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0. Introduction. Let A -> B -y C be a sequence of ring homomorphisms.

(Unless otherwise noted all rings will be commutative with unit, and all modules

and homomorphisms will be unitary.) Let QBM, QCM, Q.c/B denote the respective

modules of Kahler differentials (§1.1). Then one obtains easily the following exact

sequence of C-modules:

(0.1) FlBIA <g>B C -y QCM -> Qc/S -> 0.

Also if C=B\I, where Tis an ¡deal in B, then Qc/B=0 and one obtains the exact

sequence

(0.2) ¡¡I2 -!U QBIA ®BC^ QCIA —y 0

where d is induced from the universal derivation d of B into 0BM (§1.1).

In §2 we show that (0.1) and (0.2) are parts of a nine term exact sequence. To be

precise, let M be a C-module. Then we can form two exact sequences

(0.3) QBM ®BM-» nclA ®cM-y Qc/B <g>c M -y 0,

(0.4) 0 -> DerB(C, M) -> Der^C, M) -> Der„(5, M)

(see §1.1 for Der). We define functors TIB\A, M) and T\B\A, M) i=0, 1, 2 (for any

Ä-module M) such that T0(B¡A, M) = ClBIA <g)B M and T°(BjA, M) = F>erA(B, M),

and the T¡ (resp. T') fit into nine term exact sequences extending (0.3) (resp.

(0.4)). The groups F¡ and Ti are formed by taking homology and cohomology

of a three term complex, the Cotangent Complex of B over A. Also, under suitable

finiteness conditions, the vanishing of the functor T1(B/A, ■) (resp. TX(BIA, ■)) is

equivalent to B being "smooth" (formerly "simple") over A, and the vanishing

of T2(B\A, ■) (resp. T2(B\A, ■) is equivalent to B being a "locally complete inter-

section over A." These and other vanishing criteria are discussed in §3. The

lacobian criterion for nonsingularity of a variety is obtained as a natural con-

sequence of these criteria. In §4 we apply the functors Ti to the study of infinitesi-

mal deformations, and obstructions thereto. In §5 we explain the role of the F¡ in

a reformulation of the Grothendieck-Riemann-Roch Theorem.

Many other authors have studied, in many different guises, the homology and

cohomology theories of commutative algebras, and have obtained some of the

results which we prove in this paper. However, since our definitions are not the

same (although in some cases equivalent to) those of previous authors, we have
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tried to make this paper as self-contained as possible, and so we have included

some proofs of known results. A brief historical sketch follows.

The functors T0 and Tx were first considered together in a Bourbaki report by

Cartier, who treated only the case of field extensions [2]. In this report, he obtained

the equality

tr deg L¡K = dim Qi/K-dim Tx(L¡K, L),

which we prove in §3.4. He also showed that Tx(LjK, L) = 0 if and only if L is a

separable extension of K. (The corresponding result for F1 is due to Gerstenhaber

[3].)
The work of Cartier was partially extended to commutative rings by Nakai, who

obtained some segments of the change-of-rings exact sequence for homology

(Propositions 1 and 9 of [12]). Grothendieck has demonstrated the existence

of a six-term exact sequence in cohomology in [5, Chapter IV]. (Note that

Grothendieck defines F1 in terms of commutative algebra extensions, and his Exal-

com,,(Z?, Af) is our T\B\A, M).) He also has analogous results for noncommuta-

tive and topological rings, and the vanishing criteria for T1. In unpublished work,

Grothendieck has used a two-term cotangent complex to define F1 and Tx to get a

six-term exact sequence for both the homological and cohomological functors.

Cohomology groups H\B¡A, M), 0^i'<oo, are defined by Shukla in [15] where

B is an arbitrary associative ^-algebra, and by Harrison [7] for the case when B

is commutative and A is a field. The results of §4 indicate that our cohomology

theory is essentially a "commutativization" of Shukla's, except for a shift in

dimension. Our T* is Harrison's 77i + 1 for i'=0, 1 (when A is a field). Harrison also

obtained a nine-term exact sequence for change of rings, except that three of his

terms cannot be interpreted as cohomology groups because of his requirement that

the ground ring be a field.

Gerstenhaber has recently found a general method of defining cohomology

theories (in dimension ï£3) in arbitrarily equationally defined categories [16].

(Note that because of a difference in notation, his range of definition is the same as

ours.) In the category of commutative rings, Gerstenhaber's "correct" H'A+1(B, M)

is the same as our T\B\A, M), i—0, 1, 2, but Gerstenhaber does not obtain the

change of rings exact sequence. (It would be interesting to know if this is valid in

an arbitrary equationally defined category.) Gerstenhaber also gives in [16] a

general definition of two-term extension which reduces to our definition (2.1.1)

in the commutative case.

For applications of the functor Tx to the definition of the "canonical class" for

algebraic varieties over nonperfect ground fields and its relation to the work of

Kunz [9], see [10]. For further applications of the functors F1 and T2 to the study

of infinitesimal deformations and "formal moduli," see [13].

We wish to express our appreciation to John Täte for many interesting discus-

sions and much encouragement, and in particular for pointing out to each of us

that we were working on the same problem.
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1. Preliminaries.

1.0. Conventions. The conventions of commutative algebra, mentioned in the

first paragraph of the introduction, remain in force except in §4.2.3, where we have

reference to a commutative /1-algebra J without unit. A, B, and C always denote

rings.

1.1. The module of differentials. If A -> B is a ring homomorphism and M is a

5-module, let DerA(T7, M) denote the module of /i-derivations of Ti into M, i.e.,

,4-linear maps D of B into M such that D(xy)=xDy+yDx for x and y in Ti. The

module of Kahler differentials of Ti over A, denoted QBM, represents the functor

M -y F>erA(B, M). That is, there is a universal ^-derivation d: B-y FlBIA which

induces a bijection

d*: HomB(i2BM, M) ~ Der„(Ti, M)

for each 5-module M-(d*(f)=fo d).

Clearly QBM may be obtained by forming the free Ti-module on the symbols

dx (xeB) and dividing out by the relations d(ax+a'y) — adx—a'dy and d(xy)

—x-dy—ydx for a, a' e A and x, y e B. The exact sequences of the introduction

now follow easily from the fact that Obm represents the derivation functor. In a

similar way one proves that if A ->■ A' is a ring homomorphism and if B' = B ®AA'

then we get a bijection

(1.1.1) QBM ®AA' ~ £2H./A..

2. The cotangent complex.

2.1. Basic definitions.

2.1.1. Definition. Let A^-B be a ring homomorphism. By a (two-term)

extension of Ti over A we mean an exact sequence

(#):   0—yE2—yEx^>R-^B-^*0

where e0 is a surjection of /i-algebras, e2 and ex are homomorphisms of R-modules,

and

ei(x)y = ex(y)x

for x, y e Ex. Notice that if T=Ker e0, then IE2 = 0, so that E2 is a B-module. In

fact, if a e I and x e E2, choose y e Ex such that ex(y)=a. Then e2(ax) = ex(y)e2(x)

= exe2(x)y = 0, so ax = 0.

Let /!' be an ^-algebra, Ti' an ,4'-algebra, and S' an extension of Ti' over A'. By

a homomorphism a: S ^ <?' of extensions we mean a collection (/>, a0, ax, a2) of

maps which render the diagram

0-y E2-► E'x ——* R' —^ Ti'-* 0
A A A A

a2 ûfj a0 b

0-> F2-y Ex-y R -y B -y 0
e2 ei e0
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commutative. Here, b and a0 are homomorphisms of /1-algebras, and ax and a2

are homomorphisms of 7?-modules (where we regard R' and B' as /1-algebras via

A-> A', and E[ and E2 as Z?-algebras via a0).

2.1.2. Definition. With each extension ¿' of B over A we associate a three term

complex L\S) of B modules:

L(S):   0—>E2^-*Ex®RB^->aRIA®BB—> 0.

Here £2BM is the module of Kahler differentials, d2 is induced from e2, and ^ is

defined as follows: let Z=Ker e0. Then Im ex = 7and we have d: I\I2 -> Í2BM ®B Z?

(§1.1). Put dx=d o fo®« 5).
Extensions of B over /I are all obtained in the following way. Choose a sur-

jection e0:R^B of ,4-algebras, and let 7=Kere0. Then choose an exact

sequence

0—> U-^F^-*1—>0

of R modules and define <p: F ® F^ F by the formula

fax ®y) =j(x)y-j(y)x.

Let U0 = U be the image of <p, and let e2: i//t/0 -> F/C/0, and Ci : F/Uo^ R be the

induced maps.

2.1.3. Definition. An extension of the form

0 -> Cf/C/o -> F/£/o -^ « -> 5 -> 0

where 7? is a polynomial algebra over /Í and F is a free 7?-module is called a free

extension of 77 over A.

It is clear that if

b: B-> B'
A A

(*)

a: A-> A'

is a commutative diagram of ring homomorphisms, and S (resp. £') is a free (resp.

arbitrary) extension of 7i over A, then there exists a homomorphism a: ¿f^é"

extending b, and hence a homomorphism ä: L'(i) ®B B' -> L'(S").

A complex of the form L'(S), where £ is a free extension of B over A is called a

cotangent complex of B over /I. The fact that polynomial rings possess the following

"lifting" property implies that any two cotangent complexes are homotopic

(2.1.6).
2.1.4. Definition. We say that an ^-algebra R has property (L) if the following

is true. Let S be an ,4-algebra and u: M -> S a homomorphism of S-modules such

that u(x)y = u(y)x, for x, ye M. Then for any pair/, g: R-^S of ,4-homomor-
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phisms such that Im(/-g)slm(w), there exists a biderivation A: R -y M such that

u°X=f-g.

M~

A  \

^S
u

R

(S and M are bi-T?-modules via/and g. A biderivation in this case is an A -linear

map A such that X(xy)=f(x)X(y)+g(y)X(x). Observe that/— g is a biderivation.)

2.1.5. Lemma. Given a commutative diagram (*) of ring homomorphisms, let S

(resp. é") be an extension of B over A (resp. B' over A') and let a, ß: ê'-*■ ê' be a

pair of homomorphisms, both extending b.

r'):   0-
^2 eí

-> F2 —-+ Ex-y R' B' -*0

0 -y-En + Ex -y R -y B ^0
e2 ex e0

Then if R has property (L), â and ß are homotopic maps ofL(S) ®B Ti' to L(i').

Proof. By property (L) with R = R, S-R', M = E'X, and u = e'x,f=a0 and g=ß0,

there exists a biderivation A: R -^- E'x such that e'x ° X = a0—ß0- Let 6: Ex-y- E'x be

the (/(-linear) map defined by 9=ßx — ax + X ° ex. We claim first that e'x ° 9=0. In

fact, e'x o 9 = (ß0-a0 + e'1 ° A) ° ^=0. Thus Im Ö is included in the Ti' module Im e'2

on which the actions of R via ce0 and ß0 agree. We claim next that 9 is actually

TMinear, i.e., 9(rx) = a0(r)9(x) for r e R, x e Ex. On the one hand,

9(rx) = ßo(r)ßx(x)-a0(r)ax(x) + X(rex(x))

= ßo(r)ßi(x) - a0(r)ax(x) + a0(r)X(ex(x)) + ß0(ex(x))X(r),

and on the other hand,

a0(r)9(x) = a0(r)ßx(x)-a0(r)ax(x) + ao(r)X(ex(x)).

Thus

9(rx)-a0(r)6(x) = (ß0(r)-a0(r))ßx(x) + ß0(ex(x))X(r)

= -e'x(X(r))ßx(x) + e'x(ßx(x))X(r) = 0,

and 9 is F-linear.

Now the biderivation A: R -> E'x induces a derivation X: R^» E'x ®B. Ti' =L\i'),

which, by the universal mapping property of FiRIA induces X0: QBIA^ L1(S"), or

what is the same thing, A0: QRIA ®R B'=L°(S) ®B B' -yL\S'). The T?-linear map

9: Ex-y\me'2 induces A^ V-(S) (g)B Ti' ~^L2(é"). Finally, if d (resp. d') denotes

differentiation in L'(S) (g) Ti' (resp. L(£")) then it follows easily from the definitions
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of A and 0 that d[ ° A0 = ¿0—ß0, A0 o dx + d2 ° \1 = &1—ßx and Ax ° d2=ä2—ß2. Thus

(A0, Xx) is the desired homotopy operator.

2.1.6. Lemma. If R is a polynomial algebra over A, then R has property (L) of

Definition 2.1.4.

Proof. Let u: M -> S, and/ g: R -> S be given as in the definition, and suppose

R = A[Ti]iç, (lis an index set). Since lm(f-g)^lm(u), there exist elements A(F¡) in

Af such that u(X(T¡)) =/(F¡) -g(F¡). Define A on monomials Th ■ • • Tin by the formula

« KTh ■ ■ to « t /(Ftl.. •rtl.1)A(rlfc)f(rifc+1 ■ • rin).

To see that A is well defined, we show that the right-hand side of (*) remains in-

variant under transpositions (iv, ip + 1) of the indices.

KTii---Tip+1Tip---TO-KTi1---TlpThtl-..Tin)

= f(Til---Tip_1)X(Tip+l)gCTipTiP+2---Tin)

+f(Th--.Tip_lTip+l)X(Tip)g(Ti„2--.Tin)

-f(Til--Tip_1)X(Tip)g(Tip^--Tin)

-f(Th---Tip)X(Tip + 1)g(Tip+2-.-Tin)

= c(u(y)x-u(x)y) = 0,

where c=f(Th ■ ■ T^.JgiT^-TJ, x = A(Fip) and j = A(Fip+1).
If we extend A to all of R by linearity, it follows easily from (*) that A is a bideri-

vation : A(x^) =/(x)A(^)+g(jOA(x), for x and y e R. Since/— g is also a biderivation,

and u(X(Ti))=f(Ti)—g(Ti), we must have u ° X=f—g.

As a corollary we get

2.1.7. Proposition. Let

b: B->B'

a: A->A'

be a commutative diagram of ring homomorphisms, and S (resp. $') an extension of

B over A (resp. B' over A'). If S is free, then:

(i) There exists a homomorphism a: S —> é" extending b.

(ii) If ß: ê -> é" is any other homomorphism extending b, then ä andß are homo-

topic maps ofL(S) ®B B' to L;(ê').

2.1.8. Definition. If B is an /4-algebra, S is a free extension of B over A, we

call L'(S) a cotangent complex of B over A.

2.1.9. Thus 2.1.7 implies in particular that any two cotangent complexes of B over

A are homotopically equivalent.



1967] THE COTANGENT COMPLEX OF A MORPHISM 47

2.2. Funcional properties. The following two propositions establish the behavior

of cotangent complexes under (flat) base extension and localization.

2.2.1. Let Ti and Ä be ,4-algebras, and B' = B ®A A' so that we have a product

diagram

Ti-► B' = B ®A A'

A-y A'

Suppose either that (i) A' is flat over A, or (ii) Ti is flat over A, and let S be an

extension of Ti over A. Then

(a) $' = S (g)A A' is an extension of Ti' over A'.

(b) The natural homomorphism S -> S' induces an isomorphism L(S) ®B Ti'

zLtn
(c) If ê is free, then so is S". Thus if L'(S) is a cotangent complex of Ti over A,

then L\ê) ®B Ti' is a cotangent complex of Ti' over A'.

Proof. We shall need the following observations :

(a) Given a ring homomorphism R -*■ R', and a homomorphism u: F-y R of R

modules, define <p: F ®RF-+ F by <p(x (g> y) = u(x)y — u(y)x. If we put F' = F

(g)B T?', then the induced map <p': F' <g)B. F' -> F' is given by ^'(a:' ® /) = u'(x')y'

-u'(y')x'.

(b) In the diagram of 2.1.6, with B' = B ®A A',

FIB,A®aA' ~CÏb;a> (1.1.1).

The proposition follows directly from these observations.

2.2.1 applies in particular when A' is of the form AT'1, where F is a multi-

plicative system in A. We conclude that the formation of cotangent complexes

"respects localization downstairs." To get an analogous statement for localization

in Ti we use

2.2.2. Lemma. Let R be an A-algebra, and T a multiplicative system in R. If R

has property (L) of Definition 2.1.4, then so does RT'1.

Proof. Consider the diagram of 2.1.4 for R'^RT'1.

u: M-yS
A A

r    9'

R'

and let/ g : R^ S be the homomorphisms induced from R^R'. Since R has

property (L), there exists a biderivation X: R->M such that u°X=f—g. Let
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r\t e R' where r e R,teT. Solving the equation X(r) = X(t-r\t) = a(t)X'(r\t) + ß(r\t)X(t)

for A' we get

(*) A'(r/0 = [ß(t)X(r)-ß(r)X(t)]la(t)ß(t).

Making liberal use of the relation u(x)y = u(y)x for x, y e M, one can show by a

tedious but straightforward calculation that (*) actually defines a biderivation A'

extending A. Since f'—g' is a biderivation extending f-g, it is clear that /x° A'

2.2.3. Proposition. Let B be an A-algebra, and T a multiplicative system in B.

If L(S) (resp. L'(^)) is a cotangent complex for B (resp. BT'1) over A, then any

homomorphism S -*■ 3F (extending B -> TiF "1) induces a homotopy equivalence

L\S)®BBT'1-^L(^).

Proof. Let <f:0^F2-^F1-H*F^Ti^-0bea free extension of Ti over A. Let

i/c R be the inverse image of F, and let ê' = ê ®RRU~l. Since RU 'l is flat over

R, <$' is an extension of BT~l over A (see observation (a) in the proof of 2.2.1). It

is clear that the natural homomorphism S -y-S' induces an isomorphism L'(ê)

®BBT-^L-(ê').

Now let &: 0 -y F2 -y Fx -> Q -> TiF"1 -> 0 be a free extension of TiF"1 over

A, let V^Q be the inverse image of F, and let &'=& ®Q QV'1. Then there

exists a homomorphism a: J5" -> S' extending the identity on BT'1. Since a°(V)

^U,a induces a': &' -> S'. On the other hand, ß: ê -> J*" (extending B-yBT'1)

induces j8' : S' -*■ J5"'. Thus we have homomorphisms ß':£' -y 3F' and a' : Jr' -> <f'

both extending the identity on TiF-1. Since RU'1 and g!7-1 have property (L)

(2.2.2), a o jS' (resp. ¿3' ° <*') ¡s homotopic to the identity on !/(<?') (resp. L\^')).

But £•(«?) (8) BT'1'^L(i') and L-(&)->L-(&') is a homotopy equivalence and

we are done.

The Change of Rings Exact Sequence.

2.2.4. Theorem. Let A-+ B^-C be a sequence of ring homomorphisms. Let S

(resp. (S) be a free extension of B over A (resp. C over B). Then there exists a free

extension &■ of C over A and homomorphisms S -y & -> 2? extending A^y B-y C

such that the sequence

0 -> L-(S) <g)B C -> L-(&) -> L'CS) -*■ 0

is exact, except that L2(S) (g)B C -*■ L2(^) need not be injective.

Proof. We have (i): 0^ U/U0^FIU0^R^B~>0 and (SO: O-^H'/H'o

^T7/ir0->r->C-^0, where Ä = ^[jrf], T=B[Y,]. Put T=Ker(T*^Ti) and

A:=Ker(F-> C). Now define S=R[Y]] = A[Xi, Y¡] (so that 5 ®RB^T) and put

J=Ker(S-+C).

Let TT* be a free S-module such that TT* ®s FsTTand define G = F ®RS® TT*.
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Define u : G -> / as follows : u \ F ®Ä S is the composition F ®B S -> 7 ®B 5 -> /,

and w/Z7* is a lifting of 77*-> 7C to H*^J. If we put F=Ker(G^7) and

IF* = Ker(77* ->7C) we get the following commutative diagram

0 0 0

> r y y

0->U®BS-^V^-^ W*-*0

Y

(*) 0-> F®BS-> G -?—> 77*-► 0       (exact)

0-► I®RS->J-> K ->0

0 0 0

in which the rows and columns are exact. (Note that S is flat over R, so that in

particular 7 <g>B S=IS.) (*) induces a commutative diagram (**)

UIU0 ®B C-► F/F0-► WjWo ■-> 0

(**) o->F®BC->G®SC->H®TC-*0

0 -► Í2BM ®B C-> QsiA ®S C-> CÎtib ®r C-5- 0

whose rows we must prove exact.

Reading from left to right on the bottom row of (**) we have free C-modules

on generators dXu then dXh dY¡ and finally dY¡, thus the bottom row of (**) is

exact. The middle row of (**) is exact since it is obtained from the middle row of

(*) by applying ®s C, and 77* is free over S. Finally, it is clear that the composi-

tion U/Uo ®SC^K/K0^ W\Wo is zero, and that V¡V0^ W¡W0 is surjective.

To prove the top row of (**) exact we must show that if v e V goes to 0 in IF, then

there exists v0 e V0 such that v — v0 comes from U ®B S. Since the top row of (*)

is exact, v—v0 elm(i) if and only if j(v — v0) = 0. So we must prove that j(V0)

2Ker(IF*^ W).ButKer(W* -> W) = IH* n IF*, and we claim thaty'(F0) 2777*.

In fact if aeIS=I ®BS, and « g 77*, pick x g G, y e H* such that u(x) = a,

p(y)=h. Then z = u(x)y — u(y)ze V0, andp(x) = 0. Thus j(z) =p(z) = ah.

2.3. The cotangent functors. Let B be an ^-algebra, S a free extension of B over

/I, and Af a fi-module. According to 2.1.6, the groups T^B/A, M) = H(L(£) ®B Af)

and V(B¡A, M) = Hi(\\omB(L(ë), M)) are independent of the choice of/, up to
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a canonical isomorphism (i'=0, 1,2). T^BjA, ) (resp. T\B¡A, )) is called the

ith lower (resp. upper) cotangent functor of B over A. Note that T0(B¡A, M)

= &bia ®b M and T°(B¡A, M) = DerA(B, M).

We list the following properties of the cotangent functors, all of which follow

from the results of 2.1-2.2.

2.3.1. Af -> Ti(B\A, M) (resp. M -> T\B\A, Af)) are covariant additive functors

from Zf-modules to abelian groups. In particular TJB\A, M) and T\B\A, M) are

5-modules.

2.3.2. Given a commutative diagram

B->B'
A A

(*)

A->A'

and a Z?'-module M', there are natural homomorphisms

Ti(B\A,M')^Ti(B'\A',M')
and

T\B'\Ä, M') -> T\B\A, M').

Furthermore, if B' = B ®A A', and if either B is flat over A or A' is flat over A,

then the above homomorphisms are isomorphisms.

2.3.3. If, in the diagram (*), B' = B ®¿A', with A' flat over A, then for any

Zf-module Af, the induced homomorphism

Ti(BjA, M)®B'-+ Ti(B'\Ä, M ® B')

is an isomorphism. The homomorphisms TX(B\A, M) ® B' -> T\B\A, M ® B')

^T'(B'IA', M ® 7i') (the last given by 2.3.2) induce isomorphisms

Tl(B/A, M)®B'-+ T\B'\Ä, M ® B')

provided the free extension S of B over A may be chosen so that each term of

L'(&) is finitely presented over B. (For example, this will be the case if A is

noetherian and B is a localization of an ^-algebra of finite type.)

2.3.4. If S is a multiplicative system in B, and M a Zf-module, then

Ti(B/A, M) ®B BS-1 s TIBS'11 A, MS-1).

Similarly, T\BS-l¡A, MS-^^T^B/A, M)S~1 under the finiteness conditions of

2.3.3.

2.3.5. If A -> B -> Cis a sequence of ring homomorphisms, and Af is a C-module,

then there is an exact sequence (which is functorial in Af )

T2(B\A, M) -> T2(C\A, M) -> T2(C\B, M) ->

T^M, A7) -> 7\(CM, Af) -> 7\(C/5, M) -^

r0(iiM, Af ) -> To(C¡A, M) -> To(C/B, M) -> 0.

There is a similar exact sequence for the Ff's, with the arrows reversed.
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2.3.6. If 0 -> M' -y M -y M" -y 0 is an exact sequence of Ti-modules, we get

nine-term exact sequences

T2(B\A, M') -* T2(B\A, M) -> T2(B\A, M") ->

TX(B\A, M') -> TX(B\A, M) -y TX(B\A, M") -y

T0(B/A, M') -y T0(B¡A, M) -► TQ(B¡A, M") -> 0
and

0 -y T°(B¡A, M') -> F°(Ti/^, M) -y T°(B¡A, M") ->

T\B\A, M') -y T\B\A, M) -> T\B\A, M") -y

T\B\A, M') -> T2(B\A, M) -+ T2(B\A, M").

2.4.1. We are now going to show that the definitions of the cotangent functors

can be extended to nonaffine schemes. We will need the following lemma:

2.4.2. Lemma. Let A be a ring, B an A-algebra, and C a B-algebra. Let M be a

B-module. Assume that the induced map of Spec C to Spec Ti is an open immersion.

Then the natural map ofTfB\A, M) ®B C^yTJC\A, M ®B C) is an isomorphism.

If we also assume that every local ring of B is a localization of an A-algebra of finite

type and that A is noetherian, then the natural map of T'(C¡A, M ®B C)

-*■ T'(B¡A, M) <g)B C is an isomorphism.

(Ideally, the proof of this lemma should follow from the change of rings sequence

and the fact that F¡(C/Ti, M) and F'(C/7i, M) are zero for all C-modules M.

Unfortunately the proof (for example) that T2(B\A, M) <g)B C^-T2(C\A, M <g>B C)

is injective would require the existence of a T3(C/B, M) which we do not have at

our disposal.)

Proof. To show that a map of C-modules is an isomorphism, it suffices to show

that it is an isomorphism after tensoring with Cp for every prime ideal to of C.

Let q be the inverse image of to in Ti. To say that Spec C -> Spec Ti is an open

immersion implies that the induced map of Tiq to Ce is an isomorphism. We have

now that

Ti(B\A, M) <g>B C <g>c Cp s T¿B¡A, M) <g>B Tiq 2 TJß^A, M <g>B ßq)

S Ti(CvIA, M ®B Q S Ti(C\A, M ®B C) (g)c Cv

where the second and fourth isomorphisms are special cases of 2.3.4. The result for

the F' follows in the same way.

2.4.3. Let/: X^ F be a morphism of preschemes. Assume that A' is a scheme

and that Y is affine, so 7= Spec A. Let {Uk} be an affine open cover of X. Let

Uk = Spec T?k. Since A' is a scheme Uk n U} is affine. Let Uk n U¡ = Spec 7iw. Then

the map of Spec Bkj to Spec Bk or Spec Ti; is an open immersion. Let F be a quasi-

coherent sheaf of Gvmodules. Let Fk = F\Uk and let Mk be the Tifc-module corre-

sponding to Ffc. Let Fkj = F\ Uk n U} and let Mkj be the T?w-module corresponding

to FM. Let Gk (resp. Gkj) be the sheaf on Uk (resp. f7w) corresponding to the
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Bk (resp. Bkj) module Ti(Bk\A, Mk) (resp. Tk(Bkj\A, Mkj)). We then have isomor-

phisms ßkj: Gk\Ukf^Gkj, by Lemma 2.4.2, and hence isomorphisms akj: Gk\Ukj

^Gj\Ukj by akj=ßjk ° ßkj. It is clear that akk is the identity and akjan = akl. If we

assume in addition that Fis noetherian and/locally of finite type, then the same

situation obtains with arrows reversed and indices raised. Hence the Gk "glue

together" to form a quasi-coherent sheaf G of Ox-modules.

2.4.4. Definition. G is denoted by Tt(XI Y, F). We define V(X¡ Y, F) similarly.

Note that G does not depend on the open cover {Uk}.

2.4.5. We now wish to pass from the case where Y is affine to the case where Y

is arbitrary. This time we will treat only the F¡, leaving the T* and the necessary

finiteness assumptions to the reader. Let f:X^>Y be an arbitrary morphism of

schemes. Let {Uk} be an affine open cover of Y. Let Uk = Spec Bk. Since F is a

scheme Uk n U,- is affine. Let Uk n U, = Spec Bkj. Let Vk=f~1(Uk), VM=f-\UkJ)

= Vkr\ Vj. Let F be a quasi-coherent sheaf of Gvmodules. Let Fk = F\ Vk and Fkj

= F\Vkj. Let Gk (resp. Gk¡) be the sheaf on Vk (resp. VkJ), Ti(VkjUk, Fk) (resp.

Ti(Vk]¡Ukj, Fkj)). We then have isomorphisms ßkj: Gk\ Vkj^Gkj, by 2.3.3, and hence

compatible isomorphisms akj: Gk\VM^Gj\Vkj.

2.4.6. Definition. The sheaf constructed in the above fashion is defined to be

nX¡Y,F).
2.4.7. We have one more definition to make before we can state the proper

generalization of our theorem. We content ourselves with the following: Let

g:Z -> X, f: X -*■ F be morphisms of schemes. Let F be a quasi-coherent sheaf of

GVmodules. Then it is possible to define T,(Xj Y, F), which will be a quasi-coherent

sheaf of 02-modules, by methods analogous to those used above. (First define it for

Z, X, Y affine, then X, Y affine, then Y affine, then in general.) If we assume in

addition that Y is locally noetherian and g and / are locally of finite type, we can

define quasi-coherent sheaves T\X¡ Y, F) by the same process.

2.4.8. The above restriction that X, Y, and Z be schemes is not essential, but

greatly simplifies the construction. We also know of no serious applications of our

theory to nonseparated preschemes.

We of course have the following generalizations of 2.3.4 and 2.3.6:

2.4.9. Let Z-> F^Ibea sequence of homomorphisms of schemes, and Fa

quasi-coherent sheaf on Z. Then there is an exact sequence

T2( Y\X, F) -* T2(Z\X, F) -> T2(Z\ Y, F) -*

Tx( Y\X, F) -> Tx(Z\X, F) -> Tx(Z\ Y, F) ->

F0( Y\X, F) -> To(Z\X, F) -> To(Z\ Y, F) -> 0.

The sequence obtained by raising the indices and reversing the arrows is also

exact, under the finiteness conditions of 2.4.7.

2.4.10. If 0—> Fx -> F2^F3 ->0 is an exact sequence of quasi-coherent

sheaves on Z, we have the nine-term exact sequences

F2( Y\X, Fx) -* T2( Y\X, F2) -* T2( Y\X, F3) -> Tx( Y\X, FJ ->• • • etc.
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and

0 -* F°( Y\X, Fx) -y T°( Y\X, F2) -> F°( Y\X, F2) -> Fx( y/JT, Fx) -y- ■ • etc.

For the second sequence we assume that the usual finiteness conditions hold.

3. Vanishing criteria.

3.1. The vanishing of the first cotangent functor.

3.1.1. Lemma. Let Pbea polynomial ring over A, M a P-module. Then Tl(P¡A, M)

and T¿P¡A, M) = 0for i= 1 and 2.

Proof. This is obvious from the definition of the cotangent complex.

3.1.2. Lemma. Let B be an A-algebra. Let P be a polynomial ring over A and I

an ideal in P such that B is isomorphic to P/I. Then the canonical maps (coming from

the triple (A, P, B) of TX(B¡A,M) to Ker(T/T2 <g)B M -> Qm ®B M) and

Coker(HomB(iiBM, M) -y HomB(T/T2, M)) to T1(B¡A, M) are isomorphisms.

Proof. This is an immediate consequence of Lemma 3.1.1. and the exact sequence

of a triple.

3.1.3. Proposition. Let B be an A-algebra. Then the following are equivalent:

(1) T\B\A, M) = 0for all B-modules M.

(2) TX(B/A, B) = 0 and QBM is projective.

(3) Ti satisfies the "lifting property" over A, i.e., if C and C are two A-algebras

such that C' = CII with T2 = 0, and g' is an A-algebra homomorphism of B to C, then

there exists an A-algebra homomorphism g from B to C which induces g'.

Proof. We first show (1) o (2). Assume that (1) is true. From the fact that the

Ti are cohomological functors we see that the functor T°(B¡A, ■ ) ̂  HomB(C2BM, •)

is an exact functor, and hence QBM is projective. Let F be a polynomial ring over

A mapping onto Ti with kernel 7. By Lemma 3.1.2, we have the exact sequence

(*) 0 -y TX(B¡A, B) -> J\J2 -* QPIA ®P Ti -> QBM -> 0.

Let M be any injective F-module, and apply the functor HomB(-, M) to (*). Since

T\B\A, M)=0, we see that F\omB(Tx(B\A, B), M) = 0. Choosing M to contain

TX(B\A, B), we see that TX(B\A, B) = 0.

Now assume that (2) is true. From the exact sequence (*) we see that TX(B\A, B)

=0 implies that T\B\A, M) is isomorphic to ExtB(£2SM, M) which is zero since

DBM is projective.

We now prove that (1) is equivalent to (3). As above, let B^P/J. Assume that

(1) is true. Let C, C, I, g' be given. Let n' be the induced homomorphism from F
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to C". Then n' lifts to a homomorphism h from F to C. Since T2=0, T is a C-

module and hence a Ti-module via g'. Also, n maps 7 into I and /2 into zero, so it

induces an element h" of HomB(7/72,1). Since T1(B¡A, T) = 0, n" is induced by a

derivation D of P into 7. Since 72=0, it is immediately checked that h — D is an

/1-homomorphism of P to C which is zero on 7, and hence induces a map g from

Ti to C lifting g'.

Now assume that (3) is true. Let x e T\B¡A, M). Then x is induced by an element

h of HomB(7/72, M)^HomP(J, M). Let AT=Ker(n"). Let <p: P^P¡K and let

C=(PIK®M)l{<p(z), h(z)}, for z e7. We make C into an ^-algebra by letting F

act on AT, and giving M square-zero multiplication. Let C' = B. Let g'= 1B. Then

we have an exact sequence of ,4-algebras

O^M^C^C'-yO

and Ai2=0. Hence g' lifts to a map g mapping Ti to C which induces a map n of F

to C. Then <p—n is a derivation of F into M which induces n', and hence x=0 in

THfilA;M).
3.1.4. Definition. Let/: A"-» y be a morphism of preschemes. We say that/

is formally smooth if for every xe X there exist affine neighborhoods Spec Ti of x

and Spec A off(x) such that B\A satisfies the equivalent conditions of Proposition

3.1.3. Note that this will then be true of any affine neighborhoods such that Ti is

an ^-algebra.

3.1.5. Theorem. Letf: X-y Y be a morphism of finite type of locally noetherian

preschemes. Then the following conditions are equivalent:

(1) f is formally smooth.

(2) T\X¡ y, F) = 0/or all quasi-coherent F on X.

(3) TX(X¡ Y, F)=0for all quasi-coherent F on X.

(4) f satisfies the "Jacobian criterion for simplicity" as stated in SGA II^), i.e.:

Let xe X, Spec Ti an ajfine neighborhood of x, Spec A an affine neighborhood of

f(x) such that B is an A-algebra, P a polynomial ring over A mapping onto B with

kernel J. Then for every prime ideal to of P there exist generators gx,..., gP of Jp

such that dgpform part of a base of the free module Ü,PIA (g>P Bv.

It is shown in [SGA II] that these conditions are also equivalent to

(5) X is flat over Y and the fibers off are absolutely nonsingular. (Recall that a

prescheme V of finite type over afield t is said to be absolutely nonsingular if all the

local rings of V 0t Ï are regular, where Ï denotes the algebraic closure oft.

(6) Locally on X and Y,fis the composition of an étale morphism and a morphism

of the form Spec Y[TX- Tn] -y Y, where

Spec Y[TX-Tn}= y x Speo z Spec Z x [Tx- ■ ■ Tn]

is "affine n-space over Y."

0) Seminaire Geometrie Algébrique (A. Grothendieck), Inst. Hautes Etudes Sei.
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Proof. All the conditions are local on X and Y so we may assume that X

= Spec B, F=Spec A. The equivalence of (1) and (2) is contained in Proposition

3.1.3. It is easy to see, as in the proof of Proposition 3.1.3 that (3) is equivalent to:

(3') Tx(B/A, B) = 0 and Q.B/A is flat over B. If Bis of finite type over a noetherian

A, QBM is of finite type over B and is flat iff it is projective, so (1) o (3).

It is easily seen that (4) is equivalent to the statement that the map of J\J2

-»■ Om ®p B is injective, with a locally free cokernel. If we look at the exact

sequence of the triple (A, P, B) we see that it is equivalent to saying that Tx(B\A, B)

=0 and QBIA be projective, since QBM is a finitely generated module over a

noetherian ring. So we have shown (1) <=> (4).

3.1.6. Definition. If/satisfies the above conditions, we say/is smooth, (or X is

smooth overY). Note that "smooth" (French "lisse") is the new terminology for

what used to be called "simple" (French "simple").

3.1.7. Proposition, (a) If X is smooth over Y, and Y is smooth over Z, then X

is smooth over Z.

(b) If X is smooth over Y, and Y' is locally noetherian, then X' = XxY Y' is

smooth over Y'.

Proof, (a) follows immediately from the exact sequence of the triple (X, Y, Z).

To prove (b) we may assume X=SpecB, Y=SpecA, F' = Spec4', A" = SpecZ?'.

Write B as the quotient of a polynomial ring P over A by an ideal I. Let Af be a

ZF-module. Since B is smooth over A, we have the exact sequence

0 -+ III2 -* aPIA ®p B -* aUA -* 0

and Í2BM is projective. Let P'=P ®AA', and Z'= (Ker P'^ZF). Then we have a

surjection from I ®A A' to Z', and hence the induced map of I/I2 ®¿ A' -> I'll'2

is a surjection. Since QBIA is projective, we see that the map of I/I2 ®B B' ->- Qm

®PZF is injective. Since I/I2 ®B-S' = f//2 <S>AA' and Qm ®PB' = Q.P1A. ®P. B',

we see that the map of Z'/7'2 to ÍV/A- ®P- B' must be injective, and hence that

TX(B'\A', B')=0. Since QB-M< = QBM ®b B' is a projective ZF-module, we are done.

3.2. The vanishing of the second cotangent functor. We first consider the case

when B is a quotient ring of A. Recall that if A is a local ring, a sequence of elements

ax,. ■., an in the maximal ideal of A is said to be an A-sequence if ax is a nonzero

divisor in A and a¡ is a nonzero-divisor in A\(ax ■ ■ ■ ai _ i) for i > 1. If A is noetherian,

a necessary and sufficient condition that («i • • • an) be an ^-sequence is that the

Koszul homology 771(a1,..., an, A) = 0. This also shows that the property of being

an ^-sequence is independent of the order in which the a¡ are taken.

The following proposition relates ^-sequences to the second cotangent functor:

3.2.1. Proposition. Let A be a noetherian ring and I an ideal of A. Let B=A\I.

Then the following statements are equivalent:

(1) Let q be a prime ideal in B, p its inverse image in A. For all such q and p, the

kernel of the map Av to Bq is generated by an Ac-sequence.
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(2) F2(7i/^, M) = Ofor any B-module M.

(3) T2(B/A, B) = 0 and I\I2 is a projective B-module.

(4) T2(B\A, M) = Ofor any B-module M.

Proof. We first show that (1) => (2). Since the cotangent complex commutes with

localization, we have T2(B\A, M\^T2(B^¡Ap, Mq). So we may assume that A and

Ti are local and I is generated by an ^-sequence, ax, - - -, an. Let F=An, and map F

onto I in the obvious manner. Let the map be/ and let (7=Ker(/). Then a cotan-

gent complex for B over A can be chosen to be

0-^£//<y0^F/7F->0.

Recall that U0 is the image of Fa F under the map <p: xAy -+f(y)x—f(x)y. By

definition of the Koszul complex with respect to ax,..., an, we see immediately

that Hx(a, A) is isomorphic to i//C/0. Hence U¡U0=0, and certainly T\B\A, M) = 0

for any 7i-module M.

(2) => (3). Since the F' are cohomological functors, T2(B\A, M) = 0 for all M

implies that the functor which takes M into TX(B\A, M) ^ HomB(T/T2, M) is a

right exact and hence exact functor, so T/T2 is projective. By definition of T2(B\A, B)

we have the exact sequence

0 -> T2(B\A, B) -> U¡U0 -y F\IF-y I\l2 -> 0.

Let M be any injective Ti-module, and apply the functor HomB(-,M). Since

T2(B\A, M)=0, we see that FiomB(T2(B¡A, B), M)=0. Since any module is a sub-

module of an injective module, T2(B\A, B) = 0.

(3) => (4). Assume (3). T2(B\A, B) = 0^ T2(B\A, M) is isomorphic to Torf (T/T2, M ),

which is zero since T/T2 is projective, hence flat. Assume (4). T2(B\A, B)=0

=> Torf(T/T2)^F2(Ti//l, M) = 0 for all M, which implies T/T2 is flat.

(3) => (1). Since the cotangent functors and flatness localize, we may assume

that A and Ti are local, q = the maximal ideal in Ti and p = the maximal ideal in A.

Since B is local, T/T2 is a free Ti-module. Let ax,...,an be elements of I whose

residue classes form a basis for I\I2. By Nakayama's Lemma, the a¡ generate I.

Let Fa F->" F-yF A be the Koszul complex with respect to (ax,..., an). Let

<7=Ker/and £/0 = Im <p. Then we may choose the cotangent complex of B over

A to be

0^<7/t/0->F/TF^0,

and we have the exact sequence

0 -> T2(B\A, B) -^U/Uo^ F/IF-y 1\I2 -^ 0.

Since F is a free module on the generators of I, and I\I2 is a free module on

ax,-- -, an, the map of F/IF to I\I2 is an isomorphism. Hence TT^a, A)= UjU0 is

isomorphic to T2(B\A, Ti) = 0 by assumption. Hence the a{ form an ^4-sequence.

3.2.2. Corollary. Let Abe a noetherian ring and B an A-algebra of finite type.

Then the following conditions are equivalent:
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(1) There exists a polynomial ring P over A and an ideal I in P such that B is

isomorphic to Pjland the pair (P, B) satisfies the conditions of the preceding proposition.

(2) If Q is any polynomial ring over A andJ is an ideal in Q such that B is isomor-

phic to QjJ, then the pair (Q, B) satisfies the conditions of the preceding proposition.

(3) T\B\A, M) = 0far any B-module M.

(4) T2(B\A, B) = 0 and I ¡I2 is locally free, where I is the kernel of a map onto B

of any (or, equivalently, some) polynomial ring over A.

(5) T2(B\A, M) = 0far all B-modules M.

Proof. For any polynomial ring P over A which has a quotient isomorphic to

B, it immediately follows from the exact sequence of the triple (A, P, B) that the

natural map of T2(B\A, M) to T2(B\P, M) (resp. T2(B¡P, M) to T\B\A, M)) is an

isomorphism for any Zf-module Af. The result then follows directly from the

preceding proposition.

3.2.3. Definition. If the above conditions are satisfied, we say B is Koszul

over A.

3.2.4. Definition. Let /: X^ Y he a morphism of finite type of locally

noetherian preschemes. We say that/is Koszul if for every xe X there exist affine

open neighborhoods Spec B of x and Spec A of/(x) such that B is an ,4-algebra and

B is Koszul over A.

It follows immediately from the two preceding propositions that if/ is Koszul,

then for any choice of affine open neighborhoods Spec B of x and Spec A of f(x)

such that B is an ^-algebra, B is Koszul over A. Also, "/is Koszul," "T2(X¡Y, F)

=0 for all quasi-coherent sheaves F" and liT2(X/Y, F)=0 for all quasi-coherent

sheaves F" are all equivalent.

3.2.5. Proposition, (a) If X is Koszul over Y, and Y is Koszul over Z, then X is

Koszul over Z.

(h) If X is Koszul over Y, and Y' is locally noetherian and flat over Y, then

X' = XxYY' is Koszul over Y'.

Proof, (a) follows immediately from the exact sequence of the triple (X, Y, Z).

(b) is a consequence of the fact that the cotangent complex commutes with flat

base extension. It is easily seen that (b) is false if the assumption of flatness is

dropped.

3.3. The local case. When A'=Spec B is the spectrum of a noetherian local ring

B, the vanishing criteria can be sharpened, as follows:

3.3.1. Proposition. Let A be a noetherian ring and B a noetherian local ring

which is the localization of an algebra C of finite type over A at a prime ideal p. Let

K be the residue field of B. Then the following conditions are equivalent:

(1) C is smooth over A in a neighborhood of p.

(2) T\BjA, M) = 0far all B-modules M.

(3) T\B¡A,K) = 0.

(4) Tx(BIA,K) = 0.
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Proof. (1) o (2) follows immediately from the definition of "smooth" and from

the fact that the cotangent functors commute with localization, as does (1) => (4).

(2) => (3) is obvious. We now show (3) => (1). Write K as a submodule of an

injective module I, so there is an exact sequence 0-^-K-yI^yQ-yO. Since

T\B\A, K)=0, we have the exact sequence

0 —y HomB(DBM, K) —► Homfl(£2BM, I) -% HomB(QBM, Q) —> 0.

However the cokernel of p is by definition ExtB(fiBM, K), which must therefore =0.

Exactly as in the case of Tor!, it follows that QBM is a free Ti-module. (It is clear

that QBM is a finitely generated Ti-module.) We will now show that TX(BIA, B) = 0.

We write B as the quotient of a polynomial ring P over A by an ideal 7. Then

T\B¡A, K) S Coker(HomB(ßm ®P B, K) -y HomB(7/72, K)).

From the exact sequence

0 -y TX(B\A, B) -> J\J2 -> £2PM ®P B -y ilBIA -+ 0,

using the fact that Í2m <g)B B and QBIA are projective, we find that the above

cokernel is isomorphic to HomB(Tx(B¡A, B), K). Hence HomB(Tx(BIA, Ti), K)=0,

and since TX(B/A, B) = TX(C¡A, C)v is a finitely generated Ti-module, this implies

that Tx(BjA, B) = 0. Since 0.BIA = (FiCIA localized at to) is free, QCM is free in a

neighborhood of to and TX(C¡A, C) is zero in a neighborhood of to- Hence C is

smooth over A in a neighborhood of to.

We now show that (4) => (1). Since the pair (Tx, T0) is part of a connected

sequence of homological functors, and F0 = ÜBM <8>B -, we see that TX(B¡A,K)

maps onto Torf(£2BM, T<). Since TX(B¡A, K) is zero, so is Forx(Q.BtA, K) and

hence FiBIA is free. But then the functor TX(B¡A, •) is a covariant right exact functor,

and hence isomorphic to TX(B¡A, B) ® ■. Hence TX(B¡A, B) ®B K=0, and by

Nakayama's Lemma, TX(B\A, B) = 0. Hence, as above, C is smooth over A in a

neighborhood of to.

We now give the exactly analogous proposition for the second cotangent functor :

3.3.2. Proposition. Let A be a noetherian ring and B a noetherian local ring

which is the localization of an algebra C of finite type over A at a prime ideal to. Let

K be the residue field of B. Then the following conditions are equivalent:

(1) C is Koszul over A in a neighborhood of p.

(2) T2(B\A, M) = 0for all B-modules M.

(3) T2(B¡A,K) = 0.

(4) T2(B¡A,K)=0.

Proof. The proof is identical to the preceding one, after observing that, replacing

A by a polynomial ring over A and localizing if necessary, we may assume that Ti

is a quotient of A. We write B=A\I, we write I as the quotient of a free Ti-module

I=F\U, we replace Obm by T/T2, FlPIA ®P B by F\IF, I\I2 by U/U0, and argue as

above.
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As a corollary of the above results in the local case, we can strengthen our

earlier theorems in the global case. We have in fact:

3.3.3. Theorem. Let X and Y be locally noetherian preschemes, X of finite type

over Y. Then X is smooth over Y iff TX(X¡ Y, K(A)) = 0 for all local rings A of X.

X is Koszul over Y iffT2(X\Y, K(A))=0far all local rings A of X.

The proof is immediate.

As another corollary of the results of this section, we have the following theorem:

3.3.4. Theorem. Let A, B, C be three noetherian local rings, I and J ideals in A,

K an ideal in B such that B=A\I, C=A\J^B\K, i.e., K=J\I. Assume that J is

generated by an A-sequence, and K is generated by a B-sequence. Then I is generated

by an A-sequence.

Proof. We look at the exact sequence of the triple (A, B, C) applied to the

C-module C. We have

T2(C\B, C) -* III2 ®B C -> J\J2 -+ K\K2 -> 0.

The hypotheses imply that T2(C\B, C)=0 and that J\J2 and K\K2 are free

C-modules. Also, we know that rank (J\J2) = dim A - dim C and rank(7C/7v2)

= dim B—dim C. It follows that I/JI^I/I2 ®B C is free of rank equal to dim A

- dim B. Hence by Nakayama's Lemma, I is generated by (dim A - dim B)

generators.

Let px, ■ ■ ■ ,pr be a Zf-sequence generating K and let yu..., y, be elements of A

mapping onto Fi, • • ■, yr- Let x1;..., xs be a minimal set of generators for 7. Then

(xx- ■ xs,jv • -yr)=J and s + r = dim A —dim C. So the residue classes of the x¡'s

and the j¡'s form a basis for J\J2, and hence form an ^-sequence. Since any subset

of an ^-sequence is an ^-sequence, we are done.

3.4. The cotangent functors and field extensions. We will show now that the

second cotangent functor vanishes for any field extension, and that the first

cotangent functor vanishes iff the extension is separable. Precisely, we have the

following

3.4.1. Theorem. Let K be a field and L an overfield. Then T2(L\K, M)

= T2(L\K, M) = 0 for all L-modules M, and the following conditions are equivalent:

(a) L is separable over K.

(b) T\L\K, M) = 0far all L-modules M.

(b') T\L\K,L) = 0.
(c) Tx(L\K, M) = 0for all L-modules M.

(c') Tx(L\K,L)=0.

Proof. To prove the first statement, we reduce first to the case when L is finitely

generated over K, since the cotangent complex commutes with direct limits. By

using the exact sequence of a triple, we may assume L=7v(x). If x is transcendental

over K, then L is the localization of a polynomial ring over K, and T2 and F2

vanish by 3.1.1 and 2.3.4.
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To prove the equivalence of the five conditions, first observe that (b) = (b') and

(c) = (c') are trivial. We will show that (a)s(c) and leave the analogous proof that

(a)s(b) to the reader. So we first assume (a). Since the cotangent complex com-

mutes with direct limits, we may assume L is finitely separably generated over K.

(We know L is separable over K iff every finitely generated subextension of L over

K is separably generated.) By the exact sequence of a triple, we reduce to the case

L = K(Xx, ■.., Xn), Xi independent transcendentals, and the case when L is a

finite separable extension of K. In the first case, L is the localization of a poly-

nomial algebra over K, and hence Tx(L¡K, M) = 0 for any M. In the second case,

we write L=K[x], where/(x)=0,/'(x) + 0. Let P=K[X]. Then we have the exact

sequence

0 —> Tx(L\K, L) —> (f)l(P) -i+ QPIK ®PL—+ QLIK —* 0.

Since (f)l(f2) and QP/K ®P L are free L-modules of rank one, and df=f'(x) dx^O,

Tx(L¡K, L)=0, and hence Tx(L/K, M)=0 for any M.

We now assume (c). We want to prove that any finitely generated subextension

L' of LIK is separably generated. Using the first part of the theorem, together with

the exact sequence of the triple (K,L',L) we see that Tx(L'/K, L)=0 and hence

Tx(L'\K, M) = 0 for all L'-modules Af, i.e., we may assume that L is finitely

generated over K. By induction on the number of generators, using the exact

sequence of a triple repeatedly, the following statement is easily proved :

tr deg L¡K = dim QL/K-dim TX(L\K, L).

Hence Tx(LjK, L) = 0 => Q.LIK is generated by dxx,. ■., dxn where « = tr deg(L¡K).

Let K' = K(xx,..., xn). Then the exact sequence of the triple (K, K',L) shows that

&lik- = 0, which implies that Tx(L¡K', L) = 0 and L is a finite algebraic extension of

K'. If L were not separable over A", there would be an element a eL such that

aveK', a$K', (p = chK'). Then direct computation shows that Tx(K'(a)¡K',

7C(a))#0, but from the exact sequence of the triple (K', K'(a), L) it follows that

Tx(K'(a)jK', K'(a)) = 0. Hence L is separable over K', and L is separably generated

over K, since K' is clearly a purely transcendental extension of K.

3.5. Simplicity over afield. We are now in a position to show that, over a field,

"smooth" is equivalent to "absolutely nonsingular." More precisely, we have:

3.5.1. Theorem. Let K be afield, K* the algebraic closure of K, and Xaprescheme

of finite type over K. Then the following conditions are equivalent :

(1) X is smooth over K.

(2) X ®K K* is a regular prescheme.

Proof. (1) => (2). Since smoothness is preserved under base extensions, we may

assume that K* = K. Let A be a local ring of X. Let K' be the residue field of A.

Consider the exact sequence of the triple (K, A, K') applied to the TC'-module A":

T2(K'IK, K') -> T2(K'\A, A") -> TX(A\K, K').
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Since the cotangent functors localize, TX(A¡K, TC)=0, and by the previous

theorem, T2(K'jK, K') = 0, so T2(K'\A, K') = 0, i.e., K' is a complete intersection

in A, i.e., A is regular.

(2) => (1). Let X* = X ®KK*. We first show that X* is smooth over K*. It

suffices to show that for every local ring B of X*, TX(B¡K*, K(B)) = 0, where K(B)

denotes the residue field of B. By the exact sequence of the triple (K*, B, K(B)) we

know that

T2(K(B)IB, K(B)) -+ TX(B¡K*, K(B)) -> TX(K(B)¡K*, K(B))

is exact. Since B is regular, the first term is zero. Since K* is algebraically closed,

K(B) is separable over K*, and the last term is zero. Hence the middle term is zero,

i.e., X* is smooth over K*. But, since the cotangent complex commutes with flat

base extension,

TX(XIK, F) ®K K* ~ TX(X*IK*, F ®x X*) = 0,

so TX(X¡K, F)=0, i.e., Xis smooth over K.

4. Extensions and deformations. As is usual in cohomology theories, the

cotangent modules F1 and T2 may be viewed as modules of "infinitesimal exten-

sions " of length one and two respectively (4.1 and 4.2), and F2 is the module of

obstructions for the existence of noninfinitesimal one term extensions. These facts

are reinterpreted more geometrically in terms of "infinitesimal deformations" in

4.3.

4.0. Notation. If x is an object of some set on which there is defined an equi-

valence relation, we denote by cl(%) the equivalence class of x, when the context

is clear. If px : Ex-+ E and p2 : E2^y E are ring homomorphisms, we denote by

Ex x E E2 the ring of all pairs (ex, e2) (et e F¡) such that Pi(ex)=p2(e2), with pair-

wise addition and multiplication.

4.1. Two term extensions.

4.1.0 Definition. Let A be a ring, B an ^-algebra and M a Ti-module. By a

two term (infinitesimal) extension of B over A by M, we mean an extension in the

sense of 2.1 :

S:0—y M-^J^E-^B—y0

in which E2 = M, viewed as an F-module via k. Two such extensions, S and £'

are equivalent if there exist extensions S0 = S, <SX,..., Sn = S' of B over A by M

and homomorphisms

^0 -*" &l "*"" <^2 -*■ ' ' ' ■*" <^n -1 -*■ ¿>n

all reducing to the identity on M and Ti. In other words, equivalence among two

term extensions is the smallest equivalence relation containing all pairs ($, $')

which are connected by a homomorphism (either way) reducing to the identity on

both ends. The extension 0 -y M -ylá M ->° Ti ->id B -y 0 is called trivial.
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4.1.1. Definition. Let Ex2(B¡A, M) denote the set of equivalence classes of two

term extensions.

Given an extension S as above, there is a natural homomorphism k* from the

cohomology module H\Flom(L-(ê), M)) to T\B\A, M) (by 2.1.7). Let e be the

class of the identity endomorphism of M in H2(Flom(L'(S), M)) (=Coker

HomB(/, M) -* HomB(M, M)). Then

4.1.2. Theorem. The assignment € -*• k*(e) induces a bijection

P: Ex2(B/A, M) -> T\B\A, M)

in which the class of the trivial extension corresponds to 0.

Proof. Let

J^:   0—^AfAí^í—>0

be a fixed free extension of Ti over A (2.13). Given S we get a homomorphism a :

^ -> ê unique up to homotopy, and the class of a2 in T\B\A, M) is &*(e). Thus

if ß : ê -> S" is a homomorphism (reducing to the identity on both ends), we may

choose a': ^-^ S' to be a'=ß ° a, so that a2 = a2, k*(e)=k'*(e'); therefore k*(e)

depends only on the equivalence class of ê and p is well defined. Clearly p (class of

trivial extension)=0.

On the other hand, given e e T\B\A, M), choose a2: F2^y M inducing e. Put

J=(FX ® M)/K where K is the submodule of all pairs (ix2, -a2x2), for x2 e F2, and

let E=P, /(nz) = class of (0, w),y(class of xx, m)=j(xx) e E=P, k = k. Then it is easy

to see that these data define an extension S of B over A by M, and that there is a

homomorphism a : & ->- ê whose second component is a2. Thus e = class a2 = k*(e).

It remains to show that the equivalence class of S depends only on the class of

e in T2(B\A, M). If ax: Fx -> M is a homomorphism, and a'2=a2+ax oy, let S" be

the extension constructed from a2 as above. Then the endomorphism (xx, mi)

-> (xx, — ax(xx) + m) of Fi © AT induces 7 -> J', which in turn induces a homo-

morphism S -> ê' reducing to the identity on both ends. Thus S and S' are

equivalent, so that e -> ê is a well-defined map, inverse to p.   Q.E.D.

4,2. One term extensions.

4.2.0. Definition. Let A be a ring, B an ^-algebra, and M a Ti-module. By a

one term or short extension of Ti over A by M we mean an exact sequence :

0—yM-^E-^B—*0

where E is an /4-algebra (commutative with identity) k is a surjection of ,4-algebras,

and M is regarded as a square zero ideal in E.

Thus a short extension is a degenerate two term extension, obtained by putting

F2 = 0, EX = M and requiring that ex(x)y = 0 (x, y e Ex) in 2.1.4.

If E' is another short extension of B over A by M we say that F and E' are
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equivalent if there exists a homomorphism 6: E^-E' of A algebras inducing a

commutative diagram

(9 must then be an isomorphism.)

4.2.1. Definition. Let E\1(B/A, M) he the set of equivalence classes of short

extensions of B over A by Af.

Given an extension E, the homomorphism h: A^-E induces

A*: HomB(M, M) = T\B\E, M) -* T\B\A, M).

Let id be the identity endomorphism of Af. Then

4.2.2. Theorem. The assignment E-> A*(id) induces a bijection

p: E\\B¡A, M) s T\B\A, M)

in which the class of the trivial extension 0->Af->AÍ©Zí->ZÍ-*-0 corresponds

toO.

The proof is quite similar to that of 4.1.2, and we omit it.

4.2.3. Noninfinitesimal short extensions. Let / be a commutative y4-algebra, not

necessarily having an identity. By a multiplication of / we mean an ^4-hnear map

o:J^J such that o(xy) = a(x) ■ y for x and y in /. Define the product of two multi-

plications by composition, and let M¡ be a set of all multiplications a such that

<tt = tct for every multiplication t. Notice that M, is a commutative /1-algebra,

with unit. Then we get a two term extension

/,:   0—>Ci-^J-^->Mj^E}—*0

where C} = the set of x eJ such that xy = 0 for all y in /, j(x) = <rx: y -> xy. j(J) is

by definition the algebra of interior multiplications, and Ej the algebra of exterior

multiplications. Observe also that C¡ is an Frmodule.

4.2.4. Definition. If J is a commutative ^-algebra as above, and B an ,4-algebra

(commutative with identity) then an extension of B over A by J is an exact sequence

0—>J-^E^->B—*0

where £ is a commutative ^-algebra with identity, 7(1) = 1 and i(st) = i(s)i(t) for

P, t ej. Such an extension E defines a homomorphism p: S -> E, induced from the

action of E on J.

Now given J and p.: B^-E;, let Ex(p, J) denote the (possibly empty) set of
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isomorphism classes of extensions with given p. Notice that C, becomes a B

module via p, and that p induces a homomorphism

P*:    T2(EJIA,CJ)->T2(B¡A,CJ).

4.2.5. Let A be a ring, B and J commutative .¿-algebras (B with (1) and p:

B^> Ej a homomorphism of ¿-algebras (p(l) = 1). Then

(i) Ex(/x, 7)# 0 if and only if the element p*(cl(Sj)) in T2(B/A, C}) is zero.

(ii) If n*(cl(£j)) = 0, then there is a group action 9: T\B\A, Cj)xEx(p,J)

-> Ex(/x, J) which makes Ex a principal homogeneous space under F1 (i.e., for

fixed e' e Ex, e -> 0(e, e') induces a bijection F1^ Ex).

Before beginning the proof we need the following observations:

4.2.6. Let p: Ti-*- C be a homomorphism of ¿-algebras, M a C-module and

e e T\C\A, M). If S is an extension corresponding to e, then, as in the theory of

extensions in an abelian category [11, p. 63], the extension <S corresponding to

P*(e) is characterized up to equivalence by the property that there exists a ß:

g-yê extending p such that ß2 = id on M. Hence if &: 0^F2-^ FX->P-^ B-^0

is a free extension of B over A, and a: IF —.y S extends p, it is easy to see that

P*(e) is the residue class of a2 in T2(B/A, M) = Coker:HomP(Fx, M)

-y HomP(F2, AT) (see diagram below).

Proof of 4.2.5. (i) Let J^ be a free extension of B over A, and let a: ¡F -> ê,

extend p : B-ytfj.

3F:    0->F2—l-^Fx—^-P-^B-> 0

/
i '

/
Y   ^ Y Y Y

«fj:     0->C,-yJ-yMj-y E,->0
J        i ; J       k '

Thus by 4.2.6 above, p*(cl(Sj))=0 if and only if there exists a ß: Fx^ Cj such

that ßi=a2. If such a /3 exists, put E=(P © 7)/AT where Tv is the set of pairs of the

form (jxx, —axxx + ißxx) with xxeFx, and where multiplication in F ©7 is

defined by (/?, t)(q, s) = (pq, ts+aQ(p)s + a0(q)t). Routine checking then shows that

we have defined an extension 0 —.> J -*■ E -y Ti -> 0 of B by J.

Conversely, if 0 -5-7-* F-> F-> 0 is an extension, we can regard it as a

degenerate two term extension, S, with last term (0) ; then we have homomorphisms

y. ¿F^$ and S: ê-yê} (where S extends p). Since we may assume that a = Sy,

and since cl(<f) = 0, it follows that p*(cl(£j)) = 0.

(ii) Given $': 0->7->F'->F-*0 and ê: 0-y C¡ -> F^ F-*0, then

9(cl(S), cl(<f')) is the class of the extension

S":   0->7->(F xBE')¡U->B^0

where U is the ideal of pairs (t, -1), t e C}.
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To verify that 6 is a group action (which we will not do anyway), it is easiest to

construct 8 in terms of the cotangent complex. Take a fixed presentation B=P/I

with P a polynomial algebra. Given extensions ê and S" as above, there exist

homomorphisms a : P -» E and a : P -> E' (commuting with the projections to B).

Then we get S" as 0 -> J -> E" -> B -> 0, where

E" = (P®J)l{(-x,ax+a'x) \xel).

The multiplication in P © J is defined as in (i), and straightforward checking

shows that 6 is a group action as desired.

4.2.7. Remark. 6 reduces to addition in T1(BjA, Cs) if J= C,, so that J is just

a Zi-module.
«

4.2.8. Theorem. Let A -> B be a ring homomorphism, M a B-module and e

e T2(B\A, M). Then there exists a pair (J, p¿) as above, with M~Cj, such that e is

the obstruction p*(cl(ê'j)).

Proof. Write B = P\1 with P a polynomial algebra over A. By adjoining an extra

variable to P if necessary, we may assume that (*) holds:

(*) {re/|r/=(0)} = (0).

Now it follows from the proof of 4.1.2 that e = cl(íí), where

S:   0—> M^J^P—>B—>0.

J is a commutative ^-algebra, with multiplication xy=j(x)-y (x,yej), and by

(*) one sees that i induces M^Cj. Hence there is a homomorphism a: &-*-ê,,

inducing some p: B-> E,, such that a2 = id on Af. By the first remark in 4.2.6, we

have e = p*(cl(Sj)).

4.3. Infinitesimal deformations.

4.3.1. Let A be a ring. Recall that an /1-module Af is said to be flat over A if the

functor TV -> M ®A N of ^-modules is exact. In the applications (4.3.6) all flat

modules will actually be free.

4.3.2. Definition. Let Ä be a ring, J a nilpotent ideal in A', and B a flat

A=A'\J algebra. By an (infinitesimal) deformation of B over A to A' we mean a

flat A '-algebra 77' together with a homomorphism B' -> B inducing B'jJB'^B. In

other words, a deformation is a commutative, "product," diagram

We denote by Def(Z?//l, A') the set of isomorphism classes of such diagrams.
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Let us now fix a diagram

B
A

flat

A'lJ = A <--A'       J2 = (0).

Note that in this case J is an /1-module.

From the sequence /^i^fiwe get an exact sequence

0 —> T\B\A, J®AB)^-> T\B\A', J ®A B)

-^ T\A\A', J®AB)^ T\B\A, J ®A B).

Note that T\A\A, J ®A B) = HomB(J (giA B, J ®A B) has a distinguished element

I, corresponding to the identity endomorphism of J <g>A B (or to the image of

cl(,4') in T\A\A, J) -> T\A\A', J ®A B)).

4.3.3. Theorem. Let A be a ring, J an ideal in A' with J2 = (0), B aflat A = A\J-

algebra, then

(i) Def(ZÍ/^, A)¿ 0 o the element 8(1) in T2(B\A, J ®A B) is zero.

(ii) If 8(I) = 0,   then  Def(B/A, A)  is a principal homogeneous  space  under

T\B¡A, J ®A B).

4.3.4. Infinitesimal automorphisms. If

0—>M-^E^B—>0

is an extension of B over A by Af, then the group of automorphisms of E (leaving

Af and B fixed) is identified with T°(B¡A, M) = DerA(B, M) by sending each

derivation A to a: e -> e+A(j(e)).

In the diagram

C'U = C<-A J2 = 0

of 3.1.3, the obstruction to finding B -> C is clearly cl(C xcB)e T\B\A, J).

4.3.5. Remarks. One can define a kind of "Yoneda product" e-e' e T2(B\A, B)

for e, e' in T^(B\A, B), obtained from the ordinary Yoneda product (e, e') for

extensions of modules, by adding it to its transpose (ë, e). However, the

obstruction to extending a deformation B' in Y)ef(BjA, A[e]/e2) to one in

E)ef(BIA, A[e]¡e3) is an element (e, e) e T\B\A, B) satisfying 2(e, e) = e-e(e = cl(B')).

If A: is a perfect field, and B is a reduced fe-algebra of finite type, then it is easy

to show that

ExtB(ßB/fc, B) s T\B\k, B).

The Ext module is used in [4] by Grauert and Kerner to investigate deformations

of reduced analytic spaces.
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4.3.6. Globalization. The definition of Def globalizes to give a set Def(X/S, S'),

where X-y S is a flat morphism of schemes, and S -y S' is an infinitesimal immer-

sion, defined by a nilpotent sheaf of ideals. Let A' be a scheme proper over k, and

let A be a complete noetherian local ring with residue field k. Let CA be the category

of Artin local A-algebras, having the same residue field k. Then there is a complete

local A-algebra R, and a formal prescheme 3C over R which serves as a universal

or "generic" deformation of X (i.e., it "pro-represents" the functor A

-*■ Def(X/k, Spec A) from CA to sets, in a certain weak sense). Computation of the

cohomology of the sheaves T\X¡k, &x) yields information about R (dimension,

regularity, etc.). The material of 4.3 is discussed in more detail in [13].

5. Applications to the Riemann-Roch Theorem and duality. Using a projec-

tivized version of the cotangent complex it is possible to restate the Grothendieck-

Hirzebruch-Riemann-Roch Theorem so that it only depends on knowing the Todd

class of a "relative object" and not on the Todd classes of absolute "tangent

bundles." This should facilitate the generalization of the GHRR-Theorem to a

situation where only the morphism is required to be well-behaved, and not the

actual preschemes. (Throughout this section, we assume familiarity with the

definitions and notations of [1].)

We start with some definitions. Let F be a noetherian prescheme, and i a closed

immersion of a prescheme X into P=Pn(Y)= Y x SpecZ Proj Z[T0,..., Tn]. Let I

be the sheaf of ideals on F defining X. Then we have the following complex of

sheaves of Ox-modules :

T/T2 -^-> i*QPIY.

Assume further that X is actually Koszul over Y. (Under this hypothesis, the

above complex, restricted to an affine situation : Spec B -*■ Spec A, is homotopic

to any cotangent complex of F over A.) Let K(X) be the Grothendieck group of the

category of coherent locally free sheaves on X. Since X is locally a complete inter-

section in F and F is smooth over Y, I\I2 and i*FlP]Y are locally free sheaves on X.

Let LXIy be the class of i"*£2P/y —T/T2 in K(X). To justify the notation, we have the

following

5.1.1. Proposition. LxtY does not depend on the choice of the imbedding i.

Proof. (Note that under the hypotheses of the GHRR-Theorem (A' and Y

regular and Y quasi-projective), K(X) is naturally isomorphic to the. Grothendieck

group K'(X) of all coherent sheaves on X. In general, it is easy to see that the

class of the image of LXIY in TC(A') is exactly Ü.X¡Y — TX(X¡Y, Ox), and so inde-

pendent of the imbedding. When the natural map of K(X) to TC(A') is an isomor-

phism, LXIY is also independent of the imbedding.) We give the proof in the general

case.

Let i: X->P and /' : A" -> P' be two imbeddings of Xinto some projective space

over y Since/: X-» Y is a separated morphism, the map i": X-^yP"=P xYP'
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defined by i'" = (i, i") is a closed immersion. Let I (resp. I") he the sheaf of ideals

defining A" as a closed subscheme of P (resp. P"). Let -n be the projection from P"

to P. From the triple (P", P, Y) we obtain the exact sequence

U —*" TT   ¿¿P/y —** L¿p»¡y —*" A¿P»jP —> 0

since P" is smooth over P. Let i (resp. j) be the closed immersion of A' in F (resp.

P"). Since fíp»;P is locally free, we have the exact sequence

0 -> i  iiP/Y -=*"7  12P»/y —>j £2P»/P —> 0

of locally free sheaves of Ox-modules.

From the triangle (X, P", P) we get the exact sequence

0 -> 7/72 -> J\J2 -*j*nPVP -» 0

of locally free sheaves of Gvmodules. Comparing the two exact sequences, we see

that

i *i2P/y - 7/72 = 7*LV/y -J\J2

is true in K'(X). Repeating the above argument for P', we complete the proof.

5.1.2. Definition. Let /: X-> Y be a morphism of preschemes. Then / is

strictly projective iff can be factored into X-^ P -V Y, where i is a closed immer-

sion, P is some Pn( Y) and it is the natural projection.

5.1.3. Theorem. Let f: X^- Y and g : Y^-Z be strictly projective and Koszul

morphisms of noetherian preschemes. Then LXiZ=LXiZ+f'LYiz, wherep is the map

induced by/* from K(Y) to K(X).

Proof. Let / (resp. g) factor into

X-^F-^U Y   (resp. Y^S^Z),

where P is some Pn(Y) and S is some Pn(Z). Let T=Pn(S), so that P=T xsY.

Then we have the following diagram :

and F is a locally complete intersection in F. Let K (resp. J) (resp. 7) be the sheaf

of ideals defining X (resp. X) (resp. Y) as a closed subscheme of P (resp. T)

(resp. S). Let Z7 be the sheaf of ideals defining P in T. So Z7/772 = 7r*(7/72). We

obtain the following equations:
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(1) From the triple (X, P, T): 7/72 = 7C/7v2+/!(T/T2) (in K(X)).

(2) From the triple (F, S, Z): ütiz = Q.tis + it"*Q.siz (in K(T)).

(3) FlRIY = K "r/s.

We then conclude that :

Lxlz = -JIJ2 + i*k*QTIZ = -KlK2-f(III2) + i*FlPIY+f*j*Qslz

= (-K¡K2 + i*nPIY-f(III2-j*Flslz)) = LXIY+f'LYlz.

5.1.4. Proposition. The Grothendieck-Hirzebruch-Riemann-Roch Theorem can

be restated in the following form : Let X and Y be nonsingular quasi-projective

algebraic varieties over an algebraically closed field k, f a proper morphism from X

to Y. Then ch f(x)=f^(ch x, T(L'X/Y)), where y' is the dual of y.

Proof. The hypotheses imply that / is strictly projective and Koszul, so LXIY is

defined. By Theorem 4.4.3 we have QxtK=LXIY+f(ClY¡K). (Since X and Y are

smooth over k, it is easy to see that LXIK = ilxjK and LYlK = Q.YIK.) Recall that the

GHRR-Theorem states that

(O/^chx. F(A0) = ch(/,(x)). T(Y), where x e K(X), T(X) denotes the Todd

class of the tangent bundle of X, and ch is the Chern character mapping K(X) to A(X).

By definition of the Todd class, it is an invertible element of the Chow ring, so

we may rewrite (1) as

(2) ch(/,(x)) = F(y)-%(chx. F(A-)).

Applying the relationship x.f#(y)=f^.(y.f*(x)), (2) becomes

(3) ch(f(x))=Uchx. TW.WnY)'1)).
Now/* is a ring homomorphism and commutes with forming Todd classes, so

we get

(4) ch(fi(x))=Mchx. T(X). TfJ*^)'1)).
Since the Todd class satisfies T(x+y) = T(x)T(y), we obtain

(5) ch(ft(x))=Mchx. T(Cl'XIK-fQ'YIK))

and, therefore

(6) ch(fi(x))=Uchx. T(L'XIY)).

It is clear that the above process is reversible, so we are done.

In particular, this form of the Riemann-Roch Theorem should be well adapted

to the case of preschemes over a ring of algebraic integers, where the concept of

"tangent bundle" no longer makes sense.

5.2.1. Recall that the operation A which consists in raising a locally free sheaf

of rank r to its rth exterior power induces a surjection from K(X) to Pic(A'), the

group of isomorphism classes of invertible sheaves on X. This operation can be

thought of as taking the first Chern class, and in fact is exactly that under the

hypotheses of the GHRR-Theorem. Let KXIY e Pic(A") be A(LxtY), if X is Koszul

and strictly projective over Y, so that LXIY is defined. Note that the hypotheses

"Koszul and strictly projective" may be changed to "smooth," in which case

Lx/y = the class of the locally free sheaf F1XIY. This canonical invertible sheaf on X

generalizes the sheaf of highest order differentials which appears in the Serre
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duality theorem. In fact, Grothendieck (see [6]) has shown the following: Let k

be a field, and / a strictly projective Koszul morphism from X to Spec k. Let X

be connected and «-dimensional. Let F be a coherent sheaf on X. Then there

exists a natural map from Extn_?(F, KxtY) to HomK(H"(X, F), k) which is in fact

an isomorphism. (Of course, Grothendieck has shown much more; his duality

theorem does not require Y to be the spectrum of a field. However, to give a con-

cise statement of it requires the language of derived categories. (See [8, Chapter I].))

Note that even the very restricted form of the duality theorem which we have

stated here is a significant generalization of the Serre duality theorem, since X may

be only a locally complete intersection and not nonsingular, and the field k need

not be perfect, let alone algebraically closed.
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