements are equivalent to each other:

1. dim 7>* = dim 7>-dim F+dim G, ins 7>*[G] = 1, and e(D*/D; V, G)*
= 1;

2. J(f(X, z); X) acquires the rank m — dim 7?-|-dim F when {x} is re-

placed by {x} ;

3. J(f(X, z); X) acquires the rank m — dim D+dim F when {X} is re-

placed by {x} and {z} by {z} ; in this case J denotes the jacobian matrix with

respect to the derivations d/dXi of k(F)(X) over k(F).
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