FAMILIES OF NONNEGATIVE DIVISORS

BY
THEODORE J. BARTH

Introduction. This paper presents a generalization to » dimensions of some
results which Oka [8] obtained in the space of 2 complex variables. The more
modern (and slightly more general) terminology of divisors replaces Oka’s ““surfaces
caractéristiques””. Let G be a complex manifold with structure sheaf ©. For z € G,
let O, be the stalk of © over z and v, be the maximal ideal in ©.. If fis a holo-
morphic function on the open subset U of G and z € U, we define

vi(z) = sup{j| f. € w3} = oo,

where f, is the germ of fat z. A function v, defined on G, is said to.be a nonnegative
divisor iff each a e G possesses an open connected neighborhood U on which
there is a holomorphic function f#0 with v,=v|U. The volume V,(U) of a divisor
vin an open set U is defined in §4. The principal result of this paper is the estimate
on volumes (9.1) which is prestated below:

LEMMA. Let B(r) denote the open ball of radius r in C*~2, and let D(r) denote the
open disk of radius r in C. Let 0< R, <R, <R, 0<R"< Ry < R', and define

Q = B(R)x D(R"),  Q; = B(R,)x D(Ry),
T' = B(Ry)x D(R’) U B(R) x (D(R')— [D(R")]").

Then there exists a constant C=C(n; Ry, Ry, R; R", R}, R') such that V,(Q;)
= C- V() for every nonnegative divisor v on Q.

In 1962, Oka [8] furnished a proof for the case n=2. His proof depends on the
construction of a principal function to a given divisor, and this construction does
not generalize to higher dimensions. Recently O. Fujita [4], using polycylinders
instead of balls, has obtained a result which is, for practical purposes, equivalent
to the above lemma. Fujita proceeds by induction on n, starting with [8] for the
case n=2; only the induction step from n=2 to n=3 is actually carried out. Since
[8] is rather difficult to read, a proof independent of it (such as the one in this
paper) seems to be worthwhile.

We prove the lemma by applying the elementary wiggling methods of §8 to an
apparently weaker lemma (7.1). The material appearing before §7 is entirely
devoted to the proof of 7.1. In §10 we verify a folk theorem which enables us to
obtain the applications in §11 and §12:

APPLICATION 1. Let R ={v,},cs be a family of nonnegative divisors on the Stein
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manifold G, and let A ={a,} s be a family of nonnegative real numbers. Then the
set D of points of the first kind (with respect to 9t and A) is a Stein manifold.

APPLICATION 2. Let 0 be a family of nonnegative divisors on the Stein manifold
G. Then the normality domain of 9 is a Stein manifold.

Application 1 was proved first by Oka [8] in the case of 2 variables and recently
by O. Fujita [4] in the general case. In 1934, Oka [7] indicated Application 2 for
the case of 2 variables; O. Fujita [3] has given a complete direct proof; we obtain
Application 2 as an immediate corollary of Application 1 and the Montel theorem
of Stoll [13].

This paper is essentially the author’s doctoral dissertation, written during the
tenure of a National Science Foundation graduate fellowship at the University of
Notre Dame. The author wishes to take this opportunity to thank his thesis director,
Professor Wilhelm Stoll, for his valued assistance and advice.

1. Fubini’s theorems. By a manifold we mean a pure dimensional manifold
having a countable base. First we assemble a few well-known facts about differen-
tial forms, beginning with the trivial

PROPOSITION 1.1. Let M and N be manifolds of class C*, and let c: M — N be a
map of class C*. Let x be a differential form of degree k on N. Suppose that do has
rank s<k at x € M. Then o*(x)(x)=0.

A differential form of degree m on a manifold of dimension m is called a density.
The real densities on an oriented manifold are partially ordered in the natural way.
We say that the density ¢ is nonnegative iff ¢ 20. For our purposes, a convenient
form of Fubini’s theorem is

PROPOSITION 1.2. Let M and N be oriented manifolds of class C*. Let ¢ and
be nonnegative measurable densities on M and N respectively. Let m: M x N — M
and my: M x N — N be the projections. Then w¥(¢) A =E(p) is a nonnegative measur-
able density on M x N, and for each nonnegative measurable function fon M x N,

[, @ nmw = (] e

Proofs of Fubini’s theorem have been published by Chevalley 2, pp. 165-167]
and Stoll [10, Satz 7, pp. 131-134]. In the same vein, we require [2, pp. 164-165],
(10, Satz 6, pp. 128-130]:

PROPOSITION 1.3. Let M and N be oriented manifolds of class C! and dimension m.
Let : M — N be a local diffeomorphism of class C*. Let x be a nonnegative measur-
able density on N, and let f be a nonnegative measurable function on M. Then

[ Aot =] 3 o

€N xeo-1(y)
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We appeal to the famous theorem of Sard [9] in modifying 1.3 to obtain a more
usable

PROPOSITION 1.4. Let M and N be oriented manifolds of class C* and dimension
m. Let a: M — N be a map of class C*. Let x be a nonnegative measurable density
on N, and let f be a nonnegative measurable function on M. Then

[rrwr=[ 3 seno.

€N xes-1(v)

Proof. Define My={x | x€ M, do has rank m at x}. Then M, is open and
7=0|My: My — N is a local diffeomorphism. According to 1.1, if xe M—M,,
then o*(x)(x)=0; hence

[ frorer = [ 1ol
By 1.3,

[ fewi=] 3 oo

€N xer-1(y)

By Sard’s theorem,

N’ ={y|yeN, yis a critical value of o}
={y|yeN,r7(y) # o7 *(»)}

has measure zero in N. Therefore

[ 3 sonom=] 3 seno, QED.

€N xet1—1(y) €N xeos=1(y)

2. The fibered divisor. In the following, C denotes the field of complex numbers;
R, the reals; N, the natural numbers; N,=N U {0}. We adopt the convention
0.00=00-0=0.

Let G be a complex manifold with structure sheaf ©. For z € G, let O, be the
stalk of © over z and v, be the maximal ideal in ©,. If fis a holomorphic function
on the open subset U of G and z € U, we define

vi(z) = sup{j|j€ Ny, f. € wl} e Ny L {0},

where f, is the germ of f at z. A function v: G — N, is said to be a nonnegative
divisor iff each a e G possesses an open neighborhood U on which there is a
holomorphic function f with v,=»|U. The set

M) = {z|z€ G, v(z) > 0}

is called the support of v; it is empty or an analytic set of pure codimension 1. Let
R(M(v)) denote the set of regular (simple) points of M(v). The function v is constant
on each connectivity component of R(M(v)).
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Let G and H be complex manifolds, and let «: G — H be a holomorphic map.
Let » be a nonnegative divisor on H. Let V' be an open connected subset of H on
which there is a holomorphic function f with v,=v|V. Define

o*W)(2) = v;.4(2) for ze a1(V).

The value of «*(v)(z) does not depend on the choice of V and f, so that a*(v): G
— Ny U {0} is well defined. If «(V)d-M(v) for every nonempty open subset V' of
G, then o*(v) is a nonnegative divisor on G, called the induced divisor.

Let G and H be complex manifolds of dimensions m and n respectively, and let
p: G— H be a holomorphic map. Suppose that dp has complex rank » at each
point of G. (This implies that n<m.) Then, for each ze H, L,=p~(z) is an
(m—n)-dimensional smooth complex submanifold of G. Let :,: L,— G be the
inclusion. If v is a nonnegative divisor on G, the fibered divisor

v,: G— Ny U {0}
is defined by v,(w)=¥,,(»)(w), i.e., it is the induced divisor on each fiber of p.
LEMMA 2.1. Let G and H be complex manifolds of dimensions n and n— 1 respec-
tively, and let p: G — H be a holomorphic map. Suppose that dp has complex rank
n—1 at each point of G. Let v be a nonnegative divisor on G, and let x be a density on H.

Define M= R(M(v)), and let «: M — G be the inclusion. Then

(1) v(a)=v,(a) for each a € M such that d(p - \) has complex rank n—1 at a;

@ v(p o )*G)=v,(p > *(x) on M.

Proof. Our convention that co-0=0, applied to 1.1, shows that it will suffice
to prove (1). Since (1) is a local statement, we may assume that

(a) G is an open connected neighborhood of a=0 in C*;
(b) H is an open connected neighborhood of 0 in C"~?;

© p(Wyy ..., wy)=(Ws, ..., wy_y) for (wy,..., w,) €G;
@ p(G)=H, M(v)=M.
Since d(p o ) has complex rank n—1 at @, we may even assume that
(¢) pot: M — H is biholomorphic.
Let j=v(a). According to (b), H is connected; therefore M is connected and
v(w) =j forwe M,
=0 forwe G- M.

Let y: H— M be the inverse of p o«. Then
'}'(zl, vy zn-l) = (Zla ceyZp-1, h(Zl, ey zu—l))’
where 4 is a holomorphic function on H with A(0, .. ., 0)=0. Define g: G — C by

8(W1, D) wn) = W"—h(Wl, ) wn—l)'

Then M={w | we G, gw)=0}. If e=(cy, ..., c,) € M, then
0= g(c) = cn"'h(cl, ceey cn-l)a
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and in a neighborhood of ¢,

gW1s . s Wa) = Wn—cr)+(hlcy, .. ., Crnor)—h(Wy, . .., wp_1));

hence v,(c)=1. Therefore
ve(w) = 1 for we M,
=0 forweG-M,
i.e., v=vy. Define
Ly =p"%0) ={0,...,0,w,) | (0,...,0,w,) e G},
and let ¢;: Ly — G be the inclusion. Then v, (@)= ()(0) =& (»,/)(0), and
(g °uw)O,...,0,w,) = g0,...,0, w,) = wi.

Hence v,(a)=1¢(v,/)0)=j=v(a), Q.E.D.

If M is a k-dimensional complex submanifold of the complex manifold G, fis a
function defined on M, y is a differential form of degree 2k on G, and «: M — G
is the inclusion, we define

[ 5= s,

provided this integral exists.

PROPOSITION 2.2. Let G and H be complex manifolds of dimensions n and n—1
respectively, and let p: G — H be a holomorphic map. Suppose that dp has complex
rank n—1 at each point of G. Let v be a nonnegative divisor on G, and let f be a
measurable function defined on M= R(M(v)). Let x be a nonnegative measurable
density on H. Then

[ro=] 3 woroxe,
M zeH wep-1(2)
provided the left integral exists.

Proof. Without loss of generality we may assume that f>0. Let «: M — G be
the inclusion. By 2.1,

up*x) = | (pe*() = | vof(po* ()
M M M

Since y is nonnegative and 7=p o« is holomorphic, 7*(x) is nonnegative. Hence,
according to 1.4,

[t = [ mnirwl= [ 3 oo
Since p(M(v)— M) has measure zero in H and v,(w)=0 if w ¢ M(v), we have
[ 3 wovon@ =] 3 wmfox@ ~ QED.

€H wer-1(2) wep=1(2)
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By using some results of Stoll [12, Hilfssatz 6.3 and Hilfssatz 6.4, pp. 396-397],
2.2 can be proved without Sard’s theorem.

3. Differential forms in a unitary space. If G is a complex manifold and ¢ is
a differential form of class C* on G, the exterior derivative d¢ is defined. We have
d=0+9, where 9 and 0 are bihomogeneous operators of bidegrees (1, 0) and (0, 1)
respectively. Define d*=i(9—9).

A unitary space is a complex vector space on which a positive definite Hermitian
form (inner product) is defined. In the following, all unitary spaces are assumed
finite dimensional, and C™ is considered as a unitary space under the ordinary
(complex) inner product.

Let Z be a k-dimensional unitary space with inner product (|). If z€ Z, the
length of z is ¥(z) =|z| =(z|2)*/%. On Z we define the differential forms

(z2) = ozlz),  (zldz) = 8(z|2),
(dz|dz) = 20(z|z) = —d(dz|z) = d(z|d2),
v(z) = i(dz|dz) = i00(z|z),
v = (1/g)v A - - - A v(g-times), qg=1,...,k,
7(2) = 4il(z|dz)— (dz]2)].
On Z—{0} we define the differential forms
w(z) = %ilz|~*[|z|*(dz|dz) — (dz|2) A (z|d2)],
w, = (1/g)w A -+ A w(g-times), g=1,...,k.
The euclidean volume element of Z is v,. We have
ve=d" A db A vy =200 A O A vy

Define B={z | z€Z, |z| <1}, S={z | z€Z, |z| =1}. Orient S towards the exterior of
B, let o be the euclidean volume element of S, and let «: S — Z be the inclusion.
Then

o= —*dY A ve_y).
Define 6: Z—{0} — S by 6(z)=z/|z|. Then (: o 0)*(v)=w [10, p. 142].

When we are considering more than one unitary space and confusion is possible,
we will use superscripts on the above quantities to indicate the space to which they
refer.

The important result of this section is the formula given in

LEMMA 3.1. Let Z be a k-dimensional unitary space. Then 0*(c)=(2[/$**mA v _,.
Proof. As mentioned above, we have o= —*(d‘¢A v, _,;). Now
—(@*)(z) = —i(9—)(z|z)*"*
—3ilz| ~*[o(z]2) - 8(z|2)]
Q/#(2)n(2),
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i.e., —dty=(2/y)n. Hence
o = H2m A vi-1),
0*(0) = (2 )*(2/f)n A vic-1)
=200 0)*(n A vi-1)
Note that
d|z| = (2+9)(z|2)' = %|z| ~*[(dz|2) + (z]dz)).
Let e, ..., e, be an orthonormal basis for Z, and define z;: Z — C by z/(z)
=(zle,), j=1,..., k. Then
(o O*(ldz) = (o 0*(D, 2, d2;) = 2, (z/llz]) dEillz]),
d@z\z]) = |z|~*([lz] dz,—Z, d|z|];
(v o 0)*(zldz) = |2|=° > z{lz| dz,— Zb|z| ~*[(zldz) + (dz] )]}
= |z| ~3{|z(z|dz) — }|2|[(z|dz) + (dz|2)]}
= |2| ~2-$[(z|dz) — (dz|2)]
= (2/1)|z|~*n(z).

Similarly,
(w0)*(dz|z) = —(2/i)|z|~*n(2).
Therefore

(e 0 O)*(n)(2) = (- o O)*(Fil(z]dz) — (dz[2)]))
= |z|~*n(z)
i.e., (¢ o )*(p)=(1/4?). Since (v o §)*(v)=w, we have

0*(©0) = 202 0)*(n A ve-1) = Q" A @i

But
w(z) = 2| ~?v(z) —3ilz| ~*(dzl2) A (zld2)
and
7(2) = }il(z|dz)—(dz|2)];
hence
7(z) A we_1(2) = |2] 7% Pn(2) A ve_1(2),
1.e.,

N A ooy = (1 2m A vy

Therefore 6*(a)=Q2/y%*m A v,_,, Q.E.D.
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For reference we state the following well-known application of 1.2 (Fubini’s
theorem):

PROPOSITION 3.2. Let Z be a k-dimensional unitary space. Let 0<s<r, and define
A={z|z € Z, s<|z| <r}. Let f be a nonnegative measurable function on A. Then

[ (v

In particular, if f(t,a)=f(t,a)=g(a) for t,, t; with s<t,<t,<r and all a € S, then

L for = (1/2Kk)(r — 7% L go.

4. The first estimate. In the following, n will always denote an integer greater
than 1. Let ¥ be a unitary space. We say that ¢ € V' is a unit vector iff |¢|=1. If ¢
is a unit vector, let

Eic)={v|veV,(vc) =0}
denote the space of vectors orthogonal to ¢, and let p.: V— E(c) denote the
projection defined by
pe(v) = v—(v|c)e.
Since E(c) is a vector subspace of V, it is a unitary space under the same inner
product.
Let ¥ be an n-dimensional unitary space, and let v be a nonnegative divisor on

the open subset G of V. For each open subset U of G, the volume of v in U is
(by definition)

VV(U) = .[M VUn -1,

where M= R(NE)) N U.

PROPOSITION 4.1. Let ¢ be a unit vector in the n-dimensional unitary space V, and
let Z=E(c). Let v be a nonnegative divisor on the open subset G of V. Define M=
R(M®G)) and p=p.|G: G — Z. Then

[ wrtn=[ 3 weria@ s 1O

€Z vep-1(2)

Proof. The above equality follows immediately from 2.2. Let ¢y: M — G be
the inclusion. When expressed in coordinate notation, the inequality

u"&(p*(vi -1) S t?&(v‘; -1)

is obvious. Hence

f vo*E_y) < j wl_, = V(G), QE.D.
M M
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5. The second estimate. The main part of the proof of the second estimate is
given in the geometrical

LEMMA 5.1, Let 0< R' < R". Define

D" ={w||w < R} =C, I={t|0st=<1}<R

Let F: Ix D" — C be a continuous function such that f(t, -) is holomorphic and #0
foreachtel

(D) IFO¢fUx{w | |[w|=R?Y), then

Z Vi, »(w) = Z Vs, s (W)-
|lwl <R’ |lwl <R’
(2) In any case,
Z Vi, »(W) S 2 Vi, »(W)+ Z Z Vi, »(W)-
|lwl<R’ lw| <R’ 0=t<1 |w|=R’

Proof. (1) Define f': Ix D" — C by f'(t, w)=0f(t, w)/ow. In view of the Cauchy
integral formula, f* is continuous. According to the argument principle (see any
text, for example [6, Vol. I, p. 252)),

~ L6 4
W= 2 =g ] i

The function a(t) is continuous and integral valued, hence constant. In particular,

a(1)=a(0).

2) If
@ > Viaaw) >0

wl =R’
for infinitely many ¢ € 1, there is nothing to prove. We may therefore assume that
D vieoW) =0  fortel—{t,..., 1},
wl = B!
where 0=1,<t,<--- <t,=1.

Fix je N with 15j<k—1. There exists r<R' such that f(#;,,, w)#0 for
r<|w|<R'. Take ¢’ with t;<t'<t;,, such that f(¢t, w)#0 if t'<t<t;,, and
|w|=r. From part (1),

Z Vi1, o(W) = Z Vidtgar. (W) = Z Vi, »(W) S Z Ve, (W)
|lwl <R’ lwj<r lwl<r lw|<R’
Similarly, there exists ¢” with #,<¢" <¢,,, and
Z Ve, (W) S Z Vicy, H(W)-
lw| <R’ © |lw|=R’

According to (1),
z Vg, (W) = Z Vi, H(W)-

lw| <R’ |w| <R’
Combining the last three relations, we obtain
Z Vitgar, (W) — Z Vray, »(w) = Z Vi, (W)
lw| <R’ lwl<R’ lw|=R’

for j=1, ..., k—1. Summing over j gives the desired inequality, Q.E.D.
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The idea for this second estimate was given by Oka [8, p. 10].

LEMMA 5.2. Let ¢ be a unit vector in the unitary space V, and let Z=E(c). Let
O0<Ry<R, R >0. Let G be an open neighborhood of

{z+welzeZ, R, < |z] S R, |w| £ R},

and let v be a nonnegative divisor on G. Define p=p.|G: G — Z, and let 7 € Z with
Ry=|z| = R. Then

Z v(z+we) = Z v, (Roz/|z] +we) + Z Z vy(tz/|z] + we).

1w <R’ wl <R’ Ro Stslal lw| =R
Proof. We simply apply 5.1 in the obvious way. Let I={t | 0=¢<1}, and define
¢:1—Z by
¢(t) = (1-DRoz/|2| +1z.

Let U be an open neighborhood of {$(¢) +we|t € I, |w] < R’} on which there exists
a holomorphic function g with v,=v|U. Take R"> R’ such that

{d@)+we|tel |w| < R} < U.
Define f: Ix{w | |w| < R"} — C by
S, w) = g($(t) +we).

Then f is continuous; f(, -) is holomorphic for each rel; and v, ,(W)
=v,(¢(t)+we) for 0221, |w| < R". Hence
Z vo(tz/|z]| + we) = Z Vi, »(W)-

Ro £tz lwl=R 05t=1 [w| =R’
If (¢, -)=0 for some ¢ € I, then

Z Vi, H(W) = 00,
0=t=1l |w|=R’

and the desired estimate is trivial. (Here it is necessary that the summation be over

0=<t=1, rather than 0=t<1 as in 5.1.) If f(¢, -) #0 for each ¢ € I, we apply 5.1 to
obtain

Z vra,»(w) £ Z Vi, (W) + oz Z Vi, 2 (W),

{w|<R’ |lw| <R’ <t=1|w|=R
which is the desired estimate, Q.E.D.

6. The third estimate. Let G be a complex manifold of dimension k, and let y
be a differential form of bidegree (k—1, k—1) on G. We say that y is semipositive
definite iff for every smooth (k—1)-dimensional complex submanifold M with
inclusion ¢, : M — G, the induced form }(x) is a nonnegative density on M. We
give another characterization of this property in

PROPOSITION 6.1. Let G be a complex manifold of dimension k, and let x be a
differential form of bidegree (k—1, k—1) on G. Then y is semipositive definite if and
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only if for every differential form y of bidegree (1,0) on G, the form iyAyAyisa
nonnegative density.

Proof. Let z,, ..., z, be local coordinates in G. Then

X =Gy 8y dZ, Adzy Adzy AdE, A-e- [P0 A dzy A

p#q

+@GF Y appdzy A dZy AP A dz A d
4

where ||” means that the term dz,AdZ, is omitted. The form y is semipositive
definite if and only if 3 a,,U,U, is a semipositive definite Hermitian form [11,
Satz 4.3, pp. 42-43]. If y is a differential form of bidegree (1, 0) on G, we have

'y=2(:,dzj, 7=Zéjdfj’
and readily calculate

Yy AP Ax= (%i)"(z a,,,cqé,,) dzy AdZy A--- A dz A dZ,, QE.D.
p,q

We first present the third estimate in its unintegrated form:

LEMMA 6.2. Let ¢ be a unit vector in the n-dimensional unitary space V. Define
Z=E(c), and let p=p.: V— Z. Define S=S?={z | z€Z, |z|=1}, and let o=0? be
the euclidean volume element of S. Let r: R— R be the identity function. Let
m: SXR— S, my: S X R — R be the projections. Define

= 7¥(o) A =¥(dr).
Define w: V — C by w(v)=(v|c), and let
G={v|veV,p@) #0, w) # 0}.
Define o: G— Sx R by
a(®) = (p(v)/|p(v)], |W(D)]).
Then
e*(x) = w7 p|2"2"p* (% A vEi_2) A (Wwdiw+Wdw).

Moreover, if M is an (n—1)-dimensional smooth complex submanifold of G and
s M — G is the inclusion, then

aie* GOl < 3pl®~ 2™ (vn - ).
Finally, if v is a nonnegative divisor on the open subset-U of G, M= R(M(v)), and
we: M — G is the inclusion, then
voloage* ()| = v|idie* (0| = 3v]pl® 2 i(on - o).
Proof. We have o*(x)=c*(n¥(0))A a*(n3(dr)). Now 2|w| d|w|=d|w|2=d(ww)
=w dw+ w dw; hence
o*(n¥(dr)) = d(r o my 0 &) =d|w|=%|w|~Y(w dw+ W dw).
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Let 0=60%2. Z—{0} — S and y=y?: Z—{0} — R. By 3.1,
a*(@}(0)) = (710 0)*(0) = (6 ° p)*(0) = p*(6*(0))

= p*(HP" " m* A Vi -2)

= 2p|*2p*(r? A vE_o).
Therefore

a*() = [w|=Hpl22p* (7 A vE_5) A (w di+ dw).
We have
7% = H[OW?) —oWA)] = — 34— oY)
Define ¢ =4 o p=|p|: ¥ — R. Then
a*(x) = —3ilw|Hp>-22p—3g) A (w di+ 7 dw) A p(E_5).
It is well known that
vh_y = p*(Z-)+Ltidw A dw A p*(vE-y).
Let M be an (n—1)-dimensional smooth complex submanifold of G, and let
wy: M — G be the inclusion. Then
Bt () = —3ilw| el 2E(w 2 A dW—Wh A dw) A p*(E_5)).

Note that y=}(2 04+ (w/|w|) dw) has bidegree (1, 0) and that f;p*(vZ_,) is semi-

positive definite. According to 6.1,

Yy A7 A Jip*i-2) 2 0.
But
Yiy A 7 A dip*(F-0)
= 3ik(4 04 A Op+dw A dw+2(w/|w]) 0 A div—2(/|w|) B A dw)
A Gp*(vi-2)
= JEp*QidP A B A VvE_)+uEGidw A dW A p*(E-y)
+ i@ |w|"Y(wop A dw—w o A dw) A p*(vi_J))
= ip*(i-)+eiGidw A dW A p*(vE-2))—2]p|*" " %ue*(x)
= ay(vn-1)—2|p|>*~2uia*(x).
Hence
aie*(x) < 3pl®2uii(vn-0)-
Letting 8=1%(2 8¢ — (w/|w|) dw) and proceeding as with y, we obtain
0 38 A S A dp*(E-0) = % -)+20p|™ 3ia*(y).
Hence

—uie*(x) £ 3|p®2MH(vn- ),

which completes the proof of the inequality stated in this lemma.
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Let v be a nonnegative divisor on the open subset U of G, define M= R(M()),
and let ¢,;: M — G be the inclusion. Take v € M. If d(p o ¢);) has complex rank n—1
at v, then by 2.1, w(v)=v,(v); hence v,|fe*(x)| =v|le*(x)| at v. If the complex
rank of d(p o ty) is less than n—1 at v, then the real rank is at most 2n—4 at v;
but »?A vZ_, has degree 2n—3; by 1.1, Jip*(n% A vZ_,)(v)=0; hence Jo*(x)(v) =0,
and v,|ufe*(x)| =0=v|fie*(x)| at v, Q.E.D.

Integrating, we obtain

LEMMA 6.3. Let ¢ be a unit vector in the n-dimensional unitary space V. Define
Z=E(c), and let p=p.: V — Z. Define S=S%2={z | z€ Z, |z| =1}, and let o =0% be
the euclidean volume element of S. Let 0< Ry< R, 0< R" < R’, and define

U={z+we|z€Z,Ry < |z < R,R" < |w| < R’}.
Let v be a nonnegative divisor on U. Then

B

J' ( f S S vt wc)o(a)) dr < JR3-V(U).
” aeS Ro <t<R |w|=r
Proof. Let r: R — R be the identity function. Let 7,: SXR — S, 7,: SXR— R
be the projections, and define
x = 7t(e) A #Z(dr).
Define o: U— S x R by
a(®) = (p(v)/|p@)|, |(v]€))).

Define M= R(M(v)), let 1,y: M — U be the inclusion, and define B=a|M=c o ¢y.
According to 1.4 and 6.2,

[ 3 woxo) = [ wls

€SxR peg-i(y)
Ll e
< 5 [ Aot
M

£ IRV (U).

Using the fact that «(M(v)— M) has measure zero in Sx R, and then applying
Fubini’s theorem (1.2), we obtain

L S v®)x0) = f S G

eSx R veg-1(y) €S xR pea-1(y)
-
_ f ( f S S vp(ta-i-wc)a(a)) dr, QE.D.
” aeS Ro<t<R|wl=r
7. Applying the estimates. We begin by giving coordinate-free definitions of the
geometrical figures considered in the introduction. Let ¢ be a unit vector in the
unitary space V. For 0< Ry< R, 0<R"<R’, we define
Qc; R, R) = {z+wec | z€ E(c), |z]| < R, |w| < R},
I'(e; Ry, R; R", R') = Q(e; Ry, R) U {z+we | z€ E(c), |z] < R, R" < |w| < R'}.



236 T. J. BARTH [April
We now combine our estimates to prove

LEMMA 7.1. Let 0<P,<P,<P, 0<P"<P;<P’, and let n be an integer greater
than 1. Define

L = L(n; Py, Py; P1, P')
= 14+(2n—2)"*(2P,/Py)?"~2(1 +4Py(P’'—P1)~Y).
Let ¢ be a unit vector in the n-dimensional unitary space V. Define Z= E(c); and let
p=pec: V—Z. Let v be a nonnegative divisor on Q(c; P, P"), and define
M = () O Q(c; Py, P3).
Then

J' VP*(vfzt-l) é L Vv(r‘(c’ PO’ P; P”, P'))
M

Proof. Define V,=V,(I'(c; Py, P; P", P’)). Define S=S?={z|z€Z,|z|=1},
and let o =07 be the euclidean volume element of S. Define

U={z+we|z€Z,3P, < |z| < P, P1 < |W| < P},
a(r) = f z Z v,(ta+ we)o(a).
@aeS }Py <t<P; |lw|=r

Using 6.3 (the third estimate) and the fact that U<I'(c; P,, P; P", P'), we obtain
-
[ atdr s 36Po->V,(U) < 4QIPY-Va.
Pi :

Therefore there exists R’ with P; <R’ <P’ and
a(R’) £ (P'—P1)7'H2/Po)*" "%V,
Define
A ={z|2€Z,}P; < |2] < Po},

b(r) = J; Z v,(ra+wc)o(a).

€S |w|< P’

Using 3.2, 4.1 (the first estimate), and the fact that
{z+wec|z€ A, |w| < P’} < I\(c; Py, P; P", P’),
we obtain

PO
f b(r)r*-2dr = J Z v(z+welZ_\(z) = V,.
1Py 2

€A jwj< P’
Therefore there exists R, with P, < Ry, <P, and
b(Ro)R3* =3 < (Po—%Po)~ 'V,
It follows that
b(Ro) = (2/[Po)*" %V,
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Define H={z | z€ Z, Ry< |z| <P,}. We have M= M’ U M" where
M' = REM@E) N T(c; Py, P; P", P'),
M’ = REIE) N {z+we | z€ H, |w| < R}

Hence
[wprezn s [ wretoo+ | vereEon.
M M’ M”
Clearly
J‘ vp*(i_1) S V.
M

Applying 4.1 (the first estimate), 5.2 (the second estimate), and 3.2, we see that

fw vp*(vZ_y) = J; Z v(z+ weyZ_1(z)

€H |wj<R’

< L > va(Rotflz] +welE _4(2)

€H |w|<R’

+ j > > wltafle+wepE_i(2)

€H Rostsizl lwl=R’

s S vl +wert @

€H |w|<R’

+ L > > viltzllz]+wepE_s(z)

€H Ro<t<P; |w|=R’

= @n-2)(PPA- R

x [ L Z v,(Roa+we)o(a) +J; Z z v,(ta+ wc)o(a)]

€S |lw| <R’ €S RoSt<P; |w|=R’
S (2n—-2)7"P{"2[b(Ro) +a(R)]
< (2n—2)7 PP 2[(2/Po)* = 2Vo+(P' — P1) " *4(2/Po)*" ~*V)

= (L-1)V,.
Therefore

fM vo*(wZ_)) < L-Vo, Q.ED.

8. Wiggling. In the last section we established an estimate for one of the n
“components” of the volume of a divisor. Since estimation of the other n—1
“components” appears difficult, we avoid it by means of the ““wiggling” lemmas.
In proving our first wiggling lemma we use the existence of “normal” vectors:

LeEMMA 8.1. Let V be an n-dimensional unitary space. For each unit vector ¢ € V,
define z.: V — C by z.(v)=(v|c). Let M be an (n—1)-dimensional smooth complex
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submanifold of V, and let vy;: M — V be the inclusion. Take b € M. Then there exists
a unit vector n € V with (dz,)(b) =0.
Proof. Let c,,...,c, be a basis for V. Then (dz.,)d), ..., (dz,)(b) are
linearly dependent, i.e., there exists (ay, . . ., a,) € C*—{0} such that
> aui(dze)(b) = 0.

Define n=73 a;c;/|2. a;c;|. Then |n|=1, and a straightforward computation shows
that «¥(dz,)(b)=0, Q.E.D.

The first wiggling lemma states that estimates can be obtained without assuming
that the basis is orthonormal. More precisely,

LeEMMA 8.2. Let ¢, . . ., ¢, be a basis for the unitary space V. Suppose that each
c; is a unit vector, let Z;= E(c,), and define p;=p.,: V — Z,. Define

K = Min {Z |(elep|? | eV, |e| = 1} > 0.
7

Let M be an (n—1)-dimensional smooth complex submanifold of V, and let
ty: M — V be the inclusion. Then

L) < KM(; P 1))-

Proof. Take b e M. Let n be the unit vector given by 8.1. Define z: V' — C by
z(v)=(v|n); then ¢§(dz)(b)=0. Let ey, . . ., e, be an orthonormal basis for ¥ with
e,=n. Define z,: V — C by z;(v)=(v|e;), j=1, ..., n.

Let ¢ be a unit vector in V. Define Z=E(c), and let p=p.: V— Z. Define
w: V — C by w(v)=(v|¢). In coordinate notation it is clear that

Ux_l = p*(vf_1)+-}idw A dW A 05_2.
We have

wo) = (2 z(esle) = > (e)le)zy(v),

dw = Z (ejlc) dz]a dw = z (C|ej) dfj.
Since f(dz,)(5) =0,

EGidw A d A W _)(B)
= (Z el ) o ('3, clep az)

A (,21 Gi)y2dzy A A A A dzaey A dfn_l))](b)

n—-1
(2, GO b A dEy A drans A dEuns)O)
j=1

s

2

(ejlc)lz)tr,(vx-l)(m.
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Therefore
Gip* @5 - )B) = Fh-1—3idw A dv A v _5)(D)

_ (1 _ ; |(e,|c)|2)t§(v}.'-1)(b)

= |(eale) [P (vr - 1)(B)-

Here we have used the fact that |¢|=1. Since ¢ was an arbitrary unit vector in ¥,
we have

M(z Yo 1))(1») - (; l(e,,lc,)P)zz(vz-l)(b)

2 Kii(vn-1)(b), QE.D.

The second wiggling lemma shows that a small change in the unit vector ¢ does
not seriously disturb the geometrical figures of §7.

LEMMA 8.3. Let ¢ be a unit vector in the unitary space V. Let 0< Ry<R,; <R,
O<R"<Ri<R'. Then there exist constants §>0, 0<Py<P, <P, 0<P"<P;<P’,
such that

P(b;PO’P;P”a P,) < F(ca R09 R; R”s R,)’
Q(b; P, P") = Q(c; R, R),
Q(c; Rl’ Rl,l) < Q(b; Pla P{)s
whenever b is a unit vector in V with |b—e¢| <.
Proof. Define e=Min (R— R;, R'— R, R,). Define d=¢/6(R+ R’),
Po = Ro—%‘e, P1 = R1+%‘€, P = R—%&,
P"=R'+%, P;i=Rij+}sy, P’ =R -}

Applying the triangle inequality many times will complete the proof; we omit this
tedious exercise.

9. The lemma. We are finally prepared to prove the main result of this paper,
a generalization to n dimensions of a result of K. Oka [8, p. 11].

LEMMA 9.1. Let ¢ be a unit vector in the n-dimensional unitary space V. Let
O<Ry<R,;<R,0<R"<Ri<R.Then there exists a constant

C= C(n; -R09 RI, R9 R”, Ri’ RI)
such that

Vi(Qe; Ry, Ry)) = C-V(T(c; Ro, R; R', R))

[ )
for every nonnegative divisor v on Q(c; R, R').
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Proof. Let §>0, 0<Py<P, <P, 0<P"<P; <P’ be the constants given by 8.3.
For each unit vector b € ¥ with |b—c| <8, we have

F(b; PO& P, P”s P,) < P(c; R0$ R; R”9 Rl):
Qb; P, P') = Q(c; R, R)),
Q(c; Ry, R}) < Q(b, P, Py).

Let ¢y, ..., ¢, be a basis for ¥V with |¢,|=1 and |¢;—¢| <3, j=1,...,n. Let
K = Min {2 lele)I? | e ¥, |e] = 1} > 0.
7
Let Z,=E(c,) and define p,=p,,: V — Z,. According to 8.2,
-0 5 KH( 3 pH6R)

whenever M is an (n—1)-dimensional smooth complex submanifold of ¥ and
w: M — V is the inclusion. Let L=L(n; P, P,; P1, P’) be the constant given in
7.1. Define

C = C(n; Ry, Ry, R; R", Ry, R') = nL/K.
Let » be a nonnegative divisor on Q(c; R, R’). Define
M = RE(E)) N Qc; Ry, Ry),
= RM@) N Qe;; P, P, j=1,...,n

Then, using 7.1 we obtain

V(Q(c; Ry, Ry)) "'f vy g
K3 [ oty
]
éK'IZJ. vp}(val )
i YMy

< K71 L-V(T(es; Po, P; P", P"))
]

= (iL/K)V\(I'(e; Ro, R; R’, R')), QE.D.

10. Stein manifolds. We assume knowledge of the basic facts about Stein mani-
folds listed by Gunning and Rossi [5, Theorem 4, p. 283]. In this section we supply
an answer to the question: When is an open subset of a Stein manifold again a
Stein manifold ? We will use the answer given by H. J. Bremermann [1]:

PROPOSITION 10.1. Let D be an open subset of the Stein manifold G. Then D is a
Stein manifold if and only if it is locally a Stein manifold, i.e., each point of D has an
open neighborhood U such that U N D is a Stein manifold.
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Let G and H be complex manifolds, and let A<G. We say that 7: 4 — H is
holomorphic (resp. biholomorphic) iff there exists an open neighborhood U of 4
and a holomorphic (resp. biholomorphic) extension =,: U— H (resp. =,: U
— 7 (U)<H) of .

In C" we define the compact sets

Q=Az,..,z) | |2+ +lzaa* 2 1, |za] £ 13,
I'= {(zls-~~szn)| I21|2+"'+|Z,,_1|2 = 1’ |zn| = l}U{(O,,O, zn)l |Z,|| = 1}’

The Cauchy integral formula allows us to extend each holomorphic function f on
I' to a holomorphic function f; on Q given by

1 {4

ez =g [ Sz D

for |z,| < 1.

Our answer to the question of this section appears below. It seems to be well-
known but unpublished. The author is indebted to Professor Hans Grauert for
the method used in part (b) (the difficult part).

PROPOSITION 10.2. Let D be an open subset of the n-dimensional Stein manifold G.
Then D is a Stein manifold if and only if 7(Q)< D whenever =: Q — G is a biholo-
morphic map with +(I')< D.

Proof. (a) Suppose that D is a Stein manifold. Let =: Q — G be a biholomorphic
map with K=+(I")= D. If fis a continuous function on the compact set K, we define

If]x = Max {|f(x)| | x € K}.

Let D, be the set of holomorphic functions defined on D. Since each holomorphic
function on I" extends to a holomorphic function on Q, the same is true for #(I") =K
and 7(Q2). By the maximum modulus theorem

K={x|xeD,|f(x)| £ |flgforallfeD} > DN (Y >K+# o.
Since D is a Stein manifold, K is compact. Hence
DNn(Q) =KnDn Q) = KN Q)

is open and closed in the connected set 7(Q2). Therefore ~(Q)=D N #(Q), i.e.,
(Q)<D.

(b) Suppose that 7(Q)<D whenever 7: Q — G is a biholomorphic map with
7(I"Y=D. We must prove that D is a Stein manifold. In view of 10.1, we may
assume that G is an open subset of C". Suppose that D is not a Stein manifold.
Then D#C™ Let| | be the euclidean normon C* : |z|2=3 |z,|?if z=(zy, . . ., z,).
Define d: D — R by

d(z) = Min {|z—w| | w ¢ D}.
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Then —log d is not plurisubharmonic. Since d is positive and continuous, —log d
is continuous. Hence there exists a plane

T={z|z=2z+te,tcC}
where z, € C", e € C", |e| =1, such that
(=logd)| TN D

is not subharmonic. By changing z, if necessary, there exists >0 and a continuous
function 4 on
A={z|z=2z+te,|t| Sr}< D

such that

(1) his harmonic on A={z | z=2z,+1e, |t]| <r},

(2) —logd(z)Sh(z) for ze A-A,

(3) —log d(a)> h(a) for some a € A.
By adding a small positive constant to 4 and then taking r slightly smaller, we may
even assume that

(1) h is defined and harmonic in an open neighborhood of A in T.
Finally, we can change our coordinate system in C" so as to make z,=0 and
r=1. Let g be a holomorphic function on A with —h= Reg (the real part of g).
Define f=¢° Then fis nonzero and holomorphic on A, and

Ifl = eles — ok,
We can rewrite (2), (3) as
@) /@] =" <d() for z& -4,
(@) 1f@| = e ™@>d(a).
Now a=ae, where |a| < 1. Take b € D— D with d(a)=|a—b|.
(i) If b € T, then |b| > 1, i.e., b=be where |b| > 1. For |t| £1, define
F(t) = f(te)/(t—b).
Then F is holomorphic, and for |¢|=1,
|F)| = | fGe)|/]1—b] < d(te)]|—b]
< |te—b|/|t—b] = 1.
By the maximum modulus principle, |F(a)| £1. But
|F@)| = |f(@)|/la—b| > d(a)/|a—b]|
= la—b|/la-b] =1,
a contradiction.
(ii) If b ¢ T, then e and ec=a—b are linearly independent. Define ¢; =c¢/|c|; take

€y ...,€,_, €C"such that ¢y, ..., c,_, are orthonormal and ¢,,...,¢,_,, e are
linearly independent. Define A=d(a)/f(a). Then 0<|A| < 1. Define 7: Q — C™ by

n—-1
(2« . -5 Zn) = Zne— Af(2,€) z zjc;.
=1
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In the coordinates given by ¢y,...,¢,_1, e, the Jacobian determinant of = is
(—Af(z,e))""*#0; moreover 7 is one-to-one. Therefore 7: Q — C™ is biholo-
morphic. Now

70,...,0,z,) = zee A< D for |z,

IIA

Also, if |z1|2+ - - +|2,-1]|221 and |z,| =1, then

n-1
|zie—7(z4, - . ., 23)| = ‘/\f(z,,e) Z z,¢;
i=1

s A [fzn0)| < d(zne);

hence 7(zy, ..., z,) € D. Therefore #(I')= D<=G. Since G=C™" is a Stein manifold,
part (a) assures us that 7(Q)<G. According to our basic assumption, 7(Q)< D.
In particular,

7(1,0,...,0,a)

a—XN(a)c,

a—d(a)c,

= a—|a—b|-(a—b)/|a—b|
=b

belongs to D, a contradiction, Q.E.D.

11. The set of points of the first kind. Oka [8, p. 11] introduced the concept of
a point “‘de premiére espece’ given in

DerFINITION 11.1. Let R®={v\},ca be a family of nonnegative divisors on the
n-dimensional complex manifold G, and let A ={a,},cs be a family of nonnegative
real numbers indexed by the same set A. A point a € G is said to be of the first
kind (with respect to % and A) iff there exists an open set U in C™ and a biholo-
morphic map «: U — G such that

(1) ae(U),

(2) sup{arV,,.«(U) | Ae A} <co.

(Since « is biholomorphic, «*(v,) =v, o c.)

Let 0 be a family of nonnegative divisors on the n-dimensional complex manifold
G, and let 4 be a family of nonnegative real numbers. The set D of points of the
first kind (w.r.t. R and A) is clearly open. If U is an open set in C" and «: U — G
is a biholomorphic map with «(U)< < D, then

sup {anVy,.«(U) | A€ A} < 0.
We generalize a result of Oka [8, pp. 11-12] in

THEOREM 11.2. Let |={v,} ca be a family of nonnegative divisors on the Stein
manifold G, and let A={a,} s be a family of nonnegative real numbers. Then

D={z | z€G, z is of the first kind w.r.t.  and A}

is a Stein manifold.
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Proof. Our criterion is 10.2. Let n be the dimension of G, and let 7: Q — G be
a biholomorphic map with (I')= D. Let U be an open neighborhood of Q in
C"and 7;: U— 7,(U)<=G be a biholomorphic extension of 7. Define ¢=(0, ..., 0, 1)
€ C". Take 0<Ry<1<R;<R,0<R"<1<Rj<R such that

Q< Q; R, R) < Qe; R, R)< U,
I' = T'(c; Ry, R; R", R') =< 77D N ,(U)).
Define
L = sup{a\V,,..,;(I'(c; Ro, R; R", R")) | Ae A} < o0.
Let C=C(n; Ry, Ry, R; R’, Ry, R) be the constant given by 9.1. Then
a\Vy,..,(Q(c; Ry, RY)) £ C-apVy,..,(T(e; Ry, R; R, R)) £ C-L < ©
for Ae A. Hence 7(Q)< D, Q.E.D.

12. The normality domain. Stoll [13, Definition 2.6, p. 176] introduced a
concept of convergence of divisors clearly equivalent to

DEFINITION 12.1. A net {v;},c; of nonnegative divisors on the complex manifold
G is said to be convergent iff each a € G possesses an open neighborhood U on
which there is a net {f}};.; of holomorphic functions satisfying

1) vy, =v|Ufor jelJ,

2) f; =>f£0 (j — J) uniformly on U.

A family : of nonnegative divisors on a complex manifold is said to be normal
iff every subnet of 9 has a convergent subnet. The following Montel-type theorem is
due to Stoll [13, Theorem 2.24, p. 188].

PROPOSITION 12.2. Let M={v,},ca be a family of nonnegative divisors on the n-
dimensional complex manifold G. Then ¢ is normal iff for each a € G there exist an
open set U in C" and a biholomorphic map «: U — G such that

(1) ae«(U),

) sup {V,.oU) | A€ A} <co.

Let N ={v\}rca be a family of nonnegative divisors on the complex manifold G.
If U is an open subset of G, we define

9'(}l U= {VAl U}AEA;

N|U is a family of nonnegative divisors on U. Clearly 9t is normal iff it is locally
normal, i.e., for each a € G there exists an open neighborhood U such that R|U
is normal.

DEFINITION 12.3. Let ¢ be a family of nonnegative divisors on the complex
manifold G. The normality domain of R is the largest open set D<G such that
N|D is normal.

Finally, we show how a result of Oka [7, Theorem 2, p. 95] and O. Fujita
[3, Theorem 1, p. 385] can be obtained from 11.2.
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THEOREM 12.4. Let N={v,}rca be a family of nonnegative divisors on the Stein
manifold G. Then the normality domain of R is a Stein manifold.

Proof. Define a,=1 for A € A, and let A={a,},ca. In view of 12.2, the normality
domain of N is

{z | z€ G, z is of the first kind w.r.t. R and 4}.
According to 11.2, this is a Stein manifold, Q.E.D.
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