
A MULTIPLICITY THEORY FOR BOOLEAN ALGEBRAS
OF PROJECTIONS IN BANACH SPACES

BY

WILLIAM G. BADEC)

0. Introduction. Many features of the theory of commutative W*-alge-

bras in Hilbert space have been shown to extend to appropriate operator

algebras in Banach spaces (cf. [2; 3; 7]). Recently an important gap in the

theory was closed by Dieudonne [4] who obtained a multiplicity theory in

the case that the adjoint £* of the underlying Banach space £ (and hence

also X) was separable. In this paper a new approach is developed which does

not require assumptions of separability and allows us to construct a multi-

plicity theory also for the algebra of adjoints in £* where the relevant topol-

ogy is the weak star or ^-topology rather than the norm topology. Of the

various treatments of multiplicity theory in Hilbert space our development is

perhaps closest to that of Kelley [10].

The analogue of a commutative IF*-algebra in a Banach space £ is the

operator algebra 21 generated in the uniform topology by a complete Boolean

algebra S3 of projections in X. For given x£J, the cyclic subspace determined

by x is the manifold f0i(x) =clm {ylx| 4G2l} • A multiplicity function for 31

is a function m on 93 to cardinal numbers, the value m(E) being roughly the

smallest number of cyclic subspaces required to span the range of E. The aim

of multiplicity theory in this setting is to decompose the identity / in S3 into

the sum of disjoint projections E of uniform multiplicity, i.e. projections such

that m(F)=m(E), whenever Ot^F^E. In §2 such a decomposition theorem

is proved to hold for any function on an abstract B.A. to cardinals which

satisfies an appropriate condition of order continuity. Multiplicity functions

are constructed respectively for S3 in X and 93* in X* in §§3 and 6 and the

continuity condition is verified. Following a detailed analysis of the range of

a projection of finite uniform multiplicity, one of the main results of the paper

(Corollary 8.5) is obtained: A projection £ in S3 has finite multiplicity n if

and only if its adjoint E* in 93* has multiplicity n. We have been unable to

decide whether this result remains true for projections of infinite multiplicity.

Finally an application is made to the theory of spectral operators of scalar

type developed by Dunford  [7; 8]. If the resolution of the identity E(-) of

Presented to the Society, April 20, 1957 under the title Multiplicity of spectral measures, I,

and on April 26, 1958 under the titles Multiplicity of spectral measures, II, and Similarity equi-

valence of spectral operators; received by the editors March 13, 1958.

(') This research was sponsored in part by the Office of Naval Research under Contract

Nonr-222(37) (NR041 157). Reproduction in whole or in part is permitted for any purpose of

the United States Government.

508



A MULTIPLICITY THEORY FOR BOOLEAN ALGEBRAS 509

such an operator T contains no projections of infinite uniform multiplicity,

then T is similarity equivalent, T = A~1NA, to a normal operator N on an

appropriate Hilbert space § where the operator A: ■£—>§ and its inverse are

closed and densely defined. Moreover, A establishes a one to one correspond-

ence between the subspaces of £ invariant under E(-) and those of § invari-

ant under the resolution of the identity of N. This result may be compared

with the theorem that every scalar type spectral operator in Hilbert space is

similarity equivalent with a normal operator where the operator A yielding

the equivalence is bounded. (This important theorem is a consequence of a

result of Dixmier [6] and Mackey [ll, p. 146].)

1. Preliminaries. For convenience we shall summarize here some facts

from the author's paper [3] where further details will be found. A Boolean

algebra (B.A.) of projections in a real or complex Banach space is a family

58 of commuting projections containing 0 and I which is a B.A. under the

operations

E\J F = E+ F - EF,       E /\ F = EF.

The corresponding ordering is that E^F if and only if EF = E. A given

family {Ea ] of elements of 58 may have a least upper bound \/Ea or greatest

lower bound l\Ea in 58, in which case one has the inclusions

(V Ea)H 2 clm{ EJL\,        (A Ea)l C C\ Eal,

which follow directly from the formula for the ordering. (These inclusions are

necessarily equalities whenever the family is finite.) The equations

E A (V F„) = V (E A F„), EE%,

E V (A Ff) = A (E V Fp), EE%,

are valid whenever the terms are defined(2). We say 58 is complete (or

cr-complete) as an abstract B.A. if every family (sequence) has a least upper

bound and greatest lower bound in 58. A stronger form of completeness is

more useful, however. In what follows we shall call 58 complete if for every

family {Ea}Q95, the projections \JEa and A£„ exist in 58 and, moreover,

(V Ea)1 = clm{ EJ],        (A Ea)l = D EJt.

It is shown in [3, Lemma 2.3] that if 58 is complete, a monotone increasing

(decreasing) net {Ea} in 58 converges in the strong operator topology to

\Ea (l\Ea). Similarly one defines a cr-complete B.A. of projections and a

similar convergence theorem holds for monotone sequences. If 58 is cr-complete

(or even only cr-complete as an abstract B.A.) there is a uniform bound for

the norms of the projections in 58 [3, Theorem 2.2] which we shall con-

sistently denote by M.

2 See, for example, G. Birkhoff, Lattice theory, New York, 1948, p. 166.
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If 93 is cr-complete, its closure 93s in the strong operator topology is a

complete B.A. of projections with the same bound [3, Theorem 2.7]. A

cr-complete B.A. S3 is complete if and only if the algebra generated by 93 in

the uniform operator topology is weakly closed [3, Theorem 4.5]. If 93 is

complete its Stone space ft is extremely disconnected, and we may regard 93

as a projection valued measure E(-) on the Borel sets of 12. For corresponding

to each Borel set e in such a space there is unique open and closed set e0

such that (e—eo)yJ(eo — e) is of first category. Our definition of completeness

insures that the vector measure E( ■ )x is countably additive for each x£3c.

Since Dieudonne's results are stated in somewhat different terms from

ours it is desirable to compare the two approaches. Let C(K) be the Banach

algebra of all continuous complex functions on a compact Hausdorff space

and T he a continuous representation of C(K) into the algebra 8(3c) of

bounded operators on a separable Banach space 3c. For each x£3c, x*£I*,

there exists a regular measure p(- ; x, x*) on the Borel sets of K such that

(1) x*T(f)x =  f f(k)p(dk; x, x*), fE C(K), i£I,j*G 36*.

Dieudonne studies such a representation under the hypothesis that T may be

extended to a representation (again denoted by T) of the algebra B(K) of all

bounded Borel functions on K into £(3c) such that

(2) x*T(f)x=  f f(k)p(dk; x,x*), f£ B(K), xE%, x* GI*.

The range of T on the characteristic functions in B(K) yields a B.A. 93 of

projections in 3c which we may regard as a spectral measure E( ■) on the Borel

sets of K. Condition (2) implies that x* E(-)x = p(- ; x, x*) so the measures

x*E(-)x are countably additive. This in turn implies 93 is c-complete and

further (since 3c is separable 93 is countably decomposable) that 93 is complete

[3, p. 350]. Hence the range of T on B(K) is weakly closed. We have pre-

ferred to base our development directly on 93.

2. Multiplicity functions on a complete Boolean algebra. This section

contains a basic decomposition theorem for certain cardinal number valued

functions on a B.A. This theorem is very closely related to a result of Halmos

[9, p. 82].
2.1. Definition. Let S3 be a complete abstract B.A. A function m on 93

whose values are cardinals will be called a multiplicity function if

(i) m(0) = 0, and

(ii) m(VaEa) = \lam(Ea), \Ea) C 93.

The number m(E) is called the multiplicity of E. We say ££93 has uniform

multiplicity n if m(F) =n whenever Oy^F^E.

A subset 35 of 93 is an ideal if E, ££35 implies E\JFE25 and G^E, ££5),
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implies GET). The ideal 35 is dense if every element of 58 is a union of elements

of 35. A cr-ideal is an ideal closed under countable unions.

2.2. Lemma. Let 35 be a dense ideal in 58 and m be a function on 35 to cardi-

nals such that m(0) =0 and m(Va Ea) = Va m(Ea) for each family {Ea} CJ)

such that Va £a£35. Then there is a unique multiplicity function on 58 which is

an extension of m on 35.

Proof. If ££58 define m(E) = V„ m(Ba), where {Ba\ is any family in 35

such that E = VBa. If also E= VC3, OG35, then for each a, 8, Ba=V$ BaC&,
and C,s = V„ BaC$. Thus

Vam(Ba)   =   VaW(Vf3^aCf?)   =   \ atf*iBJCfi)

=   VMVaBaC,)   =   Vflm(Cfl),

showing the extension is well defined. To see the extension is a multiplicity

function, let £o£5&, E0=\/y Ey, £7£58. For each y we have Ey = \/sGys,

where G7a£35. Then

777(£o) = Vy,sm(Gys) = V7Vjw(G:7a)

= yym(Ey).

That the extension is unique follows easily from the distributivity.

2.3. Theorem. Let m be a multiplicity function on a complete abstract

B.A. 58. Then there is a unique family {En} of disjoint elements in 58, n running

over the cardinals ^m(I), such that

(i) /=V£„,
(ii) // £n?^0, £„ has uniform multiplicity n.

Proof. We show first that each nonzero ££58 bounds a nonzero G£58 of

uniform multiplicity. For let »o = min {m(F) | O^F^E}. Since the cardinals

are well ordered, there exists a projection G^E with m(G)=no. Clearly G

has uniform multiplicity «o- Now from Zorn's lemma we obtain a maximal

family g of disjoint elements of 58 each having uniform multiplicity. For

each cardinal n let £„ be the supremum of those FE'S with m(F)=n. If

O^G^En, then G is the union of elements of 58 of multiplicity n. Hence £„

has uniform multiplicity n. Finally suppose also that I=\/Fn where the

Fn are disjoint and satisfy (ii). Suppose £t^0. Since we may write Ek

= V£t£„, each element £t£n is zero or has uniform multiplicity k. Thus

EkFn — 0 if n^k. Consequently Fk^0 and Ek^Fk. Correspondingly if

Fk^0, Ekr^O and Fk^.Ek. Thus for each n, En = F„, showing the uniqueness.

3. The multiplicity function for 58 in £. Now let 58 be a complete B.A. of

projections in the real or complex Banach space X. We shall obtain a natural

multiplicity function for 58. To do this a few auxiliary notions will be needed.

For each xE% the projection A { E\ Ex = x\ will be called the carrier projec-

tion of x. We note that if G is the carrier projection of x and O^F^G, then
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Fxt^Q. The cyclic subspace W(x) spanned by a vector x is elm {£x|££S3}.

A projection ££93 will be said to satisfy the countable chain condition if

every family of disjoint projections in 93 bounded by £ is at most countable.

We shall denote by 6 the set of all ££S3 satisfying this condition. The

multiplicity will first be defined on &, its unique extension to S3 being a con-

sequence of Lemma 2.2.

3.1. Lemma. The set & is a dense a-ideal in S3. A projection belongs to CS if

and only if it is the carrier projection of a vector in 3c.

Proof. We note first the purely algebraic fact that S is a cr-ideal. That it

is an ideal is clear. Now suppose F= V™=1 £„, where £„£S, and let F he the

union of a family j£7|7£rj of disjoint elements of S3. Then for each fixed n,

at most countably many of the products FnEy, yET, are different from zero.

It follows that \y\EyFn9£0 for some n\ is at most countable. But this is the

set of y for which £75^0, since for every 7, £7 = V"_! EyFn.

Now let £ be the carrier projection of a vector x and suppose £ is the

union of a family {£<,}, aEA, of disjoint elements of 93. By [3, Lemma 2.3]

we have lim„ Y<*e<> Eax = x, where a runs over the finite subsets of A, ordered

by inclusion. For each e>0 there exists a 0 such that |x— Y* Eax\ <eM~x,

so if 0 £<r, then | £#x| = | Ep(x — Y° Eax) | <e. It follows that at most count-

ably many of the vectors £ax, aEA, are not zero. As £«^£, the equation

£„x = 0 implies £„ = 0 as remarked above. Thus the carrier of any vector be-

longs to S.

It will next be shown that S is a dense ideal. If ££93, then it bounds the

carrier projection of every vector in its range. By Zorn's lemma we can find

a maximal family of disjoint carrier projections Ey bounded by £. If the

projection £ — V? Ey is not zero it bounds a carrier projection, so the maxi-

mally of the family implies £= \/Ey. Moreover, each Ey is in S as we have

just shown.

Finally it must be shown that each ££S is the carrier projection of a

vector. Since ££6 we may express £ is the union of a sequence of disjoint

projections £„ each of which is the carrier of a vector xn with | xn| S 1. De-

fine x0= X)n-i 2~nx„. Clearly £x0 = x0. We assert £ is the carrier of x0. For

suppose that ££93 and £x0 = x0. Then for each n,

2~nxn = £„x0 = E„FxQ = FEnx0 = 2~nFxn.

Thus FxH = xa, w = l, 2, • • • , showing £^£„, »=1, 2, • • • . It follows that

£^£, and the proof is complete.

3.2. Definition. If ££S we define m(E), the multiplicity of £, to be

the smallest cardinal power of a set A of vectors such that

El = elm \m(x)\ xE A\.

3.3. Lemma. If E, ££S and £g£, then m(F)£m(E). If {£„}cg and

£0= V£«£©> then m(Eo) = V« m(Ea).
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Proof. The first statement is clear since if £X = clm {9)c(x) |x£.4 }, then

£3£ = clm {m(Fx)\xEA}. It follows that \/am(Ea)^m(Eo). We now ob-

serve that there exists a sequence {Gk} of disjoint elements in 6 such that

each Gk is bounded by some Eak and £o = V"-iGt. For we may consider

families of disjoint projections in 58 each member of which is bounded by an

Ea, and order these families by inclusion. By Zorn's lemma there exists a

maximal family which must be countable, since £o£S. Clearly the union of

this maximal family is £0. Now let w0= \lm(Ea). There exist families of vec-

tors x\, k = l, 2, ■ • • , (some of whose members may be zero) such that

|x*| £1, Gkxn = Xn, and

GkH = elm {SK(a£) | 1 ^ n g no], k = 1, 2, ■ ■ ■ .

For each cardinal n^n0 define y„= Z*°=i 2-*a£. Then Gkyn = 2~kXn and

£0X = elm {GkZ | «= 1,2, • • • } = clm{2R(**)| 1 g h < »,k^ no]

= elm {5Dc(y„) | n ^ n0].

Thus m(E0) ^n0, showing m(EQ) = \Jm(Ea).

3.4. Theorem. Let 58 be a complete B.A. of projections in %. There exists a

unique multiplicity function m defined on 58 with the property that for each E in

58 satisfying the countable chain condition, m(E) is the least cardinal power of a

set of cyclic subspaces spanning the range of E. There is a unique decomposition

of the identity I = \fEn into disjoint projections such that if En ^ 0, En has uni-

form multiplicity n.

Proof. This theorem follows immediately from the preceding lemma,

Lemma 2.2 and Theorem 2.3.

4. Structure of cyclic subspaces and the separation theorem. Suppose for

the moment that X is a Hilbert space and 58 is a complete B.A. of self-adjoint

projections. It will be convenient to regard 58 as a spectral measure on the

Borel sets 2 of its Stone space fl. We recall that if/ is a Borel measurable com-

plex function, the (in general unbounded) normal operator S(f) = faf(u)E(dui)

has domain

DiSif)) =   |y| fj /(a,) | \Eido>)y,y) < oo| .

If xEx~, then 9)c(x) = \Sif)x\xED(Sif)) ]. In fact the correspondence Sif)x

—*f defines an isometric isomorphism of the cyclic subspace 9)J(x) onto

L2(fl, S, p), (where p = iEi-)x, x)), and operators of the form Sig) on SD'c(x)

act under this isomorphism as multiplication by g in L2iQ, S, p). If a projec-

tion in 58 satisfies the countable chain condition and has multiplicity n, we

may span its range by n orthogonal cyclic subspaces and the isomorphism

extends to an isometric mapping of  Z«sn 9)t(xi) onto  Z«'an ^(fl, 2, ju,-),
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Pi= (E(-)xi, xt). Our aim is to recapture as much as possible of this structure

when 3c is an arbitrary Banach space. The main obstacle is the lack of

orthogonal complementation, and one must supply a substitute for the meas-

ures (E(-)x, x). A suitable representation for the range of £ will be obtained

only in the case m(E) < <». However, there the similarity with the Hilbert

space case is striking.

Our first objective will be to obtain a characterization of cyclic subspaces

similar to that in Hilbert space. Hereafter 93 will be a complete B.A. of pro-

jections in a Banach space 3c. Regarding S3 as a spectral measure we recall

(cf. [7, p. 340]) that for any bounded Borel function /, the integral S(f)

= fnf(oi)E(d(ti) exists in the uniform operator topology and the correspondence

/—>S(f) determines a homomorphism of the algebra of bounded Borel func-

tions on fi into the algebra of bounded operators on 3c. When / is unbounded

we define the sets em= {w| |/(w) | Sm}, m = 1, 2, • • • . The operator S(f) has

domain

D(S(f)) =  <y   lim    J    f(u)E(du)y existsl
(       ™-*»   Jem /

and is given by the formula

S(f)y =   lim    f  f(»)E(du)y, y £ D(S(f)).

In [l] an operational calculus was developed from this definition in the spe-

cial case that £(■) was a spectral measure on the Borel sets of the complex

plane. However, the arguments in [l], with suitable modifications, suffice

to prove the properties of the correspondence f—>S(f) which are collected

in the lemma below. A complete discussion will appear in [8, Chapter XVIII ].

4.1. Lemma. Let £( •) be the strongly countable additive spectral measure on

the Borel sets of ti determined by 93. The operator S(f) corresponding to a Borel

function is a closed operator with dense domain. Moreover,

(a) D(S(f))=D(S(\f(-)\),
(h) D(S(f))QD(S(g)) if |/M| ^ |g(co)|,
(c) S(f) is bounded if f is bounded, and

sup | /(«) |   g  | S(f) |   ^ 4M sup | /(«■>) |,

(d) S(af)=aS(f),
(e) S(f+g)^S(f)+S(g),
(f) S(fg)^S(f)S(g);D(S(f)S(g))=D(S(fg))r\D(S(g)),
(g) S(f)E(e)^E(e)S(f) for eE2,
(h) S(f) has an inverse if and only if E(f~x(0)) =0, in which case S(f) 1

= 5(1//),
(i)   x*S(f)x = faf(co)x*E(dw)x, xED(S(f)), x*£3c*.
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If x££, it is clear that 9)c(x) 2 {S(f)x\xED(S(f))}. A certain amount of

machinery will be required to prove that this inclusion is an equality. The

fundamental tool is the separation theorem 4.3 proved below. For its proof

we shall need some properties of the family 58* of adjoints of elements of 58.

If ££58, then £* is a projection in £* whose range is the X-closed manifold

{x*|x*(7-£)3E = 0}.Since£\/£ = £ + F-££and£A£ = £Fin 58 it follows

that (£\/£)* = £*V£* and (EAF)* = E*AF*. Also E*^F* if and only if
E^F in 58. It follows that 58* is a B.A. of projections with the same bound

as 58. Completeness for 58 implies 58* is complete as an abstract B.A. and

the range of V£* is the span of the manifolds £*■£* in the -E-topology, while

(A£*)£* = ri£*£*. These facts are proved in [3, p. 348].

4.2. Definition. A closed linear manifold 9)2 in £ is called an invariant

subspace if S(/)x£9Jc whenever x£5DJ and x£Z>(5(/)).

4.3. Theorem. Let 2Jc be a closed invariant subspace in X and xo£X with

5m(x0)/A9)J = (0). There exists afunctional x*££* with the properties

(1) x*(9Jc) = (0),

(2) x*5(/)x0>0 if f is a non-negative bounded Borel function for which

S(f)x0^0.

Proof. It is clear that without loss of generality we may suppose the

carrier projection of x0 (cf. §3) is the identity I. Thus if 0?^££58, we have

Exo^O, and I satisfies the countable chain condition. It will be convenient

to isolate a portion of the argument.

Proposition. If 0?^/7£58 there exists a projection G in 58 and a nonzero

functional y*£3E* such that

(i) G = A{£|y*£x = y*x, x£50c(x0)},

(ii) y*Cm) = (0),and

(iii) O^G^F.

Proof of the Proposition.  Let z*£X*  be  chosen  so that  z*(SK) = (0),

while z*(£x0) 5^0. Let®= {££58|z*£x = z*£x, x£2)c(xo)}. Now if Eu £2£C«,

- z*EiE2x = z*FE2x = z*E2Fx=z*F2x — z*Fx, x£9W(x0), so ® is closed under

finite intersections. Thus ® is a decreasing net when its members are directed

by inclusion and therefore converges strongly to the projection

G = A {E\ EE ©}

(cf. §1). Consequently

G*z*x = z*Gx = lim z*Ex = z*Fx, x £ 97c(xo),

and

G*z*y = lim z*£y = 0, y £ W.
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If we set y* = G*z*, then clearly G and y* satisfy (ii) and (iii). Let if

= A {E| y*Ex = y*x, x£9JJ(x0)}. Clearly G^H. However, if y*Ex = y*x for all

x£SDc(x0), then

z*GEx = y*Ex = y*x = F*G*z*x

= G*z*Fx = z*Fx, x E W(xo),

showing GE^G. Thus G^E, from which it follows G^H. Hence G = H and

the proof of the Proposition is completed.

Returning now to the proof of Theorem 4.3, let us call a projection

G*£93* the xo-carrier of the functional y* if condition (i) of the Proposition

is satisfied. The Proposition shows the existence of families of disjoint projec-

tions in S3*, each of whose members is the x0-carrier of a nonzero functional

which vanishes on 9)f. By Zorn's lemma there exists a maximal family ft of

such disjoint projections. Since /£&, the family ft is countable. Let ft = [ G*}

where G* is the Xo-carrier of y*. Clearly VG* = /*, since otherwise the Propo-

sition, applied to I— VGn, would contradict the maximality of ft. We may

suppose Y"-i y* converges and set y* = Yn-i V*- We assert that I* is the

Xo-carrier of y*. For if y*Ex = y*x, x£2U(x0), then for each n,

y*Ex = G*yo*Ex = y0*EGnx

= y0*Gnx = y„*x, x £ Wl(xo),

so £*^G*, » = 1, 2, • • • .
Finally we obtain x* from y*. It is convenient again to regard 93 as a

spectral measure. Let v denote the total variation of the measure y*E(-)xo.

Then there exists a function g in Li(Q, 2, v) such that

"(«) =   I   g(e>)yo*E(dw)xo, e E 2.
J e

Thus

"(e) = J \g(o>) | v(dw), e£S,

showing |g(w)| =1, except possibly on a p-null set. Redefining g to be zero

on this set we form S(g) =fag(co)E(du) and define x* = S(g) *y*. Thus x*£( • )x0

= ?(•), and x^(m)=y*(S(g)'im)C:y*(<m) = (0). Suppose now that / is a

bounded non-negative Borel function and that x*S(f)xo = fuf(o})x*E(du)xo

= 0. Clearly then

yo*£(e)x0 = 0,        e £ 2, e C e0.

where e0= {w\f(u)>0}. Thus y*(9JJ(£(e0)x0)) = (0), so y*(7-£(e0))x = y*x,

x£9)J(x0). Since I* is the Xo-carrier of y* we must have £(e0)=0, showing

5(/)x0 = 0.
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4.4. Corollary. Let SB be a complete B.A. of projections in H and let

xo£3£. There exists a functional x* in 3£* such that the measure x*Ei-)x0 is

positive and dominates the vector measure Ei -)xo-

4.5. Theorem. If x0£X, then W.(x0) = {S(f)x0\x0ED(S(f))].

Proof. Let x* be chosen as in Corollary 4.4 and let po = x*E(-)x0. Now

juo(e) =0 implies E(d)x0 = 0 for dQe, and thus that 9)c(£(e)xo) = (0). Thus if

x£9)c(xo), Xo*£(e)x = 0. By the Radon-Nikodym theorem there exists a

function/££i(fi, 2, p0) such that

xo*E(e)x =   I f(a})po(dco), e £ 2.

The correspondence T: x—>f defines a linear map of 2)c(x0) into £i(0, 2, p0).

It is continuous since /a|/(co) \p0(da)) =tot. var. x*£( -)x^4M| x*\ \x\. For

each m let em= |w| |/(«)| ^m]. We shall show that E(em)x = S(f ■ kem)xo, the

symbol ke denoting the characteristic function of the set e. If x*£X*, then

x*£( )x0 is dominated by p0, so

x*E(e)xo =  I p(a)po(du>), e £ 2,

where 7t>£Z,i(fl, 2, p0). Let dbe a subset of em on which p is bounded, and let

{gn] be a sequence of bounded functions such that x = lim 5(g„)xo. Then

x*S(gn)E(d)xo =  I  gn(u)p(ui)po(dui) —► I f(w)p(u>)po(du>)
J d J d

= x*S(fkd)xo,

by continuity of T. However x*S(gn)E(d)xo^>x*E(d)x. Thus x*S(f-kd)xo

= x*E(d)x. By a limiting argument x*S(f-kem)xo = x*E(em)x. However, x* is

arbitrary so E(em)x — S(f ■ ke„)xo. Since x = lim E(em)x, XoED(S(f)) and

x = 5(/)x0.

4.6. Corollary.   If f  is   a   Borel function   and   x0 £ D(S(f)),   <Aere

/££i(0, 2, x*£( )xo) /or ewry x* satisfying the conditions of Corollary 4.4.

We close this section with a useful lemma.

4.7. Lemma. Let '3R be a closed invariant subspace and let yo££. There

exists a maximal projection £o£58 such that £0yo£9Jc.   Moreover,

mr\mai - Eo)yo) = (o).

Proof. If z£2ft(y0)/A2)c then, by Theorem 4.5, z = S(f)y0 for some Borel

function /. If e is any set in 2 on which / satisfies an inequality K~x ^ |/(co) |

^K then E(e)y0 = S(g)z, where g=txke. Thus if m(yo)<~\2Jt^(0), there exist

projections £ with 0?i£yo£2)c(yo)iA!>m. Let £0 be the supremum of such
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projections. If SDc((I — Eo)yo)C\Tly^(0), the same argument may be used to

contradict the maximality of E0. If Tl(yo)C>\Wl = (0), then I—E0 is the carrier

projection of yo (cf. §3).

5. Representation of £3c. In this section we shall examine the range of a

projection £ of finite uniform multiplicity. Since every projection in 93 is the

union of disjoint projections in & it will be sufficient to suppose £££. To

avoid notational difficulties we shall suppose the identity is in 6 and has

finite uniform multiplicity n. Then there exist vectors X\, • • • , X„ such that(3)

3c = V?=i yjl(Xi) and no smaller number of cyclic subspaces will span 3c. We

shall see that the manifolds 9M(Xi) for such a minimal spanning set are all dis-

joint and that we may imbed 3c in a direct sum of £i spaces XX, Li(fi, 2, p/)

analogous to the imbedding in a sum of L2 spaces in the classical Hilbert space

case. The measures pt have the form x,*£( )x,; x*£3c*. This fact is the key

to the later discussion of the duality between multiplicity in 3c and in 3c*.

5.1. Lemma. Let the identity satisfy the countable chain condition and have

finite uniform multiplicity n. If xi, ■ ■ ■ , xn is any set of vectors such that

x=V"=iW.(xl),then

(1) the carrier of each x» is I,

(2) m(xi)rw/j*im(xi)=(o), i=i, • ■ ■,«.
(3) For each i there exists a linear functional x* such that x*(Vj>, 'SJI(xj))

= (0), while x*S(f)xi>0 for each non-negative Borel function f such that

S(f)x^0.

Proof. To prove (2) suppose, for example, that there is a nonzero vector

z£9D?(x„)nVJTi 9K(x,). By Lemma 4.7 we can find a projection £ with

0^ExnE V?r/ 'M(xi). Hence £3c* = V?^1 Wl(Exi) which shows m(E) ^n- 1 and

contradicts the assumption of uniform multiplicity. Statement (1) is proved

in a similar way, for if £ is the carrier of x, then (I — £)3cC V,y,- 3U((/ — E)xj).

Statement (3) follows from Theorem 4.3.

5.2. Theorem. Let the hypotheses of Lemma 5.1 be satisfied. There exists a

linear continuous one to one map T of 3c onto a dense subspace of the direct sum

23?=1£i(S2, 2, p^, pi = xfE(-)xi; such that if Tx= [fi, ■ ■ ■ , fn] then
(a) x*E(e)x = fefi(ui)pi(d<x>),    e£2, i=\, • ■ ■ , n.

(h) x = limm<M Y"t=i S(fi-ktJxt where

em = {u\  \fi(w) |   g m, i = 1, • ■ • , n).

Proof. The proof proceeds very much like that of Theorem 4.5. Given

x£3c, there exist bounded functions g™ such that

n

x = lim   Y S(gi)xi.
m->«   ,= 1

(3) It is convenient to denote by Y"_, 5K(x,) the smallest closed linear manifold containing

the manifolds 90?fc), t=l, • ■ • , n.
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For each e£2

xf£(e)x =  lim xfSigi ■ke)xl.

Thus piie)=0 implies £(d)x, = 0, dQe, so x*£(e)x = 0. Consequently, for

each i there is a function/,£Li(12, 2, pt) such that

x,*£(e)x =   I fi(w)pi(dw).

Since

sup   I    | /,-(«) | pi(dw) = sup tot. var. {x?E(-)x]
<    J n «

^ 4Af| x | sup | x* |,

the linear map F: x —» [/i, • • • , /„] is a continuous map of X into

Z"=i Li(£l, 2, /Ui). Now let em= {«| |/i(co) \ f^m, i=l, ■ ■ ■ , n]. We show next

that

n

(*) E(em)x = Z .Stfi•*...)*.■> « = 1, 2, • • • .
i=i

Fix m and let x*£3£*. We may find functions piELi(Sl, 2, p,) such that

x*E(e)xi =   I Pi(u>)pi(du), e £ 2.

If rf is an arbitrary subset of em on which pi, ■ ■ ■ , pn are all bounded

Z x*S(gki)E(d)xi = Z f «*(«)#,■(«)*(<*«)
,=1 i-l ^ d

~* Z  I   fiiu)piiu)piidw)
V=l J d

= Zx*5(/,-Kd)x,-.
7 = 1

However also

lim   Z x*Si£x)Eid)xi = x*Eid)x.

A limiting argument shows

71

x*£(em)x = Z x*Sifrkem)x;.
i—1
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Since x* is arbitrary we have proved (*). Statement (b) is obtained by let-

ting m—> oo. Also (b) shows that if Tx = 0, then x = 0. The range of T is dense

as it contains all w-tuples of bounded functions.

5.3. Corollary. Under the hypotheses of Theorem 5.2 [V,S(r 2tt(x,)]

C\ [ V/e<r< ISI(xj) ] = (0) for any partition [cr, o'\ of the set [l, • • • , «].

Proof. Suppose for example that 0^z£Vf_! SK(x,)nVf.f+1 99?(x,). Then
there exists a set e£2 and bounded functions gi such that

n

E(e)z = Y S(gi)E(e)x„       E(e)z * 0.
«=i

Suppose without loss of generality that S(gn)E(e)xn^0. Then it belongs to

V?^1 W(Xi), contradicting the fact 2tt(xn)n V^1 3R(*0 = (0).

Remark. It is interesting to note in connection with Lemma 5.1 that 3c

is not in general the algebraic direct sum of the manifolds 9JJ(xi). In fact,

Dieudonne [5] has constructed an ingenious example of a space 3c and B.A.

of projections such that every nonzero ££33 has multiplicity two. However,

for no choice of xi and x2 or ££33 is £3c the algebraic direct sum of 9W(£xi)

and 9W(£x2).

6. The multiplicity function for S3*. The next three sections are devoted

to defining a multiplicity function on the adjoint B.A. 33* in 3c* and proving

theorems analogous to those established for 93. The relevant topology in 3c*

is now the weak * or 3E-topology. The range of a projection in 33* is an 3c-

closed manifold. If {£«} C93 then (V£*)3c* is the span of the manifolds

£*3c* in the 3c-topology and (A£*)3c* = ri£*3c*. Moreover if {£*} is an in-

creasing (decreasing) net in 33*, lim £*x*x= (V£*)x*x (A£*x*x) for each

x£3c, x*£3c*. These facts are proved in [3].

For a given x*£3c* we define 9l(x*) to be the span in the 3c-topology of

the set of vectors {E*x*|£*£93*} ; and call it the cyclic subspace generated

by x*. These subspaces will be the building blocks for the multiplicity theory

in 3c*. The symbol S* will denote the family of projections in S3* which satisfy

the countable chain condition. Clearly £*£S* if and only if ££S. The pro-

jection A {£*| £*x* =x*} is called the carrier projection of x*.

6.1. Lemma. The family S* is a dense o-ideal in 33*. Each £*£g* is the

carrier projection of a vector in 3c*.

Proof. The first statement is clear. To prove the second let £*£6* and

recall that £ is the carrier of a vector x0£3c, by Lemma 3.1. Let x* be chosen

as in Corollary 4.4. Replacing x* if necessary by £*x*, we may suppose

£*x0*=x*. Suppose £*£93* and £*x0* = x*. Then (7*-£*)x* = 0. Thus

x*(I — £)x0 = 0, from which it follows £x0 = x0. Thus £^£ so £*^£*, show-

ing £* is the carrier of x*.

Not every carrier projection in 93* belongs to S* as one sees from the
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following example. Let R be the real line, T be the cr-field of all subsets of R

and y be the measure which assigns to each point in R the mass one. Taking

X = Z,i(£, T, y), H* = M(R), the Banach space of all bounded functions on R.

For e£r define (E(e)f)(r) = d'Tf(r) where 5, = 0 if r£e, 5^= 1 if r£e. The B.A.

of such projections is complete and £ corresponds to the countable sets. If

x* is the function identically one in M(R), its carrier is /* which is not in &*.

6.2. Definition. If £*££* we define m(E*), the multiplicity of £*, to

be the smallest cardinal power of a set A of vectors such that £*£* is spanned

in the -E-topology by the manifolds { 9t(x*) |x*£.4 }.

The next lemma establishes the required continuity properties.

6.3. Lemma. If £*, F*£g* and £*^£*, then m(F*)^m(E*). If {£*}
Cg* and £* = V£^£g*, then m(Et) = Vm(£*).

Proof. The proof is almost identical to that of Lemma 3.3. For example,

in the proof of the second statement one shows, using Zorn's lemma as before,

that £*= V".! G*, where each G* belongs to S* and dominates some £*n.

There exist families {x** J such that G*x~* is spanned in the I-topology by the

manifolds {5ft(x**) 11 g n g n0 ], n0 = Vw(£*). The functionals y* = Zt"-i 2~*x**
span £*£*.

Now Theorem 2.3 yields

6.4. Theorem. There exists a unique multiplicity function m defined on 58*

with the property that for each £*£S*, m(F*) is the least cardinal power of a

set of cyclic subspaces spanning £*£* in the H-topology. There is a unique de-

composition of the identity I* = VF* into disjoint projections such that if

F*9±0, F* has uniform multiplicity n.

7. Cyclic subspaces and separation theorem in £*. We may also consider

58* as a projection valued measure on the Borel sets 2 of 12. Now the meas-

ures £*(-)x*x are countably additive for each x£X, x*££*. However, the

vector measures £*(-)x* may not be countably additive unless J is reflexive.

If / is a bounded Borel function the integral S*(f) =faf(oi)E*(du) exists in

the uniform operator topology and clearly the operator S*(f) is just the

adjoint S(f)* of S(f) =/n/(co)£(c/co). Thus if/ is an unbounded function we

are led to define S*(f) to be the adjoint of the closed, densely defined operator

S(f). That is, D(S*(f)) is the set of all x* such that z*(x) =x*S(f)x is con-

tinuous for x in D(S(f)) and S*(f)x* = z* for x*£Z>(5*(/)). The proof of the

following lemma is straightforward and will be omitted.

7.1, Lemma, (a) The operator S*(f) is closed and D(S*(f)) is 1-dense in 3E*.

(b) Let em= {w| |/(co)| ^m}. Then x*£D(5*(/)) if and only if

lim S*(f-kem)x*x exists for each x £ X.
n—»oo

If this limit exists it equals S*(f)x*x.
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(c) If g is a bounded function and x*ED(S*(f)), then S*(g)x*ED(S*(f))

and S*(g)S*(f)x* = S*(f)S*(g)x*.

The next task is to prove that 9?(x*) = {S*(f)x*\x*ED(S*(f))}. For this

and other purposes we shall need a separation theorem analogous to Theorem

4.3.

7.2. Theorem. Let 9t be an H-closed invariant subspace in 3c* and let x*

be a functional whose carrier is in S*. If sJJP\9c(x*) = (0), then there exists a

vector x0£3c such that

(1) y*(x0) =0for ally*E%

(2) S*(f)x*xo>0 for each bounded non-negative Borel function f such that

S*(/)x0Vo.

Proof. We shall merely outline the proof as it is similar to that of Theorem

4.3. As before it is sufficient to suppose the carrier of x* is the identity I*.

It is well known that the 3c-continuous linear functionals on 3c* are precisely

those induced by elements of 3;. Also one knows (cf. [3]) that if \ G*} is a

decreasing net in 93*, lim G*x*(x) = (AG*)x*(x) for x£3c, x*£3c*. Using these

two facts it follows much as before that if 0^E*£93*, there exists a projec-

tion G* in 93* and a nonzero vector y in 3c such that

(i) G* = A{£*|£*x*y = x*y, x*£9fc(x0*)},

(ii) y*y = 0 fory*£9t,

(iii) 0^G*^F*.
Now using Zorn's lemma express I* as the union of a sequence of disjoint

projections G*, each of which satisfies (i) for an appropriate vector yn of

norm one. The vector Xo is obtained from yo = Y,n-i 2~nyn by the formula

Xo = S(f)y0, where/ is the Radon-Nikodym derivative of tot. var. x*E(-)y0

with respect to x*E(-)y0.

7.3. Theorem. 7/x*£3c*, then

9c(*„*) = \S*(f)x0*\ xo* ED(S*(f))\.

Proof. It is clear from Lemma 7.1 that each functional S*(f)x* is in sJi(x*).

To prove the converse it will be sufficient to suppose the carrier of x* is in

(£*, since in any case it is the union of disjoint projections in C£*. If z*£9?(x*),

there exists a net {ga} of finite linear combinations of characteristic functions

such that

S*(ga)x0*(x) -» z*(x), x E 3c.

By Theorem 7.2 there exists a vector x0 such that

v0 = E*(-)xi*Xo = Xo*E()x0 ^ 0,

while if £*(e0)x*xo = 0 then E*(e0)x* = 0. Clearly s*£(-)x0 is dominated by

Po so there exists an/£Li(£2, 2, vn) such that
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z*E(e)xo =   I f(w)vo(do>), e £ 2.

If h is any bounded Borel function

/f(w)h(w)vo(dw) = z*S(h)x0
a

— lim S*(ga)xo*S(h)xo
a

= lim    I  ga(u>)h(oi)vo(d(a),
a    J a

showing go—*/ weakly in Li(U, 2, vn).

It remains to show that z* = 5*(/)x*. If x££, then v0 dominates x*£(-)x

= £*(-)x*x, since v0(e)=0 implies E*(e)x* = 0, as remarked above. Let

pELi(Sl, 2, vo) be chosen so that

x0*£(e)x =   I  p(ca)vo(dco), e £ 2,

and set e„,= {co| |/(co)| ^w}, m= 1, 2, • • • . If cf is any subset of e„, on which

p is bounded,

5*(g„)x0*£(cf)x =   f *,(«)#(«>„(<&.)

—> I  f(u)v0(dw),
J A

as   ga—^f  weakly.   Thus   z*£(cf)x = .S*(/-K'(j)x*x.   By   a   limiting   argument

z*E(em)x = S*(f-kem)x*x, and since x is arbitrary, £*(e,„)z* = 5*(/-^em)x*. It

now follows easily that x*£Z5(S*(/)) and z* = S*(/)x*.

Analogous to Lemma 4.7 we have

7.4. Lemma. Let 9J be an Ti-closed invariant subspace in X* and let yj££*.

There exists a maximal projection £o*£58*  such  that   E*y*E^l-   Moreover

mnyiai*-E*)x*) = io).

The proof is similar and will be omitted.

8. Representation of £*£*. We turn now to the representation of £*£*

when £*£g* and has finite uniform multiplicity n. The results are parallel

to those in £. The weaker form of completeness enjoyed by 58* leads to a

weaker form of the representation theorem, as the relevant topology in X*

is now the J-topoIogy. As before we shall suppose for convenience that £* is

the identity /*.
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8.1. Lemma. Let the identity I* in 93* satisfy the countable chain condition

and have finite uniform multiplicity n. If x*, ■ • • , x* is any set of functionals

such that(4) 3c* = V?,! 9x(x,*), then

(1) the carrier of each x* is I*.

(2) 9*(**)nvy*9K*/) = (o),;=i, •••,«.
(3) For each i there exists a vector x,- £ 3c such that y*(x/) = 0 for

y*£Vjv, 9J(x*), while S*(f)x*xf>0 for each non-negative bounded Borel func-

tion f such that S*(f)x*?£0.

Proof. This lemma is proved from Lemma 7.4 and Theorem 7.2 exactly

as Lemma 5.1 was proved from Lemma 4.7 and Theorem 4.3.

8.2. Theorem. Let the hypotheses of Lemma 8.1 be satisfied. There exists a

linear one to one map U of 3c* onto a (norm) dense subspace of the direct sum

^2?.! Li(tt, 2, Vi), Vi = E*(-)x*Xi; such that if Ux*= \fi, • • • , fn] then

(a) E*(e)x*Xi = fefi(u)vi(dw), e£2, i=l, ■ ■ ■ , n.

(h) x*(x)=limm,M Yt-i s*(fi-kem)x?(x), x£3c, where

em= {co | | /,•(«) |   g tn, i = 1, ••■,«}.

The map U is continuous when 3c* and 2Z?_i Li(Q, 2, vi) have their norm

topologies and also when 3c* has its %-topology and Y*t-i Ei(to, 2, vi) has its

weak topology.

Proof. Most of the proof of this theorem is a straight-forward modifica-

tion of the proof of Theorem 5.2. Given x*£3c* there exist nets g° of bounded

functions such that

n

x*(x) = lim Y S*(gt)x*(x), x E 3c.
«-i

For each e£2

x*E(e)xi = lim x*S(gi-k,)xt,
a

and the Radon-Nikodym theorem yields functions  [/i, ••-,/«] such that

x*E(e)xi =   I fi(u)vi(dw), e £ 2,
•I e

yielding (a). The argument proceeds much as before to yield (b) and the

continuity of U for the norm topologies.

Suppose now that z*(x)—>z*(x) for each x£3c. Let [hi, ■ ■ ■ , h„] he any

«-tuple of bounded Borel functions. Then for each i=l, ■ ■ ■ , n

(') The symbol V^U*,-) denotes the least 3:-closed linear manifold containing the mani-

folds 9c (x*), i = 1, • ■ • ,n.
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z*Sihi)xt —> zo*Sihi)xi.

Let Uz*= [ft, ■ ■ ■ ,fn] and Uz* = [/?,•• • ,/£]. Then using Lemma 8.1, we

have

z*Sihi)xi=  lim   V S*(frk.m)xi*S(ki)xi

=  lim S*(f"- k,m)xi*S(hi)xi.
m—*»-

=   lim    I   fiio>)hiiw)viidoo)

=  I  f"(u)hi(u)vi(du).
J a

Similarly

z0*S(hi)xi =   I fi(ui)hi(u)vi(du).
J a

Consequently,

lima   j    f°(u)hi(u)vi(da)=  I  fi(u)hi(ca)vi(du),      i = 1, • ■ • , «
■Jo "J 0

showing the continuity of t7 when X* has its X-topology and Z"=i -^i(^. 2, j»<)

has its weak topology.

8.3. Corollary. Under the hypotheses of Theorem 8.2, [V,s„ 9c(Xi*)]

iA[Vye„' 9c(x/)] = (0)/or ciTiy partition [a, cr'] of the set [l, • • • , «].

We are now able to prove the following important theorem.

8.4. Theorem. Let SB be a complete B.A. of projections in a Banach space

X and let SB* be the B.A. of adjoints in 58*. Then a projection E in 58 has finite

uniform multiplicity n if and only if its adjoint £* in 58* has finite uniform

multiplicity n.

Proof. It is sufficient to suppose £ and £* satisfy the countable chain

condition. Also since each projection is the union of projections of uniform

multiplicity, it is enough to show (a) if £ has finite uniform multiplicity n,

then m(E*) ^n; and (b) if £* has finite uniform multiplicity n, then m(E)

^n. To prove (a) suppose ££= V?_i 50c(x.) and choose x* as in Lemma 5.1.

If £*X*?^V"=1 5t(xf), then by the Hahn-Banach theorem for the 26-topology

of 36 * there exists a nonzero vector x £ ££ such that y *x = 0 f or y * £ V?_ i 9J (x *).

Then x*£(e)x = 0, e£2, t=l, • • ■ , tz. Thus x = 0 by the one-to-one character
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of the map T of Theorem 5.2. The proof of (b) follows in the same way from

the fact U is one-to-one (Theorem 8.2).

8.5. Corollary. If n is an integer and ££93, then m(E) =n if and only if

m(E*) =n.

8.6. Corollary. If 3c is separable then m(E) =m(E*) for every ££93.

Proof. For each integer n let E„ and F* he respectively the projections of

uniform multiplicity n of Theorems 3.4 and 6.4. Then £*=£*, the adjoint of

£„, in view of Theorem 8.4. Since 3c is separable £0 = J—V"-i £n is zero or

has uniform multiplicity fc^o. To complete the proof it is sufficient to prove

that if £0^0, then m(E*) =K0- However, m(E*) ^Xo since if 3c is separable,

it is well known that the unit sphere in 3c* is compact metric and hence

separable in the 3c-topology. By definition of the projections £*, £* can have

no part of finite nonzero multiplicity.

9. Similarity equivalence. We recall (cf. [7]) that a bounded linear oper-

ator Q on a complex Banach space is a spectral operator of scalar type if it

possesses a resolution of the identity £(•) defined on the Borel sets 2 of the

complex plane s$ and Q = f„(Q)\E(d\), where o(Q) is the spectrum of Q. The

resolution of the identity is a projection valued measure which is countably

additive in the strong operator topology and satisfies

EW) = I, E((b) = 0, E(e)Q = QE(e), e £ 2

o-(Q; E(e)X) C e, e £ 2,

where o(Q; £(e)3c) denotes the spectrum of the restriction of Q to the sub-

space E(e)1. If we denote the range of E( ■) by 93, then 93 is a cr-complete B.A.

of projections and its closure 93s in the strong operator topology is complete

(cf. [3]). Thus the multiplicity theory of the preceding sections is applicable

to 93s. We now impose the assumption that 93'' contains no projections of

infinite uniform multiplicity. Our objective will be to show that, with this

restriction, the operator Q is, in a suitable sense, similarity equivalent to a

normal operator on a Hilbert space. However, rather than to seek the maxi-

mum generality it will be convenient to suppose that 93 is itself complete and

satisfies the countable chain condition. Both these properties hold for 93 if

3c is separable, so this will be assumed for the rest of this section.

By Theorem 3.4 there exist disjoint projections £n, n = \, 2, ■ ■ ■ , such

that 7= V"=i En and each £„ is either zero or has uniform multiplicity «.(By

our assumption above £«0 = 0.) Corresponding to each n there is a Borel set

en in the plane such that £„ =£(e„). We may suppose the sets en are disjoint

and ^3 = U^°_ j en.

Now consider n fixed and suppose £„^0. It follows from Lemma 5.1 and

Theorem 5.2 that there exist vectors Xi, ■ • ■ , x„ and functionals x*, • • • , x*

such    that   £„3c= V?,, 50f(x,),    x*(V,v; 3)?(xy)) =0>   and    the    measures   pt
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= x?E(-)xi, now defined on the Borel sets of the plane, are positive and van-

ish outside en- Moreover, there is a natural continuous linear map Tn of £„£

into Z"-i £iOP> 2, pi) with densely defined inverse. Let Wn denote the

identity map of §„ = Z"-i ^-sOP. 2, pi) into Z"-i ^iOPi 2, pi). As the measures

Pi are finite, Wn is defined and continuous, and the map An = W„~1T„ is a

densely defined closed map of EnH into $„ with densely defined inverse. We

suppose the norm of [hi, ■ ■ ■ , hn] in §„ is defined to be

[71        /» -11/2

ZJ K-MlV-Wj

so that §„ is a Hilbert space. It is easily seen that

D(An) = {*££„* | (Tnx)i(-) EL2 W,?, pi), i= 1, ■ • ■ , n],

D(An1) = \[hi, ■ ■ ■ , hn] E §„   lim   ZS(A."*«J*<existsf >
(. m->»    ,-,,1 )

where en= {X| |^i(X)| ^m, i=l, • ■ • ,«}. Moreover, if g is a bounded Borel

function on ty, the closure in §M of the densely defined operator AnS(g)A^1

sends [fe, • • • , hn] into [gfti, • • • , g&n], i.e. corresponds to multiplication by

g. Taking for g the characteristic function ke of a Borel set there results an

isomorphic correspondence E(e)—>ke between subprojections of £„ in 58 and

a B.A. 58n of self adjoint projections in !£>„■ Moreover, 58n is the resolution of

the identity of the bounded normal operator Qn=feJ^E(d\) which is the

closure of AnE(en)QA^1.

Now let the Hilbert space £> = Zn-i §« be the direct sum of the Hilbert

spaces §„. Elements of § will be denoted by the single letter h. We shall de-

fine a map A of 36 into §. Let

D(A) =  <x | £nx £ D(A„) for all 77 and  Z -4n£n* converges in £>> .

Define
00

^4x = V* AnEnx, x E D(A).
.   71-1

The properties of A are collected in the next lemma.

9.1. Lemma. The operator A is a densely defined closed linear map of x'

into § with densely defined inverse. Moreover, if Pn denotes the perpendicular

projection of £> onto £>„, then

D(A~l) = <h\ P„h E D(An ) for all n and Z A^Pnh converges in X>

and
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A~xh = Y A^PJt, h £ DU-1)-
n-l

Proof. Let ymED(A), ym—>y0 and Aym-^>ho. Then £„-ym-^£„y0, and

PnAym = AnEnym—*Pnho, n= 1, 2, • • • . Since A„ is closed E„yoED(A„) and

-4„E„;y0 = PnAo. Now

oo oo

Y AnEny0 = Y Bnh = h0.
n-l n-l

Thus yoED(A) and -4yo = &o, showing A is closed. If .4x = 0 then ^4„£„x

= £„^4x = 0. Since A'1 exists £„x = 0, so x= Xln-i Enx = 0 showing A~y exists.

Since each A~x has dense domain the same is true of A-1. The formula for

D(A~X) is easily verified.

The next theorem is a straightforward consequence of the preceding dis-

cussion.

9.2. Theorem. Let 3c be a separable complex Banach space and Q be a

bounded scalar type spectral operator in 3c. Let S3 denote the range of the resolu-

tion of the identity £(•) of Q and suppose that 93 contains no projection of in-

finite uniform multiplicity. If A is the closed densely defined linear map of 3c

into the Hilbert space § of Lemma 9.1, then the closure Q of AQA~X is a bounded

normal operator. For each bounded Borel function g on the plane let S(g) denote

the closure of AS(g)A~x. The correspondence r: S(g)-^S(g) preserves the oper-

ational calculus and

Q=  f    XE(dX),

where rE(e) =£(e), e£2.

Our final objective is to show that the operator A induces a one to one

correspondence betwen the subspaces of 3c invariant under S3 and those of $>

invariant under 93, the resolution of the identity of Q.

9.3. Definition. If SO? is a closed invariant subspace in 3c we denote by

$(SK) the closure in § of the linear set A(2Jir\D(A)). Similarly if # is a

closed invariant subspace in !q, >&($) denotes the closure in 3c of

A~1($tr\D(A-1)).
It follows from Theorem 5.2(b) and Lemma 9.1 that Wll~\D(A) is dense

in 9Jc\ Similarly &C\D(A~1) is dense in Jt. It is conceivable that $(93?) con-

tains elements of D(A~Y) not belonging to A($fir\D(A)), in which case

Sl'(<£,(93fc')) contains 9JJ properly. Our objective is to show that this does not

happen. In fact*(<i>(9Jc)) = Wl, *(¥(«)) = St, for all 9ft and «. This property

of the invariant subspaces is a consequence of the special structure of £n3c,

n = \, 2, ■ ■ ■ , and it will be convenient to prove a lemma first about the

maps An-
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9.4. Lemma, (a) // 9)t is an invariant subspace of £„36 then

*(2R) C\ DiAn1) C An[m C\ D(An)].

(b) If S is an invariant subspace of §„ then

*(«) n DiAn) C iln-x[« n DU,"1)].

Proof. To prove (a) suppose &° = [hi, • • ■ , hn] is an element of <i>(9K)

r\Z)(4"') C§„, and that h° = Anyo- We must show yo£9Jt. There exist vectors

ym in 2)cnF>(^B) such that Anym=[h^, ■ • • , #]->[*!, • • • , *S] in §„

= Z"-i -^OP, 2, ^i). By extracting subsequences we may suppose h™—*h\ al-

most uniformly with respect to ju,-, *'=1, • ■ • , n. Given e>0 there exists a

Borel set e( such that Piie{) <«, i—l, • • • , n, and hf—^h° uniformly on e,.

The functions h? are bounded on e, and

71

Eie()ym = Z S(hf -k,t)xi

71

-»£■$(**•*..) = £(«.)yo,
i=i

so £(e«)yo£9)J. An obvious limiting argument shows yo£9U, establishing (a).

If yo£yF(S)rM)(^4„) and yo = ^4,71&o, there is a sequence {hm} of w-tuples

in    ftCSDiA-1)   such   that   ym=^.~1A'»-^yo.    Then   T„ym=[hT, ■ ■ ■ ,   K]
-»[*!, • • ' . *2] in  Zw^iPP. s> /*<)•  Consequently, given e>0,  Eiet)hm

-^£iet)h° in subsequence, where Piiei) <e, *=1, • • • , ». Thus h0E®, so

y.eii^[*nz)(ii;1)].

9.5. Theorem. Let the hypotheses of Theorem 9.2 be satisfied and let the

maps <£ and SP be defined as in Definition 9.3. Then there exists a one to one cor-

respondence between the invariant subspaces SOt of 36 and the invariant subspaces

$ of !q given by the relations

¥(*(3R)) - 2tt,       *(*(«)) = #,       2TC C 36,       « C §.

Proof. The desired relations follow immediately from the two equations

(a) *(2R) H 2>(i4-1) = ,4(jDJ fS D(A))

and

(b) *(fl) n d(a) = ^-»(« n z?(^-1)).

We shall prove (a), the proof of (b) being similar. Clearly the right side of

(a) is contained in the left. It follows from Lemma 9.4 that

(#) *(EM) r\ DiA-1) C A[(EM) r\ D(A)],      n = 1, 2, ■ ■ -.

Now iEnm)r\DiA)=EniWr\DiA)) and PnAmr\DiA))=AEnimr\DiA)).
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Taking closures of both sides of the last equation shows Pn$(3Jl) =<J>(£n9W),

n = 1, 2, • • ■ . Now let hE^M)^D(A~1) and h=Ax. For each n

Pnh E  PnHTc)   =   HEM).

Thus by (#)

A-'Pnh = Enx E EM,

so

oo

x = YEnxEM r\D(A~1).
n-l

10. Unsolved problems. The main question left open is the relation be-

tween the multiplicity functions in S3 and S3* on projections of infinite

multiplicity. It was shown in Corollary 8.5 that m(E) =m(E*) for all projec-

tions of finite multiplicity. We have no information on this question. It is

undecided even whether £* has infinite uniform multiplicity when £ has

infinite uniform multiplicity. A related question concerns invariant subspaces.

If 9JJ is an invariant subspace we may define the multiplicity of 93 in 90?. If

9Ki C9ft2 it is to be expected that nti(E) gm2(E), ££93. This is true if S3 con-

tains no projections of infinite uniform multiplicity, but the question is open

in general.
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