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Introduction. The Kiinneth theorem asserts that the homology 77(X® F)

of the product of two free abelian positively graded chain complexes is iso-

morphic to Tor(77A, 77F) =77A®77F+Tori(77Ar, 77F). This isomorphism
however gives no insight into the effect of chain maps; that is to say, 77(/®g)

cannot be computed in terms of 77/ and 77g. Alternatively the difficulty may

be expressed by saying that the isomorphism in question is not canonical.

It appears that in order to produce a functorial Kiinneth theorem some

additional invariant of a chain complex is needed, and indeed Bockstein [l]

and Palermo [4] have produced such theorems using as the starting point the

homology or cohomology spectra.

In this paper we adopt the alternate course of introducing as an invariant

the affine space of orientations (§2) of a chain complex. Having defined the

notion of skew-isomorph (§3) of a group with respect to such an affine space

we then see that the homology of the product, as well as cohomology groups,

groups of homotopy classes and so forth, are just skew-isomorphs of those

produced by the usual functors of homological algebra.

In §6 we use the same device to sharpen the notion of derived functor,

and with these sharpened functors we are able to compute the space of

orientations of a product complex (§7). There is an obvious application, which

however we omit, to the triple (etc.) product studied by MacLane [3].

The external product in cohomology, and also the cup-product, have

straightforward expressions in the language here adduced. These are given

in §8.

1. Unfolding chain complexes. By chain complexes we shall mean free

abelian graded groups with derivations of degree — 1. We shall further require

that these groups be graded by nonnegative degrees, i.e., that their homogene-

ous components of negative degree be 0. Some of our results remain valid

without the latter restriction; the reader may easily supply the generaliza-

tions for himself.

We shall also have occasion to consider bicomplexes, by which we under-

stand free abelian bigraded groups A = Epïo.sïo Apq with derivations of de-

gree (0, — 1). We shall call p the principal, q the resolvent degree of Apq.

The notions of chain map and chain homotopy of chain complexes are the

usual ones; we extend them by analogy to bicomplexes. Observe that in the

latter case a chain homotopy of degree ip, q) connects maps of degree
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If X is a chain complex its unfolded complex UX is the bicomplex.

(UX)po = ZPX, (UX)pl = BPX, (UX)vq = 0, q ^ 0, 1,

supplied with the inclusion ßX: BX^>ZX as derivation. Notice that HUX

is bigraded, but that H*oUX = HX, H*qUX = 0, q?¿0.
We may indeed make U into a functor by setting

(UfUo = Zf, (i//)*i = Bf, (Uf)*, = 0, q * 0, 1.

If/ is homogeneous of degree r then Uf is homogeneous of degree (r, 0).

The point of this construction is of course that UX is a projective resolu-

tion of 27X, and Uf a projective resolution of 27/, for a chain map /. If we

write Horn for the group of homotopy classes of chain maps then

rlom(UX, UX') may be identified with the bigraded group Ext(27Z, HX'),

while the composition Horn (UX', UX")®Wom(UX, UX')-+Hom(UX, UX")

is just the composition in the category Ext Swi the extended category of the

category of graded abelian groups [2],

We denote by 2 the functor which makes a bigraded group into a graded

one by employing the total degree only. Clearly 2 takes bicomplexes into

complexes and has the following properties:

(1.1) 772 = 277,        77SÍ/ = 77,        VLU=U.

It is also clear that if Y, Y' are bicomplexes then

(1.2) 2 Hom(F, Y') = Hom(2F, SF').

If A is a bigraded group then A and ~ZA have the same elements; we shall

on occasion allow ourselves the liberty of writing A instead of 2.4.

2. Orientations and homotopy-classes of maps. If X is a chain-complex

then IT2UX = HX. Thus there are chain maps /: X->2UX such that 77/

= 1 : HX; such maps are of course homotopy equivalences. We denote by TX

the set of homotopy classes of these maps, and call such homotopy classes

orientations of X.

We shall see that TX is provided with the structure of an affine space over

a certain group. To be explicit, let us first define, for any group G, a G-

preaffine space as a set T together with a map 5: TXT-+G such that for any

x, y, z£T, b(x, y)b(y, z) = 5(x, z). A G-preaffine space (r, b) is affine if, first,

for any x, yET, b(x, y) = 1 implies y = x, and second, for any x£r,

{o(x, y)|yGT} =G. The notion of G-affine space, then, is equivalent to that

of principal homogeneous space of G, the operation being prescribed by the

equation 5(y, x)x = y for x, y£T.

Now if A is a graded abelian group we define the group xtr A of extrans-

vections of A to be {1: A +<p\<j>£.Ext\(A, A)} CExt(^4, A). This is a multi-

plicative subgroup of the ring Ext(.4, A) which is of course canonically iso-

morphic to Ext}(A, A).
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Proposition 2.1. If X is a chain complex then YX is an affine space of

xtr 77X

We need only define, for £, %'EYX

«(£', Ö = íT1 G Hom(S£X, -LUX) = 2 Hom(£A, UX) = 2 Ext (77X, 77X).

We shall call the pair iHX, YX) the sharp homology HA" of the chain

complex X. If <p:X-^>X' is a homotopy class of maps we shall write, for

ZETX, S'ETX',

(2.2)       (H*)(?, Ö = ¥<t>tl G Hom(2£X, 2£X') = Ext(77X, HX');

if / is a map in the homotopy class <p we shall also write H/(£', £) =H<£(£', £).

Theorem 2.3. If <p: X-+X' then U<p:YX'XYX-+Ext(HX, HX') satisfies
the condition

(2.3.1) H*«/, h) = «({/, r)H<Kr, ö*tt, ¿o

/or £, ¿iGrA, £', Ci'erZ'. 7/ a/50 <b':X'-*X" and %'EYX" then

(2.3.2) H(*W, Ö = H*'({", i')H0(f', Ö.

7/Ô: TA' XTA—>Ext(77A, 77A') satisfies 2.3.1 /Äera ¿Äere Í5 exactly one homotopy

class <p: X—>X' such that H<b = 0.

We shall call H0: YX'XYX-^Ext(HX, HX') the sharp homology of the
homotopy class d>.

3. Skew-isomorphs. Suppose that A is an abelian group, G a group which

operates on A and Y a G-preaffine space. We define the skew-isomorph Y O A

of A to be the group consisting of maps d: Y—*A such that

(3.1) By' = oiy',y)By, y, y' E Y,

with group operation given by id + 6')y = dy + d'y.

For any yEY, aEA there is a unique OEY <> A, denoted by (y; a), such

that Oy = a. Thus r O A is isomorphic to A. It is wo/ however canonically iso-

morphic to A.

Observe that the following relationship is an immediate consequence of

3.1:

(7; a) = <7iJ 5(yi, y)a), 7, 7i G T, a E A.

If A is graded and the operations of G preserve the degree then r O A

inherits the gradation.

For example, suppose that 0—*A'—ra'A —>a"A"—»0 is a short exact sequence

of abelian groups which splits, and denote by ^ the set of left-splittings, i.e.,

of homomorphisms a: A—*A' such that aa' = l:A'. If aGÍ we define the

conjugate right-splitting a*: A"—*A by the conditions a"a*=l: A, aa* = 0.
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The group tr(4', A") of transvections of A' © A" consists of the auto-

morphisms (x', x")-+(x'+<px", x") where <p: A"—=>A' and is of course canon-

ically isomorphic to Hom(.4", A'). We make SP a Hom(.4", A')-afhne space,

and hence a tr(A', j4")-affine space, by setting 5(a, a') =a'a*. We have then

the following result:

(3.2)    A is canonically isomorphic to ^ O (A1®A"). The isomorphism is

given by x—>(a; (ax, a"x)) for xG-4, aG*.

For a second example, suppose X and X' are chain complexes. Then

(xtr HX') X(xtr HX) operates on Ext(HX, HX') by means of the composi-

tion in Ext 9e0. Theorem 2.2 clearly implies the following result.

Proposition 3.3. If X, X' are chain complexes then Horn (X,X') is canon-

ically isomorphic to (TX'XTX) <y Ext(HX, HX').

A third example is the following. Suppose A, A' are abelian groups graded

by nonnegative degrees. If a£xtr A, a-'Gxtr A' then Tor(a, a') : Tor(^4, A')

—>Tor(^4, A') is an automorphism of total degree 0, so that xtr.4Xxtr.4'

operates on Tor(yl, A') preserving the total degree. If T, V are respectively

xtr A, xtr .4'-affine then TXT' is xtr A Xxtr ^'-affine and there is defined a

group (r X r') O Tor (A, A') which is noncanonically isomorphic to

2 Tor (.4, A'), i.e., to Tor (A, A') graded by the total degree.

4. The functorial Künneth theorem. If Y and Y' are bicomplexes we de-

fine Y®Y' by (Y®Y')mn = £<+y_«l}(+t_„ Yip®Y^ with derivation d(y®y')

= dy®y' + ( — l)i+py®3y' for yE:Yip. Notice that this product commutes

with 2, i.e., 2( Y® F) =2 F®2 Y'.
If X and X' are chain complexes then UX, UX' are projective resolutions

of 77X, HX' and thus H(UX ® UX') = Tor(HX, (HX'), so that
77(2í/X®2«7A")=2Tor(27X, HX').

Theorem 4.1. If X, X' are chain complexes then H(X®X') is canonically

isomorphic to

(TX X TX') O Tor(77Z, HX').

Iff: X—rXx,f: X'—*X{ then, making the identification by means of this canon-

ical isomorphism,

(4.1.1)     H(f ® /')<£', £'; a) = <£„ Ü ; Ext(H/(fi, 0, rIf(Ç{, f))a>

for £GrX, £'GrX', &GTXi, Ç{GTX{,oeTor(HX, HX').

The isomorphism3>=3»(X, X') : H(X®X')-+(TXXTX') O Tor(27X, 27X')
is given by

($x)(t-, £') = 77(£ ® £')x,       £ G TX, £' G TX', x G 77(Z ® X').

Observe that if bETX, tí ETX' then
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£(li ® íí> = 77(í,rI ® Éi'É'"1) [**(*, *')]

= Ext(í(fi,o,5({i',{'))Mf,r)].

Formula 4.1.1 is proved analogously.

Similar techniques may be applied to the universal coefficient theorem.

We have the following results.

Theorem 4.2. If X is a chain complex and A an abelian group then

HiX®A) is canonically isomorphic to YX O Tor(77A, ^4). The cohomology

H*iX; A) is canonically isomorphic to YX O Ext(77A, A). The effect of chain

maps is, in each case, given by the analogue of 4.1.1. For example iff: X—+X',

£GrA, Ê'erX', aeExt(77X', A) then

£*/"<£';«>= (iicBfie,&).

The effect of coefficient homomorphisms and the Bockstein homomor-

phism may easily be evaluated in terms of the above representations of

homology and cohomology. We have (confining ourselves to cohomology)

the following result.

Theorem 4.3. If X is a chain complex, A and A' are abelian groups and

a: A—*A' is a homomorphism then, for £EYX, aEExt(HX, A),

(H*a)(Z; «) = (f ; act).

7/ A= (0—*A'—*A-^A"—->0) is an exact sequence of abelian groups with exten-

sion class AAEExt'(.4", A') then the Bockstein operation bA:H*iX; A")

—>77*(A; A') is given by

bA(£; a") = (£; (AA)«">,       f G YX, a" E Ext(HX, A").

Theorems 4.2 and 4.3 constitute a computation of the Bockstein co-

homology spectrum in terms of the sharp homology. It has been observed

(e.g. [4]) that functorial Kiinneth theorems may also be stated in terms of

the homology or cohomology spectra.

5. An alternate description of orientations. Inasmuch as the affine space

YX of orientations of a chain complex X is proposed as a fundamental invari-

ant of X it may be appropriate to give an alternate description of YX in

what may be somewhat more familiar form.

We have seen (4.2) that H*(X\ A) may be identified with FA O

Ext(77A, A). Now the subgroup ExVillX, A) of Ext(77A, A) is invariant

under the operation of xtr 77A. Thus the exact sequence 0—>Ext'(77A, A)

—>Ext(77A, A)—»Hom(77A, A)—>0 is also invariant and indeed xtr 77A oper-

ates by transvections on Ext(HX, A) = ExtiiHX, A)®Hom(IIX, A). Thus

the sequence

0 -> TX O Exù (77.Y, A) -> YX O (2 Ext(77.Y, A))0 -* YX O Hom0(77.Y, A) -> 0
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is exact and may be identified canonically with the usual universal coefficient

sequence

i b* I)*
0 -* Exti (HX, A) -> 27°(X; A) -* Hom0(27X, .4) -» 0.

A similar construction gives the Künneth exact sequence.

Now the map £-*£=(£; 1: HX)£H°(X; IIX) maps TX onto the subset

of H°(X; HX) consisting of those elements a such that f)*a= 1: HX, and in-

deed we have, for £, ?ETX and 5(£, £') = 1+0, 0GExt}(27X, HX),

rk-fi' = <£; 1) - (£'; i> = <£; D - (£; «(£, £'))
(a.l)

= b*0.

If we identify £ with r£ then we have the following result.

Proposition 5.2. If X is a chain complex then TX is the subset of!I°(X;HX)

consisting of elements £ such that i)*£ = 1 : IIX. The affine-space structure is given

by

5(£, £') = l:HX + b*~l(Ç - £') G xtr 77X.

For the most part however it is more convenient to use the characteriza-

tion given in §2.

6. The functor Tor; sharp derived functors. If the homology of a chain

complex X vanishes except in one degree then xtr 77X is trivial and TX is

more or less irrelevant as an invariant. This is the case with a projective

resolution, but is not the case with the product of two projective resolutions.

If A and A' are abelian groups then II(PRA®PRA')=Tor(A, A') has in

general two nontrivial degrees and thus r(PR^4 ®PR.4') = (-)(^4, A') is a non-

trivial invariant of the pair A, A'. We denote (Torfyl, A'), @(A, A'))

= HÇPRA®PRA') byTot(A,A').
If cj>EExt(A, Ax), <p'GExt(A', A(), i.e., 0 : PR¿->PRy41 and fa:VRA'

—>PRi4i are homotopy classes of maps, then 77(0 ®fa) =Tor(0,0') :Tor(.4,.4')

->Tor(^i, A{). But we have further for tE&(A, A'), hEQ(Au A{)

(6.1)    H(0 ® fa)(h, t) = /,(0 ® 0')r' G Ext(Tor(.4, A'), Tor(Ah A{))

of which Tor(0, 0') is a projection. We write

H(0®</>') = Tot(fa<t>'):Q(Ah A{) XQ(A, A')-+Ext(Tor(A, A'),Tor(Ai, A{)).

This should be thought of as a "sharpening" of the usual torsion functor.

We shall call Tor the sharp torsion functor. Similar constructions, applied

when appropriate to other functors, yield the sharp derived functors.

It will be convenient to define also a product intermediate between Tor

and Tor. If tt: Ext(Tor(/l, A'), Tor(Ai, Ai))-*Ext(7or(A, A'), Ai®A{) is

the projection then for0GExt(^l, Ax), <p'EExt(Ai, A{), the composition
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TrToríA </>')(/!, t):@iAu Ai) X 0(4, A') -» Ext (Tor(4, 4'),4i ® 4/)

is independent of ¿i£0(4i, 4i ). We shall write

Tor»(<¿>, <*>')< = Torfo, *')Ci, /),       <6 8U,n iiG8(4ili').

These construction must also be applied in the case that A, A' are graded

abelian groups. Here PR4, PR4' are bicomplexes and £(PR4 ®PR4') is

triply graded with derivation of degree (0, 0, —1). An orientation of

PR4 ®PR4' is a homotopy class t: PR4 ®PR4'->2£(PR4 ®PR4') and the
set 6(4, A') of orientations is xtrTor(4, 4')-affine where xtrTor(4, A')

= {l+(p\4>EExtliiToriA, A'),ToriA, A'))}. Modulo these observations the
treatment is the same as in the ungraded case.

7. Orientations of a product complex. We shall amplify the Kiinneth

Theorem 4.1 above by investigating, for chain complexes X, X', the affine

space r(A ® X'). In order to do this we define for £ E YX, £' E YX',

¿£0(77X, HX') an orientation t(£, £', /) of X®A' by requiring commutativ-

ity in the diagram

f ® É'
A <g> X'->2UX ® 2£A'

t(f, r, o <
ZE7(f ®{')

2£(A ® A')-► 2£(2A£ ® 2£A').

Since 77(£®£')=772t/(£®£') and 77/= 1: Tor(77X, 77A') it follows that
-£t(£i £'> /) = 1: 77(A®A'), which is of course the defining condition for an

orientation.

Lemma 7.1. If also hETXlt U EYXi, hE®iHXu HX{), f:X-*Xx and
f':X'->Xi then

H(/®/')(t(|i,£i',/i),t(f,i',/))

= Hit ® n-'tTorfH/tt,, Ö, H/«/, {'))(*!, 0]#(f ® ?).
For

Ha®/)(t(íi,íi',íi),ttt,r,o)
= t(f,, fi',ii)(/ ®/')t(i,r,o-1

= 2£(£i ® e/)-»ii({i ® £/)(/ ® mn ® eo-f-wft ® n
= HUx ® fi'i-'fTorfB/«!, Ö, Hf'a/, r))(/i, *)]£(£ ® f)

by 2.2 and 6.1, recalling that 2£(£®£') is just a projective resolution of

As a special case we have the following result.

Corollary 7.2. If Ç, ÇiEYX, £', &ETX', t, hE@(HX, HX') then
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i(t(£i, fe',/0,t (£,£',<)) = H(íi ® «■/J-^Tori««!, £), «({/, £'))(<i, ')]77(£ ® £')•

From these data T(X®X') may easily be computed as an identification

space of rZxrZ'X6(77X, HX') X xtr Tor(77X, HX'). We shall omit this
as being of secondary interest; the important thing is to have constructed the

orientations t(£, £', t).

8. Cohomology of a product; external and cup-products. If X and X' are

chain complexes and A is an abelian group the cohomology H*(X®X'; A)

may be computed by 4.2 from H(X®X') = (TXXTX') O Tor(HX, HX') and
r(A'"®.X'). We shall give here an alternate, somewhat less laborious, com-

putation.

Consider the maps

77*(.Y ® X'\ A)

II* (£ ® £') 77*/
<—-II*(J,UX ® ZUX'; A) <-H*Ç2U(2UX ® 2UX'); A),

where $GTX, ÇETX', tE@(HX, HX'). The group on the right is just

Ext(Tor(IIX, IIX'), A) and both maps are isomorphisms. Extending our

notation by analogy we write, for a in this group, (£, £', t; a) = 77*(£®£')
• (77*0«.

If/: Xi-*X,f':X{-+X', £iETXitíETX{,t'E€>(HXu HX{) it is easy to
see that

(8.1) H*f(S, £', l;a)= (tí, tí, h; a Tor(H/(£, £,), Bf (g, tí))(h, I»

and, taking X = Xi, X' = X{ and /, /' the identity maps,

(8.2) (£, £', /; a) = ({„ {/,/,; a Tor(«(f, £,), «(£', £i))«i, 0>-

We have thus proved the following result.

Theorem 8.3. If X, X' are chain complexes and A is an abelian group then

II*(X®X'; A) is canonically isomorphic to

(TX X TX' X Q(HX, HX')) O Ext(Tor(77X, HX'), A)

where TXXTX'X@(HX, HX') is an Ext(Tor(77X, HX'), Tor(HX, HX'))-
preaffine space under the operation

S((£i, £/, tx), (£, £', /)) = Tor(i(£,, £), í(£í\ £'))(*!, 0-

Using this expression for H*(X®X'; A) we may evaluate the "external"

product ®:H*(X; A)®II*(X'; A')-^II*(X®X';A®A') as follows.

Theorem S.4. If£ETX, aEExt(IIX; A), £ETX', a'EExt(HX', A') and
tE®(HX, IIX') then

(tía)® (£';«') = (£,£',/; Tor»(«, «').)•

This results from commutativity in the following diagram:
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Ext (77A, A) ® Ext(77A', A')-» Ext(Tor(77A, 77A'), 4 ® 4')

| = i H*t

77*(2£A; A) ® 77*(2£A'; 4')-► 77*(2£A ® 2 £A'; A ® 4')

| 77*£ ® 77*|' 1 77*(f ® £')

77*(A:^) ® 77*(A':4')-> H*(X ® X':A ® A')

where the map in the top row is a®a'—»Tor^a, a')t.

We have here tacitly made use of the canonical isomorphism of 77*(A; B)

with Hom(A, PR£). Interpreting cohomology classes in the latter way we

arrive at a sharpening of the external product:

(8.5)      H*iX:A) ® 77*(A', A')^@iA, A') O 77*(A ® X': Tor(4, 4'))

of which the usual product is just a projection. This is of course given by

(I; «> ®' ({'; «') = (h; (f, £', /; Tor(a, a')(tu t)))

for iiG©(4, A').
We conclude with a formula for the cup-product, which is defined for a

complex X provided with a diagonal map a: X—>X®X and is just (77*«)®
= W:77*(A; 4)®77*(A; 4')->77*(A; 4 ®4').

Theorem 8.6. If X is provided with a diagonal map o>, and if %EYX,

aEExtiHX, A), a'EExtiHX, A'), tE&iHX, HX) then

<£, a) U (f, a') = ({; Tor6 a, a')tHuw)

where

H^co = Hit ® Öaö(t(f, Í, 0, Ö G Ext(77A, Tor(77A, 77A))

is an invariant of u alone.

Bibliography

1. M. F. Bockstein, Homologuai invariants of topological spaces. II, Trudy Moskov. Mat.

Obsi. vol. 6 (1957) pp. 3-133.
2. A. Heller, Homological algebra in abelian categories, Ann. of Math. vol. 68 (1958) pp.

484-525.
3. S. MacLane, Triple torsion products and multiple Kiinneth formulas, Math. Ann. vol. 140

(1960) pp. 51-64.
4. F. P. Palermo, The cohomology ring of product complexes, Trans. Amer. Math. Soc. vol.

86 (1957) pp. 174-196.

University of Illinois,

Urbana, Illinois


