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Introduction. In his papers [5; 6] Eichler demonstrated the significance
for the study of automorphic forms of Bol’s discovery [3] of some remarkably
simple differential operators taking automorphic forms into automorphic
forms. In [6] in particular Eichler discussed a relation between the auto-
morphic forms associated to a transformation group G on a Riemann surface
D and some purely algebraic constructions involving the group G, the first
cohomology groups of G with certain modules of polynomials as coefficients;
the cocycles appeared as the periods of the automorphic forms under iterated
indefinite integration, generalizing the classical interpretation of the periods
of the abelian integrals on ©/G (which can of course be considered as auto-
morphic forms on D) as cocycles of the group G or alternatively of the space
D/G. The object of studying such a relation is the development of tools for
calculating the dimensions of spaces of automorphic forms and the traces of
the Hecke operators on automorphic forms. The aim of the present paper is
the study of a more general form of this relation in somewhat greater detail
for one complex variable, but in such a manner that the results can be ex-
tended to several complex variables; the actual extension to several complex
variables, as well as the application to the study of the Hecke operators, will
be discussed elsewhere.

As for the contents of this paper, §1 is devoted to an exposition of Bol’s
differential operators in a form more useful in the present context than that
of [3]. In §2 these differential operators are applied to give an exact co-
homology sequence containing, in a rather more transparent form, the rela-
tion of Eichler discussed above. The interpretations of the terms appearing
in this exact sequence are discussed in §§3 through 5; the only point of
difficulty arises in §4, Theorem 3 of that section really being a form of the
Serre duality theorem [12] appropriate to the occasion. These results are
combined in §6 to give a formal statement of the fundamental result of the
paper.

1. Differential operators preserving automorphic forms. Let 3C be the

group of 2X2 real matrices
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such that Ar=ad—bc>0; 3 acts as a group of complex analytic automor-
phisms of the upper half plane D= {z&C|Im z>0}, with the group action
defined by T:z—Tz=(az+b)/(cz+d). A scalar multiplier p(T, 2z) for the
group 3C acting on D is a complex-valued function on 3¢ X D which is holo-
morphic as a function on D and which satisfies the functional equations
p(Th T2, 2)=p(T1, T22)p(Ts, 2) for all Ty, To€3C. The classification of such
multipliers has been discussed elsewhere [9]; for the present purposes only
multipliers of the form

1) o(T, 2) = A7 (cz + d)*

will be considered, where k is a positive or negative integer called the degree
of the multiplier and the positive square root of Ar is selected in each case.
As a notational convenience the scalar multiplier of degree k=2 will be de-
noted by 6(7, 2); thus (T, 2)7*=dT(z)/dz. Note that any product of multi-
pliers, such as (p6) (T, 2) =p(T, 2)6(T, 2), is again a multiplier.

Having selected a multiplier p, associate to each complex-valued function
f on D and each transformation T&3 the complex-valued function f | o1 on
D defined by

() (s () = p(T, 2)7Y(T3).

It is clear that (a1f1+a2f2)|,,T=a1(f1|pT) +as(f2|,T) for any constants a;, a,
and functions fi, f; and that f | AhTy)=(f | »11) |, T2 for any transformations
T,, To&3¢. The mapping (f, T)—f | oI is therefore a representation of 3C as a
group of linear transformations on, say, the vector space € of C* complex-
valued functions on D; this representation will be denoted by p as well.

A linear differential operator is also a linear transformation on the vector
space €; following Eichler the differential operators of interest are those
which commute with the representation p of 3¢ on €, in an appropriate sense.
As usual when considering holomorphic functions introduce as generators of
the algebra of linear differential operators the first order operators

o 170 @ 8 170 0
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where z=x41y; and put
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where k is the degree of the multiplier p. The sense in which this differential
operator commutes with the representation p is expressed in the following:

LEMMA 1. For any function f(2) EC€ and any transformation T E3C
@ Du(f[sT) = (D) | T.
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Proof. First recall that for any T&3C
Im Tz = Im(az + b)/(cz + d) = Ar|cz + d|?Im 3;
hence putting ¢(z) =k/2:iy, y=1m z, it follows that

It;z-l—dl2

q(T )—

= Ziyhs {(cz + d)? — 2icy(cz + d)}

ke
= (T, 2)q(3) — — (cz + d).
Ar
Then for any fEE and TER, putting w= T3z,

i)
‘QUM3=Q£+Q@)@UJVWHD
=pwmrwn@ﬂ{lil+xrn«www~—ww+dmw}

= p(T, 2)~18(T, Z)_l' {& + q(W)f(‘lU)}

= (Dof) | T.
Defining

(5) D, = Dyt - - - Dys- D,
a repeated application of (4) shows that

(6) D,(f1,T) = (Df) | T

Thus Lemma 1 also provides a family of higher order linear differential oper-
ators which commute with the representation p in the sense of equation (6).
It should perhaps be noted here that these are the only differential operators
with such properties, up to constant factors; the proof of this assertion, being
trivial and irrelevant, will not be given here. There is however some use for
an explicit formula for the iterated operators defined by (5).

LEMMA 2. If k is the degree of the multiplier p then

N R e R D
D B Thm kot P

where C; are the binomial coefficients and
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dz® a9z 0z .

Proof. The proof is of course by induction on r. If r=1 equation (7) re-
duces to equation (3); if then equation (7) holds for some 721 it follows that

D = D,y D,
IR R Y R VRN et Gk D
_<6z_ 2ty )(mzocs(k—l)---(k—1+s)(21y) az‘)
e G=D k=140
"Gy e ity
i o 6= @i e 20
1y el SR Py (k + 2r)(21y) Py
e k=) L= (k=147
s * —1) (2i3) +..Zl(k—l)~-(k—1+s)
-{c.'.l(k—1+s)+ci(k+r+s)}(2iy)""‘;—;
_H-l r+1 (k_l)'(k+f) . a-r—li
-‘_Z())c, D G139 o
since

Coa(k =14 9) 4+ Ci(k+ 7+ 9)
=k+n[CIH+Ca]+[sCl— r+1—35)Cia] = k+nCT.

This is just equation (7) for the case r+1, thus completing the induction
argument.

The vector space U of functions holomorphic on D is a subspace of €
which is stable under the representation p of 3¢ on €; hence the restriction
of p to the subspace U is another linear representation of 3¢, which will still
be denoted by p. The linear differential operators I, of course commute with
the representation p on ¥ in the sense of equation (6), provided only that
they preserve the space U; but it is clear from (7) that DA CH if and only
if (B—1)(k) - - (k—=14r)/(k—1)(k) - - - (k—145)=0 for 0=s<r, that is,
if and only if =1—k. Thus for the study of the space U by these means one
is restricted to considering multipliers p of degree k<0 and the associated
differential operators ©), with r=1—Fk; note that in this case

-k a 1—k

(8) gp = FyEn *
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2. Exact cohomology sequences associated to the differential operators.
Let G be a properly discontinuous subgroup of 3C possessing a fundamental
domain which can be compactified by adding a finite number of parabolic
vertices [8]. The present discussion will be devoted principally to those
groups G which have at least one parabolic vertex; the simplifications arising
when there are no parabolic vertices will merely be noted in passing. In
particular it will be assumed that the point at infinity is a parabolic vertex
of G, or equivalently that G contains translations.

If X(T) is an n-dimensional complex linear representation of the group
G, that is, a homomorphism of G into the group GL(n, C), and p(T, 2) is the
scalar multiplier defined by (1), then the matrix functions u(7T', 2) =p(T, 2)A(T)
satisfy the functional equations u(717T5, 2) =u(T1, Te2)u(Ty, 2) for all Ty, T.€G
and hence define a matrix factor of automorphy for the group G. Let
C.=C+ - .- +€, an element F=F(z) EC, being considered as a column
vector of » functions f;(3) €€. The mapping (F, T)—>F| «I of €,XG into §
defined by

(9) (F|.T)(2) = u(T, 2)"'F(T3)

is then a representation of G as a group of linear transformations on the com-
plex vector space €,; this representation will be denoted by u as well.
Now select a subset @ of the group 3C such that:

(i) gCgeCe;
(ii) for each parabolic fixed point 2o of G there are transformations
(10) PE®, and at most finitely many, such that P o =3z,; and
(iii) for each transformation PE® the point P« is a parabolic fixed
point of G.

This set will be assumed fixed in what follows. Then for any real number
€=0 let € be the subspace of € consisting of those C* functions f(z) on D
such that:

for each transformation PE® and for each real number ¢> € the func-
(11) tion g(2)=(f [ »P) (2) satisfies the condition that e“”I g(2) | —0 uniformly
as y—+  in any strip ¢ <x <b of finite width;

and let €,=C<+ - . - +€<CE¢,. It follows immediately from (10)(i) that
F | «TEGE;, whenever FEE;, and T EG; hence u also determines a linear repre-
sentation of the group G on each subspace €;CG,. If G has no parabolic
vertices this entire construction is of course unnecessary.

To introduce cohomological machinery recall, from [7] for instance, that
a homogeneous p-cochain of § with coefficients in €, associated to the repre-
sentation u of G as a group of linear transformations of €, is a function
F(To, T,, - - -, Typ) of p+1 variables T;EG with values in €, such that

(12) F(ToT, T\T, - - -, ToT) = F(To, Ty, - + +, Tp) |uT



1961] COHOMOLOGY GROUPS AND AUTOMORPHIC FORMS 49

for all T, T:EgG; the set of all such p-cochains forms a complex vector space
Ci(G, €,) in the obvious manner. The coboundary operator &: Ci(G, G.,)
— C?*Y(g, €.) is the linear mapping which associates to any cochain

F(To, - - -, Tp) €C%(G, €,) the cochain
p+1
(13)  (OF)(To, = -+, Tpr1) = 2, (—1)iF(To, -+ +, Tict, Tir1, = * + 5 Tpt1)

1=0

in C5*1(G, €,). The kernel of this mapping is the subspace Z2(g, €,) C C(g, €.,)
of cocycles, and the cohomology groups are the quotient spaces

(14) HY(S, 6.) = Zu(8, 6,)/5C, (S, C.).

There are in addition cohomology groups H2(G, B.) associated to any sub-
spaces B, CE, which are stable under the representation u, as for example
the cohomology groups H%(G, €;). More important for the present purposes
are the cohomology groups Hi(G, %A,) and Hi(G, U;), where A=A+ - - - +%A
CG, is the subspace of holomorphic functions and ¥=A.NE;. A useful
relationship among these groups follows directly from the results of §1, after
the preliminary:

LeMMA 3. If the multiplier p is of degree k =0 then for any €20 the following
is an exact sequence of complex vector spaces and linear maps

. 1%
i 9D,
(15) 0—->P(—k) > A—> A< — 0,
where 1 is the inclusion map and P(—k) is the space of complex polynomials of

degree = —k.

Proof. It follows immediately from (8) and (11) that B(—&k) is precisely
the kernel of the linear map D:7%. If f(z) €U+, PE®, and g=f| oP, then by (6)

d'~*g(2)
dzl—*

_ 5P, ) (—;—ri ¢ — *%g()ds

@ PP =8P, 2

hence if g(z) satisfies the growth condition of (11) so does (SD},'kf)l,,P, and
therefore D, *Y¢CA=. On the other hand if f(z) EA¢ and PEE then the iter-
ated indefinite integral

gr(s) = f (& — O+(f|,u+P) ()ds

(= k)'

represents a function in % which is readily seen to satisfy the growth condi-
tion of (11) and the differential equation D} *gp=f|,+*P. In particular
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2(z) =g1(z), where I is the identity element of the group G, satisfies D} *g=f;
and since by (6) SD,‘,"‘(gI +P—gp) =0, then g|,P—gp is a polynomial, so that
g| ,P satisfies the same growth condition as does gp and hence g&¥¢. There-
fore A C D, A, which completes the proof.

THEOREM 1. If the multiplier p is of degree k <0 then for any € =0 the follow-
ing is an exact sequence of complex vector spaces and linear maps:

0 ST W .
0— Hu(gy SB(._k)”) 4 H#(Q’ 2In) — Hniil"‘(g’ 2{n)
s ) o
(16) > HUG, B(—k)) — HAG, A) —— -
1—k

8 y 4 1: y € ®P y € B
c— #(9’ sB(_k)n) d Hﬂ(g) Q[n) B Huﬁl""(g’ ?In) .

Proof. The direct sum of # copies of the exact sequence (15) of Lemma 3
gives an exact sequence

P
(17 0—PB(—k)n— A —— Ay, — 0;

since A\(T) are constants it follows from (6) that D, %(F|,T) = (D *F)|,s+T
for all FEN;, and T EG, hence that (17) determines an exact cochain sequence

1—k

P ; y 4 € @p y ] €
(18) 0 — C2G, B(=E)) — CXG, o) —— Clus(G, %) — O,

which clearly commutes with the coboundary operator. Any such cochain
sequence is well known to determine an associated exact cohomology sequence
of the form (16) [4].

3. The zero-dimensional analytic cohomology groups. The zero-dimen-
sional cohomology groups are quite easy to interpret, since first of all H(G, A5)
=2%(g, %s). A zero-cochain F(To) ECa(G, %;) is determined uniquely by its
inhomogeneous form F=F(I)E%;, where I is the identity element of the
group G; and conversely any element FE; is the inhomogeneous form of the
zero-cochain F(T,)=F | «To. Identifying the zero-cochains with their inhomo-
geneous forms, the zero-cocycles correspond to those elements FE; such
that F|,T—F=0 for all TEgG; that is,

(19) Zu(G, W) = {F €W, | F(T2) = u(T, ))F(2), all T € g}.

Thus HY(G, %;) can be interpreted as a space of automorphic forms for the
group G associated to the factor of automorphy u; no further comment is
necessary for groups without parabolic vertices, but for groups with parabolic
vertices a slightly more detailed investigation of the behavior of these forms
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at the parabolic vertices is required to identify them with the automorphic
forms as customarily defined [8].

For the purpose suppose that the kernel of A\ is a subgroup G\ of finite
index in G; then Gy and G have the same parabolic fixed points. If FEZ3(G, %)
each component f of F satisfies f| oI =ffor all TEQG,, that is, fEZY(G, A); if
further z, is any parabolic fixed point for § and PEX is a transformation
such that Pw =z, then (f|,P)|,(P~'TP)=f|,P for all TEG,, that is f|,P
€Z%(P'g\P, A). Letting Tp: z—z+b, b>0, generate the translation sub-
group of PGP, it follows that (f| P)(z+b)= (f| +P)(2), hence that the func-
tion f| »P has a Fourier expansion

(20) (f|,,P) (8) = Y. a, exp(2wirz/b).

The function f is said to be holomorphic at 2 if a,=0 for all » <0, and to van-
ish at 2o if moreover ao=0; note that this is independent of the choice of trans-
formation P. The set of all functions FEZ%(G, A,) each component of which is
holomorphic at all parabolic vertices of G form a complex vector space T,(g),
the space of automorphic forms for the group G associated to the factor of
automorphy p; the subspace I')(G) of those automorphic forms which more-
over vanish at all parabolic vertices of G is the space of cusp forms (or Spitzen-
formen) for the group G associated to the factor of automorphy u.

THEOREM 2. If the kernel of N is of finite index in G there is an €,>0 such
that

(21) HJ(G, A) = T(Q)
for all e<eq.

Proof If FET'\(G), f is a component of F, and PE®, then by (10)(iii)
P o =3z is a parabolic vertex of G so that (f | »P)(2) =g(2) will have a Fourier
expansion (20) with a,=0 for all »<0; consequently g(z)—ao uniformly as
y— o, so that e“"l g(z)|—>0 uniformly as y—« for any ¢>0, and f(z) S A"
Thus T.(g) CHX(S, A7) CHL(S, Uy) for all €>0. Conversely if FEHY(G, L),
f is a component of F, and 2z, is a parabolic vertex of G, then by (10)(ii)
there is a transformation P&@® such that P« =z, hence (f [ oP)(2) =g(2) will
have a Fourier expansion (20). If e“"l g(z)| —0 uniformly as y— = for some
¢=2w/b then for all <0

| a,| = %’ fob exp(—2mirz/b)f(3)dz

1 b
é;fo ev| f(3) | d

so that a,=0. Since there are at most finitely many parabolic vertices in-
equivalent under G, then setting e, = miny(2mw/b) >0 it follows that for e <e,,
F(z) is holomorphic at all the parabolic vertices of G. Thus for € < e, Ho(G, %)
CT'.(g), which completes the proof.
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4. The one-dimensional analytic cohomology groups. Turning next to the
one-dimensional cohomology groups, a one-cochain F(To, T1) EC,(G, %) is
determined uniquely by its inhomogeneous form F(T)=F(I, T), where [ is
the identity element of the group G; and conversely any function F(T') from
G to %;, is the inhomogeneous form of a one-cochain F(Ty, T1) = F(T\Ti?) | «To.
Identifying the functions F(T') with the one-cochains it follows from (13)
that the space Z,(G, %;) of one-cocycles consists of those functions F(T') such
that

(22) F(T\T5) = F(Ty) |.T» + F(T3)

for all Ty, T2€G, and that the space §Cp(G, ;) of one-coboundaries consists
of those functions F(T) of the form

(23) F(T) =G|.T -G

for some GE ;. The group Hy(G, A) =Z4(G, As)/5CA(G, A;) is then the quo-
tient of the space of functions F(T) from G to U; satisfying (22) modulo the
subspace of functions of the form (23).

LEMMA 4. If F(z) EXL and NEGL(n, C) is an element of finite order then
for any 6>0, €>0 there exists a vector-valued function G(2) holomorphic in the
half-plane y>d such that:

(24) ANIG(z 4+ 1) — G(z) = F(3);
and

for any c¢> e and any component g(2) of G(2), e'“‘] g(2) | —0 uniformly as

(25) y— + © in any strip of finite width.

Proof. It follows by induction from (24) that for any integer a=1,
AG(z+a) —G(2) = F.(2) where

(26) F.(3) = az—f \NTF(z +7);

and if a is a multiple of the order of A then A=*=1. The first step in the proof
is the construction of a function G4(2) holomorphic in y >4 which satisfies
(25) and

27 Gao(z + a) — Gu(z) = F.(2),

where the integer a is a multiple of the order of N and a =27/¢; it of course
suffices to consider a single component f(z) of the vector-valued function
F.(2). Following the approach used in [1] let

k(z,t) = a'(1 — exp{21ri(z - t)/a})‘l

where z=x-+1y, t=0+147. For each fixed z the function k(z, {) is meromorphic
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in ¢, the only singularities being simple poles at the points t=z, z+a,
2 *+ 2a, - - - with residues 1/2wi; k(z + @, t) = k(z, t); and |k(z, t)]
<(exp{2w(y—7)/a})/a if y—7>a. Since f(z) EA° it follows that the integral
h(z) = [5k(z, t)f(t)dt extended over the line segment 0=0, d <7< con-
verges to a function holomorphic in each strip ma < x < (m + 1)a for
m=0, +1, +2, - - -, and that A(z+a) =k(z). Modifying the path of integra-
tion by making indentations to the left or right respectively shows that the
function k(z) has analytic continuations A*(2), h~(z) from the right and left
respectively across the lines x=ma, and as in [1] k= (z) —h*(z) =f(z) along
the line x=0. Considering the function A(z) in the single strip 0 <x <a the
analytic continuations across the two sides of the strip are such that A(z+1)
—h(2) =h=(2) —h*(2) =f(2); therefore this segment of the function can be
extended to a function g,(z) holomorphic in the half-plane y>é such that
gz + 1) — g(2) = f(z). If (x —0)/a is not an integer then |k(z, t)|
éa—1| sin 27r(x—a)/a| -t exp{21r(y——7)/a} for all y; hence in any strip
g+n<x<o+a—n for any >0

f, e, t)f(t)dt'

+18

f,wk@» t)f(t)dz‘ -

1]

| ga(z) | < e

V 1. 2mg ! ©
S Ceevt —|sin—| exp{—(c — 2r/a)y} f exp{ —2r7/a} | f(o + ir) | dr

so that e“”l 2.(2) | —0 uniformly as y— « whenever ¢>e=2r/a.
Now in terms of the auxiliary function G,(2) define another function by
setting
1 a—1
6@ = — X Gz + 1) = F.(2)),
r=0
where F,(2) is given by (26) for »>0 and Fy(z) =0. If G.(2) satisfies (25) then
so does G(2); and

1 a—1
MIGE+ 1) = — D W Gu(z 4+ r + 1) — Foya(2) + F(2)

r=0

1
= F(z) + G(z) + " (Ga(z + a) — Ga(2) — Fa(2))
= F(2) + G(2).

This therefore completes the proof.

As a convenient abbreviation an open subset U C D will be called an open
neighborhood of « if U contains a half-plane Im z> y,; and U will be called
an open neighborhood of a finite parabolic vertex 2z, if U contains an open
circular disc in D tangent to the real axis at 2o, or equivalently, if P! is an
open neighborhood of » for some PE® such that P« =3z, The set of those
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C= vector-valued functions in D which are holomorphic in an open neighbor-
hood of each parabolic vertex of G is a subspace §,CE, stable under the
representation u; hence §5=E,MNGC;, is also stable so that the cohomology
groups H(G, @) are well defined.

LEMMA 5. If the kernel of \ is of finite index in G then for any €> 0 the homo-
morphism HL(G, €)—HL(G, §;) induced by the inclusion map §a—G; is the
zero homomorphism.

Proof. What is to be proved is that any one-cocycle F(T)EZ,(G, &Y is
the coboundary of a zero-cochain GE CY(g, §:). For this purpose first select
a pair of open neighborhoods U;, V; of each parabolic vertex of G such that
the sets U; are pairwise disjoint, the point set closure of U; is contained in
Vs, and the sets U=UU;, V=D, are invariant under the group G and con-
tain no fixed points of G; and select a C* function n=7(z) in D invariant
under G and such that 0=Z9(z) £1, 7(2) =0 for 2ED—, n(2) =1 for zEU.
Now for each U; there is a transformation P;E® such that P, is a half-
plane Im z>y;; and if T; generates the cyclic subgroup of those parabolic
transformations in G preserving the set U; then P;!T;P; is a translation
z—z+b.; By Lemma 4 there is a holomorphic function G/’ (2) in P74, satis-
fying (25) and such that N(T:)7'G!’ (z+b:) —G!’ (2) =F(T.~)|,,P,~, since N(T%)
is a matrix of finite order as a consequence of the hypothesis; then G/
=G!'|,P7! is holomorphic in A, P; satisfies (25), and G/ | T
= NT)"'G!|,T: = M(T)~X(G!' | ,Pr ‘TP)| Pt = (N(T)™'G! (3 + b;
=G! +F(T;) in the set U;. Extend G/ to a function G’ in the entire set gfu
by requiring that G’ l T—G'=F(T) for all TEQ; and proceed smnlarly for
the other components of the set . It is then clear that nG’€CY(g, €:) has
as its coboundary the one-cocycle nF(T) EZ,(G, &9). To complete the proof
it therefore suffices to prove that a one-cocycle (1 —19)F(T) EZL(G, €.) which
vanishes in the open set U is the coboundary of a zero-cochain GE C(G, €.)
which also vanishes in the set U; but since this follows precisely as in [9,
especially Theorem 1], the lemma is thereby demonstrated.

The preceding preparatory lemmas will now be used to establish a dual
pairing H(G, %%) ®T%(G)—C, where f is the factor of automorphy defined by

(28) (T, 2) = o(T, 2)7'(T, 2)N(T)

and X(T) is the complex conjugate of N(T"). Assuming again that the kernel
of \ is of finite index in G there exists a positive definite Hermitian matrix M
such that A(T) MA(T) = M for all TEG, where A(T) is the transpose of the
matrix A(T). Consider elements F(T) EZ,, (S, A% and HETY(G). By Lemma 5
for any >0 there exists an element GE G}, such that F(T) =G | T —G for all
TEG; then ¢(z)=3G(z) is a vector-valued C= differential form on D of
type (0, 1) which vanishes in an open neighborhood of each parabolic vertex
of ¢ and which satisfies the functional equation ¢(73z) = u(T, 2)¢(z)
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=p(T, 2)N(T)¢(z) for all TEQG. Associate to H=H(z) the vector-valued
differential form 8(z) = H(z)dz; thisis then a holomorphic differential form on D
of type (1, 0) which satisfies the functional equation 8(Tz) =p(T, 2)~'A\(T)8(2)
for all T’€g. It follows immediately that the expression ‘¢(z) A MO(z) is a
scalar differential form on D of type (1, 1) which vanishes in an open neigh-
borhood of each parabolic vertex of G and which is invariant under the group
G, hence that the integral

(29) (6, 0) = f g #0 / MOC
/

converges and is independent of the choice of fundamental domain for G over
which the integration is extended. If ¢, ¢’ are two differential forms associated
to the same cocycle F(T) then ¢ —¢’ =9G, for some GoEZ3(G, €);and asin
Theorem 2 there is an €>0 such that for € <e any function Go(z) €Z%(g, %)
must actually be a holomorphic modular form in the usual sense near each
parabolic vertex of §. Now the differential form ‘Gy(z) M6(z), which is clearly
invariant under G, must behave like a cusp form near each parabolic vertex
of G, so that for any fundamental domain § with boundary 9F consisting of
finitely many rectifiable arcs

6,0) — (&,0) = (6 — ¢, 0) = fga‘mo) A Mo = fgd(tcom)

=f ‘GoMo = 0.
oF

Thus for e<e¢ the inner product (29) depends only upon the cocycle F(T)
and not upon the choice of the associated differential form ¢(z). Since more-
over a coboundary F(T) has an associated differential form ¢(z) =0 the inner
product (29) actually depends only upon the cohomology class of F(T). Con-
sequently the inner product (29) defines a bilinear pairing (F(T), H) of
H(G, AY) ®TY(Q) into the complex numbers. As a final comment note that to
calculate the inner product (F(T), H) it is not necessary that the associated
function G(2) be holomorphic in an open neighborhood of the parabolic ver-
tices, although that is perhaps the most convenient formulation for proving
the existence of the inner product; indeed it is clearly sufficient that G(z) be
such that Stokes’ theorem is applicable in the form [5d(‘GM8) = [,5'‘G M8.

LEMMA 6. If the kernel of N is of finite index in G and if k<0, where k is the
degree of the multiplier p, then for each nontrivial HETY(G) there exists a co-
homology class { F(T)} € HX(G, A% such that (F(T), H) #0.

Proof. To the element H=H(z) EI'}(G) associate the C* differential form
¥(2) = y™H(z)dz;
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then for any TEG,
W(T2) = As*| ez + d|%y~*p(T, 2)"NT)H(2)dz = u(T, 2)¥(3).

Note further that for the differential forms Y (z) and 0(z) = H(z)dz the inner
product (29) has the value

W, 0) = f WD) A MB() = f y+ TG MH(5)dz A\ ds 5 0
DG DG

since M is positive definite, the convergence of the integral following as in
[11] since H(z) is a cusp form. To complete the proof it clearly suffices to
show that there is an element G = G(2) EE? such that dG =¥, for then G| uT
—G=F(T)EZ.\g, A) and (F(T), H) = (¢, 0) #0. For this purpose introduce
the iterated indefinite integrals G.(z) = (1/r!) 7 (z— )" H(¢)dt; it follows directly
that G,(z2) €2 and that dG,/dz=G,_, if r>0 and dG,/dz=H. Consequently,
letting s=—%20 and G_,(z) = H(2),

8

G = 2

r=0 (S - f)'

iy’ 76.() € G,

and

G L s!

9z = (s — 7)!

i"{y"G,1(2) — i(s — 1)yG.(2)} = y°G_1(z) = y*H(2);
so that

C i- y*H(z)dz = ¥(2),
9z

3G(2) =

which concludes the proof.

It should be noted that the condition 2 =<0 is really not a restriction at
all, for if there exist any nontrivial functions H(z) ET'9(G) then the degree
of fi, which is 2—k, must be positive, so that 2 <1; the lemma can be demon-
strated to hold for the case k=1 as well, although the proof will not be given
here [10].

LEMMA 7. If the kernel of N is of finite index in G and if k0, where k is the
degree of the multiplier p, then for each montrivial cohomology class { F(T) }
EHL(G, A) there exists a function HETY(Q) such that (F(T), H) =0.

Proof. What is to be proved is that a one-cocycle F(T)EZ,(g, Ad) is
cohomologous to zero if (F(T), H) =0 for all HET'3(G); this can be accom-
plished by an application of the usual method of orthogonal projection of
harmonic differential forms. For this purpose let A° be the complex vector
space of those C® vector-valued functions F(z) on ® which vanish in an
open neighborhood of each parabolic vertex of § and which satisfy the func-
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tional equation F(T'2) =u(T, 2)F(z) for each T€G; and let Al be the complex
vector space of those C* vector-valued differential forms ¢(z) = F(z)dz on ©
of type (0, 1) which vanish in an open neighborhood of each parabolic vertex
of G and which satisfy the functional equation ¢(7z) =u(T, 2)¢(2) for each
T &G. These are clearly pre-Hilbert spaces with the respective inner products

(F1, F9)® = f y¥2 tF\(z) MF(z)dx N\ dy
DG
and
(@1, ¢2)! = if y* 1(2) N\ Mo(z) = f y* tE\(z) MEo(3)dx N dy;
2 Jo/g D/G

so the completions [A°], [A!] of these spaces with respect to their inner
products are then Hilbert spaces in the usual sense; these completions are
the spaces of those measurable functions or differential forms respectively
which are the Ly-limits of sequences of elements from A° or A! respectively.
It should be noted that the subspaces of [A°], [A!] consisting of C* elements,
say [A°]*C[A°], [At]=C[A!], are strictly greater than the original spaces
A° A%; for an element in [A°]®, [A']* need not vanish in an open neighbor-
hood of the parabolic vertices of G nor even tend to zero upon approach to a
parabolic vertex, though it must of course be of finite norm. The exterior
differential operator of type (0, 1) is a linear mapping 9: A°>—A1, and it follows
directly that the dual to 9 is the linear mapping 9*: A'—A° defined by

3%(6) = 3(B@) = ¥4 — (PE);

for if F(z) EA® and

o(z) = E(z)dz € A!
then

GFot = [ F3F N UG~ [ @marus

2 D/G 2 /G
7 1

=— |  drymME) - — | FMd
; f&,g (PyUS) -~ f:b/g *9)

7 ad —

= —_— t - k &

0 5 f:D/g F(z)M pe (y E»(z))dz N dz

a _ —_—
= [ yrram {yﬂ-k—_@kE(z))} dx A\ dy = (F, 9%)°.
:D/g 0z

The composite differential operator A=94* is a linear mapping A: A'—A!,
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which is indeed a strongly elliptic differential operator at all finite points
since it is of the form A(E(z)dz) =y%(92E(z)/0%02) + (terms involving lower
order derivatives). Letting [AA!] be the closure of the linear subspace AA!
C[A!] and ¥ be the orthogonal complement of [A A!] in [A!], there results
the orthogonal decomposition [A!']=[A A!]@W. Since ¥ is the set of elements
YE[A!] such that (A ¢, ) =0 for all $EA!, where A is strongly elliptic, it
follows from Weyl’s lemma, in the form of Theorem W of [2] for instance,
that actually ¥ consists of those forms ¢ & [A!]* such that A ¢ =0. Moreover
Lemma M of [2] also holds in the present case, by using a countably infinite
rather than a finite form of the diagonalization process in the proof. Therefore
just as in [2] there follows an orthogonal decomposition theorem for C®
forms, [A']*=A[Al]=®V [10].

To apply this construction to the problem at hand, proving the lemma,
consider firstly an element ¥(z) = E(2)dzEV. Since 4(8*) =A¢ =0 it follows
that G(z) =3*J(z) is a holomorphic function satisfying the functional equa-
tion G(T2) =u(T, 2)G(2) for all TEG; but there are no nontrivial such func-
tions when 2=<0 so that actually 9*y(z)=0. Since then y?~*9/dz(y*E(z))
=93*(E(2)dz) = 0*¥(2) =0 it follows that the function

H(z) = y*E(2)

is holomorphic in $; as in Lemma 6 this function satisfies the functional equa-
tion H(Tz)=p(T, 2)H(2) for all T&G, and in addition it is of finite norm in
the sense of Petersson since

ng,gy—k ‘H(z)MH(z)dx )\ dy = fs)/gy" 'E(z) M E(z)dx N\ dy

= (¥(2),¥(2))' < + .
Consequently H(z) €T'3(Q); so that any element Y ©¥ must be of the form
¥(2) = y™*H(z)dz

for some H(z) EI',(G). Now consider a one-cocycle F(T) EZ)(G, UA3) such that
(F(T), H)=0 for all HETY(G), and let ¢(z) EA! be the differential form asso-
ciated to that cocycle as in the definition of the inner product (29). Then for
any differential form

¥(2) = y*H(s)dz € ¥
it follows that

(6, ¥)1 = f%yk @) M N () = f:D S BOM N HEs = (F(T), 1) = 0;

/

therefore by the decomposition theorem ¢(z)=A0(z) =3(9*0(z)) for some
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0(z) € [A!]>. The function G(z) =3*0(z) then satisfies the functional equation
G(T3z) =u(T, 2)G(z) for all TEQG, and ¢(z) =G (z). Since ¢(z) vanishes in an
open neighborhood of each parabolic vertex of G the function G(z) must be
holomorphic in such neighborhoods; and since further (G(z), G(2))°= (G, 3*6)°
= (3G, 0)'= (¢, 6)! < =, it follows indeed that G(z) EZ3(G, 62). In view of the
discussion of the inner product (29) this clearly suffices to prove that the co-
cycle F(T) is cohomologous to zero, and thereby concludes the proof of the
lemma.

It should be noted once again that the condition 2 =<0 can be avoided,
and is used here merely to simplify the presentation. Now the desired inter-
pretation of the one-dimensional cohomology group follows immediately from
Lemmas 6 and 7.

THEOREM 3. If the kernel of N is of finite index in G and if k<0, where k is
the degree of the multiplier p, then the dual of HL(G, U3) is canonically isomorphic
to T3(G).

5. The higher dimensional analytic cohomology groups. The cohomology
groups of dimension greater than one are really the simplest of all. As a tool
in the investigation of these groups consider a scalar automorphic form f(z)
associated to some factor of automorphy »(7, 2) for G on D; the factor of auto-
morphy » is of no importance here and can be quite arbitrary, but for sim-
plicity assume that the function f(z) itself has a divisor df in which each point
appears with multiplicity 1. For any p-cochain F(T,, - - -, T,) ECUG, AY)
it is clear that the product f-F(Ty, - - -, Tp) €C%(G, AN ; hence multiplica-
tion of cochains by the element fC ¥} defines an isomorphism Xf: C%(G, %A3)
—C?,(G, UAY), though this is of course not an isomorphism onto. Note that the
point set 8f CD is stable under G, and hence associated to the factor of auto-
morphy u» is an action of the group § on the complex vector space €.[bf]
of complex-valued functions on the point set df, an action defined as in (9);
consequently there are cochain groups C2%,(G, €.[bf]) and cohomology groups
H?,(G, GC.[bf]) defined as in §2. Furthermore the restriction of a cochain
F(To, - -+, Tp)EC(G, A to the point set HfCD is an element of
C%,(G, C.[bf]); this restriction is therefore a linear mapping restr: C%,(G, %3
—Ch(S, Ca[bf]).

LEMMA 8. The following is an exact sequence of complex vector spaces and
linear maps:

0— C(g, A) RN Cch(g, M) et Cu(S, C[of]) — 0;

this sequence commutes with the coboundary operators and hence gives rise to an
exact cohomology sequence:
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0 Hi(G, Un) — Hn(G, %2) — Hu(S, Ga[of]) —
H.(G, A0) = Hyn(G, W) > - - -
o HI(G, W) = Hi(S, %) = Hao(S, Galof]) — -

Proof. To show that the cochain sequence is exact only two assertions
need to be verified. The first assertion is that the image of X is the kernel of
the restriction map; this is obvious, since a cochain which is in the kernel of
the restriction map vanishes on df and hence is the product of f and an ele-
ment of C2(G, An). The second assertion is that the restriction map has as
image the entire space C%,(G, €.[df]); this is also obvious, by considering the
associated inhomogeneous cochains as in [7], and observing that any func-
tion on the point set df is the restriction of a function in %3, The second half
of the lemma is as obvious as its predecessor, so no further comment is
needed to conclude the proof.

THEOREM 4. H2(G, %%) =0 for all p>1.

Proof. First of all it is obvious that HZ,(G, €.[df]) =0 for all p>0; com-
pare [9] for instance. Therefore from the exact cohomology sequence (30) it
follows that

(1) H(G, %) = HL(G, An)

for all p>1, the isomorphism being that derived from the cochain homomor-
phism X{; and this is true for any function f of the type under consideration.
Now to proceed by way of an argument by contradiction suppose that, con-
trary to what is to be proved, H2(G, A3) 0; then let F(T, - - -, Tp) ECA(G, A
be a nontrivial cocycle, and let » >0 be the dimension of the complex vector
space H%(G, A%). For a factor of automorphy » of suitably large degree there
will be at least r+1 linearly independent automorphic forms f;(z) associated
to that factor of automorphy, any linear combination of which will be a
function f(z) = Y_cf:(s) of the type considered above; then since the map Xf
is an isomorphism on cohomology the cocycle f-F(Ty, - - -, Tp) = D cifs
«F(T,, - - -, Tp) must be nontrivial if not all of the constants ¢; vanish, so
that the cocycles f;F(To, - - -, Tp) EC%,(G, UAY) must represent linearly inde-
pendent cohomology classes. However since there are at least r+1 such, this
contradicts (31), and the contradiction serves to conclude the proof.

As a final comment on this proof: by using the fact that H.,(G, C.[df]) =0
and interpreting the first part of the exact cohomology sequence (30) by
?pplying the results of §§3 and 4, there follows a Riemann-Roch theorem as in

12; 6].

6. The polynomial cohomology groups. The final result of the present

paper follows immediately upon applying the interpretations developed in
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§83, 4, and 5 to the cohomology groups in the exact sequence of §2. As a
notational convenience introduce first the factor of automorphy v=pu- 6% of
degree 2 —k, where k is the degree of the multiplier p; note that the factor of
automorphy fi=p~1-8-X is also of degree 2—k, and indeed that g=vif Ais a
real representation of the group G.

THEOREM 5. If the kernel of \ is of finite index in G and if k<O then

(32) H(S, B(=k)) = 0 forp>1,
and there is an exact sequence of complex vector spaces and linear maps of the
form

0
A

(33) 0 — T(§) — Hy(G, B(—)») — T3(G) — 0.

Proof. From Theorem 2 note that Hp(G, U3) =T'.(G); and since the degree
of uis <0 then I',(§) =0. From Theorem 3 note further that H,(G, AJ) is
dual to T'3(Q) and that Hyu—+(G, A7) is dual to T'%-x(G); again since p~18*X
is of degree k<0 then I'\-145(G) =0 and hence Hu-+(G, %%) =0. Select some
isomorphism between the dual vector spaces Hy(G, %%) and I'}(g). Equation
(33) now follows by substituting these observations into the first portion of
the exact cohomology sequence of Theorem 1 with e=0; and equation (32)
follows upon combining Theorem 4 and the remainder of the exact cohomol-
ogy sequence of Theorem 1, again with e=0.

Note that for each subgroup Go(CG there are the natural restriction
homomorphisms H,(G, *)—H,(Go, *) for arbitrary coefficient groups. In par-
ticular for each parabolic transformation T€g let { T} be the cyclic subgroup
of G generated by T and consider the restriction homomorphism HL(G, B(—k).)
-—>Hj({ T}, B(—k).); the intersection of the kernels of these maps for all the
parabolic transformations TEG is a subspace HL(G, B(—k&).) CHL(G, B(—E)n).

CoROLLARY TO THEOREM 5. With the same hypotheses as in Theorem S
there is an exact sequence of complex vector spaces and linear maps of the form

(34) 0 — T)(Q) — Hu(G, B(—E).) — T2(G) — 0.

Proof. The mapping a: I',(§) > H,(G, B(—k).) in (33) is just that described
in [6] associating to an automorphic form in T,(g) the periods of the ap-
propriate iterated indefinite integral; and precisely as in [6] the periods
associated to a cusp form represent cohomology classes in the subgroup
q.(g, B(—k).) CHLSG, B(—k),). The mapping B from the kernel of
{H},(g, ‘B(—k),.)—»I‘g(g)} to T',(g) which is inverse to the mapping « is
equally simple to describe; for if H(T) is a cocycle representing a cohomology
class in the kernel of { Hi(G, B(—k).)—T2(G)} there must be an element
FEA such that H(T) = Fr,,T—F and then f= D} *F is the element B(H(T))
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€T,(g). To complete the proof of the corollary it is clearly sufficient to show
that 8 maps a cocycle representing an element of H}(G, B(—k).) into the sub-
group I')(9) of cusp forms. For this purpose consider a parabolic transforma-
tion T, which without loss of generality can be taken to be of the form
T: z—z4a for some constant a. For a cocycle representing an element of
H.(G, B(—E).) it is easy to see that H(T), for T as above, must indeed be a
polynomial of degree at most (—%) —1. Then f(2) =B(H(T)) =dg(z)/dz where
g(z) =d“PF(2)/dz"® and F| «T—F=H(T); but since g(z) CA2 must be such
that g(z+a) = g(2), it hasa Fourier expansion of the form __, ¢, exp(2mwinz/a)
and consequently

dg(z had n
f(z) = 8=) = 2 2mi — c, exp(2winz/a),
dz =t a

which does show that f(2) is a cusp form.

REMARKS. If A is a real representation of the groug G, so that fi=v, it then
follows from (34) that dim AL(G, B(—k).)=2-dim I',(Q); for the trivial
representation \ this was proved in [6] simply by calculating the two dimen-
sions. Again as in [6] the operations of the Hecke modular correspondences
commute with the exact sequences (33) and (34), so that the knowledge of
the eigenvalues of the Hecke operators on the polynomial cohomology groups
leads to the knowledge of the Fourier coefficients of a basis for the automor-
phic forms associated to the group G.
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