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Let £„ denote Euclidean n-space; a lattice Lin E„ is defined to be the totality

of all points of the form gyXy + g2X2 + ■■■ + gnXn where gy,g2, ■■■,gn axe ar-

bitrary integers and X¡,X2, ••,Xn is a fixed set of linearly independent points

of £„. The set Xi,X2, •■•,XB is called a basis of L.

Let H be any sphere with the origin O and at least n linearly independent points

of a lattice L in E„ on its boundary and no points of L in its interior. The theorems

proved in this paper show, for n = 3 and 4, what choices of points from the n

or more points on the boundary of H form a basis of L, and most of the possible

lattice configurations are determined. These more general results include Voronï's

theorem which states that for n = 3 and 4 and for exactly n linearly independent

points of the lattice L on the boundary of H and no points of L interior to H the

n points form a basis of L.

Lemma 1. Let Lbe a lattice in E„ and H a hypersphere with the origin O

and the points Py,P2,--,Pm of Lon its boundary and with no points of Lin its

interior. Suppose also that Xy,X2,---,X„ are any n linearly independent points

chosen from the set Py,P2,--, Pm. Then the convex hull K of the points

±Xy, +X2,"-, ± X„ contains no point of L apart from its vertices and the

origin.

Proof. Let Q = {X : | X | g | X - Z | for all Z e L]. Q is the Voronoï body [1]

associated with the lattice L, and Q is convex. If %Xy is not in Q, then there

exists PeLsuch that |\Xy \ > | \Xy - P\, and hence Xy ■ P > P2. Let C denote

the center of H. Since Xy is on H and P and Xy — P axe not interior to if, we

have P2^2PC, X2 = 2Z,-C and X2 - 2P-Xt + P2 ^ 2Xt-C - 2PC. Sub-

stituting Xy for 2Xy-C we obtain P2 + 2P-C 2; 2P-Xi, but 2P-Xi>2P2

hence 2P-C>P2, a contradiction. Thus \XyeQ. Thus the vertices of K are

in 2Q, and, since K is convex, K is a subset of 2Q. Therefore K has no points

of L in its interior other than O.

Next we show that K has no points of Lin its boundary other than the vertices.

Since the (n — l)-dimensional face determined by Xy,X2,---,X„ is interior to H,
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except for the vertices, it cannot contain another point of L. By symmetry a

similar argument holds for the face determined by — Xlt — X2,---, — X„. Next

suppose that a lattice point P is interior to an i-dimensional face F of K and we

show that OP is perpendicular to F. Let X be any point near \P and on \F then

X = iP + Z for some vector Z. Now Xe\K<zzQ, hence |x| ^|X-P|, i.e.,

|iP + Z| gj --JP + Z\, and we have 2Z-Pz%0. But also \P -Ze\F, since

\P is interior to \¥'. Hence — 2Z-P z% 0 so OP is perpendicular to F.

In view of the above we consider ¿-dimensional faces determined by lattice

points with at least one minus sign and at least one plus sign. For example, sup-

pose that the face F, determined by —Xy,X2,---,X„, contains a point P of L

in its interior. By the above OP is perpendicular to F. Thus (X2 — P) • P = 0

and (X, +P)-P = 0 which implies that X2-P = P2 and Xy P = -P2. Now,

since X2 is on H and P is not inside H, we have X2 = 2X2 • C and P2 ïï 2P-C.

Now X2 - PeL implies (X2 - P - C)2 = C2, hence P2 - 2X2 ■ P ^ 2P • C.

But X2P = P2, thus P2 z%2P-C, and we have P2 = 2P-C. Now P + XyeL

implies P2 + 2P-X1 = 2P-C and, since P-Xy = -P2, we have -P2^2P-C=P2,

a contradiction. Therefore, P is not interior to F. Clearly, a similar argument

can be given for any ¿-dimensional face with two of the vertices of opposite sign,

therefore the lemma is proved.

Theorem 1. Let L denote a lattice in E3 and H a sphere with the points

O,Xy,X2,---,Xm of L on its boundary and no points ofL in its interior. Further-

more assume that there are three linearly independent points in the set. Then

either any choice of three linearly independent points is a basis for L, or if there

exists a choice of three linearly independent points that is not a basis, then L

is a rectangular lattice, H has eight points of Lin its boundary, and the center

of H is at the center of one of the cells of L.

Proof. Choose three linearly independent points Xy,X2,X3. By Lemma 1,

the convex hull K of the points ± X,, ± X2, ± X3 contains no points of L other

than O and its vertices.

Lemma 2. Let Yy,Y2,Y3e L, where L is a lattice in E3, such that the convex

hull of the points ± Y., ± Y2, ± Y3 contains no point of L apart from its vertices

and O; then either Yy, Y2, Y3 is a basis of L or Yy, Y2, (T3 — Yy — T2)/2 is a

basis of L.

This lemma is a well-known result proved by Minkowski [2].

Since K satisfies the hypotheses of Lemma 2, either {X1,X2,X3} or

{Xy, X2, (X3 — Xy — X2)/2} is a basis of L. If Xy,X2, X3 is a basis the theorem

follows, so assume that Xy ,X2,(X3 — X, — X2)/2 is a basis. Let C denote the

center of H, then |X¡-C| = |C| hence X,2 = 2Xi-C for i = l,2,-,m. Let

Yy = (X. + X2 + X3)/2,    Y2 = (-X. + X2 + X3)/2,   Y3 = (Xx - X2 + X3)/2,
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and y4 = (X1 + X2-X3)/2; then Y^L for i = 1,2,3,4 and (Y¡-C)2^C2,

hence Yi2^2Yi-C Now,

Z Yf -   Z X?,    and  Z Y,   =
¡=1 1=1 i=l

so that

Z x? = Z y,2si2Zy¡-c = 2 Zx;
¡=1 ¡=1 i=l i=l

Thus equality holds throughout, and Y, is on H for i = 1,2,3,4. Therefore, L

has eight points on the boundary of H and L must be a rectangular lattice, since

O, Xy, Y3, and Y4 axe the vertices of a parallelogram inscribed in a circle. The

same is true of the points O, Y2, X3, Y3 and O, Y2, X2, Y4. Thus Y2, Y3, and

Y4 are mutually perpendicular and are a basis for L, and C is the center of the

cell determined by O, Y2, Y3, Y4.

We have the following corollary to this theorem.

Corollary 1. //H has five or more and less than eight points of L on its

boundary then there exist at least two lattice vectors that are perpendicular,

moreover there are three possible lattice configurations which we call the

^-configuration, the (¡-configuration, and the rhombus.

Proof. Let jt be a plane tangent to H at O. Then, keeping O inn, rotate n

into H until n contains two linearly independent points, say Xy and X2, of

L n H. If there is a fourth point of L n H in % then the four points are the ver-

tices of a parallelogram inscribed in a circle, and we may choose Xy and X2 so

that Xy + X2 is the fourth point and OX y is perpendicular to OX2. Let X3 be

any point of L ni/ not in jr; then, using Theorem 1, we know that Xy ,X2,X3

are a basis of L. Let it' denote the plane through X3 parallel to n, and suppose

there is a point Y of L r\H that is not in n and not in n'. Then Y must be on

the same side of n as n ' by the choice of it. By Theorem 1, X x, X2, Y axe a basis

for L, and the determinants of Xi,X2,X3 and Xy,X2,Y and of Lare equal.

Hence, the perpendicular distance of X3 from n is equal to the perpendicular

distance of Y from %, therefore Y is in %' contrary to our assumption. Therefore

all points of L O H must lie in n or it'.

We now consider two cases. Suppose first that % contains the four points

0,Xy,X2,Xy+X2,th.enif%' has only one point of LC\H we call this configuration

the 5-configuration for future reference. If it' has two points, say X3 and X4, then

the line joining X3 and X4 is parallel to one of the sides of the rectangle in n, be-

cause the lattice configuration in it' is the same as the 2-dimensional sublattice in n.

Suppose it is parallel to OXy, then the plane through 0, Xy, X3 and X4 has

four points of L O H, therefore OX3 is perpendicular to OXi. We may think

of this configuration as having three sides rectangles and ends triangles. We call

Zx;,
i = l

c =   Z x2.
¡ = i
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this configuration the 6-configuration for future reference. It is impossible to

have three points of L r\H in n', since the lattice configuration in n' is a copy

of the configuration in % and we would have eight points in L C.H.

Next we consider the case where n has only three points ofL(~\H, say 0, Xy,X2.

Now it' must have at least two points of L n H ; suppose X3 and X4 are the only

two points. Then, since the lattice configuration in n' is a copy of the configu-

ration in 7i, X3X4 is parallel to (1) OX y or (2) OX2 or (3) X,X2. If (1) holds

let ô be the plane through O, Xy, X3 and X4, then X3-Xt = 0 or X4-X,. = 0.

If (2) holds let ô be the plane through O, X2, X3 and X4, again X3-X2 = 0

or X4 ■ X2 = 0. If (3) holds let ö be the plane through Xy, X2, X3 and X4, again

we have a rectangle in <5. In each of these three cases we have the 5-configuration.

If it' contains three points, say X3, X4 and X5, then we have a triangle in-

scribed in it' r\H. If the sides of this triangle are parallel to the sides of the

triangle in it, then we have the 6-configuration. Since the lattice configuration

in it' is the same as that in it, it is possible for the three points in it.' to form a

triangle which has its sides parallel to the triangle obtained in % be reflecting

O, Xy, and X2 through the center of it nH. Label the points of it' so that X3

is opposite the reflected O, X4 opposite the reflected X2 and X5 opposite the

reflected X,. Then X4X5 is parallel to X«X2. Let ô be the plane through Xy,

X2, X4, and X5, then we have a rectangle inscribed in H no, and we have

perpendicular lattice vectors. O and X3 are on opposite sides of <5 and we have

a rhombus shaped configuration, which we will refer to as the rhombus. It is

impossible for it' to have more than three points of L n H, for if it did we would

have a parallelogram inscribed in it' n H and this would require four points of

L nH in it. This completes the proof of the corollary.

Next we turn our attention to the case where n = 4, and we prove the follow-

ing theorem:

Theorem 2. Let Lbe a lattice in £4 and H a hypersphere with the points

O, Xy,X2,---,Xm ofL on its boundary and no points of L in its interior. Assume

that there are four linearly independent points in the set Xy,X2,---,Xm. Then:

(1) If m = 4, then X1,X2,X3,X4 is a basis of L,

(2) If m>4, there exist parallel hyperplanes K and K' such that all the

points of L(~\H lie in these two hyper planes,

(3) If m = 8, either we have a 3-dimensional rectangular sublattice or we

can choose parallel hyperplanes K and K' so that K has the 3-dimensional

6-configuration with the remaining three points in K'; moreover, the three

points in K' determine a triangle congruent to the triangle in K with respect

to Lor else they are congruent to the three points of the triangle in K reflected

through the center of the 2-dimensional cross section of H containing the triangle,

(4) If m ^9, then there exists a hyper plane with eight points of LnH, and

consequently a 3-dimensional rectangular sublattice of L.
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Proof. Suppose first that m = 4, then Xi,X2,X3,X4 are linearly inde-

pendent points of L. Let K denote the convex hull of the points ± Xy, ± X2,

± X3, + X4. Applying Lemma 1 we know that K contains no points of L other

than O and its vertices.

Lemma 3. Let XlsX2,X3,X4 be four linearly independent points of a

lattice L in £4 such that the convex hull of the points ± X¡, ± X2, ± X3, ± X4

contains no points of L apart from its vertices and O. For i =1,2,3,4 put

e, = ±1. Then by renumbering Xy,X2,X3,X4 if necessary, we may take

Xy,X2,X3 together with one of the points

XA,   (e2X2 + e3X3 + e4X4) ¡2,    (e^ + e2X2 + e3X3 + e4X4) ¡2,

(ejXi + e2X2 + e3X3 + e4X4)/3,   (2eiXi + e2X2 + e3X3 + e4X4)/4,

(2eiXx + 2e2X2 + e3X3 + e4X4)/5

as a basis of L.

This lemma restates a theorem of Brunngraber [3]. For a proof the reader

is referred to Wolff [4].

K, defined above, satisfies the hypotheses of this lemma. Therefore, we may

apply Lemma 3 and renumbering X!,X2,X3,X4, if necessary, we have that

Xl5X2,X3 along with one of the points listed in the conclusion of the lemma

must form a basis of L. If this fourth point is X4, the theorem is proved. So we

assume one of the points other than X4 yields a basis. We will show that we

obtain a contradiction if we use any point other than X4, which will establish

(1) of the conclusion of the theorem.

Without loss of generality we may assume et = 1 everywhere, since if X is

an element of a basis of a lattice L then substitution of — X for X yields another

basis of L.

Suppose that Xi,X2,X3, and Y= (X2 + e3X3 + e4X4)/2 is a basis of L.

Let Yi = (X2 + X3 + X4)/2, Y2 = (-X2 + X3 + X4)/2, Y3 = (X2 - X3 + X4)/2

and Y4 = (X2 + X3 - X4)/2, then Y¡eL but Y¡ is not on H for i = 1,2,3,4.

Let H have center C then (Y¡ - C)2 > C2 thus Y2 > 2Y¡- C Each X¡ is on H

thus X¡2 = 2X¡ • C for i =1,2,3,4, moreover Z?=iY; = Z?=2X¡. Thus we

have

Z Xf= Z  Y2> 2Z YrC = 2 Z XiC=    Z X?,
1=2 ¡=1 ¡=1 1=2 i=2

a contradiction.

Suppose now that Y= (2Xi + e2X2 + e3X3 + e4X4)/4 is the point which

yields a basis. Now 2Y— Xy = (e2X2 + e3X3 + e4X4)/2eL, and adding X¡ for

i = 2, 3, or 4 if necessary we have the point Y y = (X2 + X3 + X4)/2 e L. The

argument given above holds and we have a contradiction.
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Next suppose that Y= (Xx + e2X2 + e3X3 + e4X4)/2 is the point which

yields a basis. Let Y¡ = (± Xy ± X2 ± X3 ± X4)/2 where each Y¡ has one minus

and three plus signs, then Y¡eL and Yt is not on H for ¿ = 1,2,3,4. As above

we have

Z Xf =   Z Y2 > 2 Z Y,-C = 2 Z XrC = Z Xf,
i = 1 i = 1 > = 1 i= 1 i = 1

a contradiction.

Suppose now that T= (X, + e2X2 + e3X3 + e4X4)/3 yields a basis of L.

Then Yy = (Xj + p2X2 + p3X3 + p4X4)/3 belongs to L where p¡ = 1 or 2 for

i = 2,3,4, and T. is obtained by adding X¡ for í = 2,3,4 if necessary. We have

YiYi>2Yi-C, where

y2 = H-2X» + p2x2 + p3x3 + p4x4),

y3 = i(X! + (p2 - 3)x2 + p3x3 + p4x4),

I*   -   H*l + P2*2 + (P3 - 3)X3 + p4X4),

y5 = i(x, + p2x2 + p3x3 + (p4 - 3)x4).

The objective is to find coefficients a¡ _ 0 so that Z/Liaiï|2 has no cross-

products, so that we require

PiOi + a3 + a4 + a5 - 2a2) = 3ai+l,   for i = 2,3,4,

P2P3(ai + --- + a5) = 3(a4p2 + a3p3),

P2P4O1 + ■- + a5) = 3(a5p2 + a3pf),

PiPÁ^i + ■■- +a5) = 3(a5p3 + a4p4).

There are essentially four cases to consider:

(1) All Pi = 1. Then we take at = 2, and all other a¡ = 1.

(2) p2 = 2, p3 = p4 = 1. Then a3 = 2, all other at = 1.

(3) P2 = 1.P3 = Pa = 2. Then at = 0, a2 = a3 = 1, a4 = a5 = 2.

In each of these cases we have that Zf= y afY2 = 2 Z¡5= y a¡Y{-C, which contra-

dicts the given inequalities. The fourth case, when all p¡ = 2, we use the lattice

point (2Xt + X2 + X3 + X4)/3 instead of Yy above; and, for the corresponding

inequalities, use the coefficients 1, 2, 1, 1, 1 to get the contradiction.

Suppose now that Y = (2Xj + 2e2X2 + e3X3 + e4X4)/5 yields a basis of L. If

e2 = 1, we have, by adding X3 or X4 if necessary, y=(2Xt+2X2+p3X3+p4X4) /5

e L where p¡ = 1 or 4 for i = 3,4. If e2 = — 1 we add X2 and, if necessary X3 or

X4, then y = ilXy + 3X2 + q3X3 + q4Xf)/5 e% where qt = 1 or 4 for i = 3,4.

We now consider the eight possibilities for the p;'s and qfs.
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Because of the lengthy computations involved, for the rest of this proof we

adopt a labeling device. If we are considering a possible lattice point, say Z,

then we have the following five inequalities:

(Z-C)2>C2,   (Z-Xi-C)2>C2   for ¡ = 1,2,3,4.

We label these expanded inequalities respectively (a), (b), (c), (d), and (e), where

X? is substituted for 2X¡ ■ C. For example, if p3 = p4 = 1, then

Y' = (2Xi + 2X2 + X3 + X4)/5 and the expanded inequalities are

4XXX2 + 2XiX3 + 2XiX4 + 2X2X3 + 2X2X4 + X3X4
(a)

- 3X2 - 3X2 - 2X^ - 2X\ > 0,

- 6XyX2 - 3XjX3 - 3XjX4 + 2X2X3 + 2X2X4 + X3X4

(b)
+ 12X2 - 3X2. - 2X\ - 2X4 > 0,

- 6XiX2 + 2XtX3 + 2XiX4 - 3X2X3 - 3X2X4 + X3X4
(c)

- 3Xi2 + 12Xl - 2X32 - 2X¿ > 0,

4XXX2 - 8XXX3 + 2XiX4 - 8X2X3 + 2X2X4 - 4X3X4
(d)

- 3X2 - 3X2 + 18X2 - 2X\ > 0,

4XiX2 + 2XXX2 - 8XXX4 + 2X2X3 - 8X2X4 - 4X3X4
(e)

- 3X2 - 3X2. - 2X\ + l%Xl > 0.

Now (b) + (c) yields

l2.2± 1-^2       ■" 1-^ 3        ^ l-"- 4       ■**■ 2^ 3 — -^ 2     4 ""*"* ^•■^ 3-^-4

(f)
+ 9X2 + 9X2 - 4X2 - 4X2. > 0,

and (d) + (e) yields

4XXX2 - 3XXX3 - 3XtX4 - 3X2X3 - 3X2X4 - 4X3X4
(g) 2 2 2 2

- 3Xf - 3X2 + 8X3 + 8X^ > 0.

But (f) + (g) is the negative of (a) which is impossible.

If p3 = 1 and p4 = 4, then add (a) and (d) to get (f) and (b) and (c) to get (g).

But (f) + (g) is the negative of (e) which is impossible. If p3 = 4 and p4 = 1, a

similar argument yields a contradiction.

If p3 = p4 = 4, then Z = (3Xj + 3X2 + X3 + X4)/5 e L and we have in-

equalities (a) through (e) for Z. Add (b) and (c) to get (f) and (d) + (e) to get (g).

Then (f) + (g) is the negative of (a) + (b) + (c). This completes the possible

values for the p¡'s.
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If q3 = q4 = I, Z = 2Y" — X2eLand for this point Z add (a) and (c) to get

(f) and (d) + (e) to get (g). Then (f) + (g) is the negative of (b). If q3 = q4 = 4,

then Z = 3T" - Xx - X2 - 2X3 - 2X4 e L. Add (a) and (b) to get (f) and

(d) + (e) to get (g). Then (f) + (g) is the negative of (c).

If q3 = 4 and q4 = 1, we must consider four points and four sets of inequalities.

Let Y" = Zy, Z2 = 2Y" - X2 - X3, Z3 = 3y" - X, - X2 - 2X3, and

Z4 = 4y" — Xy — 2X2 — 3X3, and we subscript the labels of the inequalities.

Add (c.) and (d.) to get (hy),(b2) + (d2) to get (h2),(c3) + (e3) to get (h3), and

(b4) + (e4) to get (h4). Then adding (h,), (h2), (h3) and (h4) and dividing by 5

we have (f). Next add (d3) and (c4) to get (k,) and (b,) + (e2) to get (k2). Then

(kx) + (k2) is the negative of (f), a contradiction.

If q3 — 1 and q4 = 4, we can give an argument similar to the above. Thus

we have eliminated all the points from the conclusion of Lemma 3, except X4,

and we have proved conclusion (1) of the theorem.

Suppose now that m > 4, and let Q denote the convex hull of the points

O,Xy,X2,--,Xm. Let K denote a hyperplane through O containing a 3-di-

mensional face of Q. Then K must contain three linearly independent points,

say X,,X2,X3. Now K does not contain all the points of LnH, therefore

the remaining points must be to one side of K. Let the w-axis be perpendicular

to K through O and choose the positive direction of the w-axis to be the same as

the direction in which are the remaining points of L nH with respect to K.

Let X4 be any point of L nH that is not in K, then Xy,X2, X3 and X4 are

linearly independent. Let R denote the convex hull over the points ± Xy, ± X2,

± X3, and ± X4. Then, applying Lemma 1, R contains no point of L apart

from O and the vertices. Thus the hypotheses of Lemma 3 are satisfied and we

have the various possibilities for bases of L. Suppose first that when we apply

Lemma 3 we do not need to renumber Xy ,X2,X3,X4, then for each of the pos-

sible bases for L we use the same inequalities that were used above for the case

m = 4 only now we have greater than or equal to zero rather than strictly greater

than zero. For each case we used a hypershpere with center C + X4 where C is

the center of H. Adding the inequalities as before we obtain 0^0, therefore,

equality must hold in each. This means that in each case we get a lattice point

on H of the form iayXy + a2X2 + a3X3 — a3X4)jp where the a¡'s are positive

and p = 2,3,4 or 5. But this contradicts our choice of K since a lattice point

of this form is in the negative direction of the w-axis. Thus again each of the

possible bases in Lemma 3 are eliminated except X1,X2,X3,X4 which must be

a basis of L. If Xt, X2, X3, X4 need to be renumbered, suppose that X2, X3, X4

are in K and X, is not in K. Then repeat the argument just given with the excep-

tion that we must note that in each case we used a hypersphere with center P + Xy

and we obtain a similar] contradiction. Thus we have shown that X., X2, X3, X4

is a basis for L.
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Let K' denote the hyperplane parallel to K through X4, then since our choice

of X4 was arbitrary we know that all the points of L n H must lie in the two

hyperplanes. Thus we have conclusion (2) of the theorem.

Next we turn our attention to conclusion (3) and assume that m = 8. Using

(2) we have all the points of L n H in two parallel hyperplanes K and K'. With-

out loss of generality we may assume that there are at least five points in K.

Applying Corollary 1 we know what lattice configurations are possible in K,

and we now examine these possibilities. Let Q denote the convex hull of the

points 0,Xi,X2,..-,Xm.

Suppose that K has exactly five points of L n H in the 5-configuration, then

we label the points O, Xy, X2, Xy + X2, X3. These points determine a 3-di-

mensional face F of Q. The 2-dimensional face determined by 0,X1,X2 is

shared by an adjoining 3-dimensional face of Q, which must contain a point,

say X4, of LC\H C\K'. Let it y denote the hyperplane containing this 3-dimen-

sional face. Then, applying conclusion (2) again, the remaining points must lie

in a hyperplane n¡ parallel to it. y. Similarly, we obtain the hyperplanes n2 and

ri2 starting with the points 0,X¡,X3 and the hyperplanes k3 and n3 starting

with the points O ,X2,X3. The set theoretic union of each of these six hyperplanes

intersected with K' is the boundary of a parallelepiped P that is congruent, with

respect to L, to the one determined by the points O,Xy, X2, Xy + X2, X3,

Xy +X3,X2 + X3, and X, + X2 + X3. Moreover, the points of LnH CtK'

must lie at the vertices of P.

Let Y be the vertex of P congruent to O, with respect to L, then the vertices

of P are given by Y,Y+Xt, Y+X2, Y+Xx +X2, Y+X3, Y+X2 + X3,

Y+ X, + X3, and Y+ X, + X2 + X3. Let F denote the rectangular face of P

determined by the first four points and F' the rectangular face opposite F deter-

mined by the last four points. Now there must be four points of L n H in K'.

If more than two of the points are vertices of F, then the four vertices of F axe

in Land we have a 3-dimensional rectangular sublattice generated by Xl5X2, Y.

The same argument holds for the face F', therefore we assume at most two points

in either face. Thus there must be two of the four points in each face. Moreover

they must be adjacent vertices. Since X3 is not perpendicular to X, and X2,

some of the possibilities are clearly impossible. Suppose Y and Y+ X2 of F axe

in L, then Y+ X3 must be another point, but to get the fourth point we must

use Y+ X, or Y+ Xy + X2, but then we will have five points in K'. If Y and

Y+ Xy of F axe in L, then again to get another point we must use Y+ X3, and

again have five points in K'. If Y+ X!, and Y+ X! + X2 of F axe in L, then

0, Xy, X2, Xy+X2, Y+Xy and Y+Xi+X2 are in a hyperplane in the

6-configuration and the remaining points are in a hyperplane parallel to this

one through X3. When we have the 6-configuration in a hyperplane R and exactly

three points in a parallel hyperplane, then all three points cannot be vertices of

any one of the three rectangles in the translation of the 6-configuration to the
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second hyperplane. Therefore the three points must be vertices of one of the

triangles, and the triangle is either congruent to a triangle in K or it is congruent

to the triangle obtained by reflecting the vertices of the triangle in R through the

center of the 2-dimensional cross section of H containing the triangle. If Y+ X2

and y + Xy + X2 are in L, then O, Xy, X2, Xy + X2, Y+ X2, and Y + Xy + X2

are in a hyperplane in the 6-configuration and again the remaining points are

in a parallel hyperplane through X3. Thus we have exhausted all the possibilities

for this case.

Suppose now that K has six points of L n H. If they have the 6-configuration,

there is nothing to prove. Therefore suppose they have the rhombus configuration.

We label the six points 0, Xy, X2, X, + X2, X3, X, + X2 - X3. The 2-di-

mensional face of Q determined by 0,X, ,X3 is shared by an adjoining 3-dimen-

sional face that contains a point of K'. Let it¡ denote the hyperplane containing

this face, then, as before, the remaining points of L n H are in a parallel hyper-

plane n'y. Similarly, starting with the points 0, X2, X3 we obtain the parallel

hyperplanes n2 and it'2. For 0, Xy, Xy + X2 — X3 we obtain the hyperplanes

7t3 and it'3, and for O, X2, X, + X2 — X3 the hyperplanes it4 and it'4. The set

theoretic union of these eight hyperplanes intersected with K' is the boundary

of a rhombus P that is congruent with respect to L to the one in K. Moreover,

the lattice points in K' nH must be vertices of P.

Let y be the vertex of P congruent to 0, then the vertices of P are given by

Y, Y+Xy, Y+X2, Y+Xy + X2, Y+X3, Y+Xy+X2-X3. There are

three 2-dimensional rectangular cross sections of P, and the three points of

LnK' cannot all lie in any one of these rectangles, for we would then have four

points of Lin K' nH. Therefore the three points must be the vertices of a tri-

angular face of P. Suppose the points are Y, Y+ X2, Y + X3, then these three

points along with O, X2, and X3 give us the 6-configuration in a hyperplane,

and the remaining points in a parallel hyperplane. If T+X, +X2, Y+X2,

Y+ X3 are the points then these points with X, + X2, X2, X3 give us the 6-con-

figuration in a hyperplane and the remaining points are in a parallel hyperplane.

If the points are Y, Y+ Xy, Y+ X3, then these points with 0,X, ,X3 give the

6-configuration and a parallel hyperplane. If Y + X3, Y+ X¡ + X2, Y+ Xy are

the points, then these points with X, + X2, X,, X3 yield the desired result. The

triangular faces in the other half of P yield similar results, and we have con-

clusion (3).

Finally we consider conclusion (4) where m _ 9, and we have 10 or more

points of Lon H. Again we assume at least 5 points in K. First suppose we have

exactly five points in K, then we obtain the parallelepiped P in K' as above.

There must be five or more points in P, but it is impossible to have more than

five, thus there must be exactly five points. Since we have five points in P, we

must have the vertices of F or F' in LnK' nH, and we have a rectangular

sublattice. If we have six points in K in the 6-configuration, then to have four
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points in if n L n K' we must use the four vertices of one of the two rectangles

in P, and we have a rectangular sublattice. If we have six points in K in the

rhombus configuration, then P must have at least four points, but to put the

fourth point in we must use at least three vertices of one of the rectangles there-

fore we must have all four vertices. The vertices of this rectangle and the one

parallel to it in K then give us the eight points and the rectangular sublattice.

This concludes the proof of the theorem.

Bibliography

1. G. Voronoï, Recherches sur lesparalleloedres primitifs, J. Reine Angew. Math. 136 (1909),

67-181.

2. H. Minkowski, Diophantische Approximationen, Teubner, Leipzig, 1907.

3. E. Brunngraber, Über Punktgitter, Dissertation, Wien, 1944.

4. K. H. Wolff, Über kritische Gitter im vierdimensionalen Raum (Ra), Monatsh.  Math.

58 (1954), 38-56.

University of South Florida,

Tampa, Florida


