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1. Introduction. Recent papers by Arens [l], Arens and Singer [2], and

Hoffman and Singer [6] deal, in part, with a certain subalgebra of a group

algebra consisting of those functions which vanish outside of a given semi-

group.

Throughout the literature, we find theorems concerning particular sub-

algebras of this type. For example, it is known that if G is the integers

[reals] and L+ is the algebra of all (complex-valued) summable functions

which vanish on the negative elements of G, then the uniform closure of the

set of (Fourier) transforms of members of L+ form the set of all continuous

functions on the circle [reals] with absolutely convergent Taylor series ex-

pansions on the closed disc [upper-half plane]. (See Arens and Singer [2] and

Naimark [9]).

Again, Wermer [14] has proved the following: Let G be a discrete Abelian

ordered group, let L1(G) be the group algebra of G, and let L+ be the subalge-

bra of L1(G) consisting of those functions which are identically zero on the

negative elements of G. Then L+ is a maximal subalgebra of L1(G) if and

only if the ordering in G is Archimedean.

These papers and results suggest that such subalgebras of group algebras

may be treated in a unified manner. This paper is an initial step in such a

treatment.

Throughout, we let G be a locally compact group and we denote by

LX(G) the group algebra of G.

In the section entitled Vanishing algebras, we define a vanishing set L$

as the set of all summable functions in LX(G) which vanish (a.e.) outside of

the given measurable subset S of G. In case Ls is an algebra, we call it a

vanishing algebra. We then determine some of the properties of S and Ls

which induce corresponding properties in the other. It is shown that if 5 is a

semigroup a.e., then Ls is a vanishing algebra (Theorem 3.10); and if Ls

is a vanishing algebra, then there is a measurable set TEG such that the

closure of T is a semigroup and Ls = LT (Theorem 3.12). The set Ls is a self

adjoint algebra if and only if 5 is a subgroup a.e. of G (Theorem 3.15). Now
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let Ls be maximal with respect to being a proper vanishing algebra in L1(G).

It is proved (Theorem 3.19) that either 5 is dense in G or 5 can be replaced

by a proper closed semigroup T, i.e., LS = LT.

Part 4 concerns itself with the set of (Fourier) transforms of elements be-

longing to a vanishing algebra, where G now is a locally compact Abelian

group. An interesting result (Theorem 4.3) states that Ls is a separating set

if and only if S "topologically generates" G. Separating sets have recently

been studied by Rudin [10]. It follows from the above mentioned theorem

that the paper on Generalized analytic functions by Arens and Singer [2 ] deals

exclusively with separating vanishing algebras. The remainder of §4 is de-

voted to showing that while no proper vanishing set is contained in a proper

closed ideal of Ll(G), the closure (in i^G)) of its set of transforms is an ideal

of L1(G), where G is the dual (or character) group of G. (See Theorem 4.5 and

Theorem 4.6.2.)

§5 is another application of the methods developed here. We prove

(Theorem 5.1) that if S is a subsemigroup (of positive measure) of a compact

Abelian group, then S is an open and closed subgroup of G. We also exhibit

(Corollary 5.6) a class of groups which admit only two vanishing algebras;

{0} andiKO-
Several questions remain unanswered, among which are: (1) Under what

conditions is a maximal vanishing algebra a maximal subalgebra of L1(G)?

(See Theorem 3.23 and the remark at the end of this paper.) (2) If Ls is a

vanishing algebra, is there a subsemigroup T of G for which Ls = Lt?

The author is deeply indebted to Professor Fred B. Wright for his direc-

tion, encouragement, and understanding, and wishes to take this opportunity

to express his gratitude. The author would also like to thank Professors

B. J. Pettis and H. H. Corson for their helpful suggestions and many en-

lightening discussions.

2. Preliminaries. Throughout this paper, the symbol G will stand for a

locally compact topological group. We will write our groups multiplicatively

with 1 denoting the identity. As usual, if 5 and T are subsets of G, then

ST={st:sES and tET} and 5^= {s-1: sES}.

In any locally compact group, there exists an (essentially) unique left-

invariant Haar measure n and we will designate the modular function by A;

i.e., n(Sx) =A(x)n(S) for all measurable SEG and all xEG. Ii G is Abelian,

then A = 1 and u is both left and right invariant.

Let L1=L1(G) be the set of all complex valued, measurable (with respect

to n) functions/ on G with the property that f\f\dn< <x>. Then L1 forms a

Banach algebra under the norm ||/|| =f\f\dn; the multiplication being con-

volution defined by f*g(x) = ff(xy)g(y~1)dn(y). This algebra is called the

group algebra of G (see Segal [12]). The group algebra also has a continuous

involution/-^/* defined by/*(x)= [f(x~1)]~A(x~1).

2.1. Definition. Let xEG. We say that x is a density point of a measura-
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ble subset 5 of G, if every measurable open neighborhood of x meets 5 in a

set of positive measure. We denote the set of all density points of 5 by the

symbol D(S). If SED(S), then 5 is said to have the density property.

These density points are not to be confused with points of metric density

1. It is true, however, that the points of metric density 1 are also density

points.

A careful comparison between the "density operator" D, Kuratowski's

closure operator and the category operator should prove very interesting, but

does not suit our purpose here. We content ourselves with exhibiting several

properties of D without calling attention to the corresponding properties of

the above mentioned operators.

2.2. Lemma. For any measurable subsets S and T of G we have: (1) D(S) is

closed, (2) S«CD(S)ES, (3) if ju(5)>0, then SC\D(S)^0, (4) if n(S)=0,
then D(S) = 0, (5) if SET, then D(S)ED(T), and (6) if SED(S), then every
open set which meets S meets it in a set of positive measure.

Proof. (1) If xED(S), then there is an open measurable set U containing

x with /j,(Ur\S) =0. Then it must be that UC\D(S)=0.
(2) Let xES°. Then every open set U about x contains an open set V

such that xE VES and f*(V) >0, hence xED(S). Clearly every point of D(S)

is in the closure of 5.

(3) Since Haar measure is regular, we may approximate the measure of

5 by a compact subset CES. If no point of 5 were a density point, we could

cover C with a finite number of sets of measure zero and it follows that

M(C)=0;M(5)=0.
Statements (4), (5), and (6) are proved in a similar manner.

The following are immediate consequences of 2.2.

2.3. Corollary. Let S be a measurable subset of G. If S is closed, then

D(S) ES. If S is open, then SED(S) =5.

2.4. Corollary. Let S and T be measurable subsets of G. Then D(S)

-D(T)ED(S~T). Therefore, if the symmetric difference, (S - T)VJ (T - S), of
S and T has measure zero, then D(S) =D(T).

The fact that D(S)ED(F) does not imply n(S—T) =0 is seen by taking

S to be the unit interval and T to be an open dense subset of 5 with measure

less than 1. Then u(S-T)>0 and by 2.3, D(S)=D(T).

2.5. Theorem, i/ 5 is measurable, then Sr\D(S) is measurable and

n(S — D(S)) =0. Hence, if S is measurable and closed, then D(S) is measurable.

Proof. Let Cn, n = l,2, ■•■,bea sequence of compact sets which cover

S (see [4, p. 26]). Since D(S) is closed, D(S)r\Cn is measurable for each n.

Therefore   SC\D(S) =Unw_i [D(S)r\CnnS]   is   measurable.   Now   S-D(S)
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= S— (D(S)t~\S) is measurable and if it had positive measure, then

D(S-D(S))r\(S-D(S))^0, by 2.2 (3). But D(S-D(S))ED(S), hence
n(S — D(S)) =0. The last statement now follows from Lemma 2.2 (2).

By the above theorem, all of the measure of 5 is contained in D(S) and

so the following corollaries are clear.

2.6. Corollary. // 5 and T are measurable, then (1) n(S) =n(SC\D(S)),

(2) n(SHT)=iJi(Sr\Tr\D(S))=iJi(Sr\Tr\D(T)), and (3) SC\D(S) has the
density property.

2.7. Corollary. For any measurable open set U and any measurable set

S, the following are equivalent: (1) n(Ur\S)=0, (2) Ur\D(S)=0, (3) UC\S
C\D(S)=0, (4) ii.(Ur\Sr\D(S))=0. Thus D(D(S)) =D(S).

2.8. Corollary. If S is measurable, then (Sr\D(S))- = (D(S))~ = D(S)
= D(Sr\D(S)).

We now exhibit some algebraic properties of D.

2.9. Lemma. Let S and T be measurable subsets of G. Then (1) (D(S))^1

=D(S~1), and (2) [(S)(D(T))]VJ[(T)(D(S))]ED(ST).

Proof. The first statement follows from the fact that ^(U^r^S) >0 if and

only if n(Uf~\S~1)>0 for any two subsets U and 5. Now let x = ab, where

aES and bED(T), and let U he any open neighborhood of x. Find Fand W

open sets about a, respectively, b such that VWE U. Then, for sE V(~\S, we

have n(s(Wr\T))>0, s(WC\T)E(UC\ST), and thus xED(ST). It follows
from this argument that assertion (2) is true.

Now D(S) is always contained in S and hence, by 2.9 (2), (D(S))(D(T))

ED(ST). If we now substitute 5 for T, we have

2.10. Theorem. // 5 is a semigroup, then D(S) is also a semigroup.

Throughout the remainder of this note, we use the letters P, Q, S, and T

to denote measurable subsets of G. We also use the convenient notation

"SET a.e." to mean that ij.(S— T) =0 and "S = T a.e." when the symmetric

difference of 5 and T has measure zero; i.e., when n((S— T)\J(T— S)) =0.

By "5 is a semigroup a.e." we mean there exists a semigroup TEG such that

S=T a.e. The symbol xs will denote the characteristic function of the set 5.

3. Vanishing algebras. We define here for each measurable subset S of G

a subset Ls of L1 and determine which properties of 5 and Ls induce cor-

responding properties in the other.

3.1. Definition. Letf EL1. Then 5 is said to be a support for/if/ = 0 a.e.

outside of 5. An equivalent statement would be that fG-s\f\dfi = 0.

3.2. Definition. Let us designate by Ls the set of all members of L1

which have S for a support. If Ls forms an algebra (a subalgebra of L1), we

call it a vanishing algebra and write Ls is a v.a.
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From the definition of the set Ls it is evident that the following result is

true.

3.3. Lemma. (1) Ls is always a closed linear subspace of L1, and (2) SET

a.e. if and only if LsELt; S=T a.e. if and only if Ls = LT.

The measurable set SEG is itself a measure space and as such it is clear

that Ls can be considered as identical with L1(S).

3.4. Theorem. The set Ls is a vanishing algebra if and only if xp * XqG-Ls

for every pair of sets P, Q contained in S having finite measure.

Proof. The condition is surely necessary. From the above remark we see

that the subspace spanned by such characteristic functions is dense in Ls.

Then the sufficiency follows from the fact convolution is jointly continuous

and Ls is closed.

We now proceed to examine xp * X<3 and exhibit some conditions on S1

which are necessary in order that xp * XqELs.

3.5. Definition. For any two sets P and Q with finite measure and for

any yGG, let uP,Q(y) =n(y-1Pr\Q~1) and let WP,Q= {yEG: wP,Q(y) >0}.

We remark that cop.q is a measurable function and that Wp,q is a measura-

ble set (see [4, p. 261 and p. 79]).

3.6. Lemma. If P and Q have finite measure, then Wp,qEPQ- If Q has the

density property (see 2.1) and P is open, then Wp,q = PQ.

Proof. From the definitions above it follows that if yEWp,Q, then

y-1PC\Q-19£0 and hence yEPQ- Now if Q has the density property, then
surely so does Q"1, and therefore every open set which meets Q-1 meets it in

a set of positive measure. Consequently, WPiq= {y: y-1PC\Q~l t^0 } =PQ.

3.1. Lemma. IfP and Q are subsets of S with finite measure, then (1) xp * Xoiy)

= cop,o(y) for almost all y, and (2) ju(-P)m(<2) =Jwp,qXp * Xq^M-

Proof. By definition, for almost all y, we have

xp*XQiy) = I xpiyx)xQix-1)dliix) = I ^xpiyx)dnix)

= f   x,-4j.(*)4»(*) = niy-'P f\ Q-1)

and (1) is proved. By the Average Theorem [4, p. 261 ] and part (1), we have

fiiP)niQ) =Jxp * Xo.du= Jo>P,QdLi = JwPiQuPtQdLi and the lemma is proved.

The next two lemmas are essential in obtaining the main results of this

section.

3.8. Lemma. // P and Q are subsets of S having finite measure, then the
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following are equivalent: (1) xp * Xq&Ls, (2) (Wp,q — S) has measure zero, and

(3) n(Q)n(P) =JwP,QnsXP * XQ^M-

Proof. If xp *Xq<E.Ls, then it vanishes almost everywhere outside of S.

But it is positive everywhere on Wp,Q and therefore h(Wp,q — S) =0. Clearly

(2)=>(3) in light of 3.7 (2). It remains to show (3) is sufficient for (1). Again,

by the Average Theorem, we know Jxp * Xq^M=m(-P )/*((?)• Then, by hypoth-

esis, Jxp * Xo.dlJ'=fwp,QnsXp * Xq^M and since xp * Xe^O everywhere, it fol-

lows that its support is in 5.

3.9. Lemma. If fi(PQ — S) = 0 for every pair of subsets P, Q contained in S,

then Ls is a vanishing algebra. If Ls is a vanishing algebra, then n(PQC\S)>0

if P and Q are subsets of S with finite positive measure; and, if in addition, Q has

the density property and P is open, n(PQ — S) =0.

Proof. By Lemma 3.6, WP,QEPQ and hence, by hypothesis, n(Wp,Q — S)

= 0. Therefore it follows from 3.8 and Theorem 3.4 that Ls is a v.a. and the

first assertion is proved. If Ls is a v.a., then Xp*XqELs and n(Q)u(P)

=Jwp,qC\sXp * XQ^fi, by 3.8. Since xp * Xe^O and WP,Qr\SE(PQC^S) it fol-
lows that 0<n(P)ti(Q)^f(pQns)Xp*XQdn; fj.(PQr\S)>0. If QED(Q) and P
is open, then Wp,Q=PQ and from 3.8 (2) it is true that fx(PQ-S) =0.

3.10. Theorem. If 5 is a semigroup a.e., then Ls is a vanishing algebra.

Proof. By hypothesis, there is semigroup 2" such that 5= Ta.e.; therefore

Ls=Lt. The first part of Lemma 3.9 clearly implies that Lt is a v.a.

3.11. Theorem. If Ls is a vanishing algebra, then D(S) is a semigroup.

Proof. Let U he any measurable open set containing xy, where x, yED(S).

It is our intent to show pt(lir\S)>0; thus proving xyED(S). Choose open

sets V and W about x and y, respectively, which have finite measure and

which also have the property VWEU. Let P= VC\S and (?= WC\S. Then

(PQr\S)E(UC\S); and by 3.9, lx(PQC\S)>0 holds and the theorem is
proved.

We now summarize several of the preceding results in the next two theo-

rems.

3.12. Theorem. Let T = D(S)C\S. Then T = S a.e., T° = S°, T has the
density property and T is closed in S. Thus, if Ls is a vanishing algebra, then S

can be replaced by a set T (i.e., LS = LT) where T has all of the properties above

and, in addition, T is a semigroup.

3.13. Theorem. // D(S)ES, hence if S is closed, then Ls is a vanishing

algebra if and only if S is a semigroup a.e. Explicitly, S = D(S)^J(S — D(S)),

where D(S) is the semigroup and S—D(S) has measure zero.

An immediate consequence of Theorem 3.13 is
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3.14. Corollary. If G is discrete, then Ls is a vanishing algebra if and

only if S is a semigroup.

That these are the best possible results is unknown to the author. The

obvious question "If Ls is a v.a., then is 5 a semigroup a.e.?" remains a

mystery. The answer is affirmative in the special cases when G is discrete

(3.14) or compact (shown in (5)). We conjecture that if G is not discrete, com-

pact, or Abelian, then it is possible to exhibit a subset SEG which is not a

semigroup a.e. but has the property iSS — S) is of measure zero. Then Ls is

a vanishing algebra, by 3.9, thus supplying a negative answer to the question.

As yet, we have not been able to produce such a set.

To establish a connection between the involution in L1 and the group

structure of G, we have

3.15. Theorem. Let S be closed. Then Ls is a self adjoint vanishing algebra

if and only if S is a group a.e.

Proof. That the condition is sufficient is clear. For, Ls is a v.a. and if /

has its support in S, then 5_1 is a support for/*, but 5 = 5_1 a.e. To prove

necessity, we first establish that (LS)*=LS-1 by observing that A(x_1) is a

positive number and hence /*(x)=0 if and only if /(x_1)=0. Then, by

hypothesis, Ls = (-Ls)* = Ls"1; so S = S~1 a.e. and by 2.4 and 2.9 (1) we have

DiS) =DiS~1) = iDiS))-1. Since Ls is a v.a., DiS) is already a semigroup so

DiS) must be a group; S must be a group a.e.

3.16. Definition. A subset A of a topological space is said to be regularly

closed if A = [^4°]~. We define a subset SEG to be smooth if (1) S is non-

empty and proper, (2) 5 is measurable, and (3) S is regularly closed.

If S is smooth, it is clear that (1) S is closed, (2) S°^0, (3) niS)>0,

(4) G — S is a nonvoid open set, (5) xS is a smooth set for each xEG, and

(6) S = D(S).

3.17. Lemma. Let Ls be a vanishing algebra where S°^0. If S is open

[closed], then S [S°] is a semigroup. In either case [S°]~ is a smooth semigroup.

Proof. If 5 is open, then D(S) =S (Corollary 2.3). By 3.11, D(S), and

hence S, is a semigroup. If S is closed, then it follows from Lemma 2.2 that

(D(S))° = S° and we know that the former is a semigroup since it is the interior

of a semigroup. The assertion [S°]~ is smooth is true for any set with a non-

void interior.

The next lemma is needed for the proof of a later theorem (3.22) but it

seems to fit in better here.

3.18. Lemma. Let Ls be a vanishing algebra with S closed. Then (D(S))(S°)~

E[Sa]-. Thus, if 1E[S0]-, then [S°]-=D(S).

Proof. Now S°ED(S)ES = S and since D(S) is a semigroup, we have
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(D(S))(S°)ES«; therefore (D(S))(S°)-C [S°]~. The second statement follows

from the first and the fact that [5°]~C-D(5) always holds.

We now turn our attention to maximal vanishing algebras. A vanishing

algebra Ls is called a maximal vanishing algebra ii (1) it is proper, and (2) if

Lt is a vanishing algebra and LsELt, then LS = LT or Lt=L1.

Let Ls he a maximal v.a. Now D(S) is a closed semigroup of G and

LsELd<.s). Therefore it is true that either S is dense in G or Ls = LD(S). We

have just shown

3.19. Theorem. If Ls is a maximal vanishing algebra, then either S is dense

in G or there is a proper closed semigroup TEG such that Ls = Lt.

If we let S be the right half line union the negative rationals we have that

Ls is proper while 5 is dense. It should be noted that in this case there is a

T such that Ls = LT. It would be interesting to have an example in which S is

dense and the set T of 3.19 does not exist.

Now if Ls is maximal where S is not dense, then we may, and do, assume

that 5 is a proper closed semigroup. It may not be a maximal proper closed

semigroup, but it will be maximal to within a set of measure zero as shown

below.

3.20. Theorem. Let Ls be a maximal vanishing algebra and suppose S is

not dense in G. If T is any proper closed semigroup and SE T a.e., then S=T

a.e. Also, if S is a closed semigroup which enjoys this property, then Ls is

properly contained in only those vanishing algebras LTfor which T is dense in G.

Proof. If SET a.e., then LsELt- Since T is proper and closed, it follows

that Ltt^L1, Ls = Lt, and S=T a.e. To prove the remaining statement, let

Ls he contained in LT, a v.a. It is true then that LsELoiry, SED(T) a.e.;

and D(T) is a closed semigroup. If D(T) is proper, then, by hypothesis,

S = D(T) a.e. and LtELd(.t)=Ls. Thus, either T is dense or LS = LT.

It is interesting to note here that if G is compact and Ls is a maximal v.a.,

then Ls is self adjoint. For, by 3.19, we may replace 5 by a closed semigroup

T. Consequently (see Iwasawa [7] or Wallace [13]), T is a closed subgroup

of G and then, by 3.15, LS = LT is self adjoint. (Note: In §5 we show the word

"maximal" may be omitted if G is compact and Abelian.)

3.21. Lemma. If A is a proper open semigroup of G, then A ?±G.

ProoLJf l_Gl, then by a result of Hille's [5] we have (A)° = A. Thus
G^A = (A)°; A^G.

3.22. Theorem. Let S be a smooth subset (see 3.16) of G with S°^S. Then

these are equivalent statements: (1) Ls is a vanishing algebra which is properly

contained in only those vanishing algebras LT for which T is dense; (2) 5 is a

maximal proper smooth semigroup; and (3) S° is a maximal proper open semi-

group.
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Proof. We first prove (1) implies (2). Let SET where T is a proper

smooth semigroup. Then LS = LT and S=T a.e. It now follows that 5°= T°

and hence S=T; the former being true because both 5 and T are closed; the

latter is true since they are both smooth sets. That (2) is sufficient for (3) is

seen as follows: Let S°ET, an open proper semigroup. Then T is a smooth

semigroup and is proper, by Lemma 3.21. Therefore S=T, and we have

TE(T)° = S°; thus S°= T. It remains to show (3) implies (1). By hypothesis,

Sa is a maximal open semigroup which is not closed. Then, by a theorem due

to F. B. Wright [15], we know that IE [S"]~ = S. Suppose, now, that LsELt,

a v.a., and T is not dense. Then LsELdw) and we can assert S°E(D(T))°;

S° = (D(T))°. It is then a consequence of Lemma 3.18 that LS = LT, for

1ES=[(D(T))°]- and hence S=[(D(T))°]-=D(D(T))=D(T).
We conclude this section with a result resembling that of Wermer's [14]

spoken of in the introduction.

3.23. Theorem. Let G be a discrete Abelian group and let SEG be such that

SOS-1 = {0}. Then the following are equivalent: (1) Ls is a maximal subalgebra

ofL1; (2) Ls is a maximal vanishing algebra; (3) Sis a maximal semigroup; and

(4) G can be linearly ordered with S as the non-negative elements and the ordering

will be Archimedean.

Proof. That (1) implies (2) and, in the discrete case, (2) implies (3) is

quite clear. The implication from (4) to (1) is part of Wermer's theorem. It

remains only to show (4) is a necessary condition for (3). To this end, we

observe that S is not a group (unless G = {0}, in which case everything is

trivial) and is maximal with respect to being a semigroup which is not a

group. It is proved in [3] that in this case G = S\JS-1. It is well known that

under these conditions G can be given an Archimedean order with 5 as the

non-negative members. (See, for example, F. B. Wright [16].)

4. Transforms of vanishing algebras. We endeavor here to examine some

of the properties of the set of Fourier transforms of a vanishing algebra. In

order to avail ourselves of the Pontrjagin duality theory we assume through-

out this section that G is a locally compact Abelian group.

Recall that the Fourier transformation T is a continuous linear homo-

morphism from the group algebra to the algebra of continuous functions,

vanishing at °o, on the character group. It is defined by

Tfiq) = f fix)[qix)]-dn(x)

for each character q. In symbols, T: L1—>C(G), where G is the character group

of G; Tf=f; and f(q) =ffq. The reader is referred to Loomis [8, Chapter 7]

for further details.

We will denote the annihilator, in L°°(G), of a subset A of L1 by A1; i.e..
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A± =   ipELx(G):    j  a(x)[p(x)]~du(x) = 0 for alia E a\ •

The symbols 5 and Ls have the same connotation as before.

4.1. Lemma. (LS)L = \pEL'x(G): p = 0 a.e. on S\; and hence is an ideal of

L»(G).

Proof. If the first assertion is true, the second is clear. If p = 0 a.e. on S,

then it is surely in (Ls)1 and if S has measure zero, the reverse containment

is obvious. Therefore, let ci(5)>0 and suppose we have chosen T to be a

subset of 5 with positive finite measure. Evidently, then, xrpELs for any

PELX(G). Now J(xtP)P~=JtPP and it follows if pE(Ls)x, then it must vanish
a.e. on 5 and the proof is complete.

Let A be a subset of L1 such that the transforms of members of A separate

characters of G. Then we call A a separating set (defined by Rudin in [10]).

For any subset 5 of G, we use the notation [S] to denote the smallest closed

subgroup of G containing S; i.e., S "topologically generates" [S].

4.2. Theorem. Let q and r be two characters on G and let S have the density

property (see 2.1). Then the following are equivalent: (1) q = r on [S]; (2) ffq

= fff for every fELs; and (3) q = r a.e. on S.

Proof. To show (1) implies (2), we have that if fELs, then Jfq—Jff
= Jf(<L~f)=Jsf(q~ — f)=Q, since q — r = 0 on S. That (2) implies (3) follows
from the chain of equalities above and Lemma 4.1 (note characters are also

members of L°°(G)). We now argue that (1) follows from (3) to complete the

proof. Since 5 has the density property, any subset T of 5 such that p(S— T)

= 0 is necessarily dense in S. Thus, the set T= {sES: q(s) =r(s)} is topologi-

cally dense in S; so SE T. But q and r are continuous homomorphisms; there-

fore the set H= {xEG: q(x) =r(x)} is a closed subgroup of G. Hence, SEH;

[S]EH, yielding (1).

4.3. Theorem. 2/ 5 has the density property, then a necessary and sufficient

condition that Ls be separating is that [S] =G.

Proof. That the condition is necessary is a consequence of the previous

theorem and the fact that if H is a proper closed subgroup of G, then there

exists a character q on G such that q = 1 on H but q ^ 1 on G. To argue suffi-

ciency we again cite the previous theorem, for if [S] =G and q^r, then q^r

on [S] and there must be some fELs with fq=Jfq^fff=fr and Ls is sepa-

rating.

The hypothesis "S has the density property" cannot be omitted: Let R

he the additive group of reals and let G be the direct product of R with the

two element group {0, 1}. Let S be the subgroup consisting of all those ele-
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ments whose second co-ordinate is 0 and let T be S union the one element

(0, 1). Then Ls=LT; but T generates G while .S does not.

IffEL1 and yEG, we define a new function/;, by/„(x) =f(xy~1). The func-

tion /„ is clearly in L1 and is called the y-translate of / It is known (see

Loomis [8]) that a closed linear subspace A of L1 is an ideal if and only if A

is invariant under translations; i.e.,/£^4 and yEG imply fyEA (recall that

here G is Abelian). A subset K of L1 is called an approximate identity (ab-

breviated a.i.) for L1 if for every fEL1 and e>0, there exists a kEK with

\\k\\ ^1 such that ||/—/* k\\ <e. The algebra L1 always contains an a.i. (see

Loomis [8, p. 125] or Segal [12]).

4.4. Lemma. If x is a density point of S (see 2.1), then Ls contains the x-

translate of an approximate identity

Proof. Let V be any open set about x and set kv = (l/ii(Vr\S))x(Vr\S).

It follows (see Loomis [8, p. 124]) that the collection {kv} obtained by con-

sideration of all neighborhoods oi x is an x-translate of an a.i.

4.5. Theorem. If Ls ?* {0}, then it is contained in no proper closed ideal of

L\

Proof. Since Ls^ {o}, there must exist some xED(S) and so Ls contains

the x-translate of an a.i. Now if Ls were contained in a closed ideal A, then

A must contain an a.i. since it is invariant. But then A would not be proper

and the proof is complete.

We have just seen that no nontrivial Ls is contained in a proper closed

ideal of L1. The situation for the transforms is as follows:

4.6.1. Theorem. If 1 is a density point of S, then Ls is contained in no

proper closed ideal of C(G); but

4.6.2. Theorem. The closure (in LX(G)) of Lsf^L1^) is an ideal of LX(G).

The arguments are presented below.

We first make the claim: if K is an approximate identity for Ll, then K is

an approximate identity for C(G). For, let gEC(G) and find fEL1 such that

g-/||<e/4  and   pick  kEK  such  that   \\J-Jk\\x^\\f-f * k\\i<e/2.  Then
g — gk\\ ̂ 2\\g—J\\ +||/—/^|| <e. The first inequality follows from ||&|| gl and

our claim is esteblished.

Now if 1ED(S), then by 4.4, Ls has an a.i. and then so does its set of

transforms. Clearly no proper closed ideal can contain an a.i. and Theorem

4.6.1 is proved.

Let r and q be any two characters on G and let fEL1. Then fq (pointwise

product) is surely in L1 and any support for / is also a support for fq. The

equalities (j)q(r) =?(rq) =ffqf = (fq)^(r) show that (f)q = (fq)^'. It is now

clear if }ELs and if qEG, then (f)qELs; Ls^-L'(G) is an invariant subspace;

its closure is an ideal; and we have shown statement 4.6.2.
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Of course, if Lsf^L1^) — {o}, then Theorem 4.6.2 has no content. To

insure this does not happen we need only to insist that Ls he a nontrivial v.a.

For, Lsr\L2(G) is dense in Ls and whenever/, gEL1C\L2(G), it follows that

(/* f)^£L](G) (see Loomis [8, p. 145]). We therefore may restate 4.6.2 as

follows:

4.6.2'. Theorem. If Ls is a nontrivial vanishing algebra, then the closure

(in L1(G)) of Ls(~\Ll(G) is a nontrivial ideal of L1(G).

If G is discrete, then G is compact and hence every element of (L1)^ is

also in L1(G). Also ||/||ig||/||M for each}EC(G). Therefore, the above theorem

tells us that if G is discrete and if A is the collection of generalized analytic

functions on G (for a given semigroup of G (see Arens and Singer [2])),

then the closure of A in L\G) is an ideal.

5. Compact Abelian groups. We have seen in §4 that if Ls contains

more than one element, then it is contained in no proper closed ideal of L1.

Also, if SED(S), then a necessary and sufficient condition that Lg he sepa-

rating is [S] =G (recall that [S] designates the smallest closed subgroup con-

taining S).

In [ll ] Rudin states the following theorem: If G is compact and Abelian,

then the only separating algebras are the maximal ideals of L1.

Putting these three results together we are able to prove the following

proposition:

5.1. Theorem, If 5 is a subsemigroup of a compact Abelian group G and

if S has positive measure, then S must be an open and closed subgroup of G.

Note: In [3] we prove this theorem, by different methods, for the non-

Abelian case also. We show it here because it is an interesting application of

our theorems.

To prove 5.1 we first need two lemmas.

5.2. Lemma. Let G be a compact Abelian group and let S be a subsemigroup

which has the density property. Then [S]=G if and only if S = G a.e.

Proof. Obviously, if S = G a.e., then G = 5C[^]. Now suppose [S]=G.

Then, by hypothesis and a previous result, Ls is a separating algebra. In

light of Rudin's theorem and our remarks above, it must be Ls=L1=LG;

whence S = G a.e. and the lemma is proved.

5.3. Lemma. In any locally compact group G, if S is a semigroup of positive

measure and if Tis a subgroup of G containing S with the property n(T—S) =0,

then S=T.

Proof. Suppose, by way of contradiction, that xET — S. Then xS-1

E(T—S); but x5_1 has positive measure while T — S does not. Thus S= T.

Note. It is reasonably clear that the same sort of proof goes through if

S is assumed to be the group and T the semigroup.
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Proof of 5.1. Since S is a semigroup of positive measure, we have D(S)

and S(~\D(S) are also semigroups of positive measure and they both have

the density property. Now D(S) is closed, and hence compact. Thus D(S)

has an idempotent and it must be unique since we are inside a group. Now,

by a well known theorem (see Iwasawa [7] or Wallace [13]) D(S) is a group.

It follows from the equality (SnD(S))~=D(S) that [Sr*D(S)]=D(S).
Hence, by 5.2, Sr\D(S) =D(S) a.e. It is now a consequence of Lemma 5.3

and the note after it that S = D(S). So 5 is a closed group of positive measure;

but any subgroup of positive measure is open and the proof is complete.

5.4. Corollary. // G is compact and Abelian, then a necessary and suffi-

cient condition that Ls be a vanishing algebra is that S be an open and closed

group a.e.

Proof. The sufficiency is clear. If Ls is a v.a., then D(S) is an open and

closed (therefore compact) group. Now, as shown in the proof of 5.1, Sf\D(S)

= D(S) a.e. and hence S = D(S) a.e.

The next three corollaries follow immediately from 5.4.

5.5. Corollary. // G is compact and Abelian, then every vanishing algebra

is self adjoint.

5.6. Corollary. // G is compact and Abelian, then G is connected if and

only if there are no proper nonzero vanishing algebras.

5.7. Corollary. If G is compact and Abelian and S is a subset of positive

measure with the property n((SS) —S) =0, then S must be an open and closed

subgroup a.e.

Remark. Theorem 3.23 established that under certain conditions a maxi-

mal vanishing algebra is a maximal subalgebra of L1. This is not true in gen-

eral even when G is discrete. An example is as follows: Let I be the group of

integers and let 5 be the subgroup of even integers. Then, obviously, Ls is a

maximal v.a. Now let

M =  (fEL1:   lj/(x)=ol  •
V iodd /

The set M is a proper closed algebra containing Ls- (We might add that M is

a maximal subalgebra of LX(I).)
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